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Abstract. Funds from various global organizations, such as, The Global Fund,
The World Bank, etc. are not directly distributed to the targeted risk groups.

Especially in the so-called third-world-countries, the major part of the fund
in HIV prevention programs comes from these global funding organizations.

The allocations of these funds usually pass through several levels of decision

making bodies that have their own specific parameters to control and specific
objectives to achieve. However, these decisions are made mostly in a heuristic

manner and this may lead to a non-optimal allocation of the scarce resources.

In this paper, a hierarchical mathematical optimization model is proposed to
solve such a problem. Combining existing epidemiological models with the

kind of interventions being on practice, a 3-level hierarchical decision making

model in optimally allocating such resources has been developed and analyzed.
When the impact of antiretroviral therapy (ART) is included in the model, it

has been shown that the objective function of the lower level decision making

structure is a non-convex minimization problem in the allocation variables even
if all the production functions for the intervention programs are assumed to be

linear.

1. Introduction. Funds have been raised globally to help the fight for HIV and
AIDS epidemics in low- and middle-income countries. In the year 2014 alone USD
19.2 billion was made available globally to finance the response to AIDS in such
countries. Out of this, USD 8.5 billion was handled by the global organizations like
The Global Fund to fight AIDS, Tuberculosis and Malaria, and UNITAID [1, 14, 25].
The type and intensity of response may vary from region to region and from country
to country depending on the type of risk groups, rate of prevalence, social make-ups
and economic conditions they have.

Globally over 36.7 million people are leaving with HIV and of these cases about
70.5% live in Sub-Saharan Africa, 13.8% live in Asia, 4.6% in Latin America, and
around 3% live in Eastern Europe and central Asia. More than 1.8 million children
under the age of 15 live with HIV/AIDS globally and among them more than 83
percent live in Sub-Sahara African region. A further 2.1 million people were infected
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in the year 2015 [24]. Every day over 5,700 new HIV infections occur worldwide.
Out of these more than 95 percent occur in low- and middle-income countries and
above 600 new cases per day are among children under 15 [24]. It is estimated that
more than 90% of infant infection is caused by mother-to-child transmission which
could have been prevented. In general global HIV prevalence (proportion of people
with HIV) is remaining at the same level, although the global number of people with
HIV is rising because of new infections and longer survival times, and continuously
growing global total population.

In the absence of a curing medicine and a working vaccination, the investment to
control the HIV epidemics is mainly to reduce the total number of new infections
and the rate of progression to AIDS.

Untreated HIV progress to AIDS and death in most individuals. The antiretro-
viral (ARV) therapy to HIV infected people limits the viral replication allowing
either immune preservation (at the earlier course of the infection) or immune re-
construction, resulting in durable, life-saving effects. The ARV treatment has two
fold advantages: an advantage to the infected person as a treatment to increase the
healthy life of the infected individual and an advantage to the society at large in
decreasing the rate of infectiousness of the infected individual. The use of ART can
significantly reduce the plasma viral load (by up to six orders of magnitude [16])
which decreases the rate of infectiousness of a treated person.

The other outcome of the ART intervention both to the individual and the society
is that it reduces the costs of illness which may include hospitalization and the use
of other expensive therapies. However, only about 17 million people worldwide
received ART at the end of 2015 [24] and this amounts to only 46% of the total.

The intervention to reduce, and eventually eliminate the Mother-to-Child Trans-
mission (MTCT), which is also called a vertical transmission, is through the use of
ARVs during pregnancy and delivery and to the infants following births and the use
of replacement infant feeding [4]. It is known that potent viral suppression greatly
reduces perinatal HIV transmission.

To finance the interventions, the fund raised globally is very limited. It is only
up to 70% of the required amount even at its pick stage [15, 25] (see Fig. 1).

Figure 1. Global financing for the fight of HIV from Donor Gov-
ernments: Commitments & Disbursements, 2002-2013. Taken from
[15].
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Due to economic difficulties or political reasons international aid may fluctuate
significantly and hence the investment on health care could be highly affected, in
particular in low- and middle-income countries. Therefore, the scarce resources
have to be allocated optimally to get better and tangible achievements, in epidemic
terms.

