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ABSTRACT. In this paper we examine ultimate dynamics of the four-dimen-
sional model describing interactions between tumor cells, effector immune cells,
interleukin -2 and transforming growth factor-beta. This model was elaborated
by Arciero et al. and is obtained from the Kirschner-Panetta type model by
introducing two various treatments. We provide ultimate upper bounds for all
variables of this model and two lower bounds and, besides, study when dynam-
ics of this model possesses a global attracting set. The nonexistence conditions
of compact invariant sets are derived. We obtain bounds for treatment pa-
rameters s1,2 under which all trajectories in the positive orthant tend to the
tumor-free equilibrium point. Conditions imposed on s1,2 under which the
tumor population persists are presented as well. Finally, we compare tumor
eradication/ persistence bounds and discuss our results.

1. Introduction. The Kirschner-Panetta equations [2] have a great influence on
the modelling tumor dynamics under immunotherapy. These equations describe dy-
namics of interactions between tumor cells, effector immune cells and interleukin-2
(IL-2). One of the promising generalizations of this model is obtained by incorporat-
ing in these equations yet another differential equation characterizing the dynamics
of the suppressor cytokine, transforming growth factor-g (TGF-3), [1]. It is well-
known [16] that TGF-8 may display both inhibitory activity and stimulating activ-
ity on the growth of most of cells depending on type of cells, their differentiation and
activation state. The production of TGF-g by tumor cells greatly challenges the im-
mune system through the promotion of angiogenesis, enhancing tumor growth and
metastasis. Tumors can evade immune surveillance by secreting various immuno-
suppressive factors including (interleukin-10) IL-10 and TGF-4, [8, 17]. It was indi-
cated in [17] that activation of the immunosuppressed immune system by cytokine
IL-2 therapy is a possible strategy to limit the malignant immuno-modulatory ac-
tivities of TGF-3. This type of therapy may be applied alone or in combination
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with other immunotherapeutic approaches and is used in the clinical practice, [16].
This possible approach to cancer treatment is formalized in this paper by intro-
ducing into the model from [1] two treatment parameters s; 2. Parameters s1 o are
included in the equations for the same cells populations as in the Kirschner-Panetta
(KP)- model. We recall that s; is the treatment term that represents an external
source of IL-2 injected into the system; s, is the treatment term that represents
an external source of effector cells such as LAK (lymphocytes activated killer cells)
or TIL (tumor-infiltrating lymphocytes). Following to [1] we consider that s1 o are
constants. So we come to the following model in the non-dimensional form

, T awx Tz
vz m:(l_%)_l—l—x fj—z’ )
W
y = —y+m+827
. z?
z = _Z+x2p47+72’
= 1 j_m,yz — w + 1liyy (p1 — quz) + 51.

In equation (1) z(t) describes the number of tumor cells at the moment ¢; y(¢)
describes the concentration of effector molecules at the moment ¢; z(t) describes
TGF-p’s immuno-suppressive and growth stimulatory effects in the single tumor-
site compartment; w(t) describes the number of immune cells at the moment ¢.

All parameters are supposed to be positive excepting s; 2 which are nonnegative.
In the first equation r is the cancer growth rate; a is the cancer clearance term.
The proliferation of tumor cells due to the response to TGF-f is denoted by po
and is modeled by Michaelis-Menten kinetics. In the second equation ps is the rate
of IL-2 production in the presence of effector cells; g4 is half-saturation constant;
« is a measure of inhibition. In the third equation p, is maximal rate of TGF-g3
production; 7 is the critical tumor cells population at which angiogenesis switch
occurs. In the fourth equation c is known as the antigenicity of the tumor which
measures the ability of the immune system to recognize tumor cells; - is inhibitory
parameter; p; is the death rate of immune cells; p; is the proliferation rate of
immune cells; ¢ is the rate of anti-proliferative effect of TGF-3; ¢ is half-saturation
constant. More details concerning these parameters are contained in [1].

We notice that if we put 2z = 0,p4 = 0 in (1) we get the KP-model which
was created for studying the immune response to tumors under special types of
immunotherapy.

