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Abstract: A new multi-group alcoholism model with public health education and alcoholism age
is considered. The basic reproduction number Ry is defined and mathematical analyses show that
dynamics of model are determined by the basic reproduction number. The alcohol-free equilibrium P,
of the model is globally asymptotically stable if Ry < 1 while the alcohol-present equilibrium P* of
the model exists uniquely and is globally asymptotically stable if Ry > 1. The Lyapunov functionals
for the globally asymptotically stable of the multi-group model are constructed by using the theory of
non-negative matrices and a graph-theoretic approach. Meanwhile, the combined effects of the public
health education and the alcoholism age on alcoholism dynamics are displayed. Our main results show
that strengthening public health education and decreasing the age of the alcoholism are very helpful

for the control of alcoholism.
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1. Introduction

A small intake of alcohol may be beneficial to health, but alcoholism, also known as alcohol de-
pendence or alcohol abuse, is among the main healthy risky behavior due to the high relevance of
negative health and social effect. Alcohol consumption has been identified as a major contributor to
the global burden of chronic disease, injury and economic cost [1-3]. The World Health Organization
reports the harmful use of alcohol causes approximately 3.3 million deaths every year (or 5.9% of all
the global deaths), and 5.1% of the global burden of disease is attributable to alcohol consumption
[4]. Furthermore, alcoholism is reported to be among the major concerns to public health in many
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countries, like UK [5, 6]. Recently, the study of alcoholism model has become an important aspect of
social epidemic. A great number of literatures can be found where healthy risky behavior, including
drinking, smoking, drug use and obesity, are viewed as a treatable contagious disease, see [7-10] and
the reference contained therein. In particular, several alcohol models described by ordinary differen-
tial equations or delay differential equations have been investigated extensively (see [11-22]). In [11],
the authors modelled alcoholism as a contagious disease and studied how “infected” drinking buddies
spread problem drinking. Manthey et al. [12] studied campus drinking and suggested that the basic re-
productive numbers are not sufficient to predict whether drinking behavior will persist on campus and
that the pattern of recruiting new members play a significant role in the reduction of campus alcohol
problems. The impact of environmental factors and peer influences on the distribution of heavy drink-
ing was studied in [13, 16]. In addition, the two-stage models: one stage where people who admit to
having a alcohol problem and other stage where people who do not admit to having a alcohol problem
have been developed in [17, 18]. Bhunu [19] studied the co-interaction of alcoholism and smoking in
a community. Walters et al. [20] also discussed alcohol problems, and their results showed that an
increase in the recovery rate decreased the proportion of binge drinkers in the population. Xiang et al.
[21] considered the effect of constant immigration on drinking behavior. Wang et al. [22] presented
a deterministic mathematical model for the spread of alcoholism with two control strategies to gain
insights into this increasingly concerned about health and social phenomenon. The optimal control
strategies are derived by proposing an objective functional and using Pontryagins Maximum Principle.
Zhu et al. [23] formulated a alcohol model with the impact of tax and investigated their dynamical
behaviors. Other related drinking epidemic or population models, we refer to see [24-33].

Public health education (e.g. Radio, Newspapers, Billboards, TV, and Internet, etc.) has been used
to control the alcohol problems, which can not only influence the individuals’ behavior but also increase
the governmental health care involvement to control the spread of heavy drinking. These behavioral re-
sponses can change the transmission patterns and decline to drink. In recent years, many mathematical
models [34-37] have been used for studying the impact of awareness programs by media on drinking
problem. In [35], the authors studied drinking dynamics and focused on awareness programs and treat-
ment in the modelling process. They extended the model in [34] via including a treatment class and
established some sufficient conditions for the stability of the alcohol-free and alcohol-present equilib-
ria. Xiang et al. [36] also studied a drinking model with public health education campaigns. Their
results showed that awareness programs is an effective measure in reducing alcohol problems. These
studies suggested that public health education and media had huge impact in controlling the spread of
alcoholism. Recently, Ma et al. [37] proposed an alcohol consumption model with awareness programs
and time delay described by including media function S ko%’ where M was the cumulative density of
awareness programs driven by media. The results showed that the time delay in alcohol consumption
habit which developed in susceptible population might result in a Hopf bifurcation.

Actually, it has been found that heterogeneity (e.g., age, sex, space and so on) exists in many
aspects of social epidemic transmission processes. Since multi-group models play important roles in
considering the heterogeneity of host population, the study of the multi-group models can contribute
to clarify the transmission pattern of infectious diseases in more realistic situations. There are lots of
studies of the global stability of multi-group epidemic models, in which a general approach is used (see
[38—46]). This graph-theoretic approach is sufficiently general to be applicable to a variety of coupled
systems. On the other hand, since the pioneering work of Hoppensteadt established an age-dependent
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epidemic model in 1974 [47], the effects of the age factor on the multi-group epidemic models have
already been studied by many researchers (see [48-51]). Dynamical behaviors of these multi-group
epidemic models with age structure have been studied, respectively. However, to our knowledge, there
are few studies on the alcoholism model in heterogeneous populations. In particular, we should notice
that the impact of the age of alcoholism on other people is different. Thus, the study of the multi-group
alcoholism model with public health education and age of alcoholism can contribute to the control of
alcohol problems in more realistic situations.

In this paper, motivated by the above works, we formulate a novel and more reasonable multi-group
alcoholism model with public health education and alcoholism age to describe alcoholism spread in a
heterogeneous host population. Inspired by the method developed in [38—40], we construct Lyapunov
functionals and obtain the global stability of the alcohol-free equilibrium and alcohol-present equi-
librium. Our results demonstrate that, for age structured multi-group alcoholism model, this graph-
theoretic approach can be successfully applied by choosing an appropriate weighted matrix as well.
At the same time, our main results indicate that public health education is beneficial for alcoholism
control, and alcoholism age structure does not alter the dynamical behaviors.

This paper is organized as follows. In next section, we formulate a more reasonable multi-group
alcoholism model with public health education and alcoholism age. Some preliminary setting for the
multi-group and age-dependent alcoholism model are presented in Section 3. In Section 4, we state
our main results of this paper. We prove the global asymptotic stability of the alcohol-free equilibrium
Py for Ry < 1 by using the theory of non-negative matrices and the classical method of Lyapunov
functional. By applications of the graph-theoretic approach to the method of Lyapunov functionals,
we prove the existence, uniqueness and global asymptotic stability of the alcohol-present equilibrium
P* for Ry > 1. In Section 5, the effects of the public health education and alcoholism age are given. A
brief discussion is also given in last section.

