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Abstract: A system of two competing species u and v that diffuse over a two-patch environment is
investigated. When u-species has smaller birth rate in the first patch and larger birth rate in the second
patch than v-species, and the average birth rate for u-species is larger than or equal to v-species, it was
shown in a previous publication that two species coexist in a slow diffusion environment, whereas u-
species drives v-species into extinction in a fast diffusion environment. In this paper, we analyze global
dynamics and bifurcations for the same model with identical order of birth rates, but with opposite order
of average birth rates, i.e., the average birth rate of u-species is less than that of v-species. We observe
richer dynamics with two scenarios, depending on the relative difference between the variation in the
birth rates of v-species on two patches and the variation in the average birth rates of two species. When
the variation in average birth rates is relatively large, there is no stability switch for the semitrivial
equilibria. On the other hand, such a stability switch takes place when the variation in average birth
rates is relatively mild. In both cases, v-species, with larger average birth rate, prevails in a fast diffusion
environment, whereas in a slow diffusion environment, the two species can coexist or u-species that
has the greatest birth rate among both species and patches will persist and drive v-species to extinction.

Keywords: competing species; dispersal rate; patchy environment; spatial heterogeneity; global
dynamics; monotone dynamics

1. Introduction

Dispersal of organisms is a topic of central interest in ecology and evolutionary biology. Its effects
on the size, stability, and interactions of populations, as well as biological invasions and the geograph-
ical distribution of populations have attracted considerable studies. Investigation on dispersal strate-
gies which are evolutionarily stable has been the fundamental research goal for theoretical ecologists
[7, 26]. The relationship between diffusion rates, spatial heterogeneity, and coupling from competition
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of species is the target of several recent works. To tackle these problems, continuous diffusion models
expressed by reaction-diffusion systems have been considered in [1, 2, 3, 6, 9, 13, 14, 19, 20, 23, 25].
On the other hand, discrete diffusion models represented by systems of ODEs have been investigated
in [4, 5, 11, 12, 24, 31].

Concerning the interaction between diffusion rates and the heterogeneity of the environment and
mutant invasion, the following competitive Lotka-Volterra model was investigated in [18, 19]:

u; = uAu + ula(x) —u —vl,
vy = uAv +v[B(x) —u —v], (1.1)

under homogeneous Neumann boundary condition, where y is the diffusion rate and functions a(x) and
B(x) express the spatially dependent intrinsic growth rates or reproductive rates of u- and v-species,
respectively. Therein, to study the effect of spatially heterogeneous growth rates on the competitive
dynamics, the difference between intrinsic growth rates of two species was set as

a(x) = B(x) + 78(x),

where g(x) is a function describing resource difference between two species from the viewpoint of
spatial heterogeneity, and 7 > 0 measures the magnitude of the difference. The case g(x) > 0 on the
considered domain was studied in [18], whereas the situation that g(x) changes sign was investigated
in [19]. The assumption in [19],

f g(x)dx >0, (1.2)
Q

means that the mutant u-species has better average reproductive rate than v-species, and thus the total
population of u-species has higher growth rate than that of v-species when two populations are identical
in the whole space Q. However, under such a circumstance, u-species possibly fails to invade when
rare for certain level of diffusion rate. Mathematically, stability of semitrivial solutions (i, 0) and (0, 7),
which depend on the magnitudes of i and 7, was analyzed in [19]. The stability may switch according
to the varying diffusion rate u. In particular, by measuring the level of mutation with the value of
7, theoretical analysis for the cases of tiny and large mutation was established therein. In the former
case (0 < 7 < 1), multiple switches of global convergence to different equilibria was derived and the
relationship between the bifurcation value of the diffusion rate and the value of T was also established,
while in the latter case (7 > 1), only once switch of global convergence was observed.

The influence from magnitudes of diffusion rates on the competition outcome has been another topic
of interest. It has been shown in [9] that the slower diffuser always prevails if the two species interact
identically with the environment, see also [12, 20, 23]. To focus on the effect of diffusion rates, the
birth rates for all competing species were set equal to the carrying capacity of the environment, see
[2,5,6, 13, 15].

Models for competitive species with dispersal expressed by discrete diffusion are also very appeal-
ing. Indeed, organisms are distributed in space, often in patches of habitat scattered over a landscape
and region, and the distribution is determined by the pattern of movement between these patches.
More specifically, it is interesting to see how possible interaction outcome, which can be competitive
exclusion and coexistence, depends on the diffusion rates and the birth rates.

As early as in 1934, Gause [10] formulated the competitive exclusion law which in particular states
that the species with a larger birth rate will outcompete the other one, if the other properties are the
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same. Concerning these issues, Gourley and Kuang [11] then asked how does diffusion affect the com-
petition outcomes of two competing species that are identical in all respects other than their strategies
on how they spatially distribute their birth rates. They studied the following ODE system as a model
for two neutrally competing species on two patches of habitat:

duy

dt
dup

= u(ay —uy —vy) + d(ua — uy)
= uy(@s — ug —vp) + d(uy — uz)
o = viBr—uy —v) +d(vy —vy)
Tt = V2B —uy =) +d(vi — )

(1.3)

where u; (resp., v;) is the population density of species-u (resp., -v) in patch i, i = 1,2; the linear
birth rates a;, a,, 81, 8, are positive parameters, and there is a diffusion between the two patches with
same diffusivity (dispersal rate) d for both species. The two species differ only in their birth rates. Let
(11, iy, 0, 0) denote the semitrivial equilibrium with extinct v-species. The following conjectures on the
global dynamics of system (1.3) were posed in [11]:

Conjecture 1. Assume that in system (1.3), 81 —0c = <B1 <P <ay =B +0owith) < o <y,
and d is sufficiently large. If u1(0) + u(0) > 0, then

UmQu (1), uz(1), v1(2), v2(0)) = (i, 42, 0, 0).

Conjecture 2. Assume that in system (1.3), 1 —0c =a, <B1 <fr <ay =fr+0 with0 < o < By, and
d is small enough so that (1.3) has a positive steady state e.. If u1(0) + u,(0) > 0 and v;(0) + v,(0) > 0,
then

tli_}’g(ul(t)’ l/tz(t), V](t), VZ(I)) = €.

These conjectures, if true, suggest that the species that can concentrate its birth in a single patch
wins, if the diffusion rate is larger than a critical value. That is, the winning strategy is to focus as
much birth in a single patch as possible. In [24], the following global dynamics and bifurcation were
established, which include confirmation of Conjectures 1 and 2:

Theorem 1.1. Suppose that the following condition holds in system (1.3),
CY:0<a;=B1—01 <Bi1<Pr<ar=pr+0, withO < 0| < 0.

Then there is a constant d > 0 which can be expressed or estimated by the birth rates, so that if d > d,
(11, it2, 0,0) is globally asymptotically stable among the initial data in R? satisfying u;(0) + u(0) > 0;
if d < d, (1.3) has a unique positive steady state (uy, u3, vy, vy) which is globally asymptotically stable
among the initial data in Ri satisfying u;(0) + u,(0) > 0 and v,(0) + v,(0) > 0.

Note that @y + a, and B, + B, measure the average birth rates of species u and v, respectively.
The condition of Theorem 1.1 means a; < 8; < 5, < a; and B + 8, < a; + a;, and indicates that
the birth rate of u-species is larger than that of v-species in the second patch, and less than that of
v-species in the first patch, whereas the average birth rate of u-species is larger than or equal to that
of v-species. For the situation with identical average birth rate: a; + @, = B; + B», i.e., the case in
these conjectures, Theorem 1.1 implicates that the two species coexist in a slow diffusion environment,
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whereas in a fast diffusion environment, the species that can concentrate its birth in a single patch
drives the other species into extinction. Convincingly, the same scenario prevails when u has further
competitive advantage that its average birth rate is larger than v-species: a; + a; > S + 5,. Along
with such finding is that the semitrivial equilibrium (0, 0, v, ;) is always unstable for any diffusion
rate d, as was stated in Proposition 3.11 of [24]. It becomes very interesting to see what happens when
ay + a; < B + B, 1.e., v-species has larger average birth rate.

In this paper we will examine such interesting situation, i.e., system (1.3) under condition

(C)ZO<Q’1:ﬁ1—(T]<ﬁ1<ﬁ2<a’2:ﬁ2+0'2 With0<0'2<0'1.

This condition means a; < 1 < 8, < @y, and a1 +a; < 1+, dueto (B +5,)—(a1+az) = o1—0, > 0.
That is, the birth rate @, of u-species in the second patch is the biggest among all species and patches,
but the average birth rate of v-species is larger than that of u-species; one may also regard this as that
v-species has more total resources than u-species. Then we ask how the magnitude of the dispersal rate
d is related to the species persistence or extinction. With the framework of monotone dynamics, we
shall target the global dynamics of system (1.3) and the bifurcation with respect to d, under condition
©).

It turns out that the dynamical scenarios are richer than the case under condition (C’). In particular,
equilibrium (0, 0, vy, ¥,) switches from being unstable to stable, as d increases. On the other hand,
there are up to two stability changes for equilibrium (i, i1, 0, 0), as d increases. That is, the property
described as monotone relation between the stability of (i1, i1, 0, 0) and the diffusion rate d no longer
holds, cf. [19]. The main results will be summarized in Theorem 4.2. There are two dynamical sce-
narios (see Figure 1): (i) Under o8, < 01, there exists an d; > 0, so that the positive steady state
(uj, u3, v}, v;) is globally attractive for d < d; and the semitrivial equilibrium (0, 0, ¥, v,) becomes
globally attractive for d > d;. (i) Under 0,8, > o8, there exist dj,d;,d; with 0 < d < d; < dj,
so that (uj, u3, v}, v3) is globally attractive for d < d} or dj < d < dj, (i, 15,0, 0) is globally attractive
for dj < d < dj, and (0,0, v, ;) becomes globally attractive for d > d. In addition, d}, d;, d; can be
estimated in terms of the system parameters. Our analytical work on the model strongly suggests that,
in a fast diffusion (large dispersal) environment, a species will prevail if its average birth rate is larger
than the other competing species; in a slow diffusion (small dispersal) environment, the two species
can coexist or one species that has the greatest birth rate among both species and patches, even with
smaller average birth rate, will be able to persist and drive the other species to extinction.

