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Abstract: In this work, dynamical behaviors of discrete time Beverton-Holt population model with
fuzzy parameters are studied. It provides a flexible model to fit population data. For three different
fuzzy parameters and fuzzy initial conditions, according to a generalization of division (g-division)
of fuzzy number, it can represent dynamical behaviors including boundedness, global asymptotical
stability and persistence of positive solution. Finally, two examples are given to demonstrate the effec-
tiveness of the results obtained.
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1. Introduction

Discrete time single-species model is the most appropriate mathematical description of life histories
of organism whose reproduction occurs only once a year during a very short season. It is assumed that,
in the rest of the year, the population is only subjected to mortality, but not to births. Therefore the
between year dynamics is characterized by a first order difference equation x,.; = f(x,), where x,
denotes population at the nth generation. The production function f is usually density-dependent,
and the strength of density dependence is determined by several parameters including growth rate, the
probability of surviving the reproductive season, the carrying capacity of surrounding environment, and
intraspecific cooperation or competition factors. These models are widely used in fisheries and many
organisms [1]. Beverton-Holt model [2] is one of classic population model which has been studied
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where x, is population at the nth generation, 8 represents a productivity parameter, and ¢ controls the
level of density dependence. Since then, many results on the model and the generation of the model
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have been widely obtained by some researchers [3, 4, 5].

In fact, the identification of the parameters of the model is usually based on statistical method,
starting from data experimentally obtained and on the choice of some method adapted to the identi-
fication. These models, even the classic deterministic approach, are subjected to inaccuracies (fuzzy
uncertainty) that can be caused by the nature of the state variables, by parameters as coeflicients of the
model and by initial conditions.

In our real life, we have learned to deal with uncertainty. Scientists also accept the fact that un-
certainty is very important study in most applications. Modeling the real life problems in such cases,
usually involves vagueness or uncertainty in some of the parameters. The concept of fuzzy set and sys-
tem was introduced by Zadeh [6] and its development has been growing rapidly to various situation of
theory and application including fuzzy differential and fuzzy difference equations. It is well known that
fuzzy difference equation is a difference equation whose parameters or the initial values are fuzzy num-
bers, and its solutions are sequences of fuzzy numbers. It has been used to model a dynamical systems
under possibility uncertainty [7]. Due to the applicability of fuzzy difference equation for the analysis
of phenomena where imprecision is inherent, this class of difference equation is a very important topic
from theoretical point of view and also its applications. Recently there has been an increasing interest in
the study of fuzzy difference equations (see [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23]).

Inspired with the previous, by virtue of the theory of fuzzy difference equation, in this work, we
consider the following discrete time Beverton-Holt model with fuzzy uncertainty parameters and initial

conditions.
Ko = 0,1, (1.1)
1 + Bx,
where x, is population at the nth generation, A denotes a productivity parameter, B controls the level
of density dependence. Furthermore A, 1, B and the initial value x, are positive fuzzy numbers.

The main aim of this work is to study the existence of positive solutions of Beverton-Holt population
model (1.1). Furthermore, according to a generation of division (g-division) of fuzzy numbers, we
derive some conditions so that every positive solution of Beverton-Holt population model (1.1) is
bounded and persistent. Finally, under some conditions we prove that Beverton-Holt population model

(1.1) has a unique positive equilibrium x and every positive solution tends to x as n — oco.

2. Preliminary and definitions

Firstly, we give the following definitions.
Definition 2.1. [24] u : R — [0, 1] is said to be a fuzzy number if it satisfies conditions (i)-(iv) written
below:
(i) uis normal, i. e., there exists an x € R such that u(x) = 1;
(ii) u is fuzzy convex, i. e., for all t € [0, 1] and x;, x, € R such that

u(tx; + (1 — H)x,) > min{u(x;), u(x,)};

(iii) u is upper semicontinuous,
(iv) The support of u,suppu = | 4e0.11[u]* = {x : u(x) > 0} is compact.

