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Abstract:  In this paper, a differential algebraic predator-prey model including two delays,
Beddington-DeAngelis functional response and nonlinear predator harvesting is proposed. Without
considering time delay, the existence of singularity induced bifurcation is analyzed by regarding
economic interest as bifurcation parameter. In order to remove singularity induced bifurcation and
stabilize the proposed system, state feedback controllers are designed in the case of zero and positive
economic interest respectively. By the corresponding characteristic transcendental equation, the local
stability of interior equilibrium and existence of Hopf bifurcation are discussed in the different case of
two delays. By using normal form theory and center manifold theorem, properties of Hopf bifurcation
are investigated. Numerical simulations are given to demonstrate our theoretical results.
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1. Introduction

In recent decades, an increasing number of scholars have paid attention to population dynamics of
prey-predator ecosystem [1-3]. During investigating such biological phenomena, dynamical behavior
of biological and mathematical models are affected by many factors, such as the function response.
All kinds of predator-prey models with Holling type, Crowley-Martin type and Leslie-Gower type, etc.
have been investigated extensively by the researchers [4-9]. However, a few of literatures have studied
the predator-prey systems with Beddington-DeAngelis type functional response [10—-17].

The Beddington et al. [18, 19] gave the follows functional response

L1 xy
Ix; + Lxy + d

g(x1,x,) = (1.1)

Here, [, represents that per predator population per time can eat the maximum number of prey
population, [ is a positive constant and denotes the effect of handling time for predators, and [/, is
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positive and measures the magnitude of interference among predators, d represents the prey density
where the attack rate is half-saturated. It is obvious that two cases are possible as following. One case
is that, if [/ = 1, , = 0 and d > 0, then it reduces to a Holling II functional response (or
Michaelis-Menten functional response) [20]. The other case is that, if / = 0, [, = 0 and d > 0, then it
reduces to a linear mass-action functional response (or Holling I functional response) [21].

Conforto et al. [16] considered a three-dimensional reaction-diffusion system incorporating the
dynamics of handling and searching predators, and showed that its solutions converge when a small
parameter tends to 0 towards the solutions of a reaction-cross diffusion system of predator-prey type
involving a Holling-type II or Beddington-DeAngelis functional response. Employing the upper and
lower solution method and comparison theory, Li et al. [12] got the sufficient conditions of the upper
ultimate boundedness and permanence of this system which implies that impulse always changes the
situation of survival for species, and obtained the conditions for the existence of unique globally
stable positive periodic solution.

Generally speaking, the introduction of time lag in the mathematical models [22-32] tends to
reflect the interaction and coexistence mechanism of population in the past. System with two delays is
discussed by using the equivalent system with a single time delay in reference [30]. Liu et al. [33]
used a Markovian switching process to model the telephone noise in the environment, proposed a
stochastic regime-switching predator-prey model with harvesting and distributed delays, obtained the
sufficient and necessary conditions for the existence of an optimal harvesting policy, and gave the
explicit forms of the optimal harvesting effort and the maximum of sustainable yield.

Biological resources in the predator-prey system tend to be harvested and sold in order to obtain
economic profit. In general, three types of harvesting function have been studied in the
literatures [32,34-37].

(I) Constant harvesting function is

H(x, E) =C,
where C is a suitable constant.
(IT) Proportionate harvesting function is
H(x,E) = gEx,
where ¢ is the catchability coefficient.
(IIT) Nonlinear harvesting function is
E
H(x, E) = ——=—
mE + myx

where m, m, are suitable positive constants.

It is easy to find that there are several unrealistic features in the proportional harvesting, such as
stochastic search for prey and unbounded linear harvesting. However, the nonlinear harvesting function
(IIT) eliminates the above unrealistic features and satisfies

qx

E
lim H(x,E) = —, lim H(x,E) = q_’
E—oc ml X—00 m2
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that is to say, the nonlinear harvesting function shows saturation effects in terms of harvest effort and
inventory abundance [38].

As we known that the harvested prey-predator systems have been focused by both theoretical and
mathematical biologists [15, 39, 40]. Chakraborty et al. [40] studied the global dynamics and
bifurcation of the predator-prey with constant harvesting. Liu et al. [15] investigated Hopf bifurcation
and center stability for a predator-prey biological economic model with linear prey harvesting. Liu et
al. [39] discussed bifurcation in a prey-predator model with nonlinear predator harvesting, and
obtained the conditions for Turing and Hopf bifurcation. However, little work has been done on
dynamic effects of economic interest on prey-predator system with nonlinear predator harvesting and
Beddington-DeAngelis functional response.

In 1954, the common-property resource economic theory was proposed by Gordon in [41], which
investigated the dynamic effects of harvesting efforts on the ecosystem from an economic point of view.
Thus, in order to study the economic interest of commercial harvesting, an equation is proposed:

Net Economic Revenue(NER) = Total Revenue (TR) — Total Cost (TC). (1.2)

Recently, a number of delay differential algebraic systems were proposed to investigate the impact
of commercial harvesting on prey-predator model [42,43]. Liu et al. [44] investigated a delayed
differential-algebraic system with double time delays, Holling type II functional response and linear
commercial harvesting effort on predator population. By jointly using the normal form of differential
algebraic system and the bifurcation theory, Li et al. [45] discussed the stability and bifurcations, and
obtained richer dynamics of the bioeconomic differential algebraic predator-prey model with
nonlinear prey harvesting.

Due to the above analysis and discussion, we will extend the work in [44, 45] by considering
nonlinear predator harvesting, double delays and Beddington-DeAngelis functional response function
into our bioeconomic differential algebraic predator-prey system in this paper. The aim of our work is
to reveal the dynamical behavior of Beddington-DeAngelis predator-prey model with two delays and
nonlinear predator harvesting, to obtain a reasonable profit and provide some guidance for the harvest
of biological economy system.

The rest of the paper is organized as follows. In Section 2, a differential algebraic predator-prey
model including two delays, Beddington-DeAngelis functional response and nonlinear predator
harvesting is proposed. In Section 3, positive solutions are analyzed when m = 0 and m > 0,
respectively. In Section 4, in the absence of time delay, the singularity induced bifurcation is
discussed by using differential-algebraic system theory, what’s more, state feedback controllers are
designed to remove singular induced bifurcation. In the presence of time delay, by analyzing the
corresponding characteristic transcendental equation, the local stability around the interior
equilibrium are studied. Furthermore, the existence of Hopf bifurcation is investigated. Directions of
Hopf bifurcation and stability of the bifurcating periodic solutions are also discussed by using normal
form theory and center manifold theorem. Numerical simulations illustrate the effectiveness of the
mathematical conclusions in Section 5. Discussions and conclusions are included in the last section.
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2. Model formation

Leslie and Gower [46] proposed the classical predator-prey system, which is as follows

X(T). 1, X(T)Y(T)

XI) = s XA === = oy ay o
. LY(T ’
Y(T) = s, Y(T)(1 - }(—;))).

