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Abstract: Human specific immunity consists of two branches: humoral immunity and cellular
immunity. To protect us from pathogens, cell-mediated and humoral immune responses work together
to provide the strongest degree of efficacy. In this paper, we propose an HIV-1 model with cell-mediated
and humoral immune responses, in which both virus-to-cell infection and cell-to-cell transmission
are considered. Five reproduction ratios, namely, immunity-inactivated reproduction ratio, cell-
mediated immunity-activated reproduction ratio, humoral immunity-activated reproduction ratio, cell-
mediated immunity-competed reproduction ratio and humoral immunity-competed reproduction ratio,
are calculated and verified to be sharp thresholds determining the local and global properties of the
virus model. Numerical simulations are carried out to illustrate the corresponding theoretical results
and reveal the effects of some key parameters on viral dynamics.

Keywords: HIV-1 infection; virus-to-cell infection; cell-to-cell transmission; cell-mediated
immunity; humoral immunity; threshold dynamics

1. Introduction

The human immunodeficiency virus (HIV) is a lentivirus that causes HIV infection and over time
acquired immunodeficiency syndrome (AIDS). AIDS leads to progressive failure of the immune
system, which allows life-threatening opportunistic infections and cancers to thrive. In the past
decades, within host virus models have been investigated in some literatures, which helps us
understand the biological interactions between viruses and host cells. Nowak et al. [20] designed a
mathematical model including uninfected cells x(¢), infected cells y(¢) and free virus v(¢) to describe
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the viral dynamics in HIV-1 infection:

x(t) = s — dx(t) — B1x(t)v(?),
() = Brx()v(t) — ay(?), (L.1)
v(1) = ky(t) — uv(?),

where uninfected cells x(7) are produced at rate s and die at rate d; 3, is the infection rate of virus-to-cell
infection; a is the death rate of infected cells; k denotes the number of free virus particles produced by
per infected cell; u is the remove rate of virus. System (1.1) has been further investigated by Perelson
and Nelson [21] and Cangelosi et al. [1].

Faced with different virus infections, immunity system protects us against pathogens. Human
specific immunity can be classified into cell-mediated immunity, for which the protective function is
associated with cells and humoral immunity, where the protective function exists in the humor [2]. As
for cell-mediated immunity, activated effector T cells can detect peptide antigens originating from
various types of pathogens and remove virus-infected cells. Some HIV-1 infection models have been
proposed to describe the virus dynamics with cell-mediated immune response (see, for
example, [15, 19, 24, 26, 34]). While, in humoral immunity, matured B cells migrate from bone
marrow to lymph nodes or other lymphatic organs, where they begin to eliminate pathogens [23].
There have been several works on virus models with humoral immune response (see, for
example, [4, 14,28-30]). In [6], Fouts et al. pointed out that a guiding principle for HIV vaccine
design has been that cellular and humoral immunities work together to provide the strongest degree of
efficacy. In [33], Yan and Wang considered both cell-mediated and humoral immune responses and
put forward an HIV-1 infection model including both T cells and B cells, which only involves
virus-to-cell infection mechanism.

It is mentioned in [17] that cell-to-cell transmission is a more potent and efficient means of virus
propagation than the virus-to-cell infection mechanism. Cell-to-cell spread not only facilitates rapid
viral dissemination but also reduce the effectiveness of neutralizing antibodies and viral inhibitors by
immune evasion. In [25], Sigal et al. proved that cell-to-cell spread of HIV-1 does reduce the efficacy
of antiretroviral therapy, since cell-to-cell transmission can cause multiple infections of target cells,
which can in turn reduce the sensitivity to the antiretroviral drugs. In view of this, some mathematical
analysis of virus models with cell-to-cell transmission has been performed. For instance, Li and Wang
[13] dealt with the global dynamics of an HIV infection model which incorporated direct cell-to-cell
transmission. Meanwhile, Lai and Zou [11, 12] studied the effect of cell-to-cell transfer of HIV-1 on
the virus dynamics.

It was assumed in system (1.1) that the infection process is governed by the mass-action principle,
namely, the infection rate per host or per virus is a constant. In [22], Regoes et al. illustrated that
the infection rate is often found to be a sigmoidal rather than a linear function of the parasite dose to
which it is exposed, and presented a dose-dependent infection rate (v/IDsy)*/[1 + (v/IDsp)], where
IDs denotes the infectious dose at which 50% of the hosts are infected and x measures the slope of the
sigmoidal curve at IDsy. In [10], Huang et al. indicated that the bilinear incidence rate is insufficient to
describe the infection process in detail and proposed a class of nonlinear incidence. Besides, to place
the model on more sound biological grounds, Xu [31] and Elaiw et al. [5] incorporated a saturation
incidence S;v(#)/(1 + av(t)) to replace the mass-action infection rate.

Motivated by the works of Fouts et al. [6], Yan and Wang [33], Sigal et al. [25] and Regoes et al. [22],
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in the present paper, we are concerned with the effects of cell-to-cell transmission, saturation incidence,
both cell-mediated and humoral immune responses on the global dynamics of HIV-1 infection model.
To this end, we consider the following delay differential equations:

L Bixov)
X(t) =5 — dx(1) T+ () Bax(1)y(1),
y(®) e 1 oo + Bae” " x(t — T)y(t — 1) — ay(t) — p1y(D)z(2),

+ av(t — 1) (1.2)

V(1) =ky(1) = uv(r) = p2v(O)w (D),
1) =c1y(0)z(1) = byz(1),
W(1) =cv(DW(1) = byw(n),

where x(t), y(1), v(¢), z(t), w(t) denote the concentration of uninfected cells, infected cells, virus, T cells
and B cells at time ¢, respectively, and other parameters are described in Table 1. A simple schematic
diagram for the virus infection corresponding to system (1.2) is shown in Figure 1.

The initial condition for system (1.2) takes the form

x(0) = ¢1(0), y(0) = $2(0), v(6) = $3(0), 2(0) = ¢4(0), w(6) = ¢5(6), (1.3)

where it satisfies that ¢;(6) > 0, 6 € [-71,0), ¢;(0) > 0, where ¢; € C([—T, 0],Rfro), i=1,2,3,4,5, the
Banach space of continuous functions mapping the interval [-7,0] into Rio, where
Rio = {(xl, X2, X3, X4, X5) X 2> 0, i = 1, 2, 3, 4, 5}

It can be proved by the fundamental theory of functional differential equations [7] that system (1.2)
has a unique solution (x(), y(¢), v(¢), z(t), w(t)) satisfying the initial condition (1.3). It is easy to show
that all solutions of system (1.2) with initial condition (1.3) are defined on [0, +00) and remain positive

forall+ > 0.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

o, © o
.4’. "\\... Cell-mediated

Figure 1. Simple schematic diagram of the HIV-1 infection model. (a), (b), (c¢) and (d)
depict the process of cell-mediated immunity, humoral immunity, cell-to-cell infection and
virus-to-cell transmission, respectively.
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Table 1. Definitions of frequently used symbols