2. Model formulation

Let n € N be the number of groups, the heterogeneous host population is divided into » homoge-
neous groups. For i-th (1 < i < n) group, it is further classified as five compartments: the uneducated
susceptible individuals S ;(f) who do not drink or drink only moderately and do not accepted the public
health education, but may one day develop light drinkers, the educated susceptible individuals E;(f)
who do not drink or consume alcohol in moderation and accepted the public health education, but
may one day also develop light drinkers, the light drinkers L;(f) who often consume alcohol but they
don’t influence other people, the alcoholics A;(#) who have drinking problems or addictions (i.e. heavy
drinkers) and they will influence susceptible individuals, and the recovered drinkers R;(f) who are the
recovered drinkers and permanently quit drinking. In i-th (1 < i < n) group, we assume that the
susceptible individuals, the light drinkers and the recovered drinkers are homogeneous at time ¢. The
alcoholics individuals is structured by the age of alcoholism 6, and a;(¢, ) be the alcoholism age den-
sity of the individuals in the alcoholism individuals with alcoholism age 6 at time t. Suppose that
a;(t,0) = 0 for all sufficiently large 6 > 6*, where 8" is the maximum ages of alcoholism which is
finite. Then A;(7) = fooo ai(t,0)do is the number of heavy drinkers at time ¢. Furthermore, we make the
following assumptions:

(H1) In group i, at any moment in time, new recruits enter the uneducated susceptible population at
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arate A; > 0.

(H2) In group i, via public health education, the uneducated susceptible individuals in §; class turn
into the educated susceptible individuals E; class at a constant rate & > 0.

(H3) In group i, the coefficient of alcoholism transmission for susceptible individuals (S; or E;) turn
into light drinkers (L;) is 8;; > 0 for some reasons (e.g. through peer pressure), in which a susceptible
individual contact with heavy drinkers A; come from the j-th group.

(H4) Some educated individuals who never have a drink due to the effect of the public health
educational campaigns, and the proportion @; > 0 is that fraction of E; who move into the R; class.

(HS) The heavy drinkers in A; class can recover (due to counselling, health reasons, treatment,
prohibition, or tax hiked on alcohol beverages, etc.) and will permanently quit drinking. The proportion
u; > 0 1is that fraction of A; who move into the R; class.

(H6) The n-square contact matrix B™ = (B;;)xx is irreducible [41], where S;; > 0.
Remark 1: Assumption (H6) implies that every pair of groups is joined by an infectious path so that
the presence of a heavy drinking individual in the first group can cause “infection” in the second group.

The other parameters description of the model are presented in Table 1.

Table 1. The other parameters description of the alcoholism model.

Variables Description

Di j(@) the infectivity between A (¢) and S;(7) at the age of alcoholism 6

qi j(9) the infectivity between A () and E;(¥) at the age of alcoholism 6
Yi the rate of the light drinkers enter into the alcoholism compartment in i-th group
dl.S the natural death rate of uneducated susceptible individuals in i-th group
dlE the natural death rate of educated susceptible individuals in i-th group
diL the natural death rate of light drinking individuals in i-th group
dlA the natural death rate of heavy drinking individuals in i-th group
le the natural death rate of recovered individuals in i-th group

m;(0) the death rate of alcoholics due to excessive drinking in i-th group

Here, all the parameters are positive. Furthermore, the following assumptions are made.

(H7) We assume that p;;(0), g;j(8), mi() € L!(0, +00) are nonnegative and essential bounded, and
they are all non-decreasing functions of the age of alcoholism 6. If § > 6, then p;i(0) = pyax, qij(0) =
Gmax> and m;(6) = m,,,., where 0 < 6, < 6*.

Because the effect of public health education, here the infectivity g;;(6) is reduced relatively for
educated individuals, i.e., g;j(6) < p;;(0) (the smaller, the better). For simplicity, we set P;; =
I pi®ay(t.0)ds. Qi; = [ qij()a;(t, 0)d6, and [w;A;] stands for [~ pa;(t,0)de. Under assumptions
(H1)-(H6), the alcoholism transmission diagram is depicted in Figure 1.
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Figure 1. The transfer diagram for our multi-group age-structured alcoholism model.

The transfer diagram leads to the following multi-group age structured SELAR alcoholism model
with public health education:

ds; - °
2 = A= Y80 [ 00,006~ + €80,
=1
dE; - 0
dt(t) =&Si(t) - Z,BijEi(t) fo qij(0)a;(t,0)d0 — (df + a)Eq(1),
=1

dL; - * - °° 2.1
T2 =i [ puoase.odo+ Y pE) [ a0 odo - @+ oo, Y
j=1 j=1

Oai(1,0) 0Oal(t,0) 4
5 T a0 - [d? + mi(0) + uilait, ),

dR;(t *
—dt( ) _ @, Ei(t) +,Uif ai(t,0)df — di Ri(1),i = 1,2, ..., n.
0
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The initial conditions and boundary conditions of model (2.1) are respectively given by:

Si(0) = ¢ 2 0, E«0) = ¢, > 0,Li(0) = ¢ > 0,R,(0) = ¢, > 0,

0 : . (2.2)
ai(oa 9) =4a; (9) € L+(0’ +OO), ai(l’ O) = '}’iLi(t)’ 1= la 25 e 1,

where L1 (0, +00) is the space of functions that are nonnegative and Lebesgue integrable.
Remark 2: Neglecting the heterogeneity and alcoholism age, Xiang et al. [36] constructed a SEARQ
drinking model with public health educational campaigns, its threshold stability was achieved.

3. Preliminaries
In this section, some primary results are presented for establishing our main conclusions.

3.1. Volterra formulation

Note that the variables R;() does not appear in the first four equations of (2.1), it suffices to study
the dynamical behaviors of the following reduced sub-system (3.1):

ds (¢ - a
dt( ) _ A - Z Bi;S i(t) fo pij(0a;(t,0)d0 — (d° + £)S (D),
PO 50~ Y piE f 4i(0)aj(1,0)d6 - (dF + )E(0),
= (3.1)
dL;
il Zgﬁmf;mww@w+2@ﬁquwMﬂ@w (@ + y)Li0),
j=1
0a;(t,0) ﬁa(t 9) [dA+m(9)+,u]a(t 0).

ot 00

Let

Toi(0) = ¢~ h Aoty (3.2)

then T'y;(0) is the probability of an alcoholism individual in the i-th group surviving to alcoholism-
age 6. Using the approach introduced by Webb [53], integrating along the characteristic lines and
incorporating the boundary conditions, we can obtain that

YiLi(t — OI'gi(6), t>62>0,
a;(t,0) = Ii(0) 3.3)

@O NE 02120
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Substituting (3.3) into the equations for §/(7), E(¢) and L/(¢) of system (3.1), we have

deit( 2RV _Zn;ﬁijs i(t) fo | pij(O)y;Li(t — OTo,(0)d0 — (d + £)S (1) — F(b),
=
db;f,( D =50~ ZﬂijEi(f) fo t qif(0)y;Li(t — OL;(0)d6 — (dF + a)Ei(t) — Fa(t), »
dei,(t) _ Zn: BiiS (1) fo [ pii(@)y;Li(t — O (0)do + Zn: BiiEi(t) ](; t qi;(O)y;Li(t — O)[,;(6)d6
- (jd_; +¥)Li(t) + Fi(t) + F(1), "

where
n o0 Lo;(0)
Fi@) = ;ﬁijsi(t)ft Pij(g)a?(e B t)roj(é - t)d@,
n o0 Lo;(0)
Fy(1) = JZ:;:BUEi(t) ft ql-j(H)a?-(Q - Foj(JQ - l‘)dg.