We note that @y + @, > B + 3, in system (1.3) is analogous to condition (1.2) in PDE system
(1.1). The present study, with @ + @, < B; + 8>, can be compared to the results in [19] with u and v
reversed. Systems with two competing species over two patches with different dispersal rates and more
general competition coupling have been considered in [21, 29, 30]. While the effect of competition was
studied in [29], herein we aim at investigating the influence of both dispersal rate and birth rates on the
population dynamics and assume the same ability of competition for two species in (1.3). Predator-prey
dynamics on two-patch environments were investigated in [8, 16, 22].

This presentation is organized as follows. In Section 2, we characterize the existence of positive
equilibrium for system (1.3). In Section 3, we analyze the stability of the semitrivial equilibria. In
Section 4, we discuss the existence of positive steady state representing coexistence of two species
and extinction of one species, depending on the magnitude of dispersal rate. Four numerical examples
illustrating the present theory are given in Section 5. We summarize our results with some discussions
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in Sections 6. For reader’s convenience, we review in Appendix I the monotone dynamics theory which
is to be applied to obtain our results. Some qualitative properties of the semitrivial equilibria for system

(1.3) reported in [24] are recalled in Appendix II.

(i)

(@ (d), @t2(d),0,0)

(ui(d), uj(d), vi(d), v3(d))

(0,0, 5y(d), To(d))
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(0,0, 5y(dd), Ba(d))

* * *
dj d dy

d

d

d

Figure 1. Two dynamical scenarios for system (1.3): the main results, stated in Theorems

2.1 and 4.2.

2. Existence of positive equilibrium

In this section, we characterize the conditions under which the positive equilibrium (u], u3, vi, v})
of system (1.3) exists. There are five parameters a;, @, 51, 5,,d in system (1.3), which generate a
complication of analysis for such existence. We first derive the following magnitude relationships

which are required in the main result, Theorem 2.1, of this section.

Lemma 2.1. The following parameter relationships hold under condition (C).
() 57257 < g ifand only if (025 — \B)(@1 1 — 72f) > 0.
(i) 0 < =22 < LB hrovided oy32 — 0183 > 0.

a5 -01a] 0'2,6’%—0'|B% ’

(i) = < % provided o181 > 03, and 3, — 51 = 01 + 0.

o102

Proof. Recall that o; > o, in condition (C).
(i) We compute

BB _ 1
Gzﬁﬁ—mﬁ? o1 —02
BiBa(oy — 03) = (05 — o71B)

(0235 — B (o — 02)
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B1 + Bo)(0 181 — 02f32)

(0% — B0 — 02)

Thus, —£2— — —L— > 0 if and only if (0583 — o"18})(01B1 — 72B2) > 0.

Uzﬁ%—o’lﬁ% o110

(ii) Suppose 055 — 0187 > 0. Then

2 2 2 2 2 2
0205 — 01 > 09f3; — oy > 0o, — o8] > 0.

The assertion follows from

v BB _ (02afr + o1 Br) (1B — aofy) <0
0'2635 - 0'1&% Uzﬁ% - 0'1,3% (0'2(15 - 0'1@%)(0'2@ - 0'1,3%) ’
due to @18 — @f1 = 1B — (B2 + 02)(a1 + 071) < 0.
(lll) If 0'1,8] > 0'252, then
B o 01y —0fr — 0101 + 02)
o1+ 0> o1 — 0 O'%—O'%
S o1y — o — (o) +07)
ol - 03
_ oil(B = 1) — (o1 + 02)]
oi- 03
> 0,
provided 8, — 81 > 01 + 0. The assertion thus follows. O

The following parameter condition is to be used throughout the discussions:

1 - 1B
ortoy ol - o

Condition (P) :

Certainly condition (P) holds only if 0583 — 0137 > 0. And a direct computation shows that condition
(P) is equivalent to 035 — 07181 > 0 with

ool < Bi(B1 + o) + o). 2.1)

Accordingly, if condition (P) holds, Lemma 2.1(i) can be recast as

L BB

TI=0y  0ffE - o

S 0P < o1By;

for convenience of later use, we put this relationship as

0107 0102152
o=y 05— o

& 0'2,82 < O']ﬁ]. (22)

The condition of Lemma 2.1(iii): 018, > 0,6, and 5, — 81 > 0 + 0, implies

o B>

< .
g1 — 0> o1+ 0>
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Then, by combining condition (P), we obtain

0102 _ 023> 0106182
g1 — 0> o1+ 0> 0'2ﬁ§—0'1,8%

(2.3)

On the other hand, combining L9 > L2285 56 B, > o3 by (2.2), with condition (P) yields

o1—02 -1 B’

023> 0106182 010>
oLtoy o -0 oi— o

(2.4)

Therefore, by imposing condition (P) additionally, the following relationships can be concluded.

Lemma 2.2. Assume that conditions (C) and (P) hold.
(1) IfO'zﬁz < o6 and,& —B1 =201+ 0y then

0102 _ 023> - 01026182
oL—0y o1+ 0y oofE - o

(i1) If o232 > 011, then
0232 - 01026152 L 102

o1+ 0> 0_2ﬂ%_0_1ﬁ? 0'1—0'2.

It is obvious that the terms in the inequalities in Lemma 2.2 can be simplified. But it is convenient
to keep these forms.

Remark 1. In Lemma 2.2, with (2.1), the condition in (ii): 0,8, > 018 leads to o115, < 0'2,8% <
o1B1(By + 0 + 0), and thus B, — 81 < 0\ + 02, which is contrary to the condition 3, — 81 > 0| + 02
in (1). That is, the condition in (1) and the condition in (i1) are opposite cases under assumption (P). In
addition, the condition in Lemma 2.2(1): 0>, < 018y and B, — 31 = 01 + 0, further indicates

0235 < T 1B1(B1 + 01 + 02) < T1B1Bas (2.5)
via (2.1).

We characterize the existence of positive equilibrium for system (1.3) in the following theorem.

Theorem 2.1. Consider system (1.3) under conditions (C) and (P).

(1) Under 053, < o1y and B, — B1 = 07| + 072, there exists an d; > 0 so that the system has a unique
positive equilibrium (uj, u3, vy, vs) if and only if 0 < d < d;.

(ii) Under o3, > 0B, there exist d},d;,d; > 0, with df < d; < d;, so that the system has a unique
positive equilibrium (uj, uy,vi,vs) if and only if 0 < d < dj ord; <d < d.

In addition,

g102a1Q7 * 01028152
—5 5 < dl < — s »

2 2
0205 — 0@ 0235 — 018}
010 . 01\0 102+ 010>
—<d; < > >
g1 —0) 0| —0;
0103 (O8]
_ <d;‘ < —(ap — ay).
g1 —0> g1 — 0

(a2 —ay)
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Proof. System (1.3) has a positive equilibrium (u7], u3, vy, v5) if and only if

* *

* * MZ * * ul
(a—uy—v)+d(—=-1)=0, (@r—u;—vy)+d(—-1)=0,
u u

. K (2.6)
B1 —v; —u1)+d(F— 1) =0, (ﬁz—vz—uz)w(v_*_ 1) =0,
1

2

are satisfied for uj, u3, vi,v5 > 0. Let (u], u3, v], v;) be a solution of (2.6) and denote
a:=—=, b:=-—=. 2.7)

Combining each pair of equations in (2.6), we obtain

—o1+dla-b) =0,

1 1 (2.8)
oy +d(——-)=0.
a b
This yields
ab= "1 =k, 2.9)
(%)
and k > 1,as 0 < 0, < 0. Substituting b = k/a and a = k/b into (2.8) respectively leads to
T+ (Jo? + dkd? —01 + \Jo? + 4kd?
a= , b= . (2.10)

2d 2d

We thus express a, b in terms of system parameters, and it can be computed that b*> < k < a®> and a > 1.
We substitute (2.7) into (2.6) and obtain

(ay —uy—v))+da-1)=0, ale, —au; —bv)) +d(1 —a) =0, (2.11)
Br—vi—u)+db-1)=0, b(B, — bvi —auy)+d(1 —b) =0. (2.12)

Solving the two equations in (2.11), we have

u} = == [(aa, — ad + d) — k(a; + ad — d)] (2.13)

vi = (a) +ad —d) —uj. '
On the other hand, solving the two equations in (2.12), we obtain

I/flk = k_%[(bﬁz—bd+d)—b2(ﬁ1 +bd—d)] (2 14)

Vi = (B +bd—d)—uj. )

In fact, (2.13) and (2.14) are equivalent, as it can be seen by (2.8) that @; + ad —d = 1 + bd — d and

1 1
az_k[(aaz—aa’+d)—k(a/1+aal—al)]:k_b2

Herein, a; + ad — d > 0 since a > 1. From (2.13) and (2.14), we obtain

[(bB2 — bd + d) — b2(B; + bd — d)].

1
Vio= o |@ei+ad—d) - (aay - ad + )
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1
= k(B; + bd — d) — (bB, — bd + d)].
kB ) - (b2 )]
Observe that u},v] > 0 imply u3,v; > 0, due to (2.7) and a,b > 0. Hence, system (1.3) has a unique
positive equilibrium if and only if

1
uy = P [(ac; — ad + d) - k(a; + ad - d)]
1
= ol —bd +d) — b*(B) + bd — d)] > 0, (2.15)
and
1
Vi = 2k [612(&1 +ad - d) — (aa, — ad + d)]
1
= k_b2[k(ﬁ1 +bd - d) — (bB, — bd + d)] > 0. (2.16)

To explore the range of d where uj,v; > 0, we denote u|(d),v|(d) to express the dependence of
uj,v; ond. Let us discuss the positivity of v} first. The terms in the brackets of (2.16) can be recast as

2.17)

a*(a; +ad —d) — (aay —ad + d) = d*ay — aay + d(a* + 1)(a - 1)
k(By +bd —d)— (bB, —bd +d) = kB, —bB, +d(k+ 1)(b—1).

We define two functions to discuss the positivity of v}:

Fo(d) := d*a;—aar+d@ + Da-1),
Gy(d) = kB —bB +dk+1)b-1).

It follows from (2.16) and (2.17) that

a’—k
Fv*(d) - va*(d)

In addition, v{ > 0 if and only if F,-(d) > 0 if and only if G,-(d) > 0, due to b* < k < a* In
the following discussions (a)-(e), we analyze the ranges of d within which F,-(d) and G,-(d) take
positive or negative values. For some situations, analyzing F,- is more convenient than G,-, whereas
the convenience is reverse in other cases.