Here, X(T'), Y(T) indicate prey and predator population at time 7 respectively, s; , s, and K are intrinsic
growth rate of prey, intrinsic growth rate of predator and carrying capacity. /; is the maximum number
of prey each predator can eat each time and /, is a semi saturation constant, and the predation rate is
%. The carrying capacity of predator is proportional to the size of prey population. /5 is the amount of
prey needed to support a predator population in equilibrium.

Based on the fact that Beddington-DeAngelis functional response is more authentic [47], we
introduce it in system (2.1). Thus, the new system is

X(T) LX(T)Y(T)

X(T) = s;X(T)(1 - = :
)= s XA = =)~ ey + by +d

LY(T) (2.2)

Y(T) = s;Y(T)(1 - =2 :

(T) = 2 Y(T')( X{T) )
Considering nonlinear predator harvesting, system (2.2) is constructed as follows

: X(T LX(T)Y(T

X1y = sixry - 202 - XD
K IX(T)+ LY(T)+d 2.3)

: LY(T E(T))Y(T ’

YTy sy - YO, gEDYMD
X(T) m; E(T) +m, Y(T)

By using following transformations
X lly Km2S1 8213 ll lZSl
1= T7 = Y= ) = ) = 7> :_7d:K’ = al: 7b:_a
St A K Y SIK “ m111 ﬁ 11 ’ Sllg g S a ll
system (2.3) is non-dimensionalized as follows
. x(Dy (1)
1) =x(t)(1 - x(t)) — R
X0 = 2O 0= X0 = o by
2.4)

Y0\ E@y®
) E@) +ay@)’

where a, b, @, f, 1, q, p, c, m; and m, are all positive constants.
Simultaneously, an algebraic equation is also included due to the economic profit of harvesting.
Based on Eq (1.2), we have

y(®) = By() (r

gE(t) (py(t) - c)
mE(t) + moy(t)’

here p is the price per unit harvested biomass, c¢ is the cost per unit harvest, while m means the net
economic revenue.

m=TR -TC =

(2.5)
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In general, the delay differential equation model can produce more efficient and accurate dynamics
than the ordinary differential equation model as capturing oscillation dynamics.
Therefore, by combining the above biological economic algebraic equation and time delay, a
differential-algebraic system with two time delays is given as follows
. x(1 — 1)y()
1) = x(t— 1 = x(t— - ,
x(0) = x(t 1)1 = x(t = 71)) = 7= axt—11) + by(®)

W=\ E@y)
i —12))  E@)+ay@)

(2.6)

(@) =Byt —17) (r -

__ 4E®
miE(t) + moy()

(py(t) = ¢) —m,

where 7, 1s maturation time for prey population, 7, is gestation delay for predator population. The
initial conditions of system (2.6) take the following form:

x(0) > 0,y(0) >0,EQ0) > 0,0 € [-1,0], 7 = max {11, T2} .

System (2.6) can be transformed into matrix form as follows

AU®) = f(U), 2.7)
where
x(t) 1 00
umr) =] y@» |, A=|0 1 0|,

E(1) 00 0

f1(U) x(t=1) (1= x(t = 11)) = om0

f)=| L) |= By (t =) (r - 22)
qgE®) (py(H)—c)
S U) miE@+my@)

Remark 1. Compared with system proposed in [44], nonlinear predator harvesting and Beddington-
DeAngelis functional response are considered in system (2.6).

Remark 2. Compared with system proposed in [45], system (2.6) contains two delays and
Beddington-DeAngelis functional response, and focuses on economic interest of commercial harvest
effort on predator.

3. The existence of equilibria

For system (2.6), there is a bioeconomic equilibrium state when m = 0. First, we give the following
assumptions:

(H1): c¢>rxy and pxo(Br—1) > Bc,

(H2): c<rxy and pxo(Br—1) < fc,

(H3): %+1—§>0.
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Therefore, if one of the assumptions (H;) and (H,) holds, then the interior equilibrium
Py = (x0, 0, Eo) = (x, &, Zableost,

ot pxo(ﬁr_l)_ﬁc) exists. Here x, satisfies the following equation

ax02+(@+1—a)xo—@—1+5:0. 3.1)
p p p

Obviously, a simple sufficient condition that Eq (3.1) has at least one positive root is that (H;) and
(H3) or (H,) and (H3) hold.

In the case of m > 0, we suppose

(H4):

pg(1 +ax* — x* —ax*?) > (gc + mm)(1 + bx* — b) > 0,
H5): pg(1 + ax* — x* —ax*?) < (1 + bx* — b)(gc + mm,) < 0.

If one of the assumptions (H,4) and (Hs) holds, then the interior equilibrium P*
here E* =

= (x",y", E*) exists,
mmy(1+ax*—x*—ax*?) ¥ _ l+ax*—x*—ax*? * : : :
arar—x e a5 = i and x* satisfies the following equation

AP+ A+ A+ A+ AP+ Agx+ A, =0,

(3.2)
here

Ar =pga’fa,
A, = aBrpga + a B rab*(mm; + qc) — mmy ab — pq B r2a® — a* — a),
As = —mmyab(Br — 1) + a Brpg(-2 a* + 2 a) — a B r(mm; + gc)
(3ab2 -’ —2ab)—mmz(—2a2b+a+ab)—pqazﬁr(—3a3 +8ad° —Za),
Ay = —mm2(3azb—2a2+2a—6ab+b)—pqa2ﬂr(a3 -94*>+9a- 1)
—afr(mm +qc)(-3ab> +3b> —a+4ab - 2b)
+ mmy (Br — 1)(2ab—a—b)+aﬁrpq(a2—4a+ 1),
As = —mmz(—a2b+a2—4a+6ab—3b+ 1)—pqa2ﬁr(3a2—9a+3)
—afBr(mm +qc)(ab2—2ab—3b2+a+4b— 1)
+mmy (Br—1)2b—ab—-1+a)+aBrpgla-2),

Ag =mmy (Br—1)(1 —b)+aBrpg—aBr(mm; + gc) (1 —b)2
—mm2(2a—2ab+3b—2)—pqa2ﬁr(3a—3),
A7 = —mmy (1 = b) — pga®Br.

Based on Routh-Hurwitz criterion [1], Eq (3.2) has at least one positive root when 1 < b < 1 + paepr
Suppose (11, T2, m) € 1, here

mmy

2
Q) = (Tl,Tz,m)'ﬁ >0,7,>20,0<m< _PaaBr_ .
(b - 1Dmy
4. Bifurcation analysis of positive equilibria

4.1. System without delays

Here, we are interested in the stability of system (2.6) at the interior equilibrium Py.
Mathematical Biosciences and Engineering
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When 7, = 0,7, = 0, system (2.6) takes the following form

x(@)y @)
I+ax(®)+by@®)’
Y (r)) __E@y®

x() E@®+ay@)’

xO)=x(01-x®) -

y1) =By @) (r (4.1)

__ gE®
miE(t) + moy(0)

(py(t) — ¢) —m.