Health economics theory states that allocating resources to medical interven-
tions in increasing order of their cost-effectiveness ratios until the available budget
has been exhausted will result in the optimal allocation of funds [6, 27]. Actually
this leads to a Give-it-all or nothing strategy. Moreover, to establish the Cost-
Effectiveness criteria one needs to collect adequate data on the population distribu-
tion and generate cost-effectiveness data for individual and community-level inter-
ventions. Even in the perfect information case, ‘Allocation by Cost-Effectiveness’
(ACE) does not allow for several important factors such as, increasing or diminish-
ing marginal returns to scale, mutual exclusivity of programmes, and interaction of
program outcomes, which are necessary to be taken into consideration [18].

Therefore, several researchers have proposed the method of operations research
in allocating resources for HIV interventions (see for instance [2, 3, 7, 8, 30, 31] and
the references therein). However, all of them use one level-optimization procedures,
which assume that resources are allocated by the same country where the programs
are implemented. Such models may work well for resource allocation decisions in
developed countries, where the fund is raised only from within the country itself.

A two level resource allocation model has been proposed in [18]. However, this
model assumes that the lower level problem has a unique solution, which is not
normally the case, especially when the production functions used are not linear
(which is true even with the model formulation of the same paper). Therefore, it
could be difficult to apply the proposed method in practical situations. Moreover,
the effect of ART in reducing new infections was not considered in the model.

In this work a simplified epidemic model with the inclusion of the effect of ART
will be used to formulate a global resource allocation model for HIV control. The
paper shall concentrate on developing and analyzing the model where the decision
for resource allocation passes through various levels. Such levels could be two or
more depending on the organizational structure of the global financing agencies and
on the mechanism they allocate resources to developing countries.

The remaining part of this paper is organized as follows: the resource allocation
problem and the structure of the levels have been formulated and analyzed sepa-
rately in Section 2, while Section 3 is devoted for the analysis of the model in its
entirety. The paper is concluded with a discussion in Section 4.

2. Problem formulation. The decision for international fund allocation for HIV
prevention programs to low- and middle-income countries usually passes through
various stages, with all of them aiming in controlling the epidemics and reducing
human sufferings. We assume that major decision points in allocating funds can
be classified into three hierarchical groupings; the upper level can be taken as the
International funding organization, the middle level can be the Regional representa-
tives and the lower level being the Country representatives. Due to the variation in
prevalence, the main factors in the transmission mode of the disease, the economic
condition and their social set-up, etc. countries with closer features (in addition to
their geographic proximities) are classified by many international funding agencies
in to some regions, like the Sub-Sahara Africa, Latin America, the Middle East
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and North Africa, Asia, etc. We take these regional forms as a middle level deci-
sion points in the resource allocation process. The diagram in Fig. 2 indicates the
structure of the model under study.

Figure 2. Schematic diagram for global resource allocations.

At each stage of the resource allocation process indicated in Fig. 2, the final
common goal of investment, which is assumed to be controlling the epidemics and
improving the quality of healthy life of the society, will be checked. That means, the
investment is targeted to positively affect the dynamics of the epidemics. There are
several models in literature which try to describe the dynamics of the HIV infection
and spread in the population with ARV treatment. The schematic diagram in
Fig. 3 indicates one of such models where interventions have impact on the disease
dynamics.

Figure 3. Model diagram that show flow of individuals between
the compartments.

The dynamical system representing the schematic diagram in Fig. 3 will be given
by the following set of differential equations.
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dV

dt
= mβ(I + ε2T )− (γρ+ µ+ δV )V

dS

dt
= π − λS(I + ε1T )

Q
− µS

dI

dt
= λ

S(I + ε1T )

Q
− (ρ+ σ + µ)I

dT

dt
= ρ(γV + I)− (α+ µ)T

dA

dt
= σI + αT − (µ+ δA)A

S(0) + V (0) + I(0) + T (0) +A(0) = 1,

where Q(t) = S(t) + I(t) + T (t) represents the total proportion of the sexually
active population. Here, we assume that the population in symptomatic AIDS
compartment (A) are not sexually active and do not contribute to the infections.