Symbols Description

s recruitment rate of uninfected cells

d death rate of uninfected cells
Bi infection rate of virus-to-cell infection
B> transmission rate of cell-to-cell transmission

a saturation infection rate coefficient

T the time between viral entry into a cell and the production of new

free virus or the time between infected cells spreading virus into
uninfected cells and the production of new free virus [8]

e the probability of surviving the time period from ¢t — 7 to ¢

death rate of infected cells

removal rate of virus

k average number of free virus particles produced by per infected cell

P1 kill ratio of infected cells by T cells

22 kill ratio of virus by B cells

< Q

by death rate of T cells

b, death rate of B cells

1 maturing rate of new T cells from thymocytes in the thymus
c production rate of new B cells by antigenic stimulation

This paper is organized as follows. In Section 2, we calculate the reproduction ratios to system
(1.2) and establish the existence of feasible equilibria. In Section 3, the local asymptotic stability of
each of feasible equilibria is studied. In Section 4, we investigate the global asymptotic stability of
each of feasible equilibria. In Section 5, we present numerical simulations to illustrate the theoretical
results and study the effects of cell-to-cell transmission, viral production rate, death rate of infected
cells and viral removal rate on viral dynamics, respectively. Besides, we perform a sensitivity analysis
of reproduction ratios. The paper ends with a conclusion in Section 6.

2. Reproduction ratios and feasible equilibria

Clearly, system (1.2) always has an infection-free equilibrium Ey(s/d, 0, 0,0, 0). Denote
_ (Bik + Bou) se™™

aud

Ro

b

where R, is called immunity-inactivated reproduction ratio of system (1.2), which represents the
number of newly infected cells produced by one infected cell during its lifespan [3]. It is easy to show
that if Ry > 1, system (1.2) has an immunity-inactivated equilibrium E(xy, y;, v, 0, 0), where

s (u + aky;) ky;
x| = , v = —,
@ By) utaky) +BikyT T u
and
— (Biak + Brau + cadk — afrkse™) + VA
Y1 = s

2aB,ak
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in which,
A = (Biak + Brau + aadk — a/[)’zkse_"”)2 — dafrak (adu — Brkse™ — Brsue™™").
Denote

R, = C1S€_m‘r [ﬁz (C1u+(1’b1k)+ﬁ1C1k] _ Ro
"7 a[(crd + Boby) (cru + abik) + Bibicik] T 1+ X1 R,

where

_aby (Bik + Bou) [c1 (Bik + Bou) + afybik] + afiabc\dk’ >0

ci1se™™ (Bik + Bau) [c1 (Bik + Bou) + afab k]
R, is called cell-mediated immunity-activated reproduction ratio, which denotes the average number
of T cells activated by infectious cells when virus infection is successful and humoral immune
response has not been established. If R; > 1, in addition to E, and E;, system (1.2) has a
cell-mediated immunity-activated equilibrium E,(x,, y», v2, 22, 0), where

X

c1s(ciu + abik) b, bk
Xy = ) = Vo= —"0,
2% Cd + Baby) (cru+ abik) + Bk’ 22T o T
and
cise ™ [ﬂzb] (C]Lt + Qb]k) +,8]b1€1k] Clbl
= - .
2 bipi [(c1d + Baby) (cru + abik) + Bi1bicik]  bip,
We further denote
R, = cokse™" [ﬂzu (co + aby) +,81C2k] _ Ro
27 au (C2 + Clbz) (ﬁzbzl/l + ngk) +B1ab2c2ku B 1+ XQRO ’
in which
X Clbzu (ﬁlk +ﬁ21/t) [,8214 (C2 + a’bz) +,31C2k] + aﬁlabzczdkzu
2= .

czkse‘”" (ﬁlk +,32u) [ﬁgu (C2 + a’bz) +,81C2k]

R, is called humoral immunity-activated reproduction ratio, which denotes the average number of B
cells activated by viruses when virus infection is successful and cell-mediated response has not been
established. ~ When R, > 1, system (1.2) has a humoral immunity-activated equilibrium
E3(X3,y3, V3, 0, W3), where

Csz (C2 + abz) _ bzpzw + bzl/t e = b2
- 3 3= T »

= (c2 + aby) (Babapaws + Bobou + cokd) + Bibrcok’ 3 crk ok’ &)

where wj is the positive real root of the following quadratic equation:

,  (c2+ aby) 2Brabyu + acydk — Bacrkse™ ) + Brabycrk
ws + w

: Brabap; (cy + aby)
N au (cy + ab,) (Babyu + crdk) + Brabycrku

Baabyp; (c2 + abs)

3

(1-Ry) =0.

Denote
bicrk cise ™ [ﬁzbl (Cz + sz) +ﬁ1b2€1]

Rs = , = ,
3 szll/l 4 ab1 [(Cld +ﬁ2b1) (C2 + abz) +ﬁ1b2C1]
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where R; is called humoral immunity-competed reproduction ratio and represents the average number
of B cells activated by viruses under the condition that cell-mediated immune response has been
established, while, R, is called cell-mediated immunity-competed reproduction ratio and represents
the average number of T cells activated by infectious cells under the condition that humoral immune
response has been established. If R; > 1 and Ry > 1, system (1.2) has an immunity-activated
equilibrium E*(x*, y*, v*, z*, w"), where

. c15(cy + aby) b, b, bicok — bycu
X = . = —, = —, - —
(c1d + Baby) (c2 + aby) + Bibacy Y C 2 byc1p2

* * *

and
clse_”” [ﬁzb] (C2 + Clbz) +,81b26']] — Clb] [(C]d +ﬁ2b1) (C2 + Clbz) +,81b2C1]

b py [(c1d + Baby1) (2 + aby) + Bibyci]
in which cell-mediated and humoral immune responses take effect simultaneously.

*_

2

3. Local asymptotic stability
In this section, we are concerned with the local asymptotic stability of each of feasible equilibria to

system (1.2) by analyzing the distribution of roots of corresponding characteristic equations .

Theorem 3.1. If Ry < 1, the infection-free equilibrium E(s/d,0,0,0,0) of system (1.2) is locally
asymptotically stable; if Ry > 1, E is unstable.

Proof. The characteristic equation of system (1.2) at Ej is

A+D)A+Db)A+d)(A+a)(A+u) - ge_(“mﬁ A+ D) (A +by)(A+d) (Brd + Bk + Bru) = 0.