Lemma 4.1. (Singularity induced bifurcation theorem [49,50]). If the differential-algebraic equations
satisfy the following conditions at the singular equilibrium:
(I) Dy f5 has a simple zero eigenvalue and

2

Dy fi ,
trace [[ b ]aa’](DE f3)( D.f; D, f ) > 0,
E

Po

(1)
D.fi Dyfi Dgh

D, f, Dyf, Dgf
Dxf3 D)f:"? DEf3

is nonsingular,
(11)

D.fi D,fi Dgfi D,fi
D.f, Dyfy Dgfp, D,f>
D.fs Dyfs Defs D,fs
D.A D;,A DgA D,A
is also nonsingular, here A = D f3, then the singularity induced bifurcation occurs at the singular

equilibrium.

Theorem 4.2. A singularity induced bifurcation takes place at the interior equilibrium Py of the
differential algebraic system (4.1). When the bifurcation parameter m increases through zero, system
(4.1) is unstable at P,,.

Proof. We can obtain that the Jacobin matrix of system (4.1) around Py is

Jii Ji2 0

| Bx? __ay?
Ipy = | 52 Jn @t |0

rq Eo 0

(Eog my+m3 yo)>

_1_ _ XN )2 _ —xg (1-x0)*(axo+1) _ ___E? _ A~ By
where, J11 =1 2X0 (b + yo)(l X()) ,J12 == 7 ,J22 = T ayotEo) +ﬁr 2 Y
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Let m be bifurcation parameter, D be differential operator. We can obtain the following results.

@

D fi 2pE Eo +
trace [[ ]adj(DE f3)( D.fs Dy f )) __@Yop Oz(pml 0+ cmy) _ > 0.
D f> p, (@Yot Eo)” (my Eg +m; yo)
(ID) If Jy; # 0 holds, then it can be obtained that
D.fi D,fi Dgfi 2
Ey(pE + J
det| Dy f, D,f, Dgfs =29 0(172 o+ cmy) 112 # 0.
D.fs Dyfs Defs), (@yo + Eo)” (my Eo + m3 yo)
(IIT) Defining A = D f; = %, it follows from simple computations that
D.fi Dyfi Defi Dyhi
dget| Pxf2 Dyfo Defo Dufo | ayo’pgmyJi 40
Dxf3 Dyf3 Dg f3 va3 (Cly() + E0)2 (my Ey + my y0)3

D,A D,A DgA D,A ),

Hence a singularity induced bifurcation occurs around P, of system (4.1) and the bifurcation value is
m = 0.
On the other hand,

C Cl’y()szo (pml Eo + CI’)12)
1

> 0,

trace (( 322 )adj(DE f3)( D.fs Dyfs ))

Po B (Clyo + E0)2 (m1 Ey+my y0)2

val
D, f» ]] = 12 Yo >0,
P,

C,=|D,A-(D,A DA DgzA )P}

 Eo(my Eg + my yo)?

D, f5 )
D.fi Dyfi Defi
where Py =| D, f» Dy fo Dgf
D.fs Dyfs Defs
According to Lemma 4.1 and Theorem 3 in [49], when m increases through 0, one eigenvalue of
system (4.1) moves from C~ to C* along real axis by diverging through co. Hence, the Theorem 4.2 is
proved. O

By using the similar proof of Theorem 4.2, it is easy to show system (4.1) is unstable around P*,
what’s more, state feedback controllers are designed to remove singularity induced bifurcation and
stabilize system (4.1) around P, and P*, respectively.

In the case of m = 0, according to the leading matrix A in (4.1) and Jp,, we can obtain rank
(Jpys AJ Pos A%J p,) = 3. Itis not hard to find that system (4.1) is locally controllable around P, based on
Theorem 2-2.1 in [48]. Therefore, a feedback controller can be used to stabilize system (4.1) around
Py. By using Theorem 3-1.2 in [48], a feedback controller is as follows

0 x (1) — xo
v =[0](0 0 k) yo) -y |
1 E@)-E
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where k is a feedback gain.
Applying the controller into system (4.1), we can obtain that a controlled system is

x(®)y @)
1 +ax(@) +by@)’
o Y@\ E@y®
y(1) —,By(t)(r x(t)) E)+ay®’
0= qE@) (py(1) —¢)
mE(t) + my(1)

Theorem 4.3. If the feedback gain k > max {01, O,, O3}, here

x®)=x@0-x@®) -

4.2)

+ k(E(t) — Ey).

0, = @yo°pq Eo ’
(ayo + Eo) (Eomy + my )’
0, = —ayo’pq Eo ’
(o + Eo) (Egmy + my y0)* J11J2
0, = —ayo°pq EoJ1i

w)’
X0

(ayo + Eg) (Eogmy + mayo)* (—=J11 — Jnp +
then system (4.2) is stable around P.
Proof. At first, the Jacobin matrix of system (4.2) around P is

Ju Ji2 0
s~ | By? _ay?
J Py = x0? 2 (ayo+Eo)
0 rq Ey lAc

(Eg my+m3 yo)>

The characteristic equation of system (4.2) around P, is det (1A — J p,) = 0 based on A in system
(4.2) and J p,» Which can be written as follows

A +AMA+A, =0,

where
1 1
Ay =-Jy —Jzz—EBl, Ay = _J11J22+BZ+EJ“BI’
B = ayo’pq Eo B = B (1 = x0)* (axo + 1)
1= , ) = .
(ayo + Eo)* (Egmy + my yp) Xo
By simple computation, if k > max {01, 0>, O3}, then system (4.2) is stable around P,. |

Similarly, in the case of m > 0, a controlled system is
x (@) y ()
L+ax(@®)+by@®)’
. Y0\ Eoy®
(1) = By (1) (r x(t)) OETEIOn
o 4O (py() =) _
mE(t) + myy(t)

x®) =x(01-x@®) -

4.3)

m + k(E(t) — E),
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where £ is a feedback gain.
By using the similar analysis in Theorem 4.3, we can obtain the following result.

Theorem 4.4. If controller feedback gain k > max {Ql, QZ}, where

0, = Y aE" Gme +mpE") — qmay'(py” — c)ay” + E'Yés
(@y* + E*P(m E* + myy*)* (€1 + &)

. ay*qE” (myc + mpE") & _ gmay*(py* = ©)
(@y* + EV(mE" + myy ) [€1 + & + &) (mE* + may*)?

2

E*? ay*E*(pm E* + cmy)
&o = ~ > *p : - iz’ & = &6,
(E+ay)> m(py" —o)(E* + ay’)
. X (1 _ x*)Z .
=220+ b (I -a) L =66,
E* 2By* B = x)*(1 + ax*)
§3 - (E + ay*)z + X* _ﬁr’ 64 - X* s

then system (4.3) is stable around P".

Remark 3. According to design of feedback controller, we can make interior equilibria be stable,
which shows that prey-predator ecosystem can be kept sustainable and economic interest can be kept
ideal by controlling commercial harvest effort on predator.