For a € (0, 1], the a—cuts of fuzzy number u is [u], = {x € R : u(x) > a} and for @ = 0, the support
of u is defined as suppu = [u]’ = {x € Rlu(x) > 0}.
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Definition 2.2. Fuzzy Number (Parametric form): [24] A fuzzy number u in a parametric form is a
pair (u, u) of functions u(r), u(r),0 < r < 1, which satisfies the following requirements:
(1) u(r) is a bounded monotonic increasing left continuous function,
(2)u(r) is a bounded monotonic decreasing left continuous function,
(3)u(r) <u(r),0<r<1.

A crisp (real) number x is simply represented by (u(r), u(r)) = (x,x),0 < r < 1. The fuzzy number
space {(u(r), u(r))} becomes a convex cone E' which could be embedded isomorphically and isometri-
cally into a Banach space [24].

Definition 2.3. [24] The distance between two arbitrary fuzzy numbers u and v is defined as follows:

D(Lt, V) = Sup max{lul,a - Vl,ala Iur,a - Vr,al}- (21)
a€[0,1]

It is clear that (E', D) is a complete metric space.

Definition 2.4. [24] Let u = (u(r), u(r)),v = (v(r),v(r)) € E',0 < r < 1, and arbitrary k € R. Then
(i) u = v iff u(r) = v(r),u(r) = v(r),
(ii) u +v = (u(r) +v(), u(r) +v(r)),
(iii) u — v = (u(r) = v(r), u(r) — v(r)),
. (ku(r), ku(r)), k> 0;
() fou = { (KE(r), ku(r), k<0,
(v) uv = (min{u(r)v(r), u(r)v(r), u(r)v(r), u(r)v(r)}, max{u(r)v(r), u(r)v(r), u(r)v(r), u(r)v(r)}).

Definition 2.5. Triangular Fuzzy Number. [24] A triangular fuzzy number (TFN) denoted by A is
defined as (a, b, c) where the membership function

0, x<a;
i, a<x<b;
A(x) = 1, x=b;
=, b<x<q
0, X >c.

The a—cuts of A = (a, b, c¢) are described by [A]* = {x e R: A(x) > a} =[a+ a(b —a),c — alc -
b)] = [A4, Ao, @ € [0, 1], it is clear that the [A]* are closed interval. A fuzzy number is positive if
suppA C (0, co).

The following proposition is fundamental since it characterizes a fuzzy set through the a-levels.
Proposition 2.1 [24] If {A® : a € [0, 1]} is a compact, convex and not empty subset family of R" such
that
(i) | JA> c A°.

(ii) A2 C A" if a; < a».
(iii) A = =1 A% if o, T a > 0.

Then there is u € E"(E" denotes n dimensional fuzzy number space) such that [u]* = A“ for all
a € (0,1] and [u]° = Upcqe A* C A°.
Definition 2.6. [25] Suppose that A, B € E' have a-cuts [A]* = [Ai4,Are], [B]® = [Bia» Brol, wWith
0 ¢ [B]*,Ya € [0, 1]. The g-division +, is the operation that calculates the fuzzy number C = A +, B
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having level cuts [C]* = [C}q, C,qol(here [A]e~! = [1/A,q4, 1/A;,]) defined by

@ [A]* = [B]*[C]%,
[C]* = [A]" +, [B]* &= or (2.2)
(i) [B]* = [A]°[C]*!

provided that C is a proper fuzzy number (Cy,, is nondecreasing,C,,, is nondecreasing, C;; < C, ).

Remark 2.1. According to [25], in this paper the fuzzy number is positive, if A +, B = C € E' exists,
then the following two cases are possible
Case I if AjoBro < AraBra,Va € [0, 1], then Cro = 3=, Cro = 3=

Br,a’

Case II. if AjoBro > AoBio,Va € [0, 11, then Cry = 52, Cy = 522

The fuzzy analog of the boundedness and persistenée (see [9, 10]) is as follows:

Definition 2.7. A sequence of positive fuzzy numbers (x,) is persistence (resp. bounded) if there exists
a positive real number M (resp. N) such that

supp x, C [M, 0o)(resp. supp x, € (O,N)),n = 1,2, -+~ ,

A sequence of positive fuzzy numbers (x,) is bounded and persistence if there exist positive real
numbers M, N > 0 such that
supp x, C [M,N],n=1,2,---.