3.1
It is clear that (3.1) has negative real roots 4 = —b;, 4 = —b,, 4 = —d and other roots are determined
by the following equation:
(A +a)(A+u) - c—“; (Bad + Brk + Bour) e ™7 = (), (3.2)
Denote Ry = Ro1 + Ron, where
Bikse " Base™ "
Ry = —— d Rp= .
ol aud an 02 ad
Substituting Ry and Ry, into (3.2) yields
A A A
(— + 1)(— + 1) = (—Roz + Ro) . (3.3)
a u u

Now, we claim that all roots of (3.3) have negative real parts. Otherwise, there exists a root A4; =
Red; + ilmA4; with Red; > 0. In this case, if Ry < 1, it is easy to see that

A A A
—1+1 Z|€_/11T, —1+1‘>‘—1R02+R0.
a u u
It follows that 9 ) 1
(—1 + 1)(—1 + 1)‘ > ‘e"l'T(—IRoz + 730) ,
a u u
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which contradicts to (3.3). Therefore, if R, < 1, all roots of (3.1) have negative real parts and E| is
locally asymptotically stable. If Ry, > 1, we denote the left side of (3.2) by G(A):

G) = +a)(A+u) - e_(“'”)TC—SZ(,Bz/l + Bik + o), (3.4)
where G(0) = au(l —Ry) < 0 and G(1) — o0 as 4 — oo. Noting that G(A) is a continuous function in
respect to A, if Ry > 1, Eq. (3.1) has a positive real root, then E; is unstable. O

Theorem 3.2. If Ry > 1, Ry < 1 and R, < 1, the immunity-inactivated equilibrium E|(x,, y;, 1,0, 0)
of system (1.2) is locally asymptotically stable.

Proof. The characteristic equation of system (1.2) at E is

v
A+a)A+u) 1= (ciyr = b)][A = (cavi —b)]| A +d + lﬁl ! +,82y1)
+ av;
= e MR x (A + 1) (A + d) [A = (c1y1 — by)] [A = (cavy — by)] (3.5)
k
F Tk d) [A = (e - BT = (e — b)] —225
(1 + CZV])
Note that
Ri=H(ciy1 —b)+1<1, 3.6)
in which
H, = yi (1 + avy) [Bra(ciu + abik) + Bracik] + aBcidkxvie ™
ay; (1 + avy) [(c1d + Brby) (c1u + abik) + B1bicik]
and
R =Hy(covi —by)+1 <1, (3.7)
where
yi (1 +avy) [ﬁmuz (c2 + aby) +,81aczku] + afcodkuxvie™™
Hz =

yi (1 + avy) [au(cy + aby) (Babou + cadk) + Brabscyrkul

It is clear that (3.5) has negative real roots 4 = c;y; — by and 4 = c,v; — by, and other roots are
determined by the following equation:

Bivi

1+ av,

Boxy (A + ) + (lgﬂ 0. (3.8

1+ CZV])2

A+a)(A+u) (/1 +d+ +,82y1) — e MMT () 4 d)

For the sake of contradiction, let 1, = Red, + ilmA, with Red; > 0. In this case, it is easy to see that

Bivi

1+ av,

A +d+ +ﬁ2y1 > |€_/127 (/12 + d)l .

Direct calculation shows that

_mTk
'(/12 + (l) (/12 + u)' — ‘ﬁze—m‘rxl (/12 + l/t) + ﬂle—xlz
(1 +av)

Bre " kx, ]+ﬁ1€_mTkX1 Bie"kx,
u(l+av)) 1 +av (1 +av))?

=b|bh+u+
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u(l+av)

which contradicts to (3.8). Thus, if Ry > 1, R; < 1 and R, < 1, all roots of Eq. (3.5) have negative real
parts, and E is locally asymptotically stable. O

Theorem 3.3. If R, > 1 and R; < 1, the cell-mediated immunity-activated equilibrium E>(x,,y,, V),
22, 0) of system (1.2) is locally asymptotically stable.

Proof. The characteristic equation of system (1.2) at E) is

(/l + Lt) [/1 - (C2V2 - bz)] [/7. (/1 +a+ pIZQ) + clplyzzz] (/l +d+ 1"3_1‘(;2‘/2 +ﬁzy2)
(3.9
= e A+ d)[A = (cavy — b)] |Baxad (A + ) + szza] .
(1 + avy)

Note that R3 = (cov2 — by) /by + 1 < 1. It is clear that (3.9) has negative real root A = ¢,v, — b, and
other roots are determined by the following equation:

Biva
1+av,
ﬁlkxz /l].

(1 + any)?

A+ w) [AA+a+ pi22) + cipiyaza] (/l +d+ +ﬁ2)’2)
(3.10)

= e TN+ d) |Brxad (A + u) +

Similarly, we claim that all roots of (3.10) have negative real parts. Otherwise, there exists a root
A3 = Reds + ilmA; with Reds > 0. In this case, it is obvious that

Biva

1+ av,

A+d+ +ﬁ2y2 > |€_A3T (/13 + d)l .

It follows that
Bie " kx;

(A3 + ) [A3 (A3 + a + p122) + c1piyaa]| - lﬂze_""xz/b (A3 +u) + S A3
(1+ avy)

,81 €_mT.X2V2 ﬁ] €_mTkX2 ,81 €_mTkX2
=X |G +u+r ———= |+ A3+ u) + -
3 [ A T piciy2z2 (As +u) Tvam 2 Qram?
> /l§ Az +u+ M + piciy222 (A3 +u) > 0,
2 (1 +avy)

which contradicts to (3.10). Hence, if R; > 1 and R; < 1, all roots of Eq. (3.9) have negative real
parts, and E; is locally asymptotically stable. O

Theorem 3.4. If R, > 1 and Ry < 1, the humoral immunity-activated equilibrium E;(x3,y3,v3,0,w3)
of system (1.2) is locally asymptotically stable.

Proof. The characteristic equation of system (1.2) at E5 is

Biv3

+ avs

A+ a)[A=(c1ys = b)][A(A + u+ pows) + cpavaws] (/1 +d+ +,82y3)

Bika ]
(1+av)?|

3.11)
=T (A + d) [A - (c1ys — by)] [ﬂz/l (A +u+ paws) + Bacapavsws +
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Note that
y3 [ﬁzabl (C2 + a’bz) +ﬁlab2C1] +ﬁ1€_me2C1dX3
abiys [(c1d + Baby) (c2 + aby) + Bibac ]

It is obvious that (3.11) has negative real root 4 = c;y; — by, and other roots are determined by the
following equation:

Ry = (c1y3 — by)

+1<1. (3.12)

Biv3

1+ av;

+ ,32)’3)

Bika ]
(1 + av;)? '

A+ a)[AA + u+ pyw3) + crprvaws] (/1 +d+
(3.13)

= e MM xs (A + d) | Brd (A + u + pyws) + Bacapavsws +

Similarly, we claim that all roots of (3.13) have negative real parts. If not, there exists a root A4, =
Redy + ilmA4 with Redy > 0. In this case, it is easy to see that