Dynamics of the KP-model has been studied in [1, 2, 3, 14] and some others. In
particular, ultimate upper and lower bounds for state variables of the KP- model
have been derived in different cases. The main result of [14] consists in global
asymptotic tumor clearance conditions obtained under various assumptions imposed
on the ratio between the proliferation rate of the immune cells and their mortality
rate. To the best of the authors’ knowledge, up to now there have not been published
any results concerning rigorous dynamical analysis of (1). We notice that the system
(1) introduced for the case s; = sa = 0 was explored in [1] only by means of
numerical simulations of its dynamics.

In this paper we consider the tumor growth system pertained to the broad class
of life sciences models which possess the following characteristic feature: there is
a tumor-free equilibrium point, which is the most preferable state of the system.
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From the biological point of view some deviations from this equilibrium point can
be dangerous and cause fatal outcomes.

Therefore, the control goal is to return the system to the indicated equilibrium
point and keep it in a sufficiently small neighborhood of this state. It can be done
by different treatment injections.

This article establishes the existence conditions for the positively invariant poly-
tope that has a biological meaning. Further, two types of conditions are found: the
first one is the tumor persistence (impossibility to achieve the control goal), another
one is the tumor eradication (possibility of global asymptotical stabilization at the
tumor-free equilibrium point).

The goal and the novelty of this work consists in studies of ultimate dynamics (1)
in case of applied treatments s;,7 = 1, 2. Namely, we find upper and lower ultimate
bounds for all variables of the system (1) and establish conditions under which (1)
is dissipative in the Levinson sense; 2) we propose the nonexistence conditions of
compact invariant sets in the positive orthant; 3) we deduce the global asymptotic
tumor eradication conditions; 4) we describe the tumor persistence conditions.

In other words, the three most important results for understanding of any dynam-
ical system’s behavior are actually proved: the existence conditions of the global
system’s attractor; the coincidence of this attractor with the tumor-free equilib-
rium point; the presence of a local attractor of the system that does not contain
the tumor-free equilibrium point, but attracts almost all (“perturbed”) trajectories
of the system.

Our approach is based on the localization method of compact invariant sets in
which the first order extremum conditions are utilized, see [4, 5, 6]. We also mention
that earlier this method has been successfully utilized in studies of various cancer
tumor growth models, see e.g. [7, 9, 10, 11, 12, 13, 14, 15] and references therein.

The remainder of the paper is organized as follows. In Section 2 we briefly present
useful results. In Section 3 under some condition we obtain formulae for a polytope
containing all compact invariant sets. This polytope provides us ultimate upper
and lower bounds for all variables of the system (1), see Theorem 3.4. In Section
4 under the same condition as in Theorem 3.4 we show in Theorem 4.1 that this
polytope contains the attracting set of the system (1). In Section 5 we present the
nonexistence conditions of compact invariant sets in Ri,o N {z > 0}, see Theorem
5.1. Further, in Section 6 using results of Theorems 3.4; 4.1; 5.1 we derive condi-
tions of global asymptotic stability with respect to the tumor-free equilibrium point
(TFEP), see Theorem 6.1. In the latter theorem we provide bounds for treatments
parameters s;,7 = 1,2, for which the global asymptotic tumor eradication process
may be observed. In Section 7 we describe the persistence tumor conditions which
are compared with tumor eradication bounds of Theorem 7.1 in Section 8. Section
9 contains the concluding remarks.

In what follows, we examine dynamics of (1) in the positive orthant

Ri ={(w,z,y,2)" € R* wyz;y;2 > 0};

let RY  be the closure of R .

2. Some useful results. We consider a nonlinear system
& =v(x) (2)

where v is a C'—differentiable vector field; z € R™ is the state vector. Let h(z)
be a C!—differentiable function such that h is not the first integral of (2). By
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h|p we denote the restriction of h on a set B C R™. By S(h) we denote the set
{z € R" | L,h(z) = 0}, where L,h(z) is a Lie derivative of h(x) with respect to v.

Assume that we are interested in the localization of all compact invariant sets
contained in the set U. Further, we define

S(h;U) :=8Sh)NU ={z €U | L,h(z) = 0};
hing(U) := inf{h(z) | x € S(h; U) };
hewp(U) := sup{h(z) | = € S( )},

Assertion 1 [5, 6] For any h(z) € C*(R™) all compact invariant sets of the system
(2) located in U are contained in the localization set K (h;U) defined by the formula

K(h;U) ={z € U [ hint(U) < h(z) < houp(U)}

as well. If UNS(h) = 0 then there are no compact invariant sets located in U.
Assertion 2. Let U be a positively invariant set; h(x)|g < 0, where

H={zecU| hspU) < h(z)}.
Then for any 7° > 0 the extended localization set
K(hU; 7% = {2z € U | h(z) < howp(U) + 7°} (3)

1s positively invariant.
Assertion 3. Let U be a positively invariant set; 70 > 0. If for any ' > 0 exists
¢>0: h|lg, < —c, where

Hy = {2 € U | houp(U) +7° < () < houp(U) +7°+ 7'},
then every trajectory of the system (2) goes into the set K (h; U ) in finite time.