4.2. System with delays
42.1. Casel: 71 >0,7, =0

By analyzing system (2.6), a characteristic equation of around P* is
A+ A+ (EA+E)T + (EA+ E)e ™ + e = 0, (4.4)
When 7, > 0, and 7, = 0, Eq (4.4) takes the following form
B+ G+ ENA+(EA+E+E)™ T + &, =0. (4.5)

By simple computation, we can obtain that 4 = 0 is not a root of Eq (4.5). We suppose that A = i3, (5,
is a positive real number) is a root of Eq (4.5). By separating real and imaginary parts, we can obtain
the following two transcendental equations

&B1sinBiTy) + (&2 + £5) cos(BiT1) = BT — &, .
&i1B1cos(BiTy) — (&2 + &) sin(B71) = =B1(&o + &3). .
By computing two equations in Eq (4.6), it gives that
Bl+|G+&7 —26 -8B +& - G +&) =0, 4.7)

Mathematical Biosciences and Engineering Volume 16, Issue 4, 2668—-2696.
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Theorem 4.5. If £ — (& + &5)* < 0 holds,

(i) system (2.6) is locally asymptotically stable around P* when (11,7, m) € Q1 N Qy;

(ii) system (2.6) undergoes Hopf bifurcation around P* when (t1,7,,m) € Q N Q3. Here, Q, and Q;
are defined as follows

Q, = {(Tl,Tz,m)|O <711 <T10,T2=0,m > O},

T, =T10,T2=0,0<m <

—a * E*
Q3 :{(Tl,Tz,m) Y Pd },

my(E* + ay*)2?N; — myE*?

where Ny = (& +2£4) + g — & and (E* + ay' Ny < E™2,
Proof. 1f ﬁ — (& + &5)% < 0, based on Routh-Hurwitz criterion [1], we can guarantee that Eq (4.7) has
at least one positive root. Consequently, Eq (4.5) has a pair of purely imaginary roots A = +if3].

Based on Eq (4.6), we can calculate 7y as follows

1 [(é2+ &) = &G+ E)BY —éur + &) 2kn
Tik = 7 Arccos 2 o2 2 T
ﬁ] f[ﬁ] +(§2+§5) :81
By using Butlers lemma [55], system (2.6) is locally asymptotically stable around P* when
(T17T27 m) € Ql N QZ'
Next, we will determine

R
® = sign {d( e/l)} = sign {Re(d—/l)_l} .
dT1 ’l:’ﬁ’f dT1 /l:i/j’[

By differentiating Eq (4.5) with respect to 7;, we have
(ﬂ)—l — 24+ (é:O + 53) + é‘l _ 2
dr AP+ G+ EA+E)  EXP+(E+E)A A
By virtue of Eq (4.6), we have

d/l 2 %2 + + 2 _ 2 _ &2
O = sign {Re(_)_l} = sign{ ’81*2 (§02 al 542 jl }
dTl A=ip 1 = 64) + (60 + §3) ﬁl
If0 < m < ——@ 0 and (E* + ay')’N; < E*2, then (§ + &) — 264 — & > 0 holds,
which implies that ® > 0. Hence, when (7, 75, m) € Q| N Q3, transversality condition holds and Hopf
bifurcation occurs. O

(4.8)

42.2. Casell: 71 =0,7, >0
When 7, = 0 and 7, > 0, Eq (4.4) can be written the following form

L+ (E+ENA+E+ (EA+ &4+ E5)e™ =0, (4.9)
Similarly, it shows that 4 = 0 is not a root of Eq (4.9). We suppose that 1 = i, ( 5, > 0) is a root

of Eq (4.9). We can obtain the following two transcendental equations
{&ﬁz Sin(By72) + (&4 +&5) cos(BaTa) = B — o,

. (4.10)
(&4 + &5) sIin(Br12) — 32 co8(Ba12) = (€o + E1)Bos

Mathematical Biosciences and Engineering Volume 16, Issue 4, 2668-2696.
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which gives that
Bi+|E+6)-26-8|B+8-(E+&)=0. (4.11)

Theorem 4.6. If &2 — (&4 + &5)* < 0 holds,

(i) system (2.6) is locally asymptotically stable around P* when (11, T,,m) € Qq N Qy;

(ii) system (2.6) undergoes Hopf bifurcation around P* when (71,7, m) € Q; N Qs, where Q4 and Qs
are defined as follows

Q4 ={(11,72,m)|t; = 0,0 < 73 < 799, m > 0},

a *E*
T]IO, T2:T20,0<m< P4y ,

Jm (=67 + &) @@y’ + B9 = moEr

Qs =1 (11,72, m)

here, \/mz (—§22 + §32) (ay" + E*)* > moE*.

By computing Eq (4.10), we can obtain 7 is

B (4 + &) = &0 + EDIBY —Ex(éa+&5)  2kn
Ty = — arccos — 5 +=—.
BZ §3ﬁ2 +(§4 +§5) :82

The proof of Theorem 4.6 is similar to that of Theorem 4.5. So, we omit it.

(4.12)

423. CaselIl: 7, > 0,7, =% € (0,72), 71 # T2

In this part, 7, is considered as a parameter while 7, is regarded as a fixed value 7, € (0, 150), which
is a stable interval calculated in Subsection 4.2.2. Here Q)¢ is defined as follows

Q¢ = {(11, T2, m)|T1 > 0,72 = T, € (0, 79),m > 0}.

Let 4 = ia; () is a positive real number) represent a purely imaginary root of Eq (4.4). By
separating real and imaginary parts, we have the following two transcendental equations

ai — &a sin(a ) — €4 cos(@t) = & sin(a ) + & cos(a ) + & coslay (1) + )], @.13)
oy + &y cos(aTy) — & sin(a Ty) = & sin(a; 1) — §1a; cos(a;Ty) + & sin[a; (1) + T2)]. '
Based on Eq (4.13), it derives that
l T ) l T
cos(aTy) = M sin(a11) = M (4.14)

Lo(ay, 1)’ Lo(ay, 1)’

where
Lo(ar, 1) = (&2 — &éNaq — Eés + [(€s — E1E)aq — E:64] cos(a72)
+ (§o&s — £263 + E1€)ay sin(a 1),

Li(ar, 1) = &1a3 + (oéa + Es)ar — [(Es + E163)a7 + E264] sin(a;F2)
+ (§oés + £263 — E1€4)ay cos(ar 1)),

Mathematical Biosciences and Engineering Volume 16, Issue 4, 2668-2696.



2680

(a1, 1) = [€ + & cos(ar2)]* + [ sin(a F2) — &y ]

Let
Li(ay,12) = 1%0(0!1,‘?2) + 1%1(0/1,‘7'2) - l%z(a/l,f'z)- (4.15)

Due to its complicated form, it is not easy for us to analyze properties of roots of transcendental
equation (4.15). Based on dynamical system theory [1], we know that if and only if every eigenvalue
has negative real part, system (2.6) is locally asymptotically stable around P*. What’s more, by
analyzing existence of Hopf bifurcation around the corresponding interior equilibrium P*, the
periodic oscillation of system (2.6) is investigated. Hale [51] proposed that when the corresponding
eigenvalue has a pair of purely imaginary roots, system usually exhibits Hopf bifurcation. Obviously,
if Eq (4.15) has finite positive and simple roots 0 < aj9 < @1; < -+ < a@y,, Eq (4.4) has a pair of
purely imaginary roots.