If we assume that the interventions have direct effect on some of the parameters
in the system, allocation of resources should yield in decreasing the rate of infection
(λ) and the rate of MTCT (m), in increasing the rate of recruitment to get ART
(ρ), and in decreasing the rate of failure in adherence to the proper usage of ARV
(α). Let φλ, φm, φρ, φα denote general cost (or production) functions corresponding
to each of the rates. Then the above dynamical system where these production
functions now replacing the parameters is given by the following set of differential
equations:

dV

dt
= φm(y1)β(I + ε2T )− (γφρ(y

3) + µ+ δV )V (1)

dS

dt
= π − φλ(y2)

S(I + ε1T )

Q
− µS (2)

dI

dt
= φλ(y2)

S(I + ε1T )

Q
− (ρ+ σ + µ)I (3)

dT

dt
= φρ(y

3)(γV + I)− (φα(y4) + µ)T (4)

dA

dt
= σI + φα(y4)T − (µ+ δA)A (5)

S(0) + V (0) + I(0) + T (0) +A(0) = 1 (6)

If N(t) is the total population size at time t, then N(t)S(t) gives us the number
of people in the susceptible compartment, N(t)I(t) gives us the total number of
infected individuals but not under treatment, and so on.

Since non-treated children with HIV have a 10 times higher mortality rate com-
pared to those of other children [21], it is assumed that they will not become sexually
active in the population (especially in low-income countries where child mortality
rate is significantly high). However, those who are getting proper ARV treatment
may mature to adulthood at a rate of γ. Thus, in the model the infected children
under the age of 15 (the V ) compartment are assumed to have little direct impact
on the transmission of the disease. Given the higher rate of child mortality in low-
and middle- income countries, this assumption does not deviate much from reality.
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2.1. Lower - level optimal resource allocation. Assume that there are Mj

target groups in country j within region k, where a program is to be implemented.
Assume that each one of the program implementers address all the four intervention
categories (i.e., reducing the MTCT (m), decreasing the rate of infection due to
sexual contacts (λ), increasing the rate of recruitment for the HIV infected people
to get ARV (ρ), and decreasing the rate of failure in adherence to the proper use of
ARV (α)). It is also assumed that there is no migration from one target group into
the other within the given intervention time horizon.

The goal of the interventions program is mainly to minimize the total number
of individuals who become newly infected, both in the category of the newly born
children with an infected status (φm(y1)β(I + ε2T )) as well as in the category of
adults that get infection through sexual activities (φλ(y2)S(I+ε1T )/Q), over a given
time horizon, subject to a budget constraint, some equity constraints, and possibly
a limit on attainability of some of the rates or parameters. At the beginning it
seems that the effect of investing on treatment of the infected ones may not have
a direct impact on reducing the incidence rate. However, giving ARV treatment to
the infected individuals has an epidemiological advantage to the community in that
the rate of transmission can be reduced by up to 92% [5] and the rate of mother-
to-child transmission by at least 98% [17, 20, 22]. Therefore, it is very important in
reducing the incidence rate in the population and this impact can be seen through
the dynamics of the objective function.

The objective function of the resource optimization problem at the lower level
is, therefore, simply taking the total sum of the contribution of the incidence of the
newborns and the incidence of adults due to sexual contacts in the given period of
time in all the community groups of a country, which is a function of the investment
variables.

If a total of xkj is allocated for country j in region k and there are Mj different
community groups in country j, the total fraction of new infections within time
horizon τ in country j of region k, where ykji = (y1kji, y

2
kji, y

3
kji, y

4
kji) represents the

decision (investment) variables vector, is given by

fkj(ykji) =

Mj∑
i=1

∫ τ

0

e−rt
{(

φλi(y
2
kji)Si(t)

[
Ii(t) + ε1Ti(t)

Qi(t)

])
(7)

+φmi
(y1kji)β (Ii(t) + ε2Ti(t))

}
dt,

where Qi(t) = Si(t) + Ii(t) + Ti(t) represents the total proportion of the sexually
active population in community group i of country j at time t. In Equation (7), the
two other investment variables (y3 and y4) do not appear exclusively in the objective
function. However, previous investments on ρ and α have an impact on the number
of the individuals in the treated cohort and due to reduced infectiousness of these
individuals their contribution to the emergence of new infections is significant at
the current time. To include this effect in the above objective function, since the
closed form solution of the system (1 – 6) is not known, we will approximate the
value of T from Equation (4) for a reasonably small change in time δt at any given
time t as follows.