(@) Fi«(d) > 0if d < %: It can be seen that aa; > a», implies F,:(d) > 0, due to a > 1. On
the other hand, aa; > a; is actually

o1+ 0% + dkd?

1 (](2
a= —
2d (03] ’
which is equivalent to d < -Z5241%2
ora5-01a

(b) Fye(d) > 0if 4 > TV 27172 W(ag —a): Ifb > 1,ie d > 22 by (2.10), then a < k since
1793 1=0
ab = k. From b* < k < a®,wehave 1 < b < Vk < a < k. Then

F.(d) = d*a;—aa, +d@+D@a-1)
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> kay —kay +dk+ D(Vk=1)
> 0,

ifd> —F* (@, —a) =2 V”;“‘ 2% (@ — ). Itis clear that
]

(k+1)(Vk-1)
01\0 102+ 010>
R, (@2 —ay)
0y~ 0,

010102 + 0107 O1\0102 + 010
= 3 B2 —B1) +

0'1—0'2 01— 02
01072

0'1—0'2'

(©) Go(d) > 0if H22 < d < LGB Obviously, Gye(d) > 0 if kBy — bB, > 0 and b > 1, which is

o2B3-018]
—0r| + [0 + 4kd?

g - > 1,
ﬁz 2d
This is equivalent to
0102 <d< 0'120'2ﬁ1ﬁ22’
o~ 0 o3 — 01
by (2.10). Such value of d exists provided 2= < ;;;ﬁf;z.
2 1

(d) G, (d) < 0 if ”1“2ﬁ1ﬁ;2 <d < 0% G,.(d) < 0 provided kB, — bB> < 0 and b < 1, which is
il

o1—-02 "
—0 | + (|0 + 4kd?
— <b=

ﬁz 2d

<1,

and equivalent to L2225 g < 2, provided 1026 o o102

Bz :62 ﬂz 0‘[5'2 a1 0'2'
(€) G/.(d) < 0ifd < mln{;“:ﬁz, ;ffiz} and G.(d) > 0if d > max {-Z12, 22} From (2.10), we
compute
b
b = b(d) = ——2— >0, (2.18)

d \Jo? + 4kd>

and G.(d) = (k+ 1)(b — 1) + b'(kd — 5, + d). It can be seen that G.(d) < 0, provided b < 1 and
kd — B, + d < 0, which are equivalent to d < M and d < (’ZBZ . On the contrary, G/.(d) > 0,if b > 1

ey andd > “oapy

and kd — 3, + d > 0, which are equivalent to d > - v
For case (i), we will show that vi(d) > 0 for all d > 0if 0,8, < 011 and B, — B = 01 + 0. Recall

Lemma 2.2(i); L2 < 2P o 919985 Brom the above (¢), (e), we summarize
o1—02 o1to2 0’2ﬁ2—0'1,31

Gy (d) > 0if D2 < d < ZGBP

o2f3-01 8]

G.(d) < Olfa’ < ‘“‘72 (2.19)

o1—02

G.(d)>0if d > 22

o1+oa
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In addition, at d = % ie., b = 1, we have G- (;’“’;2) kB1 — B> > 0, thanks to 083, < 018.
Therefore, from (2.19), we see that G,-(d) > 0 for all d > 0, namely, vi(d) > 0 for all 4 > 0, under
023, < 011, B — B1 = 01 + 03, and condition (P).

For case (i1), if 058, > o181, we will show that G,-(d) > 0, and hence v{(d) > 0, for d in certain

range. Recall Lemma 2.2(ii): -2£2 < OZ2Bf o 5192 With the above (a), (b) (d), (e), we obtain

o140 ofi—01 B o1-02

F,(d)>0if d < Z52%

0205-01

G, (d) < 0if ‘Wﬁlﬁz <d< 2% (2.20)

g1—02

Fo(d)>0ifd > Z V‘; %‘;2‘”"2 (ay — ay)

and

o1+02
G.(d) > 0if d > 22> (2.21)

o1—op”

{ G.(d) < 0if d < 222

Furthermore, if d > Uz—ﬂz, ie.dk+1)>pB,andd < 22 ie. b <1, we have
o1t0) g1—02

Gy (d) = kB1 = by — d(k + 1)(1 = b) < kBy = by = Bao(1 = b) = k1 = B, < 0,

by 083, > 016;. To summarize, G,-(d) < 0 if CZZTB;Z <d< % Therefore, from (2.20) and (2.21),
there exists a unique di > 0 so that G,-(d) > 0 if d < d} and G,-(d}) = 0, where

0102017 * 0102152
2 2 < dl < 2 2
05 — 0@ 03, — 1B

and there exists a unique d; > 0 so that G,-(d) > 0 if d > d;, where

010, \/<T102+U10'2
<d; <

g1 —0) 0'

(a2 — ay).
103

The two cases for the assertion of vj(d) > 0 are thus concluded. Now let us discuss the positivity of
uj(d). From (2.15), we have

(aap —ad +d) —k(ay +ad —d) = aar —kay —d(k+ 1)(a - 1), )2
(bB, — bd + d) — b*(B), + bd — d) = b(B, — bB)) + d(b*> + 1)(1 - b). (2.22)
Let
Fo(d) = aay—ka —dk+ Da-1),
Guo(d) = b(By—bB)) +db* + 1)1 -Db).
Then
a* —k
F(d) = o b2G (d).

In addition, u} > 0 if and only if F,-(d) > 0 if and only if G,-(d) > 0, due to b* < k < a*. Let us discuss
the signs of F:(d) and G,:(d) in the following (a’)-(d’).

@) Gud) >0ifd < “‘“2 : It is clear that b < 1 implies G,-(d) > 0, and b < 1 is equivalent to
d < 22 Thus, G,-(d) > O 1fd < A

- 01—03 o1—oo "
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b)) Fp(d) <0ifd > ”laz(a/z —ap): Ifb>1,thenfrom1 < b < Vk < a < k, we have

01—

Fo.(d) = aay; —ka—dk+1)a-1)

< aa,—aa;—d(a+ 1)(a-1)
= alay —ay) —d@ -1)
< kay—ay)—dk-1)
< 0,
ifd > %(012 —ay) = (,10_1@(012 —ay).
(c") Case (i): 02> < 01y, e, 712 < TP, by (2.2). We claim that F.(d) < 0 ford < 722
2 1
and G/.(d) < 0 for d > 22 Notably,
Fl(d) = [By + 0y —d(k + D]a’ — (k + 1)(a— 1) (2.23)
and
G..(d) = —(b* + 1)(b — 1) = 2bb'd(b — 1) = b'[d(b* + 1) + 2bB) — Bal, (2.24)

by direct computations, where a’ = a’(d), b’ = b’(d). For the first term of (2.23), we see that

023>

Bo+to,—dk+1)>0,>0 i1fd < .
o1 +0,

In addition, from (2.10), we compute

@ =-——23219 . (2.25)

d \Jo? + 4kd?

Hence, in (2.23), we confirm F/.(d) < 0 ford < %, due toa > 1 and a’ < 0. Next, we discuss the
third term of G/.(d) in (2.24), and claim that

023>
(o] +0'2‘

db* +1)+2bB, — B, > 0 if d >

From (2.10) and b’ > 0 shown in (2.18), a direct computation shows

—o (o) +02) + \/0§(0'1 +0)? + 4010255 2
ifd>——

b> .
20'2ﬁ2 o1+ 0

For d > -2~ we compute directly

o1+o;?

db* + 1) + 2bB; - B>

1 2 2 2 2 0e  T1P1(o +02)
o(01+05) + 200,85 + 20 - = -
20'2,32(0'1"'0'2)[ 1 2) 17265 oA 0232 b2
1

20282 (01 + 02) (2B —o)(o1 +02) \/O'%(O'l +0)? + 40'10'2,33
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2B -0

205 [\/0'2(0'1 +0)? + 40105 — 01 (o) + 07)

> 0. (2.26)

Note that % < Db according to Lemma 2.2(i). As seen in (b) above, b > 1 is equivalent to
2 ()'1+(J'2

d > 72~ Thus, we see from (2.24) that G/.(d) < 0 for d > 5 que to (2.26),b > 1,and b’ > 0.

o1—-02 o1+

(d’) Case (ii): 0B, > 011, Le. Loz > 2By (D 2y We claim that the third term of (2.24):

oi-o2 T oyfe-oi?
d(b*+1)+2bB; =B > 0 for d > 2= If so, then it can be seen from (2.24) and b’ > 0, that G/, (d) < 0
ford > === - which is equlvalent to b > 1. Ford > 7>~ we obtain

db* + 1) + 2bB; - B>

> 2 g192 +2ﬁ1—ﬂ2
o1 — 0>
1
= [20102 + 20181 — 2061 — 0182 + 0235]
g — 0
1
> 2 +3 -2 —
0_1_0_2[0'10'2 o181 — 201 — 01 B2]
> (20103 + 30181 — 2081 — 0 1(B1 + 01 + 02)]
g1 —02
= 281 -
> 0,

due to B8y > oy > 0and 8, — B; < 01 + 0, mentioned in Remark 1.
For case (i), we summarize properties (a’)-(c’):

Gu(d)>0ifd < 0‘_711‘32
Fu(d)<01fd>o_ ((}’2—(}’1)
F'.(d) <0 ford < oy

o1+02

G'.(d) <0 ford > ooy

o1+op

Recall Lemma 2.2(i): 2% « 2P o 096 and that G, (d) and F,.(d) have identical sign. There

o1—02 o1+02 -0 B’
are two possibilities:

(I)F (22 > 0,06, G (ZE2) > 0: AsGl.(d) < Oford > 22 and F,.(d) < 0ifd >

o1+0 g1+0 o1+02

(az — ay), there exists a unique d; > 0 such that G,-(d3) = 0, where

0'10'

(0] 55) (O8]
s <d;< (r — ay).
o1+ 0, g1 — 0>

(D) Fr(G22) <0, 1e., G (G2Z) < 0: As Fye(d) > 0 for d < 22, F/.(d) < 0 for d < 22, and

o1+02

G/.(d) <Oford > 725 we confirm that there exists a unique d; > 0 such that G,-(d3) = 0, where

o1+o

g107 023 (O

O'1+0'2’O'1—O'2

<d; <min{ (az—a/l)}.

g1 —0
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Both (I) and (IT) indicate that there exists a unique d; > 0 such that G,.(d3) = 0, G,:(d) > 0if d < dj,
and G,+(d) < 0if d > dZ, where

g107 (O8]
<d; <
g — 0 g1 —02

(@ — ay).