Biv3

/14+d+
1+ avs

+ Bays

> e (A4 + d)] .
Direct calculation yields

'(/14 +a) [A (A4 + u+ pows) + C2P2V3W3]'

-mt ﬁlk/u
— €7 x5 | Bada (Ag + u + paw3) + Brcapavsws + —
(1 + CZV3)
Bre " x3v:
=4 [A (A4 + u + pows) + copavsws] + = 33 (/1421 + C2P2V3W3)

vz (1 +avs)

Bie " x3v3 Bre " kxs

Pre BV L gy g - DE IS

vz (1 +avs) batvs) (1 +avs) !
Bie " x3v3

>Ay [/14 (/14 +u+ p2W3) + Czp2V3W3] + (/li + C2P2V3W3) > 0,

vz (1 +avs)

which contradicts to (3.13). Therefore, if R, > 1 and R, < 1, all roots of Eq. (3.11) have negative real
parts, and Ej is locally asymptotically stable. m|

Theorem 3.5. If R; > 1 and Ry > 1, the immunity-activated equilibrium E*(x*,y*,v*, Z°, w*) of system
(1.2) is locally asymptotically stable.

Proof. The characteristic equation of system (1.2) at E* is

Biv*

A+d+
1+ av*

+,82y*) [AA+a+ pi1Z) +cipy 7 [UA + u+ pow™) + copav'w]
BikA? }

(1 +av*)?

(3.14)
= e WM (1 4+ d) {ﬁle [AA+u+ pow™) + crppv'w'] +

Similarly, we claim that all roots of (3.14) have negative real parts. Otherwise, there exists a root
As = Reds + ilmAs with Reds > 0. In this case, it is clear that

As+d + prv + B2y > e (A5 + d)|.
1+ av*
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Direct calculation shows that
'[/15 (As +a+p12) +c1p1y’ 2] [As (As + u+ pow™) + Czpzv*W*]‘
ﬁle‘””kx*/lg

(1 +av)’

- ‘ﬁze_"”x*/k [A5 (A5 + u + pow™) + copow™V'] +

= (/lg + clply*z*) [A5 (As + u + pow™) + copov'w*]

ﬁle_me*V* 2 *_ % ﬁle_m‘rx*/lg % s % ky*
— A (A oppyvw )+ —————— " + prvw —
v (1 + av*) > ( s TP ) v (1 + av*) p2 1+ av*

> (ﬂﬁ + Clply*Z*) [As5 (A5 + u+ pow™) + copav'w’]
Bre "XV ’ .
— A5 (A5 + > 0,
v (1 +av) 5( 5 TPV W )

which contradicts to (3.14). Therefore, if R3 > 1 and R4 > 1, all roots of Eq. (3.14) have negative real

parts, and E* is locally asymptotically stable. O

4. Global asymptotic stability

In this section, we study the global stability of each of feasible equilibria to system (1.2) by
suitable Lyapunov functionals and LaSalle’s invariance principle. First, we discuss the boundedness
of solutions.

Lemma 4.1. Any solution of system (1.2) with initial condition (1.3) is bounded for all t > 0.
Proof. Let (x(1), y(t), v(1), z(t), w(t)) be any solution of system (1.2) with initial condition (1.3). Denote

Bi(t) = x(t — 1) + &"y(0) + ZLemz0),  Ba(t) = vit) + P2w().

C1 (&)

Calculating the derivatives of B;(f) and B;(¢) in respect to ¢ yields

Bi(t) = s —dx(t — 1) — ae™y(t) — blﬁe””z(t) < s —min{a, by, d}B;(?),
C1

and
Bot) = (1) — uv(t) — by P2wit) < — 52 _ min{by, u} By(0).
CH min{a, by, d}

Therefore, the following set is positively invariant set for system (1.2):

K e ™Ms
x+e"y+ &e”"zs —_— v+ &ws - - }
Cq min{a, by, d} CH min{a, b, d} min{b,, u}

Q= {(x, VsV, 2, W)

It is easy to see that x(¢), y(¢), v(¢), z(¢) and w(t) are bounded in the invariant set €2. O

Next, define a function g(x) = x — 1 — Inx, which will be used in Lyapunov functionals of this
section.

Theorem 4.2. If Ry < 1, the infection-free equilibrium Ey(s/d,0,0,0,0) of system (1.2) is globally
asymptotically stable.
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Proof. Let (x(1), y(t), v(?), z(t), w(t)) be any positive solution of system (1.2) with initial condition (1.3).
Define

t)) + llly(l) + lle(l) + l]3Z(f) + l]4W(t) + f (%

X

Vi(®) =x0g (L
X0

where xy = s/d, and constants [y, 15, 13, l;4 Will be determined later. Calculating the derivative of

V1 (t) along positive solutions of system (1.2) yields

+ ,Bzx(S)y(S)) ds,

Vi) = (1 - %) (s ~dx() - /flf(’) ((’)) Bax(1) (t))
iy (ﬁ ‘eTx” “OMEZT) g e = Dyt = ) — ay() ply(t)z(t))
+av(t—1)
+ 1y (ky () — wv(0) — pov(Ow(e) + s (YD) — brz(®)) + s (cavOW(e) — byw(D))
Bux(tyv(t) Bux(t — Wt - 7)
# TS 4 aaty(o) - PO -yt - ),

Direct calculation yields

X x(t)) ¢ BIXVD ) = Lsbiz() = Labaw(®

Vl(t) =dxy (2 -—

x(H) X + av(1)
3 Bix(t —1)v(t — 1) “4.1)
mtT _ 1 _ _
+(lne )( rpo— + Box(t — 1)yt — 7)
+ (Baxo + Lok — L11a) y(2) + (Lizcr — L p1) y(0)z(2) + (Liaca = Liapa) v(e)w(®).
Choose
el’ﬂTa _ x em‘r el’l’lTa _ x
ly1=e"", llzzﬁ >0, I3= o ) 1142172& > 0. 4.2)
k C1 C2k
Thus, we obtain from (4.1) and (4.2) that
X x(t e au
Vi(0) < dxo (2 -2 XLO)) Ry = 1) =0 = ibiatt) = labaw(o).

It follows that V() < 0 with equality holding if and only if x = xp,y = v = z = w = 0. It can be
verified that M, = {E,} C Q is the largest invariant subset of {(x(r), y(¢), v(¢), z(£), w(?)) : V(t) = O}.
Noting that if Ry < 1, Ej is locally asymptotically stable, thus we obtain the global asymptotic stability
of E( from LaSalle’s invariance principle. O

Theorem 4.3. If Ry > 1, Ry < 1 and R, < 1, the immunity-inactivated equilibrium E|(xy,y1,v1,0,0)
of system (1.2) is globally asymptotically stable.