3. Formulae for a polytope containing all compact invariant sets. Here we
find localization sets for the system (1). Let f be a vector field of this system.

Lemma 3.1. All compact invariant sets in RY  are located in the set

k
K = K(vai,O) = {O <2 < Tpax = (pQ,rm} N Rj—,O' (4)

Proof. We apply the function h; = x and get that
aw P2z

T
h = ]_ —_ ) — = =
S(h) {r( k:) 1+2 14z O}U{x 0}
and hy ine(R% o) = 0. On the set S(h1) NRY o N {z > 0} the inequality
(-3) - 2
k bz l+z 142~
holds. Using the last inequality to calculate the supremum we obtain
k(p2 + )

hl,sup(Ri,o) =,

Let 1 = min(gy; 1)aps "
Lemma 3.2. All compact invariant sets in Ri,o are located in the set

1 2k
K2 = {ymin =52 < Yy < Ymax ‘= (—"_7?4:;7192) + 52} N Ri,()' (5)
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Proof. We apply the function he = x + ny and compute

Lihy = ww(grdties — ) - ”y”z***ﬁsz*m?
= xw(%—1+m)+$—h2+7’x—7+pﬁicj+n82.

In R 1.0 we get the inequality

2

rx
Liho <2 —hy+ 12 — 7+p2$+7782

because 1jz <
P31 e
(ga+2)14+az) 14z~

After calculating the supremum we obtain that

(1+7+p2)%k

hals(h, m ) < h2sup(RY ) = igp((1+r+p2)x—gw )+ns2 = i +ns2.
Now let us use the function hy = y and compute
1+ r+p2)’k
h3int(Ky) = 525 h3sup(Ky) <supy < Atr+po)k + s9.
K. 4rn
Therefore,
1 2k
K(hs, K.) C {52 <y < %& + s} N K, = Ky
T
and we come to the desirable conclusion. O
Lemma 3.3. All compact invariant sets in Rflho are located in the set
Ks=K(z,R] () ={0 < 2 < zmax == pa} NRY . (6)
Proof. We apply the function hy = z and get that
paz?
S(h4) = { = 22+ 7 2} h47SUP(R3-,O) = D4
which leads to the desirable conclusion. O
Let M = K1 N Ky N Ks.
Theorem 3.4. If
max 1+r+ p2)2k
> pol __ _ pol — Y e (= ( 7
H1 = Ky pio (s2) = p1 T+t . Y —4”7 + 82 (7)

then all compact invariant sets are located in the polytope

II= {O S x S Tmax; Ymin S Y S ymax;o S z S Zmax; Wmin S w S wmax}a

where
w _ S1 w _ CTmax + 81
min — qiP4 , _Ymax = __ ) max — pol :
LF e Tryee ~ PTG p1 = py (s2)
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Proof. We apply the function hs = w and transform equation Lshs = 0 in the
equality

Y qi1z CT
w(pm + 77— ~p)) = s
(1 1+y(z+q2 p1)) 1+7z 1
Therefore,
Y
h5|S(h5,M) (Ml — D 1 +rr;jx ) < Cmax + S13 h57sup(M) < Wmax
max
and
Y q1z Y
s1<h 5 + : - <
1 < hs|s(hs,an) (1 vy Btz P11+y)
Ymax d1Zmax Ymin
<h . + . _ .
o 5|S(th)(/1‘1 1 + Ymax G2 + Zmax P 1+ Ymin )’
hsls(hs,my > Psint (M) > Winin,
because
Ymax 41 2Zmax Ymin Ymax Ymin
p1+ : — D1 >p1 — D >0,
! 1 + Ymax 42 + Zmax 1 + Ymin 1 + Ymax 1 + Ymin

and all compact invariant sets are located in the set {wmin < W < Wmax} N M = 11

Corollary 1. If
q1P4 Ymax 52
: +p 8
g2t P11+ Ymax 1+ s ®)
then all compact invariant sets are located in the set
M = {wmin Sw}NM =
= {0 <z < Tmax; Ymin < Yy < ymax;o <z< Zmax; Wmin < ’U)}

pn > py! = pp! () = —

O

4. On the dissipativity in the sense of Levinson. Below we shall establish
conditions under which the system (1) is dissipative in the sense of Levinson. Here
we recall that the system (2) is called dissipative in the sense of Levinson if there
exists r > 0 such that for any = € R™ we have that