For case (ii), from the above (a’), (b’), and (d’), we summarize

Gy(d)>0ifd < 77~

g1-02

Fu(d) <0if d > =2 (as — ay)

1—02

G.(d) < 0if d > D&

o1—o2°

We thus conclude that there exists a unique d; > 0 such that G,-(d;) = 0, G,+(d) > 0if d < dj, and

G, (d) <0ifd > dz, where

g10 (O8]

<d; <
gy — 02 oy —02

From (2.13), we see that vi — a; +ad —d > 0 as u] — 04, ie., uj and v} can not be zero
simultaneously. From the above discussions, we confirm that d; < dj.
Combining the above discussions of two scenarios for vi(d) > 0, and one single scenario for u}(d) >

(@ — ay).

0, the assertions are thus justified, see Figure 2. O
(1)
uy(d), us(d) > 0 uj(d), uz(d) =0
I 1 d
0 ds
vi(d),v3(d) >0
; - d
0
(11)
ui(d), uy(d) > 0 | uild), us(d) =0
I 1 d
0 ds
vi(d),v3(d) > 0 | vi(d), v3(d) =0 | vi(d),v3 (d) > 0
r — T ~ u — d
0 d; d?

Figure 2. The existence of u}(d), u5(d), vi(d), v5(d) with respect to d, in cases (i) and (ii) of
Theorem 2.1 respectively.

Remark 2. (I) Under conditions (C) and (P), the proof of Theorem 2.1 actually indicate:

() If 022 < 0By and By — B1 = oy + 0y, then (uj, u3,vi,v5) — (0,0,v,,V), as d — (d;)7, i.e., the
positive equilibrium (uy, u;, vy, vs) degenerates and merges into the semitrivial equilibrium (0,0, v, V)
atd = d;.

(i) If oofy > o 1By, then (uj,u3,vi,vy) — (ity,i,0,0), as d — (d))", ie., the positive equilib-
rium (uy,us,v|,v;) degenerates and merges into the semitrivial equilibrium (i, ii;,0,0) at d = dj;
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(ity,i12,0,0) — (uj,u5,v},v3), as d — (d;)", i.e., the semitrivial equilibrium (it , ii, 0, 0) becomes the
positive equilibrium (uj, u;, vy, V) as the value of d increases through d;; (uy, u;,vy,v;) — (0,0,V,2),
as d — (d3)”, i.e., the positive equilibrium (u},us,v},vs) again degenerates and merges into the
semitrivial equilibrium (0,0, v, Vv,) at d = d;.

(I1) In Theorem 2.1(i1), combining 0,8, > 018, and condition (P) yields 3, — 1 < o1 + 0, which
is contrary to condition B, — B > 0| + 0, in case (1), as mentioned in Remark 1.

(IIT) Although the same symbol d; is used in Theorem 2.1 (i) and (ii), they represent different values
under assumptions in (1) and (i*i), respe*ctively.

(IV) With the setting a := =,b = 2, and subsequently ab = Z- =: k, we always have b* < k < a°.
u v o2
1 1

Notably, in [24], 0 < k < 1 under assumption oy < 0, and hence b < 1. This is disparate from the
situation in Theorem 2.1 that k > 1, and hence a > 1, due to oy > 0.

3. Stability analysis of semitrivial equilibria

In this section, we analyze the stability of the semitrivial equilibria for system (1.3). We denote
by (i1, i1, 0,0) and (0, 0, V1, V,) the semitrivial (boundary) equilibria for system (1.3), and by i;(d) and
vi(d),i = 1,2, to express the dependence of i; and ¥; on d. In Appendix II, we recall some properties
of semitrivial equilibria of system (1.3) in Propositions 3.7-3.10 of [24], which are independent of
the order between o and o,. Herein, we add the following additional properties for the semitrivial
equilibria, which shall be employed to discuss the stability of semitrivial equilibria.

Proposition 3.1. (i) If &) < a,, then it (d) > 0, i,(d) < 0, #/(d) < 0, and &}(d) > 0, for all d > 0.
(i) If B1 < Bo, then ¥,(d) > 0,7,(d) < 0, ¥/(d) < 0, and ¥}(d) > 0, for all d > 0.

Proof. (1) (i1, i1, 0,0) is an equilibrium of (1.3) if and only if #; and i, satisfy

() — i) +d@, — ;) =0

~ ~ o (3.1
uy(ay — ip) + d(iy — i) = 0.
Differentiating (3.1) with respect to d, we obtain
ay — 2y —dya;, +dus + iy — ity =0
(@ _1 )L_tll _% _2 _1 (32)
(ay = 2ity — d)ity + duty + ity — ity = 0,
where it/,i = 1,2, represent the derivatives of #; with respect to d. Thus,
— 20\t — i
12'1 _ (_afz ity )(it _ iiy) ’ (3.3)
(al - 2141 - d)((yz - 2M2 - d) - d?
— 2\ — i
7 = (ay — 2uy) (it — ay) (3.4)

27 (ay =2y —d)(ay = 2@, —d) — &%
Note that

() — 20y — d) @y — 21, — d) — d?
= (o) =22 = 2itp) — d(a) = 2iy) — d(ay — 2ity)
> 0,
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by Proposition A.3 (in Appendix II). Thus i#} > 0 and &, < 0. More detailed descriptions for i, and i,

can be found in Proposition A.5. We further differentiate (3.2) with respect to d, and obtain

(@) = 2it; — )it + dit}] = 2it, — 2it, + 2(it})*

(@ — 20y — )i + dit] = 20t — 20, + 2(it))™

Thus,
L, 2(012 =2ty — d)[it), -, + ())*] — dlity, — it} + (it})*]
! (@) = 201 — d)ay — 201, — d) — d?
o 2(0/1 — 2@, — d)[i, — i, + (iy)*] - dlit| — i, + (i7})*]
2 (@) — 20 — d)ay — 201, — d) — d?

=1

Let us focus on the numerators. For #’, we have
(ay — 2ty — d)[it, — ity + (it})*] — dlity, — i, + (it})*]
= (ay -2ty - d)(ﬁ’l)z + (@ = 2itp)(0t) — 0t) — d(ﬁ’z)z
< 0,

due to it} > 0, i) < 0 for all d > 0, and Proposition A.3. Thus, &} < 0. For &}, with (3.3) and (3.4), we

have

(@) = 20t — d)[ity, — it} + (ity)*] — dlit, — &) + (@t})*]
= () - 2@ — d)@h)* + (@) — 2, (@, — i) — d(it;)*

~ _ () — 20,)(it — ity) ’
= (@ =2 =d) [(a1 20t — d)(ar — 201 —d) — dZ]
v (@ - 28) (ay = 2iy) (it — 1) B (ap = 2itp) (1) — itp)
! Y, = 2i — d)(ay =20ty —d) —d*> (o = 2i; — d)(ay — 2itr — d) — d2
oy (2 = 2) (il — iip) ’
(m - 217!1 - d)(a’z - 217!2 - d) —d?
(itp — 1)

[(1 =21 — d)(as = 2, —d) - d°P
{1 = 2@ - d)(@r — 1y - W)y - 2) — d(e) - 20,)°
+(ay = 200)*[(evy = 2011 — d)(evy = 201y) — (i, — )]}
For the first two terms in the bracket,
() — 2y — d)(ay — ity — i)y — 2i1)” — d(ay - 2i1)* > 0,
by Proposition A.3. For the third term, using (3.1), we have

(ay = 2i2)*[(a; = 21y — d)(@; - 2ity) — d(it — ity)]
= (ap = 2i)*[(a = 2i1)* — d(a — 2i1y) — d(ity — ity)]
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_ 2 _
= (ap— 2a2)2{[d(1 - Z—?) - ul] - d[d(l - Z—?) - al] — d(it, - ul)}

- \2 —
(@2 — 2@ {d2 (1 - @) ~ & (1 - @) +diiy + a%}
u u

> 0,

since ity < it,. Thus, ity > 0.
Part (ii) can be obtained by arguments similar to those for (i), using

VB —v) +d({, =) =0
Va(By — Vo) +d(V) — 1) = 0.

This completes the proof. O

(3.5)

Propositions A.3-A.6, in Appendix II, and Proposition 3.1 are independent of the order between
o and 0,. Some of the following properties for the semitrivial equilibria hold under o, < ;. The
following notations will be helpful to recognize various related quantities:

T102(0] + 05 + 0By — 1 B)

dy =
: (o1 — )0 + 03)
g107
d2 = s
g1 —0)
_ BiBa(02B1 + 012)
dy = 2. p2’
(:32 _ﬁl)(ﬁl +ﬁ2)
di = 010258182
Uzﬂ% - 01,3%,
J Voo (Voay — Vo)
5

(01 + o) (\or = \Jo2)

Proposition 3.2. Under conditions (C) and (P), the following relationships among parameters hold:

@D g—f(d) is strictly decreasing with respect to d.

(D If 3 = 2L, then d = d,.

() If 2 = 2, then d = ds.

(V) If &2 = Y2, then d = ds.

(V) () If 2B < o1y, then Z- > B and dy < dy < d5 < du.

(i) If o532 > 0B, then g—; < % andd, > d, > d; > d,.

(iii) If 058, = 0181, then i—; = % and dy, = d, = dz = d.

Proof. (I) The assertion follows from i} (d) > 0, i},(d) < 0, as in the proof of Proposition 3.1.
I 1t Z—? = Z—; with &, and i, satisfying (3.1), we have

a - +dZ-1)=0
o
w-Za +a2-1=o
[0a) (On]
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By eliminating ii;, we have

3_ 0 3 2
01— 0102=0,+0103) 0, — 01

olo, fog

Then ) )
o102(0] + 05 + 03 — 01 81) 4
=d,

d =
(01 = 02) (0] +73)
duetoa, =B, + oz and a; = B — 0.
Cases (III) and (IV) can be obtained by arguments similar to those for (II). Now let us prove (V),
and the assertions will be justified by the following (a)-(c):
(a) It is clear that

>0 if0'2ﬁ2<0'1ﬁ1
dy—di{ =0 if 0o = 018
<0 ifO'zﬁz >0'1ﬁ1.