Proof. Let (x(1), y(t), v(1), z(t), w(t)) be any positive solution of system (1.2) with initial condition (1.3).
Define

Vo (1) Xlg( il )) 121)’18();5 )) lzzvlg(v‘f )) + D3z(t) + law(t)

X1 1 1
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Bix1vi f’ x(s)v(s) (1 + avy) ft x(s)y(s)
+ — ds + ds,
Cram Jo 8\ (G rantey | &0 8Ty
where constants 01, [, [z and L4 will be determined later. Calculating the derivative of V,(f) along
positive solutions of system (1.2), we have

o (N[ Bix(v)
wm—@ ﬂJG ax() - &MW@)

e (1 ~ y_l) (ﬂle"”Tx(t — (- 1)
y(t) 1+av(t—1)
+b41—31)wﬂ0—uwn—pwaww»
V(1)
+ b3 (c1y(D2(1) = b1z(1)) + Ly (cov(O)W(t) — boyw (1))
N Bixiv [ (x(t)v(t) 1+ avl)) _ (x(t -t -1)(1 + a/vl))]

+ Boe” ™ x(t — T)y(t — 1) — ay(t) - ply(t)z(t))

4.3)

1+ av xv1 (1 + av(t)) xvi (1 +av(t — 1))
+ Bax1y1 [8 (X(;l)ift)) -8 (X(t — ;);;ft —0 )] .

Substituting s = dx; + B1x1vi/(1 + avy) + Brxiyi, Bre” ™ xvi/(1 + avy) + Bre™™ x1y1 = ayy, kyy = uv,
into (4.3) yields

Vz(l‘) :dxl (2 — i - M) + 121(1))1 + lzzuvl - lz2v1@)ﬂ — lzqu(t)

x(1) X1 yi v(1)
N Bixivy 1+ vipd+av)  xi e Bixivy x(t =7t — 1) (1 +avi) y

1+ av, wl+av®) x®| T T+av; xvi(d+avt—1)y0)

Brxvy Xt — Tt - ) (1 + av(®) oy [1- 21— X =T~ 7)

T+av,  x(twv@® (1 +av(t— 1)) 24 x@) x1y(t)
x(t=71)y(t - 1) + (Iye™™ — 1) Bix(t — )t — 1)

x()y(t) l+av(t—1)

+ (Bax1 + Ik — 11a) y(t) + (Lipiyr — lsby) 2(t) + (lopavi — labs) w(t)

+ (Izc1 = Lip) y(@)z(t) + (lacy — Lo pr) v(Ow(D).

) 4.4)

+ Box(t — T)y(t — T))

+ Brx1y; In

Choose F: - F:
X1V e pi 1P2X1V]
L =", b= 1—, s = , = 4.5
2 =€ 2 ky; (1 + avy) » C1 2 crky; (1 + avy) 4.5
From (4.4) and (4.5), we obtain that
. X1 x(1) c1y1 — by Bip2xivi vy — by
Vo(t) =dx; |2 — — — == |+ " p————z(t) + t
> (1) xl( X0 ) e p o z(1) A ran) o w(t)
a(v(t) — V1)2 I + av(r) Bixivy X1 YOy
- -8 - gl—=|+¢8 (4.6)
vi (1 +avy) (1 + av(t)) 1+ awv 1+ aw x(1) yiv(t)

Brxivi (X(t—T)V(t—T)(1+av1)y1) [(xl) (x(t—‘r)y(t—r))]
B 8 - Boxiyi gl —|+g|———————||-

1+ av, xvp (1 + av(t — 1)) y(1) x(1) x1y(t)
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From (3.6) and (3.7), we derive that c;y; < b; and c;v; < b;. Since function g(x) = x — 1 —Inx is
always positive except for x = 1 where g(x) = 0. It follows from (4.6) that V,(f) < 0 with equality
holding if and only if x = x;,y = y;,v = v,z = w = 0. It can be proved that M, = {E;} C Q is the
largest invariant subset of {(x(2), (1), v(t), z(t), w(t)) : Vo(¢) = 0}. Noting that if Ry > 1, R, < 1 and
R, < 1, E; is locally asymptotically stable, hence we obtain the global asymptotic stability of E; from
LaSalle’s invariance principle. O

Theorem 4.4. If R, > 1 and R; < 1, the cell-mediated immunity-activated equilibrium E>(x,,y,, V),
2, 0) of system (1.2) is globally asymptotically stable.

Proof. Let (x(1), y(?), v(¢), z(t), w(t)) be any positive solution of system (1.2) with initial condition (1.3).
Define

Vi(t) =x28 (x(t)) + Liy28 ()%) + I8 (?) + 33228 (Z(—t)) + Lyw(t)

X2 2 2 &)

L Bixav f’ g(X(S)V(S)(l + avZ))ds+,82x2y2 f’ g(X(S)y(S))dS’

I+av, J,—r Xv2 (1 + av(s)) X2y2

where constants l31, l3, [33 and /34 will be determined later. Calculating the derivative of V;(r) along
positive solutions of system (1.2), we obtain that

v = (1= 22\ s = duipy = BEOVO
Vi(0) = (1 x(t)) (S dx(1) T+ avd) /J’zX(l)y(l))
+ L |1 - % (ﬁle 1 j_c(;v_(: )_vf)_ 0 + e x(t = D)yt = 1) — ay(1) — ply(t)z(t))
+ I 1= 22 ) (ky(5) = uv(@) = pav(Ow(D))
v(t)
4.7
+ 31— % (c1y(D)z(1) — b1z2(1)) + L34 (v (OW(1) — baw(1))
N Bi1xavy x(H)v(t) (1 + avy) B (x(t -1t —-1)(1 + av)
1+av, Xovo (1 + av(?)) xov (1 + av(t — 1))
N x(D)y(1) x(t —7)y(t — 1)
Baxays | & ) g s )

Substituting s = dx; + B1x2v2/(1 + avy) + Boxoya, Bre”" xava /(1 + avy) + Bae™™ Xoyr = ays + pi1y222,
kyz = Uvp, C1Y22p = b]Zz into (47) y161dS
. X x(t uy t
V3(t) =dx, (2 . - Q) + lyyay; + luvs + I33b1 25 — 132\’2—2& — Luv(t)
X  x Y2 (1)
N Bixavy [ vi) (1 +av2) x ] e B1Xovo x(t =)t —=7) (1 + ava) y»
-—| -1

1+av, vo (1 +av(®)) x(0) I+avy, xv (1 +av(t—1))y(@) 4.8)
Bixava . x(t— 1wt — 1) (1 + av(t) | - X — x(t — 1)yt — 1) '
Trav, N X (A rava—1) Pro|l= g ~ e oy(7)

+ Brx2y2 In %ﬁ;—ﬂ + (L™ = 1) (ﬁlf(i_a:():(_t ;)T) + Box(t — T)y(t - T))
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+ (Boxa + Ik — I33¢120 — 310) Y(t) + (I32p2va — L3abo) W(E)
+ (31p1y2 — 133b1) 2(1) + (Is3¢1 — B3 p1) Y(D)2(2) + (laca — 3o p2) v(OW(D).