It is easy to check that lim, ., F;(¢) = 0, lim,_, F>(¢) = 0. Furthermore, set
hi(0) = Pij(g))’irm(e), gi(0) = Clij(g)%‘rm(@), i=1,2,---,n

Obviously, h;(0) > g;(0), i = 1,2,--- ,n. Then, by application of the results in [54], any equilibrium of
system (3.4) (if it exists), must be a solution of the following limiting system associated with (3.4):

ds (t C ”
dt( ) _ A - JZ; BisS (D) fo hi(O)Li(t — 0)dO — (d° + £)S (D),
dEi n 00
d(t) = &S0~ > BiE) f gHOL(t — 0)do — (df + a)ED), 3.5)
t = 0
dL;(¢ - * C ”
_dt( ) - ;ﬁlyS 0 fo hj@)L(t - 6)d6 + JZ; BLEND) fo g/(O)L;(1 - 6)d6 - (d* + y)Li(1).

The behavior of system (3.1) is equivalent to the system (3.5). Once the solution of system (3.5) is
determined, we can obtain a;(¢, ) from (3.3). So that the stability of the equilibrium of system (2.1) is
the same as that of system (3.5). In this paper, we focus on the system (3.5).

3.2. State space

For system (3.5), we need the appropriate fading memory space of continuous functions as follows
(see Atkinson et al. [52]):

Ci, = {¢ € C(=0, 01, R,) : sups<o | $(s) | € < +oo},
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which is a Banach space endowed with the norm || ¢ |[4;:= sups<o | ¢(s) | Y’ < 400, where R, =

[0, +o0], A; is a positive constant. Let ¢;(s) € C,, be such that ¢;(s) = ¢i(t + 5), s € (—00,0]. Thus, we
consider the system (3.5) in the phase space

X = [, xcyxc.
i=1
For system (3.5), the existence and uniqueness of the solution with the initial and boundary conditions
(2.2) can be checked by the standard approaches in [53]. Furthermore, we clams that any solution of
system (3.5) with nonnegative initial conditions remains nonnegative.
We define a continuous solution semi-flow @ : R, X X — X associated with (3.5):

D(t, x9) = Dy(x0) = (S1(0), E1(2), L (1), - - - , S (1), E;(1), L, (1)), x0 € X, 1 > 0.

Let
A;
Q ={(S10), E1(), Li(), -+ . §0(), En(), La() € X [ 0 < §3(0) + Ei(0) + Li(0) < —,

1

Si(s), Ei(s), Li(s) 2 0,5 € (=00,0], i = 1,2, ,n},

where 1; = min{d? , d*, d*, d?, d®}. And denote the interior of Q as:

Ai
Q7 ={(S10), E1(), Li (), -+, Su(), Ex(), La()) € X | 0 < §(0) + Ei(0) + Li(0) < —,

]

Si(s)’ E,‘(S), Li(s) > 09 s € (—OO’ O]» l = 19 29 T, n}
Lemma 3.1. For system (3.5), Q is positively invariant for @, i.e., O(t, xy) € Q,Vxg € Q,t > 0.

Proof. First, we prove that all solutions of system (3.5) with the initial and boundary conditions
(2.2) remains nonnegative. By continuity of the solutions of system (3.5) and S ;(0) = ¢§ > 0, we claim
S >0forallt>0,i=1,2,---,n. Infact, we assume that there exists a i; € {1,2,,---,n} such that
S, (¢) lost its positivity for the first time at #; > 0, i.e., §;,(¢;) = 0. However, from the first equation of

dS,‘ . . 1 1
(‘lt(”) = A;, > 0 which is a contradiction to the fact that S, (1) > S;,(#;) = 0 for any

(3.5), we can see
0<t<n.

Similarly, we shall show that E;(f) > Oforallt >0, i = 1,2, -- , n. Otherwise, we assume that there
exists a i, € {1,2,,---,n} and the first time #, > O such that E;,(#,) = 0. However, from the second
equation of (3.5) one obtains dEzt(m = &,5,,(t2) > 0 which follows from the nonnegativity of S ;(¢) for
allt>0,i=1,2,--- ,n. Thus, E;(t) >0forallt >0, i=1,2,--- ,n.

Furthermore, we conclude that there is a i3 € {1,2,,---,n} and the first time 3 > O such that
L;,(t3) = 0. Note that 0 < #3 — 6 < t3, thus, L;,(t3 — 6) > 0. Using the similar arguments and the third
equation of (3.5), we gets dL’gt(t3) > (. This is a contradiction which implies the nonnegativity of L;(¢)
forallt>0,i=1,2,--- ,n.

Second, we prove that all solutions of system (3.5) with the initial and boundary conditions (2.2)
remains bounded. The total population size is N(¢) = )i, Ni(¢). In the i-th group, N;(r) = S;(H)+ E:(t) +
Li(t) + fooo ai(t,0)dd + Ri(t). Letn; = min{dl.s , diE, diL, dlA, df}, then

dN;(7)
dr

) < A —miNi(1) — f"" mi(0)a;(t,0)dd < A; — m;N(1),
0
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this suggesting
A;
lim sup N;(t) < —.
t— 00 i
Then, we have
A
lim sup(S;(¢) + Ei(t) + Li(1)) < —.
t—00 i
Therefore, we can obtain that Q is positively invariant for @, i.e., ®(t, xp) € Q,Vxy € Q,fr > 0. This
proof is completed. O
Our results in this paper will be stated for system (3.5) in €, and can be translated straightforwardly
to system (3.1). Moreover, all positive semi-orbits in {2 have compact closure in X (see [52]), and thus
have non-empty w-limit sets. We have the following result.

Lemma 3.2. All positive semi-orbits in Q have non-empty w-limit sets.