Jim sup [o(z, 1)) <73
here |p(z,t)| is the Euclidean norm of the solution ¢(x,t) of the system (2) starting

in time t = 0 at the point x € R".
In this case there exists a bounded set which attracts any trajectory in R™.

Theorem 4.1. If condition (7) is fulfilled then the system (1) is dissipative in sense
of Levinson in R

Proof. Firstly, we note that extended localization sets

kl = {hl =z < jjmax ‘= Tmax + Tl} N Ri,o;
Ky = {h2 =z+ny < B2,sup(Ri70) = h2,sup(Ri70) + 7'2} N Ri,o?

K?) = {h4 =z< émax "= Zmax T TS} N Ri707
where 7; > 0, i = 1,2,3, have the form of the set (3) and, by Assertions 2,3 (see
remark below), are positively invariant and every trajectory goes into these sets

in finite time. Therefore, the intersection of these sets M=K nNKyNnKsisa
positively invariant set and every trajectory goes into this set in finite time.
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Next, if condition (7) is fulfilled then for some sufficiently small 75 > 0 we get

gmax
1 + gmax
We fix such value of 75 and find the localization set

N T2
p1>p1 y  Ymax = Ymax + —.
n
Ci‘max + 51
RS J%
(see the proof of Theorem 3.4). By Assertions 2,3 (see remark below), the bounded
set

K = {’U} < h5,sup(M) < Emax} N M7 Wmax =

K, = {hs = w < Wmax ::@max—i—m}ﬂM, T4 > 0,
is a positively invariant set and every trajectory goes into this set in finite time. As
a result, the polytope M contains the attracting set of the system (1). O

Remark 1. The conditions of Assertions 2,3 are fulfilled for localizing functions
h1; ho; hy; hs, because the next estimations for their derivatives are correct:

in the set {h1 > &max} N Ri,o the localizing function hy = x is equal to Zyax +
A1 > 0, where A; > 0, and therefore,

hy = (Zmax + A1) {r — 7 (@max + 11+ Ay) — 1%”@ + fjrzz}
S _(xmax+71 +A1)%(Tl +A1> S _(-/L'max"'_Tl)%Tl < 07
in the set {hy > izg,sup(Riyo)} N R the localizing function hy = 2 + ny is equal
to }AL27sup(Rj_70) + Ay, where As > 0, and therefore,
ho < =19 — Ag < —73 < 0;

in the set {hy > émax}ﬂRiO the localizing function hy = z is equal to Zax +As,
where Az > 0, and therefore,

hy < —73 — Ay < —73 < 0;

in the set {hs > wmax}ﬂM the localizing function hs = w is equal t0 Wyax+Ayg >
0, where A4 > 0, and therefore,

hS < Ci’max'i_sl+(wmax+7—4+A4)(_;u’1+pl 1 _iy_n;;ax) = (T4+A4)(_N1+P1 1 ‘:IiJ‘n;:lax)
gmax
S —T. — —) < 0.
(1 p11 ermax)

5. The nonexistence conditions of compact invariant sets in Ri,oﬂ{x > 0}.
Under condition (8) all compact invariant sets lying in the set R4 ; N {z > 0} are
contained in the set 01 := M; N {x > 0} (see Corollary 1). Below we apply
localizing function h; = x and show that its derivative is negative in the set O if
some inequality holds. Therefore, in the case (8) this inequality is a nonexistence
condition of compact invariant sets in the set R% o N {z > 0}. This condition may
hold both in case of the existence of the TFEP and its nonexistence. It means
the nonexistence of bounded tumor persistence dynamics, for example, the tumor
dormancy. As a corollary, we describe the property of the nonexistence of periodic
orbits and tumor persistence equilibrium points (TPEPs) in some range of model
and treatment parameters.
Let us denote
P152 q1YmaxP4 r P2pa
S2 + 1 (ymax + 1)((]2 +p4)’ 02 = *