Choose

ﬁlxzvz emTpl ,BIPZXZVZ
Ly =", lh=——" In= , = — 4.9
T R e U ram) 2T o T Ghn(I+an) *49)

From (4.8) and (4.9), we obtain that

X2 X(f)) Bip2xava v — by

V3(l) dXz (2 — E - x—2 + ky2 (1 " a/v2) o W(Z)

B a(v(t) — v)? 3 I+ av(?) B Bixava X2 + y(Ov, (4.10)
vo (1 + avy) (1 + av(t)) 5 1+av 1+av, 5 x(1) g yav(t) '

Bixavy  [(x(t =Tt —T1)(1 + avy) y» X x(t—1)y(t—7)
TTran\ Tt ety ) P8t (D) '
2 2V y 2y

Noting that R3 = (cav; — by) /by + 1 < 1, it is clear that c,v, < b,. It follows from (4.10) that V3(¢) < 0
with equality holding if and only if x = X,y = y,,v = v,,z2 = 2o,w = 0. It can be verified that
M; = {E,} c Q is the largest invariant subset of {(x(¢), y(¢), v(¢), z(£), w(t)) : V3(f) = 0}. Noting that if
R; > 1 and R; < 1, E; is locally asymptotically stable, thus we obtain the global asymptotic stability
of E, from LaSalle’s invariance principle. O

Theorem 4.5. If R, > 1 and Ry < 1, the humoral immunity-activated equilibrium E;(x3,y3,v3,0,w3)
of system (1.2) is globally asymptotically stable.

Proof. Let (x(1), y(?), v(¢), z(t), w(t)) be any positive solution of system (1.2) with initial condition (1.3).

Define
Va(1) X3g( il )) ls1y38 (M) + lypv3g ( v )) + ly3z(1) + 144W38( (t))
A3 V3 V3 w3

| By f g(x(s>v(s><1+av3>) Us + Brore f g(x(s)ym) is

1+ av; x3v3 (1 + av(s)) X3y3

where constants ly1, Iy, l43 and ly4 will be determined later. Calculating the derivative of V,(r) along
positive solutions of system (1.2), we obtain that

Vi) = (1 - %)( —ax()-F ”“(2 ((t)) Box (r)y(r))
+ Ly (1 - B) (ﬁle 1 j_c(;;(: )_vf)_ i + e x(t = T)y(1 = 7) — ay(r) — ply(t)z(t))
+lp (1 - 3) (ky(t) = uv(t) — pv(OW(D)
“4.11)
T L (ery(D)2(8) = byz(D) + Las (1 - ?) (v (B)W(r) — bow(t))

N Bix3v3 [ (x(t)v(t) 1+ a/v3)) _ (x(t -t -1)(1+ a/v3))]

1+ av; x3v3 (1 + av(t)) x3v3 (1 + av(t — 1))
X(t)y(t)) Ly (X(t — Dyt - T))] _

X3Y3 X3Y3

+ Brx3y3 [8 (
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Substituting s = dx; + B1x3v3/(1 + @vs) + Baxzys, Bre " x3v3/(1 + av3) + Bre™ x3y3 = ays, kys =
uvs + pav3ws, cav3ws = bows into (4.11) yields

t

V4(t) dX3 (2 - % - &) + l41ay3 + l42MV3 + l44b2W3
X3

y(?) Bixsvs vi)(d +avs)  x3

— Lpkvy—= — (lppu + 1 N+ 1+—

aakvs o = (aatt  Laws) v(t) + 77 [ (L +av(D) (1)

e B1x3v3 x(t =TI — 1) (1 + av3) y; N B1x3v3 In x(t =t — 1) (1 + av(r)

I+avs x3(1+av(t—1))v3y(r) 1+ av; x(Hv() (1 + av(t — 1))

i ”3”(1_3_"“6 xay(0) )+ﬁ P 0

+ (lne 1) ( ‘f(i;:()f(_t ;)T) + Bax(t - D)yt - r))

+ (Boxz + Lk — 1410) y(2) + (La1 p1y3 — Lizby) 2(2) + (Lo pavs — Luabr) w(t)
+ (lzer = Lap) y@)z(t) + (Lascy — Laapa) v(O)w(r).

- l41€

(4.12)

Choose

L= ™ L= Bix3v3 P [ = Bip2x3v3
m=e", lp=—r— Ip=—— Iyu=

kys (1 + av3) 1 crky; (1 +avs)’
It follows from (4.12) and (4.13) that

(4.13)

2
V() =dx; (2 -8 @) e, c1y3 — by o) a(v(1) — v3) g (1 + av(t))

x(t)  x3 C1 vz (1 +avz) (1 + av(t)) 1+ av;

Bix3v3 X3 y()vs x(t =1 —1) (1 +avs)ys
1+ av; [g (%) *8 (ygv(t)) * g( x3v3 (1 + av(t — 1)) y(1) )] .19

B X3 x(t—1)y(t—1)
- 3y3[ ( (t)) +g( Y0 )]

According to (3.12), it is easy to see that ¢;y3; < b;. It follows from (4.14) that V,(¢) < 0 with equality
holding if and only if x = x3,y = y3,v = v3,z = 0,w = ws. It can be proved that M, = {E;} C Q is the
largest invariant subset of {(x(f), y(£), v(£), z(t), w(?)) : V4(f) = 0}. Noting that if R, > 1 and R, < 1, E3
is locally asymptotically stable, hence we obtain the global asymptotic stability of E5 from LaSalle’s
invariance principle. O

Theorem 4.6. If R; > 1 and Ry > 1, the immunity-activated equilibrium E*(x*,y*,v*,z", w") of system
(1.2) is globally asymptotically stable.

Proof. Let (x(1), y(?), v(¢), z(t), w(t)) be any positive solution of system (1.2) with initial condition (1.3).