A sequence of positive fuzzy numbers (x,),n = 1,2,---, is an unbounded if the norm ||x,||,n =
1,2,---,is an unbounded sequence.

Definition 2.8. x, is a positive solution of (1.1) if (x,) is a sequence of positive fuzzy numbers which
satisfies (1.1). A positive fuzzy number x is called a positive equilibrium of (1.1) if
B Ax

1+Bx

X

Let (x,) be a sequence of positive fuzzy numbers and x is a positive fuzzy number, x,, — xasn — oo
if lim,,_,o, D(x,,, x) = 0.

3. Main results

3.1. Existence of solution of Beverton-Holt population model (1.1)

Firstly we study the existence of positive solutions of Beverton-Holt population model (1.1). We
need the following lemma.

Lemma 3.1. [24] Let f : R* X R* X R* — R be continuous, A, B, C are fuzzy numbers. Then

[f(A, B,O)]* = f([Al%, [B]",[C]"), a€(0,1] 3.1

Theorem 3.1. Consider Beverton-Holt population model (1.1) with fuzzy uncertainty parameters and
initial condition. Then, for any positive fuzzy number X, there exists a unique positive solution x, of
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Beverton-Holt population model (1.1) with initial conditions x.
Proof. The proof is similar to those of Proposition 2.1 [9]. Suppose that there exists a sequence of
fuzzy numbers (x,) satisfying (1.1) with initial condition x,. Consider the a—cuts, a € (0, 1],

[xn]a = [Ln,aaRn,a]an = O, 1’ 27 R [A]‘Z = [Al,aaAr,a]a [B]a = [Bl,aaBr,a]a [i’]a = [Il,aa Ir,a]’ (32)
It follows from (1.1), (3.2) and Lemma 3.1 that

P Ax, | [A]" X [x,]”
[xn+l] = [Ln+1,0an+1,a/] == ] = —=
1+ Bx, [1]¢ + [B]* X [x,]¢
[Al,aLn,m Ar,aRn,a]

[il,a + Bl,aLn,a, Ir,a + Br,aRn,a]

Noting Remark 2.1, one of the following two cases holds

Case |
[ ]a [L R ] Al,a/Ln,a Ar,oan,a/ (3 3)
Xn = n+las Bn+lal = | F ’ T .
. o +h L 1l,oz + Bl,(th,a 1r,oz + Br,aRn,a_
Case II
[ ]a' [L R ] Ar,aRn,a Al,aLn,a/ (3 4)
Xn = n+las Bn+lal = | F I3 .
o o +h L lr,(x + Br,a/Rn,a/ ll,a/ + Bl,aLn,(x_
If Case I holds true, it follows that forn € {0,1,2,---}, @ € (0, 1]
AoLng AraRno
Lyvtog==——""—"—, Ryyjg=>——"" 3.5
*h 1l,a + Bl,aLn,a o lr,a + Br,a/Rn,a/ ( )

Then it is obvious that, for any initial condition (Lg 4, Ro.), @ € (0, 1], there is a unique solution
(Lya»> Ryo). Now we prove that [L, o, R, o], @ € (0, 1], where (L, o, R, ) 1s the solution of system (3.5)
with initial conditions (Lo, Ry ), determines the solution x, of (1.1) with initial conditions x, such
that

[xn]a/ = [Ln,a/’ Rn,w]a a € (0, 1], n= 0, 1, 2’ . (36)
For n = 1, since A, B, 1 and x, are positive fuzzy numbers, it is easy to see that [L;,, R;,] 1s the
a-cuts of x; = %’ for any a € (0, 1], we have
AroLyo A, oRo o Al%[x0]
L1 Rl = |- teloa  Arako, ] - [A]"[x0]
11,04 + Bl,aLO,oz 1r,oz + Br,ozRO,a/ [1](1 + [B]Q[XO]Q