T (t+ δt) = T (t) +
[
φρ(y

3) (γV (t) + I(t))− (φα(y4) + µ)T (t)
]
δt

= φρ(y
3)[γV (t) + I(t)]δt−

[(
φα(y4) + µ

)
δt− 1

]
T (t)
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By reformulating this last equation we can get the value of T at the current time
(from the previous value in time) to be

T (t) = φρ(y
3)[γV (t− δt) + I(t− δt)]δt−

[(
φα(y4) + µ

)
δt− 1

]
T (t− δt), (8)

where, t − δt represents the time which is one step before the current time t. In
terms of the formulation of (8) the objective function given in Equation (7) now
becomes

fkj(ykji) =

Mj∑
i=1

∫ τ

0

e−rt
{
φλi

(y2kji)
Si(t)

Qi(t)

[
Ii(t)

+ε1

(
φρi(y

3
kji)[γVi(t− δt) + Ii(t− δt)]δt

−
[(
φαi(y

4
kji) + µ

)
δt− 1

]
Ti(t− δt)

)]
(9)

+φmi
(y1kji)β

[
Ii(t) + ε2

(
φρi(y

3
kji)[γVi(t− δt) + Ii(t− δt)]δt

−
[(
φαi

(y4kji) + µ
)
δt− 1

]
Ti(t− δt)

)]}
dt,

which is a nonlinear (non-convex) function of the investment variables. Even in the
cases when the cost functions φλi

, φmi
, φρi , and φαi

are linear, the criteria function
(Equation (9)) is a non-convex function.

In determining the value of fkj(ykji) of Equation (9), in practice we apply nu-
merical integration. Thus, in numerical integration process, one need to take care
of the values at time steps t and t− δt.

In the expression above, the variable vectors y`kji represent the amount of invest-
ment for interventions aimed in reducing one of the rates: ` = 1 for the mother-
to-child transmission rate, ` = 2 for the infectious contact rate, ` = 3 for the rate
of recruitment to get treatment, and ` = 4 for the rate of failure to adhere in the
proper use of the treatment due to various reasons.

If the planning time horizon τ is short enough (in application the actual planning
periods could be 1 year or 3 years), then the discounting rate can be approximated
by 0. Hence in such cases we can neglect the effect of discounting and set e−rt = 1
for the whole planning period.

Therefore, the resource allocation problem at the lower decision point will be
given by a non convex optimization problem:

min
ykji

Njfkj(ykji)

Subject to (10)
Mj∑
i=1

(
y1kji + y2kji + y3kji + y4kji

)
≤ xkj

Here, the constraint reflects that the total investment in country j should not
exceed the total budget allocated to it from the higher level decision making body.

The solution y∗
kji of the minimization problem (10) which gives the optimal al-

location of the total fund xkj for country j in region k that satisfy each of the con-
straints set by higher-level decision makers. However, since the objective function f
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is nonlinear and non-convex even if all the involved cost functions are modeled to be
linear, problem (10) is a non-convex optimization problem in investment variables.

2.2. Middle - and upper - level optimal resource allocations. On the other
hand the Middle-Level decision maker (region k) will solve the following problem
in reallocating the total budget vk received from the upper - level decision maker.

max
xk1,...,xkNn

Fk = hk1xk1 + hk2xk2 + · · ·+ hkNnxkNn

Subject to (11)

xk1 + xk2 + · · ·+ xkNn
≤ vk

where hkj represents the estimated number of HIV infections prevented in country
j over time horizon τ for each money unit invested from region k.