Lemma 3.3. System (3.5) is point dissipative, that is, there exists constants M; > 0 such that for each
solution of (3. 5) there is a T; > O such that || S |[,< M|l Ei ||, M; and || Ly ||,< M, for all
t>T,i=1,2,--

Proof. Let W; = max,go7,1 S () > 0, then, for any r > T; and any &; > 0, we get

s<0 u<t

. I N\
Il S ll,= sup Siu(s)e" = sup S (u)et e ™" < max {e N S o Iy, WietTie M — + 8,},
77i

where the last estimation was obtained by three separations tou < 0,0 < u < T;and T; < u < t. Hence,
we can choose M? > 0 such that || S; ||,,< M?. Similary, we can also prove that || E; ||,,< MF and
Il L |l,< ME. Set M; = max{M?, ME, M"} > 0, this proof is completed forall t > T}, i = 1,2,--- ,n.O
3.3. Equilibria

System (3.5) always has a alcohol-free equilibrium Py = (9, EY,0, ..., S, EY, 0) € RY", where

A' lSO iAi
S)=—"—E) = S5 . ¢ Ji=1,2,..,n
d;g + é:i dlE + a; (df + f,)(dlE + ;)
Let - .
B; = f h,(@)d@ >0, C = f g,(H)dH > 0.
0 0

The alcohol-present equilibrium of system (3.5) is given by
=(SLELL,...S L, ELL) € Q°,

then it is determined by the following system of equations

= (d5 +&)S; + Zﬁ,,B SiL;,

&S} = (df + a)E; + Z,BUC E;L;, (3.6)

@ +y)L; = Z,B,JB SiL;+ ZﬁUC E;L:.
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The basic reproduction number R, (see [38, 55, 56]) is defined as the spectral radius of a matrix M,
that is,

ﬂ,"B'S?+ﬁ,"C'E?
Ry = p(M), M, = (%) .
nxn

diL+)/,'

It acts as a threshold as is shown in the following result. We shall establish that the dynamical
behaviors of system (3.5) are completely determined by values of Ry.

4. Main results
In this section we state and prove our main results concerning the global dynamics of system (3.5).
4.1. Global stability of Py

Theorem 4.1. Assume that the matrix B™ = (j; nxn 18 irreducible.

(1) If Ry < 1, then the unique alcohol-free equilibrium P of system (3.5) is globally asymptotically
stable in €;

(2) If Ry > 1, then Py is unstable and system (3.5) is uniformly persistent, i.e.,there exists a positive
constant ¢ > 0 such that limsup,_, . S;(t) > ¢, limsup, , E(t) > ¢, limsup,_, Li(t) > c,i=
1,2,...,n. Furthermore, system (3.5) has at least one alcohol-present equilibrium P* in Q°.

Proof. (1) LetS = (51,52, ....S)",E = (E\, E,, ..., E,)T, we define a matrix-valued function

Bij(SiBj+C,E;)
It is easy to see that M(S°, E®) = My, where S° = (§9,89,...S0)7, E° = (E),EY, ..., E))". We also
have

0<M(S,E)<MS°EY)=Mp,0<S,<8%1<i<n.

First, we will prove the uniqueness of alcohol-free equilibrium in Q. If Ry < 1, (S, E) # (S°, E®), then
we obtain

0<M(S,E) < M,.
Since B = (B; Inxn 18 irTeducible, we know nonnegative matrix M(S, E) and M are also irreducible.
Using the Perron-Frobenius theorem (see Theorem 2.1.4 or Corollary 2.1.5 in [58]), we get

p(M(S,E)) < p(My) <1, (S,E)#(S° E°.

Therefore, p(M(S, E)) < 1 holds when Ry = p(M,) < 1 and (S, E) # (S°, E®). This implies that the
vector equation M(S, E)L = L has only the trivial solution L = 0, where L = (L, L,, ..., L,)". Thus P,
is the unique equilibrium of system (3.5) in Q if Ry < 1.

Next, we claim that the alcohol-free equilibrium Py is globally asymptotically stable in €. Since
M, is irreducible, there exists a positive left eigenvector w of M|, corresponding to p(M,), i.e.,

((1)1, w2, ", wn)MO = (wb W, , wn)p(MO)’

Mathematical Biosciences and Engineering Volume 16, Issue 3, 1683-1708
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where w = (w1, Wy, ...,w,) and w; > 0,i = 1,2, ...,n. We introduce the Volterra-type function ¢(x) =
x—1—1Inx,x > 0, which is positive definite and attains its global minimum ¢(1) = 0 at x = 1. Note
that w is a strictly positive left eigenvector. We define a Lyapunov functional L,s(?) : (S;, E;, L)) = R
as

Las.(t) = H\(2) + Hy(2) + H3(1),
which is nonnegative and continuously differentiable. Here

n

H1<r>=2c,{s w(5o)+ Elo( )+L}

i=1

Hyn) = ) ¢ {Z ByS° f mj(O)L(1 - e)de},
i=1 =1 0

H(0)= ) ¢ {Z BiE! fo nO)L (1 - e)de},
i=1 j=1

where ¢; = -, m(6) = ;" hj(s)ds and ny®) = [ gi(s)ds. Obviously, m;(0) = [~ h(s)ds =

B;, ™% = —h;(@), and n;(0) = [ g;(s)ds = Cj, “A2 = —g(6).

It follows from Lemmas 3.1 and 3.3 that L,.(#) is nonnegative and bounded for big enough positive
t > 0. It is clear that L, (f) with the equality holds if and only if S; = S, E; = E?,L; = 0. First,
calculating the time derivative of H,(¢) along with the solutions of system (3.5), using the equation
A; = (d° +&)SY, we have

, L s dS EY dE, dL;
Hiw=Yc {(1 _ _) (t) ca-o d;(t) dt(t)}
i=1 !

n 0
:Zci{<df+§i)<s?—s,»>—s—f’)s<so S>+Zﬁus° f hiOIL L — 0)d6 + &S (1)
i=1 !
_(JE EO E 0 0 ) (f_ — (AL AY S
(d; +a)E; — &S g +(d + a)E; +Z,81,E g,(O)L,(t 0)do — (d; + yi)L;
J=1 0

4.1)
Second, calculating the time derivative of H,(¢) along with the solutions of system (3.5). Lett — 6 = s,
then —o0 < s < t, we obtain

H;<r):{ZZ ciisS' f mj(r—s>Lj<s)ds}

i=1 j=1

- ZZ ciBiS 'm(0)L; “”ZZ cBS? f t ME i(s)ds 4.2)

i=1 j=1 i=1 j=1

= Z Z ciBisS{BiLy(1) - Z Z ciBiSy j; i hj(O)L;(t — 6)db.