Define
Vs(1) xg( ()) ls1y" g(yy(t)) l52vg(‘}(t)) 153Zg(1(t))+154wg(“;5t))
pix v [ (x(s)v(s) (1 + av®) e [ [X(9)y(s)
+ e ng( v (L4 av(s) )ds+,82xy ng( y )ds,
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where constants /sy, Is, Is3 and Is4 will be determined later. Calculating the derivative of Vs(r) along
positive solutions of system (1.2), we have

) i x* B _le(t)v(t) B
v5<r>—(1 x(t))(s dx(n) = ,BzX(t)y(t))
Hls 1= ('8 — f(;v_(: )_Vf)_ D 4 Bae (e = Tyt - ) = ay(e) - ply(t)z(t))
s (1= ) Gy — uv(t) — paveyw(e))
V) (4.15)
tlss(1- 2 (cly(t)z(t)—blz(t))+ls4(1— i )(sz(f)w(f)—bzw(l))
z(1) w(t)

. Bix v [ (x(t)v(t) (1+ av*)) ~ (x(t —w(it-1)(1 + av*))]

1+ av xv* (1 + av(t)) xv* (1 + av(t — 1))

o {2220,

x*y*

*

Substituting s = dx* + S1xV/(1 + av*) + Box™y*, 17 x V' /(1 + av*) + Bre™™" x*y" = ay* + p1y*7’,
ky* = wv* + pov'w*, 1y = biZ%, cov'w* = bow* into (4.15) yields

X x(t)) N Brx*v* [1 N i+ X

x(t) x* 1+ av v (1 + av(t)) x(t)]
N Bix vt [ x(t =t -1 +av®) ; e X =T = 1)yt (1 + av*)]

Vs(t) =dx* (2 -

1+ av x(v(t) (1 + av(t — 1)) s1¢ xviy() (1 + av(t — 1))
. X e X =T —7) x(t —1)y(t — 1)
1- — 517" 1
Hhxy ( M 0 Xy )
+lsiay” + lsquv” + Is301y"7" + Isacov'w™ — 152v*w& (4.16)
y w(1)
B Brx(t —1)v(t — 1)
mt _ 1 _ _
+ (Isie )( T+ avi—1) +Box(t = 1)yt = 7)
uv' + pov'w*

+ (ﬁzx* + lsz+ —Isia - 153012*)y(t)

— (Isacow™ + Isou) v(t) + (Isy p1 — Is3c1) y*2(t) + (Usapa — Isacy) Viw(t)

+ (Us3c1 = Is1p) y(@)z(t) + (Isacy — Isap2) v(O)w(2).

Choose
Bix* D1 Bipax*
Isi =™, I5 = , sy =—€", sy = ) 4.17
s1=e 52 (1 +av*) (u+ pow*) 53 C1 ¢ > c (1 4+ av*) (u + pow*) ( )
From (4.16) and (4.17), we can obtain that
% _\2
W =ar (2 25 - X0) - ab O (L)
X X y av v av 4.18)

_ By ( x* N y()v* N x(t =1t — 1)y (1 +av)
T+ [$\x0) "2y x vy (1 + av(i — 1)
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P x* X(t - T)}’(t - T)
R [g (%) v ( P )]

It follows from (4.18) that Vs(¢) < 0 with equality holding if and only if
x=xy=y,v=v,z=27,w=w" Itcan be verified that M5 = {E*} C Q is the largest invariant
subset of {(x(£), y(£), v(¢), z(£), w(t)) : Vs(t) = 0}. Noting that if R; > 1 and R, > 1, E* is locally
asymptotically stable, we therefore obtain the global asymptotic stability of E* from LaSalle’s
invariance principle. O

5. Numerical simulations

In this section, we want to illustrate the theoretical results for system (1.2) by numerical
simulations. Besides, we investigate the effects of cell-to-cell transmission, viral production rate,
death rate of infected cells and viral remove rate on viral dynamics. Furthermore, sensitivity analysis
is used to quantify the range of variables in reproduction ratios and identify the key factors giving rise
to reproduction ratios, which can be helpful to design treatment strategies and provide insights on
evaluating effective antiviral drug therapies.

Table 2. List of parameters.

Parameters (units) Case 1 Case 2 Case 3 Cased Case5 Source
s (cells - ml/day) 50 23 100 23 100 Assumed
d (/day) 0.0046 0.0065 0.0046 0.0046 0.0046 [26]

Bi (ml - virion/day) 4.8x 107 48x 107 48x 107 48x107 48x 107  [26]
B> (ml - virion/day) 4.7x 107 4.7x 107 47x 107 47x107 47x107  [26]

a 0.01 0.0001 0.01 0.01 0.01 Assumed
m 1.39 1.39 1.39 1.39 1.39 [26]
7 (day) 0.5 0.3 0.5 0.5 0.5 [26]
a (/day) 0.015 0.032 0.008 0.01 0.008  Assumed
pi (cells - ml/day) 0.005 0.005 0.001 0.005 0.001 [27]
k (cells - virion/day)  1.1349 7.3 1.1349 11.349 11.349 [26]
u (/day) 0.5 0.25 0.05 0.05 0.05 [26]
D2 (ug/day) 0.01 0.01 0.01 0.01 0.01 [27]
c; (cells - ml/day) 0.002 0.021 0.002 0.002 0.002  Assumed
b, (/day) 0.12 0.25 0.02 0.12 0.02 Assumed
¢, (cells - virion/day)  0.0006 0.0013  0.00013  0.0013 0.0013 [27]
b, (/day) 0.12 0.46 0.12 0.12 0.12 Assumed

Following [18,26,27,32], we choose appropriate parameters and simulate each of feasible equilibria,
respectively.

Case 1: Corresponding parameters are listed in Case 1 of Table 2. The immunity-inactivated
reproduction ratio is calculated as Ry = 0.5640 < 1. From Theorem 3.1, we derive that infection-free
equilibrium E is locally asymptotically stable, which is illustrated in Figure 2.
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Case 2: Corresponding parameters are listed in Case 2 of Table 2. By simple computing, we obtain
that Ry = 1.0217 > 1, R; = 0.9635 < 1 and R, = 0.9625 < 1. From Theorem 3.2, we derive that
immunity-inactivated equilibrium E; is locally asymptotically stable, which is in accord with Figure 3.

Case 3: Corresponding parameters are listed in Case 3 of Table 2. Similarly, we obtain that R, =
5.1140 > 1 and R3 = 0.2459 < 1. From Theorem 3.3, we derive that cell-mediated immunity-activated
equilibrium E, is locally asymptotically stable, which is illustrated in Figure 4.

Case 4: Corresponding parameters are listed in Case 4 of Table 2. Likewise, we obtain that R, =
14.1830 > 1 and R4 = 0.2108 < 1. From Theorem 3.4, we derive that humoral immunity-activated
equilibrium Ej is locally asymptotically stable, which is in keeping with in Figure 5.

Case 5: Corresponding parameters are listed in Case 5 of Table 2. By calculation, we obtain that
R; = 24.5895 > 1 and Ry = 3.7395 > 1. From Theorem 3.5, we derive that immunity-activated
equilibrium E* is locally asymptotically stable, which is consistent with observation in Figure 6.
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Figure 2. The temporal solutions of x(¢), y(¢), v(¢), z(¢#) and w(¢) versus t of system (1.2)
where Ry = 0.5640 < 1.