Cy =1 — .
1 H1 k' 11pa
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Theorem 5.1. Suppose that (8) and
w
51 > 89 = 59" (sq) 1= —ao Ch, (9)

where

kC2 .
2 if r(1-— %) + ff;i >0,

; 1
B { T+ ffr];‘i, if r(1—¢)+ ff;‘i <0,
wo =
4r 0
hold. Then there are no compact invariant sets in the set Ri,o N{z > 0}.
Proof. Let us apply the function hy = x and find that Lyhq|o, < 0 in the set Oy if

T aw D2z
+
142 14z

<0,

i.e.

rr DP2Zmax
AWmin > max 1 €T (’r - — 7> = wo.
IG[();zmax]( + ) k + 1+ Zmax 0

In order to find wy we consider

. re P2P4
z)=(14+=2 (r - — 4+ )
i) = (14 ) (r = 2 P2
and get
. Da2P4 . o 1 P24
0)=r+ > 0; max) < 0; 0)=7r(1l— =)+ ;
10) =+ 2 5 00 i) <00 (0) = (1 ) + 2
. - ko1 kpapa . k
! x) = f == —= . L) = 2.
M) =000 e =5 = ot i py 1) = G
Therefore if 7/(0) < 0 then wy = 7(0) and if #'(0) > 0 then wy = H(x). O

6. Global asymptotic stability respecting the TFEP. If

> T = T (59) = pag st (10)
the system (1) has the TFEP
E1 = (0,52,0,w1)7,
where
s1(1+ s2) S1

w1 = = 5o *
M1+ p182 —P1S2 M1 T Pliis,

The TFEP is asymptotically stable if r < aw; i.e.

r P152
> 53 =55 (s9) == = (1 — . 11
S1 > 81 51 (s2) a(Ml 1+52) (11)

Theorem 6.1. If conditions (7); (9) and (11) hold then the TFEP attracts all
trajectories in Ri,0~

Proof. If conditions of this theorem are fulfilled then all trajectories of the system (1)
go into bounded positively invariant set K'4; the TFEP exists and is asymptotically
stable. Therefore, in order to prove Theorem 6.1 it is sufficient to show that the
TFEP is the unique compact invariant set of the system.
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The system (1) has no compact invariant sets in R4 ;N {z > 0} (see Theorem
5.1). The TFEP is the only compact invariant set of the system in the invariant
plane {x = 0}. Indeed, let us consider the system restricted on this plane

y = —y+ s, (12)
z = -z,
. wy a1z
w = —pw+ — — + s1.
H1 1+y(p1 q2+z) 1

Next, applying localizing functions x; y; w we obtain localization sets for compact
invariant set of the system (12)
Ky,R) =Y :={y=s}; K(R*=Z2Z:={z=0}
K(w,YNZ)={(s2,0,w1)}.
O

Now let us prove that the system (1) has no compact invariant set C' for which
CNRYyN{x >0} #0and CN{x =0} # 0. Indeed, otherwise C N {z =0} = E;
and there exists a point P € CNRA ;N {z > 0}. In this case the a-limit set of
the trajectory starting at the point P is a nonempty compact invariant set D and
E; ¢ D because otherwise the point E; is not stable. Therefore, the nonempty
compact invariant set D is a subset of Rﬁ-,o N {x > 0} and the statement of the
theorem follows from this contradiction with Theorem 5.1.

7. Tumor persistence conditions.
Theorem 7.1. Suppose that condition (7) holds and wmax < r/a i.c.

er er r Ymax D2
51 < ST =80 (s2) = a(pl fplm) — ck(7 +1). (13)

Then in Ri,o N {z > 0} each trajectory goes into the bounded positively invariant
set

P=K,Nn{z>xy—75}
where sufficiently small 75 > 0;

k—1 k—1)2 k
Ty 1= +\/( ) +k_a7wmax
2 4 r

in finite time.

Proof. In the set Ri,o N {z > 0} each trajectory goes into bounded positively
invariant set K, N {z > 0} in finite time (see the proof of Theorem 4.1). In the set
Kyn{z > 0} we have that

. r AWmax re 9 ak .