i=1 j=1 i=1 j=1
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Similar to H/z(t), we get derivative of H;(¢) along with the solutions of system (3.5). Let # — 8 = s, then
—00 < § < t, we obtain

Hy0) = > > cBiEICLI(D = ) > cijE! j; g/(O)L(1 — 6)do. 4.3)

i=1 j=1 i=1 j=1

Using (4.1)-(4.3), we have

n 0
Tl S e+t -0 LE s -5) <650 - @ 2w

0
—&S ZE +(dFf + @)E) — (dF + y)L; + Z BiiLi(S'B; + EV'C; )}

i=j

E' E (& wiBii(SYB; + EXCH)L;
0 2 0 i 1 U NS =] i J/
—Z { W e g s, +§Z~S,~<2—E—E—?)}+Z(Z e, ~wiL;

i=1 \ j=1
Bij(SOB; + E’C))L;
.3 Z wifi( LTS
P dr +v;

= (a)l,wz,. . ,U.)n) . (M()L — L)
= (p(MO - 1)((,()1, W, ..., (Un)L

=Ry - D(w1,wy,...,w,)L<0, if Ry<1.

4.4)

If Ry = p(M,) < 1, then (4.4) implies L = 0, and dL“f <O — 0 if and only if L = 0.

If Ry = p(My) = 1, from (4.4), we see 42 = 1mphes (W1, W, - . ., wy) - (MoL — L) = 0, that is

(W1, w2, ..., W) (Mo — I,)L = 0, 4.5)
where I, denote the n-dimensional identity matrix. Hence, if (S, E) # (S°, E®), then we have
(W1,...,w )My = (w1, ...,w,)p(My) = (W1, ...,w,),

so the solution of (4.5) is only the trivial value L = 0. Summarizing the above statements, we see
that <2 = ( implies that either L = 0 or Ry = 1 and (S, E) = (S, E°). It can be verified that the

largest compact invariant subset of {(S LELL,....SuE, L) €Q dL“ff(t) 0} is the singleton {Py}.
Therefore, by Lemma 3.2 and the Lyapunov-LaSalle invariance pr1n01ple (see Theorem 3.4.7 in [59]),
we can see that Py is globally attractive in Q if Ry < 1. The local asymptotical stability of the disease-
free equilibrium P, comes from the relationship between the eigenvalues of the linearized matrix and
Ry, which can be proved using the same proof as one for Corollary 5.3.1 in [60] (The detailed process is
omitted here). Then, together with the local asymptotical stability of Py, we know that the alcohol-free
equilibrium P, is globally asymptotically stable in Q when Ry < 1.
(2) Suppose that Ry = p(My) > 1, and L # 0. By continuity and (4.4), we have

(w1, wa, ..., w) My — I,)L = (o(My) — 1) (w1, w2, ..., w,)L >0,
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which implies that dL‘;f:(t) > 0 1in a sufficiently small neighborhood of the alcohol-free equilibrium Py

in Q°. This implies that the alcohol-free equilibrium Py is unstable when R, > 1.

Next, with a uniform persistence result in [61] and a similar argument as in the proof of Proposition
3.3 of [62], we can show that the instability of Py implies that system (3.5) is uniformly persistent
when R, > 1, i.e., there exists a positive constant ¢ > 0 such that

limsupS;(¢) > ¢, limsupEi(t) >c, limsuplLi(t)>c,i=1,2,..,n,

— o0 —o00 — oo

provided (S (0), E,(0), L,(0), ..., S ,(0), E,(0), L,(0)) € Q°.

Furthermore, using the uniform persistence of system (3.5), together with the uniform boundedness
of solutions, we shall establish the existence of the alcohol-present equilibrium P* (see Theorem 2.8.6
in [63] or Theorem D.3 in [64]). This completes the proof of theorem 4.1. O

4.2. Global stability of P*

In following section, we devote to the alcohol-present equilibrium of system (3.5) is globally asymp-
totically stable. In order to prove our results, we will construct the proper Lyapunov functional and
apply subtle grouping technique in estimating the derivatives of Lyapunov functional guided by graph
theory, which was recently developed by Guo et al. in [38, 39] and Li et al. [40]. Here, we quote some
results from graph theory which will be used in the proof of our main results. We refer the reader to
[38—40] and the references cited therein for more details of these concepts and results.

Given a non-negative matrix A = (a;j)uxn, the directed graph G(A) associated with A has vertices
{1,2,...,n} with a directed arc (i, j) from i to j if and only if a;; # 0. It is strongly connected if any two
distinct vertices are joined by an oriented path. Matrix A is irreducible if and only if G(A) is strongly
connected.

A tree is a connected graph with no cycles. A subtree T of a graph G is said to be spanning if T
contains all the vertices of G. A directed tree is a tree in which each edge has been replaced by an arc
directed one way or the other. A directed tree is said to be rooted at a vertex, called the root, if every
arc is oriented in the direction towards to the root. An oriented cycle in a directed graph is a simple
closed oriented path. A unicyclic graph is a directed graph consisting of a collection of disjoint rooted
directed trees whose root are on an oriented cycle.

For a given nonnegative matrix (3;;)uxs» Bij = 0,1 < i, j < n. Let

LBy Pu o Pa
s_| P Zmby ‘ff’nz 4.6)
—Bin Bon o Djenluj

be the Laplacian matrix of the directed graph (5; Inxn>» and C;; denote the cofactor of the (i, j) entry of
B. For the linear system

Bv =0, 4.7

the following results hold (see Lemma 2.1 in [38] and Theorem 2.2 in [40]).
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Lemma 4.1. (/38]) Assume that (j3; nxn 18 irreducible and n > 2. Then following results hold:
(1) The solution space of system (4.7) has dimension 1;
(2) A basis of the solution space is given by

(Vl, V2, eeey Vn) = (C117 C22’ cees Cnn)’

where C;; denotes the cofactor of the k-th diagonal entry of B, 1 <i < n;
(3) Forall1 <i<n,
Ci= Z W(T) = Z rl Brm,

TET; TeT; (r,m)eE(T)

where T; is the set of all directed spanning subtrees of G(B) that are rooted at the i — th vertex, w(T) is
the weight of a directed tree T, and E(T) denotes the set of directed arcs in a directed tree T;
(4) Forall 1 <i<n,

Cii > 0.

Lemma 4.2. ([40]) Assume that v; is the same meaning in Lemma 4.1, and n > 2, then

n

D VBiFi Gy = D W) > Fo v,

i,j=1 TeT (rm)eE(CT)

where Fij(x;,y;),1 < i, j < nis an arbitrary function, T is the set of all spanning unicyclic graphs of
G(B), w(T) is the weight of a directed tree T, CT denotes the oriented cycle in a unicyclic graph T,
and E(CT) denotes the set of directed arcs in CT.