(b) We see that

>0 ifO'zﬁg <0'1ﬁ1
dy—dyq =0 if 05 = 018
<0 ifO'z,Bz >O'1ﬁ1.

as, by a direct calculation,

(0'1,33 + 0'2,3%)(0'1& — 02f32)

d —d, = )
P T (a1 = 0B - BB+ B

(c) It holds that

>0 if0'2,82<0'1ﬁ1
dy—d3q =0 if 098, = 018
<0 if0'2ﬁ2>0'1,81

due to

(o1 + 0B (0181 — 7232)
(mﬁ% - 0'1,3%)(,32 —,31)(,3% +ﬁ§)'

This completes the proof. O

dy —dsy =

In Appendix I, we compute the Jacobian matrix for system (1.3). At (i, i, 0,0), the Jacobian
matrix is

) — 2121 —-d d —Ijtl 0
d ) — 217!2 —-d 0 —ly
0 0 Bi—ity —d d : (3.6)
0 0 d Br—iia—d
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and at (0, 0, ¥1, ¥»), the Jacobian matrix is

aq—f/l—d d 0 0
d a’z—\_/'z—d 0 0
—7, 0 B —2% —d d 3.7
0 —\_/'2 d ,82_2‘_)2_61

First, let us focus on the stability of semitrivial equilibrium (i, ii5, 0, 0), by calculating the eigenvalues
of the following submatrices in (3.6):

d an — Zﬁz —-d d ﬁz — ﬁz —-d (38)

(11—2121—61 d ] and [ﬂl—b_tl—d d
Theorem 3.3. Assume that conditions (C) and (P) hold for system (1.3).
(1) If 0232 < 1By and B, — B1 = 01 + 03, the semitrivial equilibrium (i, it>,0,0) is unstable for all
d>0.
(i) If 028> > 0\ By, there exist dy,d, > 0, with d; < d,, so that the semitrivial equilibrium (ii,, it, 0, 0)
is unstable when d < d, or d > d, and is asymptotically stable when d, < d < d».
In addition,

0102013 < 01028152
2 7 < a1 2 27
020, — 01 025 — 015}
010> - 010102 + 010,
—<dy < 5 5 (ap — ay).
g1 —0) o] — 0

2

Proof. Under condition (C), the two eigenvalues of the first matrix in (3.8) are negative by Ger-
schgorin’s Theorem and Proposition A.3. Thus, the stability of (i, i2, 0, 0) is determined by the two
eigenvalues, denoted by A, of the second matrix in (3.8). By a direct calculation, the two eigenvalues
are

1
Az = E[(ﬂl—ﬁl +ﬁ2—ﬁz—2d)¢ \/(ﬁl_ﬁl —,82+17t2)2+4d2J.

First, we consider A_ = A_(d) and claim A_(d) < O for all d > 0. From condition (C) and Proposition

A.3, we have
u Uy

_ _ U iy
ﬁl—ul—ﬁ2+uzz(0'1+0'2)+d(_——_—)-
U U

Bi—iy+Pr—ily=(0) —0p) +d

and

Then

1
- = 5[(51—171"‘/32—5!2—20')—\/(,31—071—,32+L72)2+4d2]

- 1[(01 —az>—d(@+@)— \/
2 u up
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< %[(01—02)—d(@+ ) ‘(m+az)+d(——@)

Ui 7% Ui

|

We obtain

u
A_ <—O'2—d_— <0,
U

if (o + o) +d (2 - 2) >0, and

A <oy — d? <0,
uj
if (o + o) +d (£ - ) < 0. Consequently, 1(d) < 0 for all d > 0.
Next, we identify the sign of 4, = A,(d). Note that A, (d) > 0 if and only if

B1 = i1 + B2 = iz = 2d| < N(By =y = Bo + ix)? + 4dP,

equivalently,
Br —u)(Br —iip) —d(By — ity + 2 — i) < 0. (3.9)

As By = a; + o0 and B, = @, — 02, (3.9) can be expressed by

() — ity +o )y — ity —0p) —dlay —uy +ay — il + (0 —02)] £0,

[d(l - —) + o [d(l - ﬂ) —az] e [2 - (@ L )] d(oy — o) <0,
up 125 Ui up

using (3.1). This inequality can be simplified to

i.e.,

d(@? - m?) — o0, < 0. (3.10)
u 175}
From (3.10), we define
ir(d) i1 (d)
d)=d - - . 3.11
g(d) (Uzb_tl(d) maz(d)) o107, (3.11)

Then A,(d) > 0if and only if g(d) < 0. According to Propositions A.3 and A.5, we have that 1 < Bd)

ui(d)
=2 and ZZEZ; decreases from = & > to 1 as d increases from O to co. Thus, g(0) = —010, and g(d) — —oo as

d — o0, because of o > 0'2 More precisely,

gd) = d 0'2——0'1—) o107

< d 0'2——0'1—) 010,
0'20’2 0'1(Y
= d|——|-0,0»
a1a;
. g102a1a»
< 0, fds ——— (3.12)

003 — o2
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i)  NoT . : "
Note that 77 < Vo s equivalent to d > ds, by Proposition 3.2. Hence,
Uy U
gd) = d(O'z_— —0'1_—)—0'10'2
u us

IA

d(O’ X/OTI—O' Vo2
2\/072 1\/0Tl
= —0102
0. if b:tz(d) < \/0_1'
u(d) = Ao

)—0'10'2

Thus,
g(d) <0 ifd > ds. (3.13)

A direct calculation yields

g'(d) = (02? - m?) +d
u 175

o2y - m@)'] . (3.14)
u 175

We know O'Z(Z—f)’ - 0'1(%)’ < Oforalld > 0, due to &} > 0 and &, < 0, as in the proof of Proposition

2 2
oas—0 @ .. 7 7
# > 0 when d = 0, by Lemma 2.1(ii); azg—f - o-lg—; -
0'205%—0'1(1%

3.1 or by Proposition A.5; 0'2;—? — 0'1;—; =

0,—01 <0asd — +oo, due to Propositions A.3 and A.5. That is, 022—? -0 Z—; decreases from

to —(oy — o) as d increases from 0 to +co. On the other hand, by (3.1), we have -
d(2) =1-24+q
{ (i) =g (3.15)
d(ﬁ_z) :1—Z+M2.
With (3.15), we reexpress (3.14) as
g(d) =0y — 0oy + onil) — oy, (3.16)

It follows that
g'(d) = i — oy <0,

by Proposition 3.1. Thus, the graph of g(d) is concave downward. Therefore, there are two possible
situations based on the above analysis: (i) g(d) < 0 for all d > 0, (i1) there exist d,,d, > 0 such that
g(d)) = g(d») = 0, and i )
gd)<0ifd<dyord>d,
{ g(d)>0ifd, <d < d>.

The graphs of g(d) are illustrated in Figure 3. Accordingly, there are two possibilities for A,: (i) 4, > 0
for all d > 0, (ii) there exist d;, d, > 0 such that A, = 0 ford = d;, d, and

/l+>0ifd<c710rd>c?2
A, <0ifd, <d < d,.
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Figure 3. Two situations for g(d), regarding the sign of A, in Theorem 3.3.

Now we investigate the two situations by analyzing g(d) and the stationary equation (3.1). To
determine the behavior of g, we seek for its equivalent expression. Let w := Z—f As Z—f(d) is strictly
decreasing with respect to d, by Proposition 3.2(I), the one-to-one correspondence between d and w
can be derived from the stationary equation for i; and i, in (3.1):

) —wag

= Do I (3.17)

where 1 < w < j—f, by Proposition A.5. Then

gd) = d(az?—m?)—maz

uy [12%)

O'2W2—0'1
= d|—— — 0107
w

( @, — wa, ](O'QWZ — 0'1)
= — 0107
(w—Dw+ 1) w
(a2 — way )(oaw? — 0p) — o 1o2(w — D(W? + 1)
w-=1DWw?+1)

= f(w).

Let us define g(w) := (as — wa ) (oow? — 01) — or102(w — 1)(W? + 1), which is the numerator of f(w),

and thus f(w) = %. Note that

(@2 — wa )(ooW* — o) — a1oa(w — D(W? + 1)

(B2 — wB)(oaw* — 1) + W(or| + o) (0w — 07y), (3.18)

qw)

by B1 = @ + 0 and 3, = @, — 0. Thus, we have

gd) <0 e f(w) <0 e gw) <0, (3.19)
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due to (w — 1)(w? + 1) > 0. In addition,

g w)w— DW? + 1) — gw)Bw? = 2w + 1)

' , 3.20
Fw) v — 1)2(w? + 1)? (3-20)
where
q' W) = 20w(Br — W) + (01 + 02) (02w — 071) — oW’ + 0201 + T)w + 1By (3.21)
Notice that
f'w)<0eg'd>0,
according to Proposition 3.2(I). By a direct computation in (3.18), we obtain
o o <0 if0'2ﬁ2<0'1ﬁ1
4(2) = (@1 =)oy =B ] =0 if oy = (3.22)
S >0 if 05 > 01y,
and
ﬁ ﬁ <0 if0'2,32<0'1ﬁ1
Q(ﬁ—z) = —2(0'1 + o) —oif)y =0 if 0B = 01B (3.23)
! ﬁ] >0 if0'2ﬁ2>0'1ﬁ1.
Case (i) 083, < 0181, i.e., ﬁ—f < g—;: We first claim that g(w) < 0 for all ﬁ—f <w< Z—; Consider
w = % + 0, with ¢ > 0 satisfying % <w= ‘% < Z—; Hence, 0»(8; + 961) < 018;. From (3.18), we
obtain
+ 9 0
aw =228 = e+ 61 - 0
Bi Bi

- é{(fﬂ + 02)(B2 + OBV 1B1 — 02(Br + 6B1)]}
|
< 0,

by 0285 — o137 > 0 from condition (P), and 018, > 02(B2 + B)).
Next, we will show that f’(g—;) < 0 and f’(%) > 0. From (3.20) and (3.21), at w = Z—; a direct
calculation yields

g Ww = DW* + 1) — gw)(Bw* = 2w + 1)

~ 2
= 0-1(0-1—20-2) {O-—;[—O'zﬁz + 0o + 02(01 + o) + [0S + 0B + o0y + 0'2)]}
0'2 0-2

o(oy —o02)

o IO TY (22—; + 1) (s — 1B1)

0'% g1
—0'2(—2 + 1)(ﬁ2—ﬁ1 — 01 —0'2)—(2— + 1)(0'1,31 —(72,32)]
o 02
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< 0,

because of B> — 1 > oy + 2. Thus, f'(Z}) < 0 by (3.20) and (w - 1)?>(w? + 1) > 0. Similarly, from
(3.20) and (3.21), at w = £2, we have

g W w = DWW + 1) —gw)Bw? —=2w + 1)
1
= ﬁ—4[(m + ) (0181 — B)(2B5 + B — BiB3)]
1

1
(B2 = B(BT + B3 + 011 + 0ol + 02)]}

.|._ —_
By
1
> B—4[<al + )01 81 — B (B3 + 283 — B2B2)]
1
> 0,

due to condition (P), i.e., O'zﬁ% < oB1(By + 01 + 0) in (2.1). Thus, f’(%) > 0 by (3.20) and (w —
D?>w? +1)> > 0.