> — =T — = — = 1-—- k — Wmax — k
Fzalr—gr =) T TR @) Q) =atrall=k) 4 Shd
We note that Wmax — Wmax under 7, 72,74 — 0. Therefore, if the condition (13)
holds there exist sufficiently small 71, 72, 74 for which wWyax < Z. Hence, then for

any 75 > 0, 75 << min{z; 1}, the inequality Q(x) < 0 is fulfilled in

{(0<z<zy—T15}NKy

For any 1 € (0;z4 — 75) the derivative & is separated from zero in compact set
{1 <x <xy — 715} N K4 and we come to the statement of the theorem. O
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8. Comparison of bounds. Now we describe how some features of ultimate dy-
namics depend on values s; and s; under condition that all other parameters are
fixed. We recall the formulas

52
pTFEP(5,) = plTsz (see (10));
M q1P4 Ymax S2
s = - . + see (8));
H ( 2) q2 +p4 1 + Ymax P 1 + S2 ( ( ))
pol — Ymax 7
" (s2) N (see (7).

It is easy to see that if so > 0 then the double inequality

1 (s2) < pTFEP (s5) < ph (s2)

is fulfilled. We notice that the value sy determines the existence of:

(i) the localization set M; for compact invariant sets of (1) under condition
! (s2) <

(ii) TFEP, with uTFEF (s5) < py;

(iii) bounded localization set II for compact invariant sets of the system and
global attractor, with uﬁwl(sQ) < 1.

Let us consider the case when our system has the TFEP, i.e. pg > pffEP(sy).
In this case the value s; determines the behavior of system trajectories relating to
the TFEP. Indeed, we have introduced above functions

er T Ymax D2
sy (32):a(M1—P171+y )—ck(7+1):
max

= (1 — 1" (s2)) — ck(P2 1) (see (13));

s r S9 r
s7'(s2) = e n 52) = —(p - p1 T (s9))  (see (11));

Satt s :@ _ P1S2 + q1YmaxP4 _ E M s see (9)).

) =y — LI Py B0 () (e (9)

It is easy to see that

sV (s2) < s5t(s2) < 5§ (s2), s2 > 0.

If 51 < s5(s2) holds then the TFEP is not stable and under additional conditions

s1< 87 (s2); il (s2) <
we have the tumor persistence.
If 51 > s3%(s2) holds then the TFEP is asymptotically stable and under additional
conditions
s1> 81" (s2); b (s2) <
all trajectories in Ri tend to the TFEP.

9. Concluding remarks. The main contribution of the present paper lies in the
rigorous dynamical analysis of the four-dimensional system (1) and in obtaining
global tumor clearance conditions via the localization method of compact invariant
sets. We have studied various aspects of the ultimate dynamics of (1) describ-
ing interactions of cancer cells, TGF-£ and immune cells under two types of the
treatment. This research includes the following parts.

1. Under condition (7) we have found all upper bounds for variables of the
state vector of the system (1). Moreover, in this case it was shown that (1) has
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the property of the dissipativity in the sense of Levinson, because there exists the
positively invariant polytope.

2. Further, we provide conditions (8) and (9) under which there are no compact
invariant sets in the set Rflho N{z > 0}. As aresult, there is no conditions for tumor
dormancy. In particular, the system (1) has neither TPEPs nor periodic orbits.

3. We find conditions (7); (9) and (11) under which the TFEP attracts all
trajectories in Rflho. The biological sense of this behavior consists in asymptotic
eradication of tumor cells which means that after a while the tumor cells population
will be under control.

4. Tumor eradication and tumor persistence bounds are compared in Section
8. Onme can point to the following essential difference of dynamics of (1) in cases
s1,2 = 0, [1], and in case s1,2 > 0 under varying antigenicity ¢. Namely, it was
noticed in [1] that there are many negative scenarios including uncontrolled tumor
growth and damped oscillations around the TPEP, which corresponds to tumor
dormancy. In our work, because of the proper assignment of treatment parameters
51,2 satisfying Theorem 6.1 for given model parameters a, k, 7, pt1, g4, 1, P2, P3, Pa
one may achieve tumor eradication regardless the value of ¢, where ¢ > 0. However,
the tumor persistence bound s7*" depends on parameter c.

All assertions are formulated in terms of simple algebraic inequalities imposed
on parameters of the model and treatments. These inequalities are stable for suf-
ficiently small perturbations caused by imprecise knowledge of parameters’ values
which is convenient in applications.
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