Let P = (S1,E},L},....S,,E,,L;) be the alcohol-present equilibrium of system (3.5), then

n’ n

S EYL(i=1,2,..,n) are determined by the following equations

Ai = (d;g + fl)S;k + ZﬁlJBJS;ij’

Jj=1

&S =(dF + a)E; + ZﬁijCjEfL;, (4.8)

=1

dF +y)L = Zﬂi/B/‘S iLj+ Zﬁ,-.,-C,-E;k L;.
=1

J=1

In the following section, we prove that the alcohol-present equilibrium P* is globally asymptotically
stable when Ry > 1. In particular, this proof implies that the endemic equilibrium is unique in the
region Q° when it exists. Therefore, we have the following main result on the uniqueness and global
stability of the positive equilibrium P* when Ry > 1.

Theorem 4.2. Assume that B™ = (j; nxn 18 irreducible. If Ry > 1, then the alcohol-present equilibrium
P* of system (3.5) is globally asymptotically stable in Q° and thus is the unique positive equilibrium.

Proof. CaseI: n =1
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The multi-group system (3.5) reduces to a single-group system as follows

% =A-BS(®) f i h(O)L(t — 6)d0 — (d° + £)S (1),
dE (’) = £S(f) — BE(1) f g(O)L(t — 0)do — (d* + a)E(?), (4.9)
? =BS (1) f h(O)L(t — 6)d6 + BE(r) f O)L(t = 6)d - (d" +Y)L(1),

0 0

where h(6) = yp(0)I'y(6), fooo h(0)dd = B and g(0) = yq(6)I'(0), fooo g(0)dd = C. The alcohol-present
equilibrium P* of system (4.9) satisfies the following equations

A= +&S*+BS*L'B,
ES* = (d* + )E* + BEL*C, (4.10)
(d"+7y)L" =BS*L'B + BE*L"C.

Let (S(¢), E(¢), L(t)) be any solution of system (4.9) with non-negative initial data, we construct a
Lyapunov functional V,,.(¢) : (S, E,L) — R as follows

Vape(t) = Vl(t) + VZ(t) + V3(t)’

which is nonnegative and continuously differentiable. Here we define

. S B L
Vil = S7e( ) + 8 + Erp( ) + Lig(1),

Vi(t) = BS* f @)L (L(t _9))d0
O L

Vi(t) = BE* f 0L (L(t 9))d9
0 L

where ¢(x) = x = 1 =Inx, m(®) = [~ h(s)ds, m(0) = B, 22 = —p(¢), and n(6) = [, g(s)ds, n(0) =
C, 29 = _g(0). 1tis clear that V,,,(f) is bounded for all t > 0, and V,,,.(r) > 0 with the equality holds
if and only ifSH) =S E@t)=E",L(t)=L(t—-0) =

Using the equations in (4.9) and A = (d° + &)S* + BS*L*B, and differentiating V,(¢) along system
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(4.8), we have

E)dS(t) N ds (1) ey _g)dE(t) i _E)@
S dt dt E° dt L~ dt

= A(l - %) +(d5 +E)Q2S*—S)+pBS*L'B+5S” f ) hO)L(t — 6)d0 — BS f ) h()L(t — 6)dé
0 0

Vit =1 -

— (d* +a)E - &S EE —d%S + (d¥ + @)E* + BE” f ) g(0)L(t — 0)de — BE f ) g(O)L(t — 6)do
0 0

—(d* +y)L - Lf*ﬁS f ) h(6)L(t — 6)d6 — %,BE f g@L(t — 6)dd + (d- + y)L*
0 0

S N o .
_ . d S+ g (S —S*)* - BBS* L*S? +BS* f h(6)L(t — 6)d6 — BS f h(6)L(t — 6)do
0 0

— &S EE —d°S —(d* + a)(E - E*) + BE* f ) g(O)L(t — 0)d6 — BE f ) g(O)L(t — 6)do
0 0

—(d*+y)(L-L" - LI*,BS f ) hO)L(t — 6)d6 — L{ﬁE f ) g(O)L(t — 6)de.
0 0
4.11)

dm(®) _

Further, let s = ¢ — 6 and base on fact that = —h(6), we obtain

V,(t) =BS o [Imm(t s)L <p( I )a’s]

= S’ [m(O)L*cp(%) ¥ f t dm(;t_ S)L*QO(LL(?)CJS]

P I R § () © dm(6) , (L(t-6)
=S UO h(H)Lgo(L*)d9+f0 — Lgo( - )d@l (4.12)

— BS Lfo h(@)[L* -

do

L(t - 0)
L(?)

de.

=S foo hO)L(1)d6 — BS ™ f"o hO)L(t — 0)dO + BS“L* f‘x’ h(6) In
0 0 0

an) _

Similarly, base on fact that 5 = —g(0), we have

Lo _Le-0) | Li-0)

L L L) d

Vy(t) = BE'L’ f g<9>[
0

Lt —6) (4.13)

L(?)

de.

= BE* f ) ¢()L(1)do — BE* f ) g(O)L(t — 6)d0 + BE*L" f ) g(6)In
0 0 0
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Combining (4.10)-(4.13), we get

S * o0 *
dVape(t) _ _d + g(S _ S*)Z _ﬁBs*L*S_ +ﬁS* f h(@)L([ — H)de —ﬂS f h(@)L(t — G)dg
dt S S 0 0

— &S % —dS - (d* + @)(E - E*) + BE" f " ()Lt - 0)d0 - BE f ) g(OL(t — 6)do
0 0

(@ +y)(L-L") - %,BS f " MO)L( - 6)d6 - %,BE f " QO — )d6
0 0

+ﬂS*L*fwh(9)[L L - 6) +1nL(t_9)}d9
0

L+ L L
0 L L(it-0 L(t-0
+,8E*L*f g(0) [— _K ) +In ( )ldé)
0 L L L
S+ & E*

= (S —S*)?-BS foo h(O)L(t — 0)d6 — &S 3 - d*S — (d* + a)E
0

S
~BE f " GOL(t - 0)d0— (d" + )L - %*BS f " O — 6)d6
0 0

—Lf*ﬂEfmg(H)L(t—G)dH—ﬁS*L* fooh(e) [Qo(g)w(é)w(sut—e))]dg
0 0

S*L
o L L(t—0
—ﬁE*L*fo 8(9)[90(E)+90( (tL ))]de.

(4.14)
From (4.14), we conclude that % < 0 and with the equality holds if and only if S(¢) = S*, E(¢) =

E*,L(t) = L(t — 0) = L" for all t > 0. Thus, the largest invariant set {% = 0} = {P*}. Therefore,
using the LaSalles Invariance Principle, we get the alcohol-present equilibrium P* is globally attractive
inQYif Ry > 1forn=1.