Consequently, by (3.19) and concavity of g(d), we conclude f(w) < Oforall 1 <w = Z—f < g—z ie.,
g(d) <Oforalld > 0,i.e., A, >0foralld > 0.

Case (ii) 08, > 018, i.e., % > (‘%: We claim that g(w) > 0 for all % > w > Z—;
w = % + 0, with ¢ > 0 satisfying % >w= % > g—; Hence, 0,8, > (071 + 60)B,. From (3.18), we

compute

. Consider

o1+ o0
gw=———2) = 801 + T2 +602)
2
1
+ ;[(0'1 +3802)* — 010310262 — (071 + 602)B1]
>
> 0,

owing to o > 03 and 0,06, > (01 + d0,)B;. Combining (3.22) with (3.23), we have g(w) > 0 for all
% >w > g—; That is, g(d) > 0 if d3 < d < d;, by Proposition 3.2. Recall the relationship between d

and w(d) = ZTEZ% in Proposition 3.2. We will use the relationship to estimate d, and d,. For Z—f > %’ we
have d < d; by Proposition 3.2, and then
o B2 — o 32
g(d) > d(%)—O’le >0 ifd > d4.
1b2
Thus, g(d) > 0if dy < d < d5. According to (3.12), (3.13), and Proposition 3.2, we obtain
g(d) < 0if d < 222
lepleotonlen o, 5 5
: _ 010215 g102(01+05+0B—01B1) _
8(d)>0if dy = azﬁi—oﬁ < c\i; (T1-02)(02+03) =d
. Voo (oar—yoay)
gd)<0ifd > oy ds.
In addition, we recall Lemma 2.1(ii): 0 < -Zpn@ o Q@bb _ g Accordingly, there exist

025 —0 1@ 0'2,85—0'1[3%

d,,d>» > 0 such that A, = 0 ford = d,,d, and

/l+>0ifd<c710rd>c?2
A, <0ifd <d<d,
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where
0102013 5 010258182
s S <t < = dy
02a5 — 01 0235 — 015,
T102(0T+ 05+ 0B —0iB1) - \Toa(\oas — \oia)
dl = > 3 < dz < = ds.
(o1 —o)(o] +03) (01 + 02) (Vo1 — o2)
By a direct computation, it can be seen that
Voo (Noay — AJoay) < O1\0 10, + 010'2(0/ )
2 —y).
(01 + 02)(No1 = o) ol -03
Thus, for consistency with the ranges in the assertion of Theorem 2.1, we also write
0102013 = 01028162
i hied et 2 < —
0 — ol oo — o1
oo - 010102 + 0102
—rr2 <d2< ) ) (CL’Z—Q’l).
g1 — 07 O'] - 0'2
This completes the proof. O

Remark 3. Assume that conditions (C) and (P) hold. Under o3, = 018y and 3, — 81 = 01 + 071, we
do have g(dy = d, = d; =dy) =0and g'(d, = d, = d3 = dy) = 0, by Proposition 3.2(V)(iii) and the
proof of Theorem 3.3, and hence d; = d,.

Next, let us focus on the boundary equilibrium (0,0, v,v,). We shall discuss the stability of
(0,0, vy, v,) through analyzing the eigenvalues of the following submatrices in (3.7):

al—vl—d d l and [,81—2v1—d d (324)

d 02—\72—d d ﬂz—Zl_/’g—d

Theorem 3.4. Consider system (1.3) under condition (C). There exists a d; > 0 so that the boundary
equilibrium (0,0, vy, v,) is unstable if d < ds and asymptotically stable if d > ds. In addition,
g10)

- 0-1
<d3< (az—al).
g1—03 01 =02

Proof. Under condition (C), it can be shown that the two eigenvalues of the second matrix in (3.24) are
negative, by Gerschgorin’s Theorem and Proposition A.4 in Appendix II. The stability of (0, 0, vy, V)
is thus determined by the two eigenvalues, denoted by A, of the first matrix in (3.24). By a direct
calculation, these two eigenvalues are

1
/l; = 5[(&’1 -V +a2—\72—2d)¢ \/((1’1 -V —a2+\72)2+4d21.
From Proposition A.4, we have

a/l—\71+a2—92—2d:(ﬁ1—\71+,82—172)—(0'1—0'2)—2d<0,
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and thus A_ < O for all d > 0. Next, let us identify the sign of 4, = A,(d). Note that A,(d) > 0 if and
only if

| @) =91 + @ — T2 = 2d < V(@1 — V1 — a2 + 7)) + 4d?
& (a1 —Vi))ay —vp) — a’(a1 -V +a;—V) < 0. (325)

By a; =B — 01, @, = B> + 02, (3.5), and Proposition A.4, (3.25) is equivalent to

e s L e R R B e

This inequality can be simplified to

+d(0']—0'2)S0.

d(m? - 022) — o105 < 0. (3.26)
%) V1
Now, we define
h(d) := d(alf—‘(d) _ a#(d)) . (3.27)
%) 14

Then A,(d) > 0 if and only if h(d) < 0. By Propositions A.4 and A.6, we have 1 < ;—f(d) < % and g—f(d)

decreases from % to 1, as d increases from O to co. Hence, #(0) = —010, < 0 and h(d) —» oo asd — oo
due to 0| > 0.
A direct calculation yields

Vi V2 Vi V2
n(d) = (01_—(61) - 0'2_—(0')) +d|o(=)(d) - Uz(_—)'(a’)] . (3.28)
Vs V1 %) Vi
Notably, o1 (LY — op(2Y > 0 forall d > 0, & — 0,2 = ~Z28 564 = 0, and oy 2 — 02 —
otably, 0 5 () 7 or a ’0-102 0'2‘_)1 = ZBI'BZZ 1 = U, an 0'1‘_}2 0'2\_}1
o1 — 0, > 0asd — oo; namely, 0'1% - a'gg—f increases from —% to o1 — 0, as d increases from

0 to co. Moreover, from (3.5), the equations for v;, we have

d(g—z), =1-2+7
{ d(i) =1- —i + 7). 529

V2

With (3.28) and (3.29), we obtain
h(d) = (o1 — 02) + 01V — 0], (3.30)

and then
n'(d) = o vy — o9} > 0,

by Proposition 3.1. Thus, the graph of i(d) is concave upward. Therefore, from the above discussions,
there is a unique d3 > 0 such that

h(d) < 0if d < d;

h(d) =0if d = d;

h(d) > 0if d > d;
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h(d)

— 0103

Figure 4. The graph of /(d), regarding the sign of A, in Theorem 3.4.

and accordingly,
A.(d) > 0if d < ds
A(d)=0ifd = d; (3.31)
A,.(d) <0if d > d;.

The graph of h(d) is illustrated in Figure 4.
Now, we estimate the range for the values of d3. Function 4 in (3.27) can be expressed by

h(d) = o2(B1 = V1) — 01(B2 = Vo) + d(0) — 072) — 01072, (3.32)
via (3.5). Thus, inequality (3.26) is equivalent to
2B = V1) — 1B — V) +d(o) — 02) — 0102 < 0. (3.33)
According to Proposition A.4(i), we have
—01(Ba = B1) < 02B1 — V1) — o1 (B2 — V2) < 0.
Then,

01072
h <0'10'2—0'10'2=0,
01 —02

and

o
h( 1 (012—0/1)) > —o1(Br—=B1) +toi(ay—ay) — o0,
oy -0

0By =P1)+0i1(Br—P1 + 01 +02) — 0107
o1 > 0.

Consequently, (3.31) holds with

0107 = (O8]
< d- (2 — ay).
g1 — 02 oy —02

This completes the proof. m|
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4. Coexistence of two species and extinction of one species

Let us summarize the main results in Sections 2 and 3:

(i) Under 0,8, < 018 and B, — B1 > 0| + 02, the positive equilibrium (u], u5, v}, V) exists if d < d;
(Theorem 2.1); the semitrivial equilibrium (i, i1, 0, 0) is unstable for all d > 0 (Theorem 3.3) and the
semitrivial equilibrium (0, 0, ¥, ;) is unstable if d < d; and asymptotically stable if d > ds (Theorem
3.4). Besides, the estimated range of d; in Theorem 2.1 coincides with the one of ds in Theorem 3.4.
(i1) Under 0,8, > 0181, the positive equlhbrlum (uy, u5,vi,vy) existsif d < dj ord; < d < d; (Theorem
2.1); the semitrivial equilibrium (i, it5, 0, 0) is unstable if d < d, ord > d>, and asymptotlcally stable
if d < d < d, (Theorem 3.3); the semitrivial equilibrium (0,0, ¥y, ;) is unstable if d < d; and
asymptotically stable if d > d; (Theorem 3.4). In addition, the estimated ranges of d; and d; in
Theorem 2.1 respectively coincide with those of d; and d, in Theorem 3.3.

In fact, the following theorem reveals that these critical values of d are consistent in determining the
existence of the positive equilibrium and the stability of semitrivial equilibria, namely, d} = d;, d; = d,
and d; = ds. Such interesting consistency makes precise the global dynamics of this competitive
species model (1.3), under the framework of monotone dynamics. Let us elaborate.

Theorem 4.1. d} = d,, d; = d, and d; = d.
Proof. From (3.26), we see that h(d) = 0 if and only if
d(a?(d) - 022(01)) = 7107
Va2 Vi
That is, d; satisfies
- vy - Vo =
d; (0'1_—1(0«'3) - 0'2_—2(613)) = 0107.
1%} Vi
Leth := ;—T(Jg), then

- 1 -
d3(0'13—0'2b)20'10'2.