Working inductively, let [Ly o, Rio], k > 1, be the a-cuts of fuzzy number x; as [x;]* = [Liq» Riol,
we show that [Ly, 4, Ri+1,] determines the a-cuts of fuzzy number x;,; = Ax

T+Bxk '
According to (3.5), for a € (0, 1], we have
Al,aLk,a Ar,(sz,a [Al,osz,m Ar,aRk,(t]
[Littas Riv10]l = |z .- = — ~
ll,a + Bl,aLk,a lr,a + Br,aRk,oz [1l,a + Bl,aLk,cw lr,(x + Br,aRk,a]
[A]" [xe]”

= = . 3.7
[1]* + [B]*[xe] G7
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Then [Lji1q,Ri+10] determines the a-cuts of fuzzy number xi., = if;ﬁck' Then for each n,

[Ly.0> Ruel, @ € (0, 1] determines the a-cuts of fuzzy number x, satisfying with (3.6).
Next we prove the uniqueness of the solution. Suppose that there exists another solution X, of (1.1)
with the initial condition xy. Then arguing as above, it is easy to get

[}n]a = [Ll’l,(l/’ Rn,a]’ (1S (07 1]’ n= 0’ 1, Tt (38)

Then from (3.6) and (3.8) we have [x,]* = [X,]% a € (0,1],n =0,1,2,---, from which it follows
that x, = x,,n =0, 1,--- . Thus the proof is completed.

If Case II holds true, the proof is similar to those of Case I. Thus the proof of Theorem 3.1 is
completed.

Remark 3.1. From a theoretical point of view, the existence of solution for fuzzy difference equation is
very important and meaningful with initial condition. Therefore, in that sense, the existence of positive
fuzzy solution for Beverton-Holt population model is of vital importance and practical significance. In
fact, it can see that the positive solution of Beverton-Holt population model with fuzzy environment is
a sequence of positive fuzzy numbers describing the fuzzy uncertainty.

3.2. Dynamics of Beverton-Holt population model (1.1)

To study the dynamical behavior of the positive solutions of Beverton-Holt population model (1.1),
according to Definition 2.3, we consider two cases.
Firstly, if Case I holds true, we need the following lemma.

Lemma 3.2 Consider the system of difference equations

ayy bz,
—, Zn+1 =
ptcy, q-+ dZn

where p € (0,1),q € (1,+),a,b,c,d € (0,+00),y9,20 € (0,+00), ifa > p,b > q, then the following
statements are true:

(i) The system exists unique positive equilibrium (
(ii) y, and z, are bounded and persistent.

yn+l: ) n:()al’“'a (3‘9)

ap
-

) l%]) which is globally asymptotically stable.

Proof. (i) Let (3, 7) be equilibrium point of (3.9). It is easy to get positive equilibrium (y,7) = (?, l%”).
The linearized equation associated with (3.9) about equilibrium (y, 7) is
P, L 4.
Yn+1 ayn’ n+1 b ne
Since a > p,b > g, it follows that the system is locally asymptotically stable.
_ _ b
On the other hand, set f(y) = vt g(z) = q+—zz, then
' ap ' bq
=———>0, )=—-—>0 3.10
f0 =0 §O = (3.10)
Namely, the sequences (y,) and (z,,) are increasing and
ayn—1 a bZn_l b
n=———— < —, In=—7T—<-. 3.11
g ptcyp1 ¢ : q+dz,.y d ( )
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Therefore, from (3.10) and (3.11), it follows that the limitation of (y,), (z,) exist. Set lim,_ ey, =
v, lim,_,, 7, = z, integrating with (3.9), it can follows that
_ h—
limy, = 22 Jimg, =2-4 (3.12)

n—oo C n—o0 d

ap b=
c > d

(i1) Set Y, = yi, Z, = Zi, then (3.9) can be transformed into

Therefore, it follows that the positive equilibrium ( ) is globally asymptotically stable.