One possible way of estimating the values of hkj could be using the formulation in
[31]. This could be done by choosing appropriate weights w1 and w2 and calculating
the values:

hkj = w1

r1kj × e1kj
Nkj × c1kj

+ w2

r2kj × e2kj
Nkj × c2kj

,

where,
c1jk = an average estimated cost per person to implement one intervention

aiming to avert new infections in country j of region k,
c2jk = an average estimated cost per person to implement one intervention

aiming to avert new progression to AIDS in country j of region k
r1kj = the baseline number of new infections that will occur in country j

of region k over time τ
r2kj = the baseline number of new AIDS cases that will progress in country

j of region k over time τ
e1kj = total number of expected potential infections averted (i.e. the number

of infections that would occur in the absence of any investments) per
person in country j of region k

e2kj = total number of expected potential AIDS cases prevented from progress

per person in country j of region k
Nkj = The size of population to be addressed during the intervention in

country j of region k.
The coefficients hkj , thus calculated, carry the aggregate information about the

effectiveness of the intervention in every country. Here, we also assume that the
failure to adhere to the proper use of ARV will result in progression to AIDS.

If a solution x∗kj(vk) is obtained for the middle level problem (11), it results in

a solution function Fk(vk) that gives the total optimal number of HIV infections
averted and the total new AIDS cases prevented within the course of time τ in all
countries and in all the regions k = 1, . . . , n. Thus Fk(vk) will take the form [18]:

Fk(vk) = hk1x
∗
k1(vk) + hk2x

∗
k2(vk) + · · ·+ hkNk

x∗kNk
(vk) (12)

The upper level problem will then be finding an optimal allocation v∗1 , . . . , v
∗
n

of the fund to each region which maximize the global gain in health. Thus, the
decision maker at the upper level will solve the optimization problem:
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max
v1,...,vn

n∑
k

Fk(vk)

Subject to (13)

v1 + v2 + · · ·+ vn ≤ B

xkj ≥ dkjvk for each k = 1 to n

Mj∑
i=1

y`kji ≥ z`kjvk for each ` = 1, 2, 3, 4,

where, 0 ≤ dkj , z
`
kj ≤ 1 are predetermined parameter values which are usually

assigned by the upper level decision maker as equity values described by the inter-
vention policy. The interpretation of these parameters could be: z`kj may represent
the minimum proportion of the allocated fund for region k which is to be invested
in intervention type ` in country j of region k, whereas dkj may represent the min-
imum proportion of the allocated fund for the region that should be assigned for
country j in region k. If such values are considered to be not necessary or are not
readily given, one may simply take a value 0 as a minimum threshold for each of
them.

3. Analysis of the model. When we combine all the three problems described
in the previous section in sequential order the general resource allocation problem
takes the form,

max
v1,...,vn

n∑
k

Fk(vk)

Subject to

v1 + v2 + · · ·+ vn ≤ B
xkj ≥ dkjvk for each k = 1 to n

Mj∑
i=1

y`kji ≥ z`kjvk for each ` = 1, 2, 3, 4 where xkj , y
`
kji solve

max
xk1,...,xkNn

Fk = hk1xk1 + hk2xk2 + · · ·+ hkNnxkNn

Subject to (14)

xk1 + xk2 + · · ·+ xkNn
≤ vk where, ykji solves

min
ykji

Njfkj(ykji)

Subject to
Mj∑
i=1

(
y1kji + y2kji + y3kji + y4kji

)
≤ xkj

where all the variables are nonnegative. i.e., vk, xkj , y
`
kji ≥ 0 for all the indices, and

where all the inequalities hold for the corresponding indices as well.
Given a total budget B allocated for the global interventions in period τ , the

upper level decision maker decides on the optimal distribution vk of the budget for
each region k. Then, considering this given value and the equity constraints, the
second level decision maker (region k) decides in how to optimally distribute its
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available funding (vk) for the intervention investments in each of the countries in
its region and obtains the value xkj for country j. The planners in country j are
assumed to be responsible for the consideration of the total number of infections
averted (and also in reducing the rate of failure in adherence to the proper use of
HIV medication) as a criteria in their allocation of resources for various community
groups within the country.

Accepting the values vk and xkj from the upper level planners, the planner in
country j (the lower level decision maker) solves its resource allocation problem (10)
and obtains an optimal vector ykj(vk, xkj), the exact value of which may depend
on the choices of vk and xkj by the upper level decision makers.