Thus,
=01+ o7+ dkdd
b= = , “4.1)
2d;
where k = ~t. Recall the definition of b in (2.7). From Remark 2(I), we see that (u}, u5,v},v;) —

(0,0,v1, ), as d — (d;)”. Therefore, recalling (2.10), we obtain

—0r| + Jo] + 4k(d) 2 ' v 5
= lim b(d)= lim —(d)= —(d3).
d—(d5) v P

2d; d—(d3)"

Noting that b = b(d) in (2.10) is monotone in d (shown in (2.18)), with (4.1), we thus conclude that
d: = d.
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If 058, > o131, from (3.11), we have g(d) = 0 and g(d,) = 0. Let a, := 2(d)), @ := 3(dp). Then

o1+ /o2 + dkd? o1+ /o7 + dkd3
a = — , ) = = . 4.2
1 > 2 o 4.2)

It follows from Remark 2(I) that (uj, u5, v, v5) — (i1, i2,0,0), as d — (d})”. Notice that a = a(d) in
(2.10) is monotone in d, shown in (2.25). Therefore, recalling (2.10), we have

O1+ AJo? +4k(d})? ‘ Cow B
= lim a(d)= lm —=()= ﬁ_(dl)'
1

2d; d—(d;)” d—(d})” uy

With (4.2), we thus conclude that d} = d,. In addition, by Remark 2(I), we see that (i1y, it,0,0) —

(uy,u3,vi,v) as d — (d5)*. Consequently,
lim and = ﬁz(d) M;(d*) T1+ AJoT + 4k(d;)?
im a = lim —(d)=—= = )
ds(dyyt d—(d)* 11 w2

i 2d,

With (4.2), we conclude that d = d>. This completes the proof. O

Combining the discussions in Sections 2 and 3 with the assertion in Theorem 4.1, we conclude that
for system (1.3), either there exists a positive equilibrium representing the coexistence of two species
or one species drives the other to extinction, depending on the magnitude of the dispersal rate d.

Theorem 4.2. Consider system (1.3) under conditions (C), and (P).

(D) Assume that o8, < o181 and 3, — B1 = 0 + 0> hold.

() If d < d;, then the positive equilibrium (u}, u;, vi, ;) is stable, and

im0 (uy (2), ua(0), vi(2),v2(2)) = (uj,u5,vi,v5), for all (u;(0),ux(0),v(0),v2(0)) € Ri with u;(0) +
u>(0) > 0 and v{(0) + v,(0) > 0.

(i) If d > d;, then lim,_, o (u; (1), uz(1), vi(2), va(1)) = (0,0, vy, ¥y), for all (u,(0), u2(0), v1(0),v2(0)) € R?
with v1(0) + v,(0) > 0.

(I1) Assume that o3, > o181 holds.

() Ifd < d} ord; < d < d;, then the positive equilibrium (u}, u5, vy, v3) is stable, and lim;_,.(u, (1), u(?),
vi(D),v2(1) = (U}, u5, vy, v3), for all (u,(0), u2(0),v,(0),v,(0)) € R with u;(0) + u3(0) > 0 and v{(0) +
v2(0) > 0.

(i) If di < d < d;, then lim,_(ui (1), us(t),vi(1),v2(2)) = (ily,12,0,0), for all (u,(0),u(0),
v1(0), v2(0)) € R with u;(0) + u,(0) > 0.

(iii) If d > d, then lim,_,o(u1 (1), ux (), vi (1), v2(2)) = (0,0, ¥y, ¥,), for all (u1(0), u(0), v1(0), v»(0)) € R:
with v1(0) + v,(0) > 0.

Proof. The assertions are based on the monotone dynamics theory which is reviewed in Appendix I.
(I) Assume that 08, < 018 and B, — 81 = o1 + 0, hold. (1) If d < d;, then the positive equilib-
rium (u], u3, vy, v;) is unique, by Theorem 2.1, the semitrivial equilibrium (i, i1, 0, 0) is unstable, by
Theorem 3.3, and the semitrivial equilibrium (0, O, ¥y, ¥,) is unstable, by Theorem 3.4. Therefore, the
assertion follows from Theorem A.1. (ii) If d > d3, then case (a) of the trichotomy in Theorem A.2
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does not hold, since the positive steady state does not exist, by Theorem 2.1; case (b) does not hold
since (i1, i, 0, 0) is unstable, by Theorem 3.3, and (0, 0, ¥y, ;) is asymptotically stable, by Theorem
3.4. Therefore, the assertion follows from case (c) of Theorem A.2.

(II) Assume that 058, > o18. () If d < dj or d; < d < dj, the argument is similar to the one
in (D). (1) If df < d < d5, then case (a) of the trichotomy in Theorem A.2 does not hold, since
the positive equilibrium does not exist, by Theorem 2.1; case (c) does not hold since (0, 0, v, V) is
unstable, by Theorem 3.4, and (4, i, 0, 0) is asymptotically stable, by Theorem 3.3. Therefore, the
assertion follows from case (b) of Theorem A.2. (iii) If d > d, the argument is similar to the one in
(D(@i). This completes the proof. |

Remark 4. That the equilibrium (0,0, vy, V) is globally asymptotically stable for d > d; now follows
from Theorem 4.2. In fact it also holds true for d = d. In this case, the stability for (0,0, vy, V,)
can be concluded by some comparison argument. In addition, there is no positive equilibrium and the
equilibrium (uy, iy, 0, 0) is unstable in both cases (I) and (Il), by Theorem 2.1 and Theorem 3.3. Hence
the trichotomy in Theorem A.2 implies the global convergence to (0,0,v,v,). Similarly, we see that
the equilibrium (ity, i1, 0, 0) is globally asymptotically stable for d = d} or d.

5. Numerical illustrations
We arrange two examples to illustrate the global dynamics of system (1.3), and the bifurcation
with respect to the dispersal rate d, which are concluded in Theorem 4.2. We also present two more

examples to demonstrate that the established scenarios still hold without satisfying condition (P).

Example 1. Consider system (1.3) with @y = 1, @, = 3,8, = 1.5and 3, = 2.8, i.e., oy = 0.5 and

o, = 0.2. Let us examine the conditions in Theorem 4.2(I): condition (C): @y = 1 < B; = 1.5 <
B =28 < @ = 3 withop = 02 < oy = 0.5; condition (P): 7%= = 0.8 < ZLA%, = 0.948;
1t0 g 2—0’ 1

026, =056 < oB; =0.75,and B, — B1 = 1.3 > 0y + 0, = 0.7. We depict in Figure 5 the bifurcation
diagram with respect to the dispersal rate d. It appears that d; = 1.22, which is consistent with
Theorems 2.1(i) and 4.2(1): (;’l“frzz =0333<d; < 7 (rz (ap — ay) = 3.33. The globally stable positive

equilibrium (u7, u3, v}, v3) exists for d < d; and collides with the semitrivial equilibrium (0, 0, v, v,) at
d = d;. For d > d3, the semitrivial equilibrium (0, 0, ¥;, V) becomes globally attractive.

Example 2. Consider system (1.3) with @y = 1, @, = 3,8, = 1.7 and 8, = 2.5, i.e., oy = 0.7 and
o, = 0.5. Let us examine the conditions in Theorem 4.2(II): condition (C): a; = 1 < g = 1.7 <
B> =25 < a, = 3 with o, = 0.5 < oy = 0.7; condition (P): -2~ = 1,042 < ZPhP _ 35,

o140 ﬁz /5’2 -

0,6, = 1.25 > 0181 = 1.19. The bifurcation diagram with respect to the dispersal rate d is deplcted in
Figure 6. It appears that d} = 0.91, d; = 1.92, d; = 4.15, which are consistent with Theorem 2.1(ii) and

4.2(I); Lp12 = 0276 < di < LB - 35 DD = |75 < df < TP (g, — ) = 6.36,

02 -01a? -1 B o?-03
and ‘:‘”22 2175 < dy < z2-(ex—a) =7 The globally stable positive elquihbrium (uy, u5,vi,vs)
exists for d < dj and collides with the semitrivial equilibrium (i, i1, 0,0) at d = d}. Fordj < d < d3,
the equilibrium (i1, it2,0,0) becomes globally attractive and for d; < d < dj, the globally stable
positive equilibrium (u7, u3, vi, v3) exists. For d > dj, the semitrivial equilibrium (0, 0, ¥, V) becomes
globally attractive.
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Figure 5. Bifurcation diagram, with respect to d, for the equilibria of system (1.3) with
) = 1,CL’2 = 3,ﬁ1 = I.S,ﬂz = 2.8,0’1 = 0.5 and O) = 02, where O'zﬁz < O']ﬁ].

Example 3. Consider system (1.3) witha; = 1, @, = 3,8, = 1.4 and 5, = 2.85,i.e., o0y = 0.4 and

0, = 0.15. For such parameter values, condition (C) holds: a; =1 <, =14 <8, =285 < a, =3

with o, = 0.15 < 0y = 0.4. In addition, 0,83, = 0.4275 < 018; = 0.56. Such parameter values violate
2B

condition (P), as === = 0.777 > %ﬁlﬁﬂ = 0.551. Nevertheless, the same dynamical scenario as
o1+ T2f35—018

Example 1 takes place, as seen in Figure 7.

Example 4. Consider system (1.3) witha; = 1, @, = 3,8, = 1.35and 3, = 2.8, i.e., oy = 0.35 and
o0, = 0.2. With such parameter values, condition (C) holds: @1 =1 < =135< 8, =28 <a, =3
with 0, = 0.2 < 0y = 0.35; 08, = 0.56 > 018, = 0.4725. These parameter values violate condition
(P), as C:sz =1.0182 > % = 0.2845. Nevertheless, the dynamical scenario shown in Figure 8
remains identical to Example 2.

6. Discussions and conclusions

We have exhibited the global dynamics for a model on two-species competition in a two-patch
environment, under certain conditions. The main condition (C): a; < ) < 82 < a3, (B1 +52) — (a1 +
a,) = 01 — 0, > 0, indicates that the birth rate of u-species in the second patch is the largest among all
birth rates of two species on two patches, yet the average birth rate of v-species is larger than u-species.
This means that the birth rate for v-species is larger than u-species in the first patch. The present
investigation exploited analytically two dynamical scenarios for such competition, as demonstrated in
Examples 1 and 2, respectively. The first scenario takes place under 0,5, < 018;. As expressed by
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Figure 6. Bifurcation diagram, with respect to d, for the equilibria of system (1.3) with
) = 1,CL’2 = 3,ﬁ1 = 1.7,[’32 = 2.5,0’1 = 0.7 and O) = 05, where O'zﬁz > O']ﬁ].