Casell: n > 2

In the following, we are going to consider the case n > 2. Let

and matrix B as given in (4.6). Since B™ = (Bij)ux is irreducible, we know the matrix B is also
irreducible. Let v = {v,...,v,},v; > 0 be a basis for the solution space of linear system (4.7), i.e.,
Bv = 0 as described in Lemma 4.1.

Let (S;(1), Ei(t), Li(1))(1 < i < n) be any solution of system (3.5) with non-negative initial data.
For such v = {vy,...,v,}, we define a Volterra-type Lyapunov functional U,,.(?) : (S;, E;, L;) — R as
follows

Uape(t) = Ul(t) + UZ(t) + U3(Z),
which is nonnegative and continuously differentiable, where

2 " Si * E,‘ * Ll'
Ui(n) = ; Vi {Si(P(S—;) +E; QD(E_;F) +L; QD(L—;k)} )

C C °° Lit-6
Uz(t)=Zvi{Zﬁ,~,S;-" f mj(H)Lj-go[ ’(tL* ))de},
J=1 0 i

i=1

Mathematical Biosciences and Engineering Volume 16, Issue 3, 1683-1708



1700

L(it-0
U3(l‘)_z {Zﬂ” fnj(a)L;(p( J(IL* )]de},
j

where m;(8) = [ hj(s)ds, mi0) = B;, L2 = —hy(@),and nj(0) = [ g;(s)ds, nj(0) =C;, “&” =
—g;(0).

By the definition of the fading memory space, Lemmas 3.2 and 3.3, we known that U,,.(?) is well-
defined, that is, U,,.(?) is bounded for all # > 0. It is clear that U,,.(f) > 0 with the equality holds if
and only if §,(r) = S}, Ei(t) = E}, Li(t — 6) = Li(t) = L. Differentiating U,(), U(t), Us(¢) along the
solutions of system (3.5), and using the equilibrium equations (4.8), we get

N | ds (1) E; dE(t) L; dL(1)
U1<r>—; {1——) ot ‘E)_}

= ;V;’{_ S (S -8 ) _ZﬁUBS L ( - 1)+;ﬁ,,5?£ hj(H)Lj(t_g)dg
E' .
~6Si(G- = D) = + a)(Ei - E)) - Z BiE; fo <Ot — 6)d6
i =

n

n 00 L* 00
+ > BiE; fo §/OLi(t = 0)d6 — (" +y)(Li~ L) = )" ZBiS fo hi(O)L(t — 6)d6
j=1 J

=1
- Z L_:BijEi f g;i(@L;(t - 9)d0} .
j=1 J 0

dm](e)

4.15)
Further, let s = ¢ — 6 and base on fact that

= —h;(6), we obtain

, ShN . L)y Lit-6) Lj(r—e)]
U = i i'SiL' l’l 7] l d@
A1) ;;vﬁ, ,fo ()[ TR e

n n . 00 00 . o0 Lj(t - 9)
= Z Z viﬁijS[ {f hJ(H)LJ(t)dQ - f ]’ZJ(Q)LJ(I - 0)do + Lj f ]’ZJ(Q) In —d@} .
0 0 0 L)

i=1 j=1
(4.16)
1(9)

Similarly, base on fact that = —g;(6), we have

L L(t—06 L(t—6
U(t) ZZ VB E: L*f (9)( (t) J(Zj )+1n Jl(j;(t) )Jd9

i=1 j=1

n n . 00 00 . 00 LJ(t _ 9)
= > > VBIE; { f g/(O)L(1d6 — f g/(OL;(t —0)do+ L’ f g;(®n d@} .
0 0 ' Jo L;(®)

i=1 j=1
“4.17)
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Combining (4.15)-(4.17), we get
dUupe)) _
P ILAY
Y dlS +§i 2 1 e S;k n ) o
) ;Vi {_ Si (Si=507~ ;BiijSiLj(S_i -D+ jzzlﬂijsi f(; hi(O)L(t — 6)do

SEfldEEE*nEooeL@de
=& i(E— )_(,‘+a’i)( i~ ,‘)_Zﬁij i£ gj() j(l— )

J=1

n n

i Z'BUE; jo‘ g/OLi(t = 0)df - (d; +y)(Li = L) = Z #ﬂijS i L hi(O)L;(t — 6)de
Jj=1 i1,
n Lj 00
B Z 7 Biki f gj(OL;(t - 0)do
j=1 "7 0

o o 0 Lit—6
+Z§:@J{ﬁhﬁmeiLhMMM%MHQI:M@mﬁ;gw}

i=1 j=1

n & w S ~ Lit—6
+§§}]wmﬁﬁ{j\gxm@vwe—j“gﬂm@a—eme+yaf ¢(®)1n {.t)m%.
0 0 0 j()

i=1 j=1
(4.18)
Using ¢(x) = x— 1 —Inx and Bij = ,BijL’;.(Sl’.‘Bj + E;C)), we rearrange the terms in (4.18) as follows

AU pe(t) < S
d_f’t:;v,.{—s—l(s — 87 —Zﬁ,JBS L —&S ,——(dE+a)E

| . S: S,Li(t—6)

—(d,.L' + v)L; —;,BUS,-L,-[O hi(6) [‘P(S_i) +(’D(W)] “
n o 00 Lj L?Lj(t — 9)

—ZﬁijEiLjvg 8;0) | L_j +¢(T) @

+ZZ IBIJ(L*__) le l'BljlnLL*.

i=1 j=1 j=1

Now, we are going to show that dU‘;l’f(t) < 0. From the properties of function ¢(x), it is easy to see

that we only need to consider the last two items in (4.19). In what follows, we first prove that the

penultimate item
ZZ lﬁu(U L*) = 0. (4.20)

i=1 j=1

In fact, from (4.7) Bv = 0, we get
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Note that B;; = BijLi(S;B; + E;C}), we obtain
V; Zﬁl}Lj(S;kBJ + E;kCJ) = Zﬁ],L;k(S;Bl + E;C,‘)Vj, i=1,...,n.
Jj=1 J=1

Using this equation, we can obtain

ZZ ,,BUL* ZZ viBi/(SiB; + EiC)L; _ZL Zvjﬁj,-(SjB,-+E;‘-Ci)

i=1 j=1 i=1 j=1

:ZE’;ZVJ[;,,L(SB+EC)_ZZv,ﬂ,,L(SB+EC)— 4.21)

i=1 1 j=1 i=1 j=1

_ZZ ,,BUL(SB+EC) ZZ lﬂuL*

i=1 j=1 l i=1 j=1

n n _ L Ll
Zwﬁw(fi - E) =0
i=1 j J i

j=1

Therefore, we have

holds for all L;, L,,--- ,L, > 0.
Next, we will show that the last item is also equal to zero. Let

W, = ZZ ,ﬁ,]lnLL*.

i=1 j=1

Then, we will find that
W,

0 (4.22)

holds forall L, L,,--- ,L, > 0.