Therefore, the optimization problem solved at each stage is a (multi-)parametric
problem, where the parameters are decision variables at other decision levels. More-
over, the decision process is hierarchical as the global planner should declare its
optimal allocation of funds first for the middle level to act. However, a one level
solution procedures may not help to arrive at the optimal solution of such kind of
problems as the parameters need to be rechecked again for their agreement with the
optimality requirements at each other levels. That means, we need to apply solution
techniques for multilevel programming problems to eventually arrive at the optimal
allocation of resources for HIV interventions. The techniques that we may choose
to solve the problem, however, depend on the types of the production functions for
investment of each of the 4 types of the interventions.

Since all the constraints in problem (14) are linear inequalities in investment
variables at all levels, the constraint set is polyhedral. But since the objective
function of the lower level problem is non-convex, even when all the production
functions are chosen to be linear, unique solutions may not be obtained at lower
levels and we do not also expect that only full utilization of funds give optimal
solutions. Proper definition of the production functions for each of the intervention
types requires a closer study on the nature of the investment and its impact on the
corresponding parameter values. Although linear functions are easy to work with,
such linear approximations may not take important behaviors of the parameters into
consideration. Therefore, it is advisable to use a combination of models depending
on the nature of interventions.

In some of the intervention programs each incremental unit of money spent may
produce the same incremental reduction or upsurge in epidemic component. In such
type of programs the production function could be taken to be linear as a function of
investment variables [2, 3]. In our model, for example, to formulate the proportion
of investment in increasing the rate of recruitment for treatment (ρ) we may use
such linear production function. i.e, we may use φρi(y) = ai+biy for some constants
ai, bi. Similarly, the production function to model the proportion of investment in
decreasing the rate m of MTCT can also be formulated as φmi

(y) = αi − βiy, for
some constants αi, βi.

On the other hand, production functions that are related to a change in the
risky behavior of group of individuals, an incremental investment in such programs
may not usually produce the same incremental reduction in the risky behavior of
individuals [12]. This is because, as the program expands the individuals reached are
increasingly less likely to change their risky behavior. In such cases we may better
model the corresponding production function by a function which is convex with
respect to the investment variables. In our model, the investment in reducing the
rate of infection due to unsafe sexual contacts (λ) and the rate of failure in adherence
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to the proper medication of ARV (α) require efforts in convincing individuals to
change their risky behavior. Therefore, following the model in [3] one may define
function of the form

φλ(y) =

{
λmin, if 0 ≤ y ≤ F ;

λmin

(
a+ bec(F−y)) , if y > F ,

where λmin represents the minimum possible value of the parameter to be decreased,
a, b ∈ (0, 1] with a + b = 1, c can be derived from the cost-effectiveness ratios of
programs, whereas F is called the startup cost to exhibit reduction. In some cases
non-convex and non-concave type production functions can be applied, which have
a variable monotonicity of returns to scale. For instance, a production function can
be modeled to have a functional structure that, for low level of investment it could
be assumed to have an increasing returns to scale (convex like) and then as the
program extends and when large enough investment is used for the program it may
have a decreasing returns to scale (concave like).

Once the model is properly formulated the next step will be to choose the best
solution procedure that can give us an optimal solution. Since, all the constraint
sets are polyhedral in investment variables, the solution approach depends on the
type of definition of the production functions which appear in the objective function
of the lower level problem. If all the production functions are twice continuously
differentiable functions, fkj(ykji) in Equation (10) is also continuously differentiable
with respect to the investment vector ykji. Hence, in such cases we may apply multi-
parametric programming algorithms (for instance, [9, 10]) together with numerical
integrations of the lower level objective function. However, if any of the production
functions are not smooth enough or if it is costly to calculate the derivatives of their
combinations in the objective functions of the lower level problem, then it will be
necessary to apply some derivative free or heuristic algorithms (like the method in
[29]) to solve the problem.