Without loss of generality, we denote a;., = max {ay},k = 0,1,2,- - -n and regard 7, as the
bifurcation parameter, while we have the following corresponding critical value 7,

2
Ty = min{u}, (4.16)

a1
here, w;. € [0, 2n] satisfies the following equations

Lo(aie, T2) Li(aie, T2)

—, Sin Wy, = —, “4.17)
Lia(aye, T2) T (e, 1)

COS Wy, =
Furthermore, it is important to check transversal condition. The necessary condition for the
existence of Hopf branches is that the eigenvalues passes through the imaginary axis with non-zero
speed [51].
By differentiating A with respect to 7; in Eq (4.4), it derives that

dl  A(EA+E)e ' + Ese ()]

dr hy(A, T2, 71) ’ (4.18)
where
hi(A, %2, 71) =24+ & + [61 — (1A + E)Ti]e
+[& — (G4 + E)Ty)e ™™ — Es(1y + p)e (T,
By virtue of Eq (4.18), it can be obtained that
0= sign {Re(s—jl)_l}ﬁ:m = sign{Bllgi : ngM} , 4.19)

where

By = [(&211c — EDae — Es(T1e + Ty sin(a . T2)] sin(a.T1.)
R R 2
+ [&5(T1c + To)ac cos(a . Ta) — E1T1ca7,] cos(@cTic),

2 fa 2 oS A . A
+ 2a,. — &g, cos(a . Tr) + (€472 — &)y sin(a . T2)
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By = —&o@1 + Etyay sin(a 1) + (E45 — €3)a . cos(a 1)
+ [(&2T1c — €D + E5(T1e + T2)ay cos(a T2)] cos(ai Tic)
+ [6171007, — &(T1c + D)y sin(@ )] sin(@cTie),

B3 = @}, — [&1.sin(@). 1) + & cos(a ta)]at,,

3 . . A NL2
By = =&y, — [E3aq. cos(a.Tr) — &4 sina . Tr)]ar,..

It is obvious to show ® > 0 when By B3 + B1yBy4 > 0. Therefore, we have the following results on
stability and bifurcation in system (2.6).

Theorem 4.7. For system (2.6), suppose that By1B13 + B12B14 > 0 holds and (11, 1,,m) € Q; N Q.

(i) If Eq (4.15) has no positive root, then system (2.6) is locally asymptotically stable around P* when
(11, T2, m) € 1 N Q.

(ii) If Eq (4.15) has at least one positive and simple root «, there exists a critical delay

T, = min wT;fkﬂ} > 0 such that system (2.6) is locally asymptotically stable around P* when
1

(11, T2,m) € Q1 N Qg N Q7, here

Q; ={(1y,12,m) |0 <1y <7}, 7 = Tp,m > 0}.

(iii) If Eq (4.15) has finite positive and simple roots 0 < a9 < a1 < - -+ < @y, there exists a
critical delay 7. defined in (4.16) such that system (2.6) is locally asymptotically stable around P*
when (11, T2, m) € Q1 N Qe N Qg, here

Qg = {(11,72,m) | 0 <7y < Ty, T2 = T, m > 0}

If B11B13+ B12B14 > 0, then system (2.6) undergoes a Hopf bifurcation around P* when (7|, T, m) €
QN Qe N Qy, here

Qo ={(11,T2,m) | T1 =Ty, T2 = Tp,m > 0}

42.4. CaseIV: 1, € (0,710), 72> 0,71 # T2

In this part, 7, is seen as a parameter, while 7, is regarded as a fixed value 7; € (0,7y() that is a
stable interval calculated in Subsection 4.2.1. €, is defined as follows:

Qo ={(11, 12, m)|T; =71 € (0,719), 72 > 0,m > 0}.
Let A = ia; (@, is a positive real number) represent a purely imaginary root of Eq (4.4). We define
Ly(an, 1) = Byla, 1) + By (a2, 1) = By(aa, 1) = 0, (4.20)
where,

(@, 11) = (& — &0é3)a5 — Ex&s + [(€s — E183)a3 — Exés] cos(art)
+ (§0és + §263 — &160)a sin(ar ),

Li(@s, #1) = &, + (Eoés + E1E5)ar — [(E5 + E163)a5 + Exé4] sin(ant)
+ (§0és — £263 + &184)as cos(aaTy),

Ly(ai, 1)) = [€4 + & cos(art)]* + [5 sin(art)) — Eaa ™.
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Theorem 4.8. For system (2.6), suppose that By Bys + By, Boy > 0 holds and (11,15, m) € Q; N Q.
(i) If Eq (4.20) has no positive root, then system (2.6) is locally asymptotically stable around P* when
(11, T2, m) € Q1 N Q.

(ii) If Eq (4.20) has at least one positive and simple root «;, there exists a critical delay

T, = mm{wi—%ﬂ} > 0 such that system (2.6) is locally asymptotically stable around P* when

2
(T],Tz,m) (S Q] N Q]() N Q]], here
Qi ={(r1,72,m) | 71 = 71,0 < 1, < 15,m > 0}.

(iii) If Eq (4.20) has finite positive and simple roots 0 < ayy < @21 < - - -y, there exists a critical
delay 7, defined in (4.19) such that system (2.6) is locally asymptotically stable around P* when
(T],Tz,m) € Q; NQo Ny, here

Qi ={(t1,72,m) | 11 =71,0 <13 < 73, m > 0}

If By1Bys + B2yByy > 0 holds, then system (2.6) undergoes a Hopf bifurcation around P* when
(T],Tz,m) (S Q] N Q]() N 913, here

Qi3 ={(11,72,m) | 71 =T, T2 = T, m > 0}

Where the corresponding critical value t,. satisfies

.+ 2k
Toe = min {u} 4.21)
(0272
here w,. € |0, 2] satisfies
COS (. = bo(@ac, T1) Sinws. = bz, T1)
2 = T (x> 2% = T X -
Lo(age, T1) Lo(age, T1)

Similarly, by differentiating A with respect to 7, in Eq (4.4) and computing Eq (4.13), we can obtain

- da B> B>; + B»B
® = sign {Re(—)" = sign{ 2 27 L
d 2 2
2 Jo=n By + By,

here

By =205, + (&211 — EDane sin(anct) — €105, cos(@act)
+ [(E412e — E3)aae + E5(Toe + T2 COS(@2 T1)] SIN(@2cT2)
+ [£5(Tae + T2 sin(@ T1) — §3Tzcafgc] Cos(@2:T2c)s