d
Yon = —+2%, Zu=%+3z, n=01,-, (3.13)
a a b b
It follows from (3.13) that
¢ pc p’ ¢ pc ple pt
Yn = -+t Yn—Z—_ — + + +—Y0
a a a? a a ar an
¢ _(p n—1
= a[l (a) AP (3.14)
B 1-2 ar " “a-p "7 '
d qd ¢ d  qd g 'd ¢
Z, -+ —=+=Zo=-+—=+ + —Z
b b R p 2 v
d q n—1
b [1 -(#) ] 7" d 1
= — 7 + EZO < —b + Z() == (315)
-3 —q Y
From (3.11), (3.14) and (3.15), This implies
a b
c d

This completes the proof of Lemma 3.2.

Theorem 3.2 Consider Beverton-Holt population model (1.1) with fuzzy uncertainty parameters and
initial condition. If

0< 11,(1/ < Al,a, ir,cz < Ar,cw ac (0’ 1]5 (316)

then the following statements are true

(i) Every positive solution x,, of Beverton-Holt population model (1.1) is bounded and persistent.

(ii) Every positive solution x, of Beverton-Holt population model (1.1) tends to the positive equilibrium
point x as n — co.

Proof. (i) Since A, 1, B and the initial value x, are positive fuzzy numbers, there exist positive real
numbers My, Ny, Mg, Ng, My, Ny, P, Q, such that, for all @ € (0, 1],

[Al,a/’ Ar,a] - [MAa NA]a [Bl,a9 Br,(l] - [MBa NB]7 [LO,mRO,a] - [MO’NOL [il,(l’ i}’,a/] - [P9 Q]a (317)
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Let x, be a positive solution of Beverton-Holt population model (1.1), from (3.16), (3.17) and Lemma
3.2, we get

Ao — 11a) Lo M,y — O)M, Ay
(Ao — 110) 00 (M- QMo _ M. R, <2 Ny
BioLoo+Aie — 11 NpNo+Ny—Q ’

=N (3.18)

L,,> :
' Br,a MB

From which, we get for n > 1, ae0.11[Ln,as Rl € [M, N1, and s0 U,ec.1)[Lna> Ruel S [M, N]. Thus
the positive solution is bounded and persistent.
(i1) Suppose that there exists a fuzzy number x such that

B Ax
1+Bx

X [x]* = [Lo, Ry], @ €(0,1]. (3.19)

where L,, R, > 0. Then from (3.19) we can prove that

AlozL(x AraRa
Ly=——"—— R, = —"——. (3.20)
ll,a/ + Bl,aL(x lr,a + Br,a/Ra/
Hence from (3.20), we have
Ala_ila Ara_Ira
L=t to g = tre” ra (3.21)
Bl,a Br,a

Let x, be a positive solution of Beverton-Holt population model (1.1). Since (3.16) holds true, we can
apply Lemma 3.2 to system (3.5), and so we have

lim Ln,a = L(xa lim Rn,w = Ra’ (322)

n—oo

Therefore from (3.22) we have

hm D(-xn’ )C) = hm Sup {max{an,a - Lal, |Rn,(t - R(ll}} = 0

n—oo n—= 4e(0,1]

This completes the proof of the Theorem.
Secondly, if Case II holds true, it follows that for n € {0, 1,2, --},a € (0, 1]

L _ Ar,aRn,a _ Al,aLn,a (3 23)
e ir,a + Br,aRn,a, e il,a + Bl,aLn,a .
We need the following lemmas.
Lemma 3.3. Consider the system of difference equations
bz, ayn
nl = ———» Zntl = , n=0,1,---, 3.24
Yn+1 g+ dz, Zn+1 b+ oy n ( )
where p € (0,1),q € (1,+),a,b, p,q,c,d,yo, 20 € (0, +00). If
a>p, b>q. (3.25)
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Then the following statements are true
(i) The solution of (3.24) is bounded and persistent.
(ii) Furthermore suppose that
a-p _ b — q
c d

(3.26)

ab—pq ab—pq
gc+ad’ pd+bc

Then system exists unique positive equilibrium point ( ) which is globally asymptotically

stable.