5.1. Effect of cell-to-cell transmission

In order to investigate the effect of cell-to-cell transmission, we carry out some numerical
simulations to show the contribution of cell-to-cell transmission during the whole infection. First, we
let 8, as zero to compare the virus infection without cell-to-cell transmission with the infection which
has both transmissions. Figure 7 (8, = 0, 8, = 4.7 x 1077) shows that cell-to-cell transmission is of
benefit to HIV-1 transmission and the time to reach the peak level of virus is shorter. Then, we
increase f3; to study the change of the peak level of infected cells and virus, and the time to reach the
peak level. Figure 7 (8, = 4.7 x 1077, 8, = 4.7 x 107, B, = 4.7 x 10~°) shows that infected cells and
virus reach the peak level more quickly as 3, increases, meanwhile, the peak level become larger as 3,
increases, too. Therefore, cell-to-cell transmission plays an important role in the whole virus
infection.
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Figure 3. The temporal solutions of x(z), y(¢), v(¢), z(t) and w(¢) versus ¢ of system (1.2)
where Ry = 1.0217 > 1, R; = 0.9635 < 1 and R, = 0.9625 < 1.
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Figure 4. The temporal solutions of x(¢), y(¢), v(¢), z(¢#) and w(¢) versus t of system (1.2)

where R; = 5.1140 > 1 and R; = 0.2459 < 1.
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Figure 6. The temporal solutions of x(¢), y(¢),
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Figure 7. The effect of 8, on the dynamical behavior of system (1.2).

5.2. Effect of viral production rate

Viral production rate also has great influence on the dynamical behavior of the model. We set the
viral production rate k as 11.349, 34.047, 68.094. In Figure 8, we observe that the time to reach the
peak level of infected cells and virus becomes shorter as k increases, which means that larger viral
production rate contributes to the viral infection. Meanwhile, T cells and B cells increase more quickly
as k increases, especially, larger viral production rate can stimulate more B cells. Hence, the peak level
of infected cells and virus decreases as k increases. In terms of the prevention and treatment of HIV,
it implies that antiretroviral therapies, such as, reverse transcriptase inhibitors and protease inhibitors
are effective methods to decrease k, namely, to inhibit virus reproduction.

5.3. Effect of death rate of infected cells and viral remove rate

Usually, the death rate of infected cells is larger than the death rate of uninfected cells due to the fact
that HIV infection can kill more host cells. We present some numerical simulations to study the effect
of death rate of infected cells on the dynamical behavior of the model. We can observe from Figure 9
that, infected cells and virus increase more slowly as a increases, which indicates that increasing the
death rate of infected cells can slow down the virus infection. Humoral immunity is mainly used to
clear virus in our humor, so the viral remove rate has an effect on viral infection as well. Figure 10
implies that as the viral remove rate increases, infected cells and virus increase more slowly, which has
the similar results to a. In the clinic treatment of HIV, promoting body’s immune capacity contributes
to increasing the death rate of infected cells and viral remove rate.

5.4. Sensitivity analysis

Sensitivity analysis is used to quantify the range of variables in reproduction ratios and to identify
the key factors giving rise to reproduction ratios. In [9, 16], Latin hypercube sampling (LHS) is found
to be a more efficient statistical sampling technique which has been introduced to the field of disease
modelling.

LHS allows an un-biased estimate of the reproduction ratios, with the advantage that it requires
fewer samples than simple random sampling to achieve the same accuracy. For each parameter of
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Figure 8. The effect of k on the dynamical behavior of system (1.2).
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Figure 10. The effect of u on the dynamical behavior of system (1.2).

reproduction ratios, a probability density function is defined based on experimental data and stratified
into N equiprobable serial intervals. A single value is then selected randomly from every interval and
this is done for every parameter. In this way, an parameter value from each sampling interval is used
only once in the analysis but the entire parameter space is equitably sampled in an efficient manner.
Distributions of the reproduction ratios can then be derived directly by running the model N times with
each of the sampled parameter sets.

In terms of the prevention and treatment of HIV, we pay more attention to antiretroviral therapies,
which is directly related to viral production rate and viral remove rate. Figure 11 shows the scatter
plots of Ry, R; and R, in respect to k and u, which implies that k is a positively correlative variable
with R, and R,, while u is a negatively correlative variable. As for R;, we find that the correlation
between k and R, or u and R is not clear.

In [16], Marino et al. mentioned that Partial Rank Correlation Coefficients (PRCCs) provide a
measure of the strength of a linear association between the parameters and the reproduction ratios.
Furthermore, PRCCs are useful for identifying the most important parameters. The positive or negative
of PRCCs respectively denote the positive or negative correlation with the reproduction ratios, and the
sizes of PRCCs measure the strength of the correlation. First, we investigate the immunity-inactivated
reproduction ratio Ry, as we can see in Figure 12, 8, and k are positively correlative variables with R,
while others are negatively correlative variables. In order of correlative strength, it goes: 81, d, a, k, u
and S3,. Similarly, we obtain the PRCCs of R, and R, (see Figure 13). Specially, we observe that k and
u is weakly correlative in respect to R;, which accords with the scatter plots of R;.

6. Conclusion

In this paper, we have considered an HIV-1 infection model to describe cell-to-cell transmission,
saturation incidence, both cell-mediated and humoral immune responses. By a complete mathematical
analysis, the threshold dynamics of the model is established and it can be fully determined by
reproduction ratios. If Ry < 1, the infection-free equilibrium Ej is locally and globally asymptotically
stable; if Ry > 1, R; < 1 and R, < 1, the immunity-inactivated equilibrium E is locally and globally
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asymptotically stable; if R; > 1 and R; < 1, the cell-mediated immunity-activated equilibrium E; is
locally and globally asymptotically stable; if R, > 1 and R4 < 1, the humoral immunity-activated
equilibrium Ej5 is locally and globally asymptotically stable; if R3 > 1 and R, > 1, the
immunity-activated equilibrium E* is locally and globally asymptotically stable.

Numerical simulations vividly illustrate our main results of stability analysis for system (1.2).
Besides, we have investigated the effects of cell-to-cell transmission, viral production rate, death rate
of infected cells and viral remove rate on viral dynamics. It is worth mentioning that as the infection
rate of cell-to-cell transmission S, increases, virus load rises quickly and largely, which implies that
cell-to-cell transmission facilitates virus spread. Furthermore, we perform a sensitivity analysis of
reproduction ratios, which implies some useful consequences on the prevention and treatment of
HIV-1.

It is easy to see that immunity-inactivated reproduction ratios Ry is the sum of the reproduction
ratio determined by virus-to-cell infection, Ry;, and that determined by cell-to-cell transmission, R,.
In other words, immunity-inactivated reproduction ratio R, becomes larger when the model includes
cell-to-cell transmission. Meanwhile, we find that our research includes some existing work. When
B2 = 0 and @ = 0, our virus model is similar to the model in [33] and the immunity-inactivated
reproduction ratio R, reduces to R,;. Based on the model in [33], Wang et al. [27] consider nonlinear
incidence and continuous intracellular delay, which is similar to our model with 5, = 0 only. Besides,
when we only consider one of the immune responses, our model reduces to the models in [14] and [26].
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