By, = —&oaa + &0, sin(aacth) + (71 — &g cos(a F1)
+ [(E412e — E3)@ae + E5(Toe + T2 COS(@2cT1)] SIN(@2cT2)
+ [5(Tae + T sin(@a ) — Er720a5,.] cos(@aeTae),

By = a5, — [£1@a, sin(@a 1)) + & cos(ar t)]as,,

3 R : A 72
Boy = [=&oa;, — (§1a0c COS(@acT1) + & sin(aa T1)] ;...
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4.3. Properties of Hopf bifurcation

In this part, we shall study the direction of the Hopf bifurcation and the stability of bifurcating
periodic solution of system (2.6) when 7 is regarded as a parameter, 7, = 7, is a fixed value.
Similarly, we can discuss other cases. The approach employed here is the normal form method and
center manifold theorem introduced by Hassard et al. [52] and Guckenheimer et al. [53]. It follows
from implicit function theorem [53] and the third equation of system (2.6) that E(t) = q(py’("[)”f%.
Hence, system (2.6) can be transformed as follows

x(t—11)y (@)
l+ax(t—1)+by(t)
(= Tz)) _ mmsy (1)
x(t=12)) vmy+alg(py(®) — ) —mm]’

x)=x@t-t)-x{t-11) -

(4.22)

() =Byt —12) (r -
Some transformations associated with P*(x*, y*) are given as follows:

ur(t) = x(t) = X7, up(t) = y(1) = y".

Here, we define 7| = u + 7y, then u = 0 is the Hopf bifurcation value of system (2.6).

By simplifying, system (2.6) can be transformed to the following functional differential equation
that is in the Banach space of continuous functions mapping C = C([-7, 0], R?)
(T = max {1y, T2}), here 7., T, are defined in (4.16) and (4.21), respectively,

: 2
ui(t) = apu(t =t — p) + anua(t) + apuy(t — T — (1)
2
+ apaui (f — 71 — Pua(t) + agsus (1),
. A A 2 2
Uy (1) = asus(t) + anpus(t — T2) + axpu (t — T2) + arui(t — 77)

(4.23)

2 2, R .
+ assus (1) + aseut;(t — T2) + axyui (t — T2)us(t — 72),

here,
x*B(1 — x*)*(1 + ax®) 2ay*(1 + by*)
ap =-— , ap = -2,
2 y*2 BT (1 + ax + by)?
2by*(by* — 1) = 2ax™ — 1 2b
a = N a = s
1 (1 + ax* + by} P71+ ax + by)’
vy (vimy — avm; — aqc) By* 2By*
az = " 3 a3 = —>5» du=——"3,
(vmy + aq(py* — c) — avmy) X X
—2apgvmy(vimy — avm; — aqc) -2 2By*
axs = " 3 e = —— 1= — 5>
(vmy + aq(py* — c) — avmy) X X
(1 = x* 2 28v*
an=1-2x -0 2 ap=pre fy

Based to Riesz representation theorem [54], there is a 2 X 2 matrix function 1(6, u), here, 6 € [-7, 0]
and

0
L(¢) = f ~dn(6, (), (4.24)

7
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where ¢(6) = (¢1(0), $2(0) € C([-7,0],R?), and
[ O an ] [ 0 0 ] ( al O )
no,u) = 0(0) + 00+ 7)) — 00+ 11+ ), 4.25)
0 ay a)s dy 0 O

here, 6 denotes the Dirac delta function.
Next, for ¢ € C,([-7, 0], R?), we define the operator A(u) as

dé ()
do

A(w¢ =y o
[ antuowis. o=o

0 €[-7,0),

0, 6 e [-7,0),

me:{Fwwx 6=0,

where F(u, ¢) = (Fi(u, ), F2(u, ¢))" and

Fi(u, ¢) = ai3di(=Tic — ) + aadi (—71)¢2(0) + a15¢3(0), 4.26)
Fo(u, §) = anudi(—12) + ars3(0) + a3 (—12) + axdi(—F2)a(—12), '
then system (4.23) is equivalent to
u; = A(uu, + R(u)u,. 4.27)
For ¢ € C'([-7, 0], (R?)*), we suppose that
- d"g(ss), s€ (0,7,
A'P(s) =1 o
f~d77T(t, O)lﬂ(—l’), s = 0’
and a bilinear inner product
0
W(s), p(6)) = ¥(0)¢(0) — f ) fﬁ . (o — 0)dn()p(p)dp, (4.28)
—# Jp=

where n(6) = n(6,0).

From the above analysis, we know that A and A* are adjoint operators. According to discussion in
Subsection 4.2, +ia. are eigenvalues of both A and A*.

Suppose g(6) = (1, y)T e g is eigenvector of A corresponding to ir;., which gives that Ag(6) =
ia1.q(6). Based on definition of A, (4.24), (4.25) and (4.26), we have

0 0 ap a0
f dn(6)q(6) = [ ]q(O) + [ Jq(—m) = Aq(0) = ia.4(0).
—7 O any O 0

iX1c—are el

Hence, we can obtain y = ™
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Similarly, By simple computation, we can obtain eigenvector of A* corresponding to i, 1.e.,

q*(s) = D(1, x*)" ™, here y* = w

In order to assume (g*(s), g(0)) = 1, we can determine the value of D. Based on (4.28), we have

0
(q"(5),q(0) = D1, x)(1, )" ~ f ) f . D(1, y*)e <m0 dn(@)q(p)dp
e

0
=D +xx)—-D | (1,x)0e™"%dn6)(1, x)"

-t

= D(l +/\//\;* + au‘rlce_"“”“‘).

Hence, we can choose D = L
1+ +a11‘r1(‘e IcTle

Next, let u, be the solution of Eq (4.27) when u = 0, and

20 =4(q" uy, W6 =u(0) - Refzt)q(6)}.

On the center manifold C, it gives that

2 =2
W(t,60) = W(z(0), 2(1), ) = Wzo(e)% + Wi (0)2Z + Wm(e)% T

z and 7 are local coordinates for Cy in the direction of ¢* and g".
For solution u, € Cy of Eq (4.27), when u = 0, we have

(1) = iaez(t) + 8(2,2).

Where,
(ZZ)— £+ ZZ+ __2+ ﬁ.*.
8\Z, —8202 811 goz2 821 3 .