Proof. (i) It is clear from (3.24) that

V<o <o (3.27)
d c
Setting ¥, = yi, Z, = Zi, then (3.24) can be transformed to
d ¢q c p
Y, ==—+-Z,4, Z,=—+=Y,_;. (328)
b b a a
Working inductively, for n — 2k > 0, it can conclude that
d q(c p d gc pq
Y, = —+—(— =Y, ):—+—+—Yn_
b b\a a ") b ab ab "
d qgc  pgd pq’ d qgc  pgd pgc pq
-+ —+—+—Zy 3=+ =+ + + Y,
b ab ab® ab> "> b ab ab® &b a2 "
4 k . k
d e e Ul c2) B
= = +\— ) Yn2u
1-£2 1-£2 ab
PG be + pd 1
< Dl J2OFPD Ly (3.29)
1-£ ab - pq 3
c pfd q a pd  pq
Z, = —+=|—-+-Z,H]|=--"+—+—Z7,_
a a (b b 2) a ab  ab "’
¢ pd  pgc  pq ¢ pd pgc  pqd pE
= - 4+—+—=+ =4y 3=—+—+ Zﬂ—
a ab @b @b " a ab @b @ 2
. k y k
) e )
= = + | 4n-2k
[ |- ab
c pd
= bc + pd 1
< Gl g TPC = (3.30)
1-2 ab - pq P
It follows from (3.27),(3.29) and (3.30) that
b a
ggyngc—l,pSZHSE,forn>0. (3.31)

This completes the proof of (i).
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(ii) Let (y,7) be an equilibrium point of (3.24). It is clear to obtain that (y,z) = (:ﬁ;g 1, ZZ;’;Z). The
linearized equation of system (3.24) about the equilibrium point (y, ) is

Y. =GY,. (3.32)
where ¥, = (,, z,)" and
0 ab
G = ( pa (g+dz)? ]
(p+ey)? 0
Thus the characteristic equation of (3.32) is
2 _ pqab _
(p +cy)(qg + dz)?

Since (3.25) and (3.26) hold true, it is easy to obtain that the root of characteristic equation |4] < 1.
From [26, 27], thus the unique positive equilibrium point (y, 7) is locally asymptotically stable.

Next, let (v,, z,) be an arbitrary positive solution of (3.24). From (3.29) and (3.30), we have {Y,},
{Z,} are monotone increasing and have a upper bound. Namely, {y,}, {z,} are monotone decreasing and
have lower bound. So, set lim,_,., y,, = ¥, lim,_, 2, = z., From (3.24), it can follow that
ab — pq ab — pq

, limz,=z=2= .
gc+ad n-w pd + bc

limy,=y=y=

Therefore it implies that the unique positive equilibrium point (y, 7) is globally asymptotically stable.

Theorem 3.3. Consider Beverton-Holt population model (1.1) with fuzzy uncertainty parameters and
initial condition. If (3.16) and the following condition are satisfied

B A=l 0,1] (3.33)
S ———, V& , 1] .
B",Ot Ar,a - lr,a

Then the following statements are true

(i) Every positive solution x, of Beverton-Holt population model (1.1) is bounded and persistence.

(ii) Every positive solution x, of Beverton-Holt population model (1.1) tends to the positive equilibrium
point x as n — +oo,

Proof. (i) The proof is similar to those of Theorem 3.2. Let x, be a positive solution of (1.1), from
(3.16), (3.17) and Lemma 3.3, we get

Loo(ALaAre — 11al e My(M? — O?
na 2 valbiotra = lialra) oM~ 0 =K (334
LO,(Y(AV,(IBI,(I + ll,aBr,a) + (Al,aAr,a — ll,a/lr,a) N()(NANB + QNB) + (NA — P2)
A, N
R,,<-tr<_.p (3.35)
' Bloz MB

From (3.34) and (3.35), we get, for n > 1, U,ec.1)[Lna> Rue] C [K, L]. And so

| [ Ruad S K, L],
ae(0,1]
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Thus the positive solution x, of (1.1) is bounded and persistent.
(i1) Suppose that there exists a fuzzy number x such that (3.19) is satisfied. Then from (3.19) and
Case II, we have