4. Solution of the tri-level programming problem - with a hypothetical
example. To show the procedure for solving the global resource allocation problem
using a tri-level hierarchical model, we formulated a hypothetical example. In this
situation, assume there are 3 regions globally and a total of B = $ 8.5 billion budget
is available for the disease control in the coming 10 years.1 Then, this budget is to
be distributed to these three regions as v1, v2, v3, where v1 + v2 + v3 ≤ B. Again to
simplify the process, we also assumed that there are only 2 countries in each region.
So, for each of the countries in any of the regions, say region k, xk1 and xk2 amount
is to be allocated, where xk1 +xk2 ≤ vk, for each k = 1, 2, 3. Moreover, within each
country it is assumed that there are two community (or risk) groups, to which a
budget (or resource) of ykj1 and ykj2 is to be allocated to fight the epidemic in their
community groups (k = 1, 2, 3, j = 1, 2). With these assumptions, totally there are
12 community groups for global allocation of resources. Each of the allocated budget
for a single community group has four components, (y1kji, y

2
kji, y

3
kji, y

4
kji) = y`kji,

corresponding to each of the intervention categories.

1In this example, the allocated budget B does not include the administrative expenses at each
level of coordination. The entire resource is assumed to be applied directly for the epidemic control.
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For the formulation of the upper level (global) and the middle level (regional)
resource allocation problems, the following parameters values are used.

hkj =

 0.2 0.3
0.31 0.39
0.25 0.4

 , dkj =

 20% 25%
30% 15%
25% 20%

 ,

where, the rows represent the regions and the columns represent the countries.
The entries in the matrix dkj give the minimum percentage of the region’s budget
that should be allocated to a country in that region. Moreover, assume that the
minimum percentage of the total allocation for any one of the intervention categories
is z`kji = 7.5% of the region’s budget, and it is assumed to be the same for all the
indices.

In the lower level problem there are various parameters to be used. Some of
them are disease parameters that remain constant across the glob and some others
are country or risk group specific. They are summarized in Tables 1 and 2. (Some
of these parameters are from [5, 13, 19, 23, 26, 28] and the rest are estimated.)

Parameter value Description

δV = 0.15 mortality rate for infected children
δA = 0.2 additional death rate due to AIDS
σ = 0.1 rate of progression to AIDS, if not treated
γ = 1.3 preferential rate of recruitment for children to receive ART
β = 0.12 transmission probability
ε1 = 0.08 factor of reduction on rate of disease transmission due to ART
ε2 = 1/6 factor of reduction on rate of MTCT due to treatment

Table 1. Disease parameters – Assumed to be Constant across regions

and countries

Parameter values Description (each is for the 6 countries)
π = [0.032, 0.036, 0.028, 0.021, 0.015, 0.012] Birth rates for the six countries, respectively
µ = [0.029, 0.025, 0.025, 0.019, 0.013, 0.010] Death rates for the six countries, respectively
λH = [0.16, 0.31, 0.13, 0.12, 0.12, 0.11] Initial unsafe contact rates for high risk groups
λL = [0.11, 0.14, 0.09, 0.075, 0.07, 0.05] Initial unsafe contact rates for low risk groups
mH = [0.31, 0.37, 0.28, 0.25, 0.22, 0.20] Initial rate of MTCT for high risk groups
mL = [0.19, 0.22, 0.15, 0.14, 0.12, 0.11] Initial rate of MTCT for low risk groups
αA = [0.15, 0.32, 0.11, 0.12, 0.11, 0.10] Initial rate of defaulting in the use of

ART – assumed to be the same for both
risk groups in each of the countries

ρH = [0.15, 0.15, 0.20, 0.21, 0.23, 0.24] Initial rate of recruitment for ART
in High risk groups

ρL = [0.075, 0.075, 0.10, 0.11, 0.15, 0.15] Initial rate of recruitment for ART
in Low risk groups

Table 2. Parameters that are assumed to vary from region to region

or from risk groups to risk groups

Initial size for the Low Risk population group in the 6 countries is assumed to
be as in the table below,
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Pop. Size R1C1 R1C2 R2C1 R2C2 R3C1 R3C2
S(0) 15652504 870885.6 35863200 7341600 28122000 16815000
V(0) 87640 12854.4 652800 151200 548250 285000
I(0) 1016624 107120 1632000 361200 1322250 627000
T(0) 438200 47132.8 1836000 411600 1451250 855000
A(0) 333032 33207.2 816000 134400 806250 418000

,

and the initial size for High Risk population group in the 6 countries is taken to
be as in the following table.