It follows from Eqs (4.29) and (4.30) that

2 52

Z < i * iyt
u(0) = Wzo(e)z + Wi (0)zz + WOZ(Q)E + (L) e + (1, ) ez + - - -

By virtue of (4.30), (4.31) and (4.32), we have

A

senone )
8(z,2) = 71.D(, x*) £,

= 11.Dlay; + ay + ais + x*(ax + ars + ax + ar)1[2 + 227 + 22]
+ T1.Da W (=110) + 2W (=111 + ais[WL(0) + 2W (012>
Wi (=710) + Wé%,)(m
Z Z
2
+ 71 DY [azg (W) (= #2) + 2W D (=12)) + axs (W (0) + 2WD(0))12%2
+ 11 DY as [ Wi (—12) + 2WE (—12)]12°2
Wi (=12) + Wi (=)
2

+ T1Da[W (=71) + W(0) +

+ 71 DY an W (1) + WP (=1,) +

12°Z +

2

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)
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where

Fy = apsuid(=110) + arqu; (T10)u2(0) + ays5u5(0),

Fy = apui(=13) + apsi (0) + asetts (—12) + azyug (=1 up(—17).
According to comparing (4.31) with (4.33), we can obtain

820 = 271.Dlaiz + ais + ars + x*(ax + aos + ax + ax)],
g1 = TicDlais + ais + ars + x*(aas + aos + ax + ax)],
gor = 211.Dlais + aig + ais + x*(az + azs + ax + ax)l,
g21 = TieDan Wy (=710) + 2W(=110)] + ais[Wyg (0) + 2W7(0)]
Wi (=71) + W3 (0)
> ]
Dy*lass(WD(=%,) + 2w D02 w20) + 2w2(0
+ T1cDx [6124( 20( T2)+ 11( TZ))+a25( 20( )+ 11( ))]
+ 11D ax[ Wiy (=) + 2W D (-1)]

~ W(l)(—?z) + W(Z)(_%z)
_* 1 A 2 A 20 20
+ 71D an[ W) (=) + W (=1,) + 5

+ T1.Dau[WS (—11.) + W(0) +

By virtue of (4.30) and (4.32), we have

AW - 2Re (7' (0)Foq®)}, 0 €[-1,0)
AW =2Re{g"(0)Foq(0)}, 6=0

2 AW + H(z,Z,0).

W:u,—Zq—Zq:{

Here,

Z2 2

Z
H(z,z,0) = Hz()(@)z + H1(0)zz + HOZ(Q)E + .,
By comparing coefficient and computing, we can obtain
(A = 2iaT1)Wao(0) = =Hx(0), AW;(0) = —H1(0),- - -

We know that
H(z,7,0) = —g(z,2)q(0) — 2(z,2)q(0), 6 ¢€[-7,0).

Based on (4.35) and (4.37), it derives that
Hy(8) = —g20q(0) — 8029(0),
Hy1(0) = —g119(0) — 8119(0).
Based on (4.36) and (4.38), we can obtain
Wao(0) = 2ia 71 Wao(6) + 20q(6) + 023(6).
Based on ¢g(0) = (1, y)Te®<™<? we have
g

1820 20— —ia
q(O)e’m"T“g + q(O)e ia1cT1c0 +E1e2’“1"”°9,

letlce letlce

Wi (0) =

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)
(4.39)
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where E; = (E|, E?) is a constant vector.
Similarly, based on (4.36) and (4.39), we have

W) = -

i , ig ,
gl] q(o)el(llc‘rlrﬁ + gl] q(())e—laqcﬂcﬁ +E2,

lct e lct e

here, E, = (E!, Eg) 18 a constant vector.
By above definitions and conditions, we have

. 1 a]3e_2ialc7'lc + a14e_ia’lc‘rl(' + alS _alz
El = G_ —2ic1/1cf'2 2' ’
1| (a4 + axe + azy)e +axs 2wy —a —axn
: 1 2 id]c 0138_2101('71" + Cl]4€_ial"n" + ais
Ei = G iy # ’
1| —ax  (ax + ax + azr)e™ "< + aps
£l 1 | 2a13c08Qa.Tic) + 2a14 cos(aicTic) + 2a;s ap
2= 5 R >
GZ 2((124 + dre + (127) cos(2alc7'2) + 26125 ar; + ax
s 1 | an 2a;3cosQactic) + 2a14 cos(ai.Tic) + 2a;s
2= 5 R
G2 ans 2(6124 + dye + Cl27) COS(2(¥1€T2) + 26125

where G| = 2ia(2iai — ay1 — axn) — annax, G = an(aar + ax) — anaxs.
By above analyses and the results of Kuang [54], the following results can be given:

c1(0) = 20811 — 2lgnl* - 8ol L8
1 2., 11 11 3 7
Rec(0)
M= =05
Red'(11.) (4.40)
&y = 2RCC1(O),
Imc;(0) + &,ImA'(1y,)
T2 = - .

1cTie
By computing Eq (4.40), we have the following theorem.

Theorem 4.9. In Eq (4.40), the following results are true.

(i) The sign of u, determines the direction of the Hopf bifurcation: if uy > O(u, < 0), then Hopf
bifurcation is supercritical (subcritical) and the bifurcating periodic solutions exist for T > T1.(T < Ty.).
(ii) The sign of &, determines the stability of the bifurcating periodic solution: the bifurcating periodic
solutions are stable (unstable) if £, < 0(g, > 0).

(iii) The sign of T, determines the period of the bifurcating periodic solutions: the period increases
(decreases) if T, > 0(T, < 0).

5. Numerical simulation
In this section, some numerical results of system (2.6) are presented for supporting the analytic
results obtained above. We choose the values of some parameters of system (2.6) are: a = 2,b =

1.02,¢c=1.89,m; =03, =0.3,6=05m, =1,p =15.2,4 = 0.05,r = 1.528.
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When economic interest m = 0, if one of the assumptions (H;) and (H;) holds, then Eq (3.1) has
a positive root x, = 1.04. Thus, an interior equilibrium (1.04,0.12,0.59) can be obtained. When
economic interest m > 0, we can obtain 0 < m < 2.61 from Q;. We choose m = 0.9, which is
enough to support the theoretical analysis. If one of the assumptions (Hy4) and (Hs) holds, then one
positive root is x* = 0.74 by solving Eq (3.2). When b = 1.02 < 1 + Z-= ﬁ - = 1.16, the interior
equilibrium 1s (0.74,0.83,2.75). Next, we will give dynamical responses of system (2.6) around the
interior equilibrium.

Number of population/havesting

o = N w S o =) ~ © ©
T T T T T T T

(<

o

10 20 30 40 50 60 70 80
time t

(a) (b)
Figure 1. Dynamical responses around (1.04,0.12,0.59). (a) system (4.1), (b) system (4.2).

When 71 = 7, = 0, according to Theorem 4.2, singularity induced bifurcation occur around
(1.04,0.12,0.59) as m = 0 (see Figure 1), and (0.74,0.83,2.75) as m = 0.9 (see Figure 2). According
to Theorem 4.3, we obtain that feedback gain satisfies k > 0.02. Thus state feedback controller
u(t) = 10(E(¢) — 0.59) is designed to stabilize system (4.1) around (1.04,0.12,0.59) when m = O.
Dynamical responses are given in Figure 1b. According to Theorem 4.4, state feedback controller
a(t) = 3(E(t) — 2.75) is designed to stabilize system (4.1) around (0.74,0.83,2.75) as m = 0.9.
Dynamical responses are given in Figure 2b.