Ar aRoz Al aLa
Ly=7——"——, Ry = —"—. (3.36)
lr,oz + Br,ozRa ll,a + Bl,aLa
It follows from (3.36) that
AI a/Ara/ - Tlaira Al a/Ara/ - Tlaira
L, = —/—— —— R, =—"— . (3.37)
1r,aBl,a + Al,(xBr,(l 1l,aBr,a + Ar,(lBl,(l
Let x, be a positive solution of (1.1) such that Case II holds. Namely.
AR, AjaLne
Ln+l,a = #s n+la = # (3.33)
1r,<x + Br,(an,a ll,a + Bl,(yLn,a
Since (3.38) is satisfied, we can apply Lemma 3.3 to system (3.38) and so we have
lim Ln,a = L(xa lim Rn,(x = Ra’ (339)

Therefore from (3.39) we have

hm D(-xn’ X) = hm SUP {max{an,a - Lal, |Rn,a - Ral}} = 0

n—oo n—= 4e(0,1]

This completes the proof of Theorem 3.3.

Remark 3.2. In population dynamical model, the parameters of model derived from statistic data with
vagueness or uncertainty. It corresponds to reality to use fuzzy parameters in population dynamical
model. In contrast with classic population model, the solution of fuzzy population model is within a
range of value (approximate value), which are taken into account fuzzy uncertainties. Furthermore the
global asymptotic behaviour of discrete Beverton-Holt population model are obtained in fuzzy context.

4. Numerical examples

Example 4.1 Consider the following fuzzy discrete time Beverton-Holt population model

Ax
Xpo1 = ———, n=0,1,---, 4.1
+1 1+an ( )

we take A, B, 1 and the initial values Xo such that

2x—1, 08<x<1.6 2x—1, 05<x<1

A(x) = , 1) = (4.2)
-3x+5, 1.6<x<2 —5x+6, 1<x<12
10x-4, 04<x<05 x-3, 3<x<4

B(x) = . Xo(x) = (4.3)
-10x+6, 05<x<0.6 -x+5, 4<x<5

Mathematical Biosciences and Engineering Volume 16, Issue 3, 1471-1488.
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From (4.2), we get
[A]“—08+4 2 2 [I]“—05+1 1.2 ! € (0,1] 4.4)
=08+ 3, 52| =|05+7a12-2a|, @ , 1. .
From (4.3) we get
1 1
[B]* =104 + Ea,0.6 - l—oa] , [%]*=[B+a,5-a], ae(0,1]. 4.5)
Therefore, it follows that
L i =10821, | JiIr=10512], | J BI*=104,06] | | x]*=[3,5.  46)
a€(0,1] @e(0,1] @€(0,1] ae(0,1]
From (4.1), it results in a coupled system of difference equations with parameter «,
Al,aLn,w Ar,aRn,a
Ln+1,a = ) n+la — = , @ € (0, 1] (47)

ll,a + Bl,aLn,a

1r,a + Br,aRn,(z

Therefore, A;, > Lﬂ > 0,A,, > Tm, Va € (0, 1], and initial values x, are positive fuzzy numbers,
so from Theorem 3.2, we have that every positive solution x, of Eq.(4.1) is bounded and persistence.

In addition, from Theorem 3.2, Eq.(4.1) has a unique positive equilibrium x = (0.75,1.2, 1.333).
Moreover every positive solution x,, of Eq.(4.1) converges the unique equilibrium x with respect to D

as n — oo. (see Figure 1-Figure 3)

5
— —o=0
45F |+ 0=0.25 /
— —a=0.75 / >
4k — 8 —o=1 4 ./‘ Hl
s ~ P
, e -
35l v 7
. , -
s
c / a
x 3 L, P
/ /-/ ~
25} 4 P
4 + -/. //
Y //B,
2 /./ o
s 7
4 + =
1.5 s+ g7
/#ﬁ -
1 Il Il Il Il
0.5 1 1.5 2 25 3.5
L

Figure 1. The dynamics of system (4.7).
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6
L
n
c 4 | Rn H
[ans
]
F, L ,
0 L L L L
0 20 40 60 80 100
n
— L
n
—R
n
0 L L L L
0 20 40 60 80 100

n

Figure 2. The solution of system (4.7) at @ = 0 and @ = 0.25.