% > ?—f > 1, it indicates that the value of o is larger than the value of 0, in a way that its ratio exceeds
the ratio of 8, over B;. This includes the situation that o-; is much bigger than o, which is denoted
by (81 + B2) > (a; + a;). The second scenario comes about under 0,5, > o18;. On the contrary,
as expressed by 1 < % < % it indicates that the value of oy may be merely a little over the value
of 0, depending on the ratio of 5, over ;. In this case, the average birth rate of v-species may be
merely a little more than and close to the average birth rate of u-species; we denote this situation by
B+ B2) = (a1 + ).

In the first case, including the sense (8; + ;) > (a; + a3), coexistence of two species occurs for
dispersal rate d < dj, and (0,0, v;, V) is globally attractive for d > dj, where d; has been estimated
by system parameters. In this situation, (i1, i, 0, 0) is unstable for any d > 0 and an eigenvalue of
the linearized system at (0, 0, v, ¥,) changes from positive to negative as d, being increasing from 0,
exceeds d;, and (0, 0, vy, V) becomes stable for d > dj.

In the second case, including the sense (8; + 5,) = (a1 + @3), the coexistence of two species takes
place for d < dj or d; < d < dj, (iy,i15,0,0) is globally attractive for dj < d < d3, and (0,0, v, v,)
becomes globally attractive for d > d;, where dj, d;, d; have been estimated. An eigenvalue of the
linearized system at (i, ii,, 0, 0) changes from positive to negative at d;, and then back to positive at
d;. In addition, an eigenvalue of the linearized system at (0, 0, v, ¥,) changes from positive to negative
atd;, and d; < d.

Our analytical investigation on this model strongly suggests that, in high-dispersal situations, one
species will prevail if its average birth rate is larger than the other competing species, whereas in low-

dispersal situations, the two species can coexist or one species that has the greatest birth rate in one
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Figure 7. Bifurcation diagram, with respect to d, for the equilibria of system (1.3) with
ay = 1,CL’2 = 3,ﬁ1 = 1.4,ﬂ2 = 2.85,0’1 =0.4 and gy = 015, where O'zﬁz < O']ﬁ].

patch among all species and patches will be able to persist and drive the other species to extinction,
even though its average birth rate is lower. Such findings may illuminate some insights into how species
learn to compete and point out the evolution directions.

Condition (C) is a basic assumption for the present results. Although there are additional conditions
(P) and 8, — B, > 07| + 0, due to mathematical technicality, it is believed that such scenarios remain
true under condition (C) only. However, it is very difficult to remove these additional conditions,
as the algebraic operations involving five parameters are rather involved. In Examples 3, 4, we have
demonstrated exactly the same dynamical scenarios for parameter values which do not satisfy condition
(P).

To compare our results with those in [19], we set oy = &0, & > 1, according to condition (C).
The resource difference between two species can be depicted as (o1, —0,) among two patches, where
B1 —a; = o1 > 0 means that v-species has an advantage over v-species in competing the resource
in patch-1, while 5, — @, = —0» < 0 means that it is disadvantageous for v-species to compete with
u-species for the resource in patch-2. We rewrite it as 0, (&, —1) with fixed £ > 1, and now the value of
o, measures the difference between two species and resembles the value of 7 in [19]. We accordingly
rewrite the conditions in Theorem 4.2 to explore how the magnitude of resource difference affects the
invasion of mutant species:

. BB
2UEE+ DB

P)eoy,>0o
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Note that the criteria in Theorem 4.2(I1) imply 8, — 8 < o1 + 0. Therefore, by increasing the dispersal
rate d, the global convergence of system (1.1) switches in case (I) of Theorem 4.2 from the coexistence
to extinction of u-species when o < o, < 03" and & > ﬁ—f; on the other hand, in case (II), the
dynamics switches three times from global convergence to the coexistence to extinction of (mutant)
v-species, again to the coexistence and then the persistence of v-species, when o, > 075" and & < %
This result enhances the understanding on the dynamics of competitive species from the viewpoint
of patchy habitat in the following aspects: Compared to concluding global convergence under small
magnitude of spatial heterogeneity (7) in [19, Theorem 1.2], our result in Theorem 4.2 admits a large
range of magnitudes (o) depicting spatial heterogeneity. The multiple stability switches in Theorem

4.2 are global dynamics, as compared to local dynamics in [19, Theorem 1.1].
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Appendix I. Monotone dynamics theory

For reader’s convenience, we review some theory on monotone dynamical systems from [17] and [28].
Denote by R} = {x = (xq,...,x,) € R" : x; > 0,1 <7 < n} the first octant of R". For x,y € R, define
the following order: x <, yif y — x € K,,, and X <, y whenever y — x € IntK,,, where

K,={xeR":x;,>20,1<i<k, andx; <0,k+1<j<n}=R x (=R,

Ifx <, y, wedefine [X,y], ={z€R] :x<,, 25,y and (X, Y), ={Z€R] 1 X<, 2 <, Y-

A semiflow ¢ is said to be of type-K monotone with respect to K,,,, provided

¢,(x) <, ¢,(y) wheneverx <, y, t > 0.
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A system of ODEs x = f(x) is called a type-K monotone system with respect to K,, if the Jacobian
matrix of f takes the form

A A

-As Aq |’

where A, is an k X k matrix, A4 an (n — k) X (n — k) matrix, A, an k X (n — k) matrix, A; an (n — k) X k
matrix, every off-diagonal entry of A; and A, is nonnegative, and A, and A3 are nonnegative matrices,
for some k with 1 < k < n. It was shown in [27] that the flow ¢,(x) generated by the type-K monotone
system is type-K monotone with respect to the cone K,,,, i.e., if X,y € R} with x; <y, for 1 <i < k and
x;>y;fork+1< j<n,thenforanyt > 0, (¢:(x)); < (¢:(y)); for 1 <i <k and (¢/(x)); > (¢:(y)); for
k+1<j<n.

System (1.3) is a type-K monotone system with respect to

Km = {(M],l/lz, Vi, VZ) LU > 09 Vi < 0’ i = 1’2},

since its Jacobian matrix is

C¥1—2M1—V1—d d —Uq 0
d an —2M2 — V2 —-d 0 —Uy
—V1 0 ,81—2v1—u1—d d
0 -V d ﬁz —2\/2 — Uy —-d

For system (1.3), let us denote by ¢y := (0,0,0,0) the trivial equilibrium, by ez := (i1, it»,0,0),
and ey := (0,0,Vv,,), @t;, ¥; > 0, i = 1,2, the semitrivial equilibria. If (u;, uy,vi,v2) € R?, then
(0,0,vi,v2) <y (g, p,vi,v2) < (U1, u2,0,0), and therefore,

¢t((07 O’ Vi, VZ)) <m ¢t((ul’ Uz, vi, VZ)) <m ¢t((u19 Uz, 09 0))7

for all # 2 0. Since ¢l((07 07 Vi, VZ)) — €y and ¢l((ula Uz, 07 O)) — egasi — oo, for (M], Uz, vi, V2) € Ri’
and u; + up > 0, v; + v, > 0, it follows that all points in R? are attracted to the set

[ :=[0,] X [0, 2] X [0, 7] X [0, 7] = [e5, ealn = (W € RY : €5 < W <,y €a).

If w = (uy, up, vy, v2) with uy, up, v, vo > 0, then ¢,(w) > 0 for ¢t > 0. Define E and E* the sets of all
nonnegative equilibria and all positive equilibria for ¢,, respectively. Obviously, [ey, ezl contains E
and e. € (ey, eg), for any e, € E*. The following theorem restates Corollary 4.4.3 in [28] for system
(1.3), see also [27, 31].

Theorem A.1. If ¢; and ey are both linearly unstable, then system (1.3) is permanent. More precisely,

there exist positive equilibria e, and e.., not necessarily distinct, satisfying

ey Ky Co Sy € Ky €.

The order interval
[ess€ilm = {W e S W S, e,

attracts all solutions evolved from w = (uy,us,vy,v;) € RY, with u; + u, > O and v; + v, > 0. In
particular, if e.. = e., then e, attracts all such solutions.
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It was shown in [17] that, for models of two competing species, either there is a positive equilibrium
representing coexistence of two species, or one species drives the other to extinction. Note that system
(1.3) satisfies conditions (H1)-(H4) in [17], and thus Theorem B in [17] can be restated as follows.

Theorem A.2. Consider system (1.3). The w-limit set of every orbit evolved from a point in R is
contained in I" and exactly one of the following holds:

(a) There exists a positive equilibrium e, of in T

(b) ¢,(W) — ey as t — oo, for every w = (uy, us, vy, o) € I' with uy + uy > 0.

(c) ¢,(W) — ey as t — oo, for every w = (uy, up, vy, vp) € I' with vy + v, > 0.

In addition, if (b) or (¢) holds, then either ¢,(W) — ey or ¢,(W) — ey, ast — oo, for w = (uy, up, vy, 2) €
R\ T.

Appendix II.

We recall some qualitative properties of the semitrivial equilibria for system (1.3) in [24]. The follow-
ing results are independent of the order between o7 and 0.

Proposition A.3 (Proposition 3.7 [24]). If @; < a», the following hold for all 4 > 0.

(1) a <) <ip <as.

(1) (a1 —ity) = (@2 — lx) = — =
(i) ) < @y < 52 < @i, < .
Proposition A.4 (Proposition 3.8 [24]). If 5; < 3,, the following hold for all d > 0.
(1) B1 < V1 <V <P

M<0,(a1—ﬁ1)+(a2—ﬁ2):d[2_(¥+%)]<0‘

ui

(i) (Br = V1) — (B2 —V2) = d(]:)]VzVZ) 0, (B1 =V + (B2 = o) = d[2 B (:_? + :_;)] <0.
(i) By < vy < Blzﬁz <V <.

Proposition A.5 (Proposition 3.9 [24]). If @ < a», the following hold:

() iy, i1, = =52 as d — co.
(i1) d is strlctly decreasing with respect to i, on (‘“J“"2 a»), and d is strictly increasing with respect to
iy on (ay, a1+arz)
Proposition A.6 (Proposition 3.10 [24]). If 8 < 3,, the following hold:
(1) 91,7, — 'B‘% as d — oo.
(1) d 1s strlctly decreasing with respect to v, on (& ‘;ﬁ 2,B2), and d is strictly increasing with respect to
vy on (By, ﬁ—l;ﬁz)-
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