Based on Theorem 4.5, by computing & — (& + &)* = —1.67 < 0, we have that system (2.6) is
locally asymptotically stable around (0.74,0.83,2.75) when (7, 7,,m) € Q; N Q, = {(11,72,m)|0 <
T < T190 = 3.6,7, = 0,0 < m < 2.61}. However, system (2.6) undergoes Hopf bifurcation around
(0.74,0.83,2.75) when (1, 72,m) € QN Q3 = {(11, T2, m)|T; = 3.8, 7, = 0,0 < m < 0.99} (see Figures
3 and 4).

Similarly, system (2.6) is locally asymptotically stable around (0.74,0.83,2.75) when (11, 7,,m) €
QN Qy = {(r1,12,m)|T; =0,0 <7 <190 =1.65,0<m <2.61}. However, system (2.6) undergoes
Hopf bifurcation around (0.74,0.83,2.75) when (11,72,m) € Q; N Qs = {(t1,T2,m)|t; = 0, 7, =
1.8,0 < m < 1.32} (see Figure 5).
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Ty = 1.8 > T20-

When we consider 7, as a parameter and 7, = 2.3 € (0,2.59) as a fixed value based on Theorem
4.7, we know that Eq (4.15) has finite positive roots, and obtain the critical value of delay is 7. = 2.12.
Therefore, system (2.6) is locally asymptotically stable around (0.74,0.83,2.75) when (7, 7,,m) €
QA NQNQg = {(11,70,m|0 < 71 < 11 = 212,75 =T, = 23,0 < m < 2.61}. By simple
computations, BBz + BjoB14 = 32.23 > 0. When (11,72, m) € QNQNQy = {(TI,Tz,m)lTl > Tie =
212,17, =17, =2.3,0 < m < 2.61}, system (2.6) undergoes Hopf bifurcation around (0.74,0.83,2.75).
Of course, from Figure 6, we can see that system (2.6) is locally asymptotically stable when 7; =
2 < Ty, 12 = 2.3,m = 0.9. Hopf bifurcation occurs around (0.74,0.83,2.75) of system (2.6) when
T =22 > 1,7, =2.3,m = 0.9, whose dynamical responses are plotted in Figure 7.
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Figure 6. System (2.6) is locally asymptotically stable when 7, = 2 < 7y, 7, = 2.3, m = 0.9.
(a) dynamical responses of system (2.6), (b) phase diagram of system (2.6).
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Figure 7. System (2.6) undergoes Hopf bifurcation around (0.74,0.83,2.75) when 7, = 2.2 >
Tie, T2 = 2.3, and m = 0.9. (a) dynamical responses of the prey; (b) dynamical responses of
the predator; (c) phase diagram.
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Figure 8. System (2.6) is locally asymptotically stable when 7; = 2,7, = 6 < 7., and
m = 0.9. (a) dynamical responses of system (2.6), (b) phase diagram of system (2.6).

Similarly, we regard 7, as a parameter and 7; = 2 € (0, 6.10) based on Theorem 4.8. Furthermore,
we know that Eq (4.20) has two positive roots, and obtain that the critical value of delay is 75, = 7
by the given values. Thus, system (2.6) is locally asymptotically stable around (0.74,0.83,2.75) when
(t1,T2,m) € Q1 N QN Qp = {(T, T2, Mt =71 =2,0< 7, <7 =7,0<m < 2.61}. By simple
computations, we obtain that By; Bz + ByyByy = 2.7796 > 0. When (11,7,,m) € Q; N Qo N Q3 =
{((t1, 7o, m)Ty =71 =2,70 =75 > 1. = 7,0 <m < 2.61}, system (2.6) undergoes Hopf bifurcation.
Of course, from Figure 8, system (2.6) with 7, = 6 < 75,71 = 2,m = 0.9 is locally asymptotically
stable around (0.74,0.83,2.75). System (2.6) with 7y = 2,7, = 7.5 > 15.,,m = 0.9 undergoes Hopf
bifurcation, whose dynamical responses are plotted in Figure 9.

Based on Theorem 4.9, we can obtain u, = —0.05 < 0,&, = 0.48 > 0 and 7, = —0.89 < 0. Thus,
Hopf bifurcation is subcritical and the bifurcating periodic solutions exist for 7y < 7., bifurcating
periodic solutions are unstable and the period decreases because of &, > 0,7, < 0.
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Figure 9. System (2.6) undergoes Hopf bifurcation around (0.74,0.83,2.75) when 7, =
2,72 =7.5 > 15, and m = 0.9. (a) dynamical responses of the prey; (b) dynamical responses
of the predator; (c) phase diagram.

6. Conclusions

It is well known that commercial harvesting and economic benefits have a strong impact on the
dynamical behavior. Liu et al. [44] investigated a differential-algebraic prey-predator system with
linear harvesting on predator and Holling-II. Li et al. [45] analyzed a differential-algebraic
prey-predator system without time delay. However, nonlinear harvesting and Beddington-DeAngelis
functional response more realistic. Therefore, this paper proposed a singular Beddington-DeAngelis
predator-prey model with two delays and nonlinear predator harvesting by extending the work of
references [44] and [45], and obtained some results. The existence of equilibria was analyzed.
Without considering time delay, the existence of singularity induced bifurcation by regarding
economic interest as bifurcation parameter was discussed. In order to remove singularity induced
bifurcation and stabilize system (4.1), state feedback controllers u(t) = 10(E(¢) — 0.59) (see Figure 1b)
and @i(t) = 3(E(¢) — 2.75)( see Figure 2b) were designed, which shows that the system can be kept in a
stable state with benefits by capturing predators. While considering time delay, stability of system
were discussed by analyzing the corresponding characteristic transcendental equation. When 7, = 0,
the critical value of time delay is 719 = 3.6; when 7, = 0, the critical value of time delay is 7,p = 1.65;
when 7, is regarded as a parameter and 7, = 2.3 as a fixed value, the critical value of time delay is
T = 2.12. At the same time, when 7, is regarded as a parameter and 7; = 2 as a fixed value, the
critical value of time delay is 7, = 7. It was obvious that system lost local stability around it’s
corresponding interior equilibrium when time delays crossed corresponding the critical values, and
Hopf bifurcations occurred (see Figures 4, 5b, 7, and 9). Finally, by using normal form theory and
center manifold theorem, Hopf bifurcation is subcritical and the bifurcating periodic solutions exist
for Ty < 7., bifurcating periodic solutions are unstable and the period decreases because of
& >0, T, < 0, which could be found in Theorem 4.9.

In fact, the prey and predator may be captured simultaneously in real world. Thus, in order to
make this model more practical, nonlinear predator harvesting and nonlinear prey harvesting can be
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introduced into our predator-prey system, which is

x(t) =ax(t—1 )(1 - X(I_TI))_ Xt — 1)y __ @E@x@)
- : k L+ax(t—11) + by(t)  mE® + max(t)’

iU Tz)) 2 0)0)

y(@) = Byt — 12) (

x(t—1)) mE@) + myy(t)’
_ q1E(7) B GE®@) ) )
— mE®) + myy(t) (px(t) —c) + E (D) + ) (p1y(t) — c1) — m.

We leave this work in the future.
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