&R

0 20 40 60 80 100

&R

L

0 20 40 60 80 100
n

Figure 3. The solution of system (4.7) ata = 0.75 and @ = 1.

Example 4.2 Consider the following fuzzy discrete time Beverton-Holt population model (4.1).
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where A, 1, B and the initial values X are satisfied

Dx-3, 09<x<12 Rx-1, 07<x<1
A(x) = , 1) =

-0x+5, 12<x<15 -Ox+ 8, 1<x<13

5¢—2, 04<x<06 2x-15 06<x<l
B(x) = s Xo(x) =

—5x+4, 0.6<x<0.8 —-3x+35, 1<x<14

From (4.8), we get

[A]* =

3 3 -
9+ —a,1.5- —al, [1]* =
09+1Oa 5 10&] [1]

3 3
T+ —a,1.3 - — 1].
0.7 + 0% 3 10(1], a€(0,1]

From (4.9), we get

[B]" =

5 5 5

1 1
04+ -a,0.8 - —a] , [x0]® =

2 2
0.6+ —-a,1.4 - ga] , a €(0,1].
Therefore, it follows that

U [A]® = [0.9, 1.5], U [1]e = [0.7,1.3], U [B]e = [0.4,0.8], U [x0]® = [0.6, 1.4].

ae(0,1] ae(0,1] ae(0,1] ae(0,1]
From (4.1), it results in a coupled system of difference equation with parameter «,

_ Ar,aRn,a Al,aLn,a
Ln+1’a - = n+l,a

=———- a<(0,1]
lr,a + Br,aRn,a 11,(1 + Bl,aLn,a

(4.8)

4.9)

(4.10)

4.11)

(4.12)

(4.13)

It is clear that (3.33) is satisfied and initial values x, are positive fuzzy numbers, so from Theorem
3.3, Eq.(4.1) has a unique positive equilibrium x = (0.333,0.3548,0.3793). Moreover every positive
solution x, of Eq.(4.1) converges the unique equilibrium x with respect to D as n — oo. (see Figre

4-Figure 6)
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1.6
— — a=0
1.4 N + 0=0.25| -
N + — = a=0.75
\ — 8 —oa=1
1.2 . 1
N\ .
\ /
1 N / A
< \ ,/ PR
o« NI
0.8 7 i
- ~ =N
+ N /\"\"("/} - N
- M R i
0.6 N \.\/ —~ -\
TN
EE/F i
0.4 = -
» L
0.2 | | | | | | |
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Figure 4. The dynamics of system (4.13).
1.5 T T T T
— L
n
R
c 1k nild
s
o3
e
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Figure 5. The solution of system (4.13) at « = 0 and @ = 0.25.
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1.5

R-n

L &R

0.5 ]

0 20 40 60 80 100

0.8 : R |4

s 0.6\ ~ ~ -

20 40 60 80 100
n

Figure 6. The solution of system (4.13) at @ = 0.75 and o = 1.

5. Conclusion

In this work, according to a generalization of division (g-division) of fuzzy number, we study the
fuzzy discrete time Beverton-Holt population model x,,; = Ifg” The existence of positive solution

and qualitative behavior to (1.1) are investigated. The main results are as follows
(1) Under Case I, the positive solution is bounded and persists if A;, > 1 LasAra > iw, a € (0,1].
Every positive solution x, tends to the unique equilibrium x as n — oo.

(2) Under Case II, the positive solution is bounded and persists if A;, > La,Am > i,a, and
Bl,zy < Ala_lla
Br,(y - Ar,a/_l

,a € (0, 1]. Every positive solution x, tends to the unique equilibrium x as n — co.
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