In fact, by the Kirchhoff’s Matrix-Tree Theorem in Lemmas 4.1 and 4.2 (see [38]-[40]), we known
that v; = C; is a sum of weights of all directed spanning subtrees 7" of G that are rooted at vertex i.
So, each term v;3;; is the weight w(Q) of a unicyclic subgraph Q of G, obtained from such a tree T’ by
adding a directed arc (i, j) from the root i to vertex j. Thus, the meaning of double sum in (4.22) can
be considered as a sum over all unicyclic subgraphs Q containing vertices {1,2, ..., n}, that is

LiL; LiL;
angwn,gzzg]w(@- > lnL,.L;j.‘gw(Q)‘m[ [ E]

(L, )EE(CQ) (i.)EE(CQ)

For each unicyclic subgraph Q, we can see that

LiL;

£

-1,
(i, )EE(CQ)

LiL;
ln{ [ L’Lj]:()
(i, )eE(CQ) ]
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For example, we set n = 2, the unique cycle CQ has two vertices with the cycle 1 — 2 — 1, and
E(CQ) ={(1,2),(2,1)} . Then we can get v; = 821, v, = B, and

L:L; LiL, LJL

LL: - LiL, LL

(i.)EE(CQ)

So, we have W, = O holds forall L, L,,--- ,L, > 0.
Therefore, combining with (4.19)-(4. 20) (4.22) and using properties of ¢(x), we have U‘;’;"(t) <0
for all (S1,E1,A1,...,Su EnA,) € Q° and with the equality holds if and only if S;(1) = S7, Ei(r) =
E!, Li(t) = Li(t—6) = L; forallt >0, § €[0,6"], i =1,...,n. We conclude that the largest invariant
set {dU“’”(t) = 0} = {P*}. The w-limit set of Q° consist of just the alcohol-present equilibrium P*.
Therefore, using the LaSalles Invariance Principle, we see that the alcohol-present equilibrium P* is
globally attractive in Q° if Ry > 1 forn > 2.

As for the local asymptotical stability of the alcohol-present equilibrium P*, which can be proved
by the way of Corollary 5.3.1 in [60]. Therefore, using an argument similar to that in the proof of
Theorem 4.1 (1), the alcohol-present equilibrium P* is globally asymptotically stable in Q° if Ry > 1,
which consequently implies that the alcohol-present equilibrium P* is unique. The proof of Theorem
4.2 is completed. O

5. Education and alcoholism age effects

In this section, we will discuss the effects of the public health education and alcoholism age on the
alcohol control. It follows from Theorems 4.1 and 4.2 that the global dynamics of system (3.5) are
completely determined by the basic reproduction number

Bij(B;S9+C;E?)
Ro=p(Mo), My = (2050050
nxn

dl.1‘+)/[

where ¥ =

= o Bl = Gy and By = [T hi(6)d6. C; = [ g,(6)de.

For convenience, we assume that the natural death rate of susceptible population (including unedu-
cated and educated susceptible population) is the same, that is, &’ = dF. To investigate the effect of the
public health education, we consider the special case with & = 0, which is the rate of the susceptible
population who accepted the public health education entering into the educated class. Then for &; = 0,

0 0 1 Ai — fl i {:r i
we have E =0 and §, . Note that ~ T - T > @ and B; > C;, we can obtain
that

Ry = Role=o > Ro.

This implies that public health education leads to the basic reproduction number decline. On the other
hand, the reproduction number Ry is an increasing function of transmission coeflicient g;;. By increas-
ing public health educational campaigns at all social levels, the value of & will be increase. Hence,
the awareness about drinking will alert the susceptible individuals so that they isolate themselves and
decline to drink or drink moderately. This leads to a decrease in the value of §;;. In this case, the value
of the reproduction number R, will be decrease. Considering both the cost and the practical purposes,
efforts to increase public health education are more effective in controlling the spread of alcohol prob-
lems than efforts to increase the number of individuals who have access to treatment. Therefore, public
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health education is one of the effective measures to control the spread of alcohol problems and it is
beneficial for alcoholism control in the whole society.

However, R is a decreasing function of ; which is the rate of the light drinkers enter into the
alcoholism compartment. From the assumption (H7), alcoholism age 6 will cause the value of the
reproduction number R increase, which is bad for alcoholism control. It suggests that the longer the
light drinkers stay in their compartment, the better alcohol problems will be controlled.

6. Discussion

The goal of this paper is to analysis threshold dynamics of a multi-group alcoholism epidemic model
with public health education and alcoholism age in heterogeneous populations. Our results expands
the previous related works which have been obtained in single-group models without alcoholism age.
Mathematical analysis shown that the global asymptotic behavior of multi-group alcoholism model
is completely determined by the size of the basic reproduction number R,. By using the theory of
non-negative matrices and the classical method of Lyapunov functional, Theorem 4.1 implies that the
alcohol problems dies out in the sense that alcoholism fractions go to zero from all the groups if Ry < 1.
By applications of the graph-theoretic approach to the method of Lyapunov functionals, we proved the
existence, uniqueness and global asymptotic stability of the alcohol-present equilibrium P* for Ry > 1,
see Theorem 4.2. Our results implies that the alcoholism will persist in all the groups of the population
and will eventually settle at a constant level in each group.

Our main results indicate that the dynamics of alcoholism model (2.1) is similar to that for the
models without considering multi-group and alcoholism age. That is, heterogeneity of populations
does not alter the dynamical behaviors as shown in [36]. However, our model is more realistic than
the corresponding models already established. Because by decomposing the heterogeneous population
into several subgroups, the effects of both the intra-group and inter-group are considered. Moreover,
inclusion of alcoholism population with alcoholism age leads to the basic reproduction number Ry
is increase. So the heterogeneity of populations plays an important role on Ry, it affects the global
dynamics of the model. Strengthening public health education and controlling the age of drinking
have a positive role in alcoholism control. In addition, there is an innovation in the method of study
in this paper. Our findings in this paper may be valuable for the health workers who are performing
alcoholism control. These results are provided with intention to inform and assist policy-makers in
targeting education and treatment resources for maximum effectiveness.

Of course, other factors, such as time lag for alcoholism or nonlinear transmission rate, taking into
account the model which will make the model more realistic. In addition, relapse is very common
when it comes to drinking. Research on these issues remains to be completed in the future.
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