Pop. Size R1C1 R1C2 R2C1 R2C2 R3C1 R3C2
S(0) 11706200 611078.4 13785600 2656800 7998000 4512000
V(0) 110176 25708.8 499200 57600 193500 90000
I(0) 1170620 208636.8 2515200 417600 1236250 666000
T(0) 454476 84048 1632000 342000 1053500 600000
A(0) 330528 59328 768000 126000 268750 132000

The production functions for the model are chosen to be

φmi
(y1) = m(1 + a2y

1), φλi
(y2) = λ(1 + e−(c1y

2))

φρi(y
3) = ρ(1 + a1y

3), φαi
(y4) = α(1 + e−(c2y

4)),

with a1 = 1.65× 10−8, a2 = 5.43× 10−8, c1 = 4.56× 10−1.55, and c2 = 3.35× 10−2

(partly taken from [3]). These functions and parameter values are assumed to be the
same for all regions and countries. Moreover, since the planning time is considered
to be 10 years, the discounting rate r is assumed to be 5%.

Then, given the leader’s variable vk for region k and the investment variable xkj
allocated by region k for country j, the decision maker at each of the country levels
optimizes its resource allocation problem for the desired epidemic control. This will
lead to a multi-follower problem in hierarchical optimization. However, since all the
countries are at the same level and they optimize their resource allocation problems
independently with their objective functions separable, we can use the equivalent
formulation as the sum of all the terms at the same level (see [11] for the details
of this approach). Hence, the objective function of the lower level optimization
problem is the sum of the costs of all the 6 countries, and the optimization is over
all the y-variables. In general, the lower level problem is a 48-variables problem
with integral form objective function. Using similar argument, even if the regions
operate concurrently and independently, we optimize the sum of all the objectives
in the three regions for all the variables xkj at the middle level.

In choosing a solution approach, it is considered that since the lower level objec-
tive of the problem is defined in terms of an integral form, it will be expensive to
calculate the first and second order derivatives. Hence, the algorithm in [29] is used
to get the solution. After reformulation and running the SEAMSP algorithm [29]
for the above tri-level problem, we obtain the solutions as in Table 3. The values
in this table are given in millions of USD.

When these optimal investment values are used in the dynamical system it can
be seen from the simulation graphs (Fig. 4 - 6) that the prevalence of the disease
decreases significantly in each of the countries in the region.

5. Discussion. In this paper a hierarchical model for global resource allocation of
the funds that are raised to fight HIV/AIDS is formulated and analyzed. It has
been shown that when the effect of treatment in the aversion of new infection is
employed in the model, the objective function of the lower level decision making
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Table 3. Solution of the three level resource allocation

structure is neither convex nor concave in the allocation variables even if all the
production functions are assumed to be linear. This made the resulting multilevel
optimization problem difficult to solve with classical operations research methods.

Here, it is assumed that there are three levels of decisions in the global allocation
of resources. However, a two level decision system can also be analyzed using a
similar approach by simply merging the middle level with the upper level decision
making structure. Since the main difficulty (in terms of solution approaches) arises
due to the properties of the lower level objective function, the two level version of
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Figure 4. Prevalence graphs for Countries in Region 1. The figures to the

left indicate the prevalence for Low Risk population groups while those in the

right indicate the prevalence for High Risk population groups with in the same

country. The broken lines indicate the prevalence if the optimal resource is

invested in the planned 10 years period for each of the community groups

the problem also requires the same solution techniques recommended in this paper.
On the other hand if the number of levels (or hierarchies) is increased from 3 to
any possible number in the formulation of the model, the analysis of the model
again follows a similar argument and structure. The solution techniques of any
such multilevel problems also depend on the type of constraints and criteria func-
tions formulated at each level of decision. The effectiveness of this model is not
yet proved by taking actual data from the field. Nonetheless, unlike the conclu-
sion in [18] (which recommends the use of equity – optimal approach), the author
recommends the use of optimal – optimal approach over the other possible deci-
sion approaches between the levels as equity parameters are already included in the
model constraints.

This study considered the allocation of resources to control the HIV epidemic in
a multiple but independent communities of the population in any country. Though
the model relies upon the epidemic behavior of HIV/AIDS, the model structure and
the analysis given in this paper are likely to be applied to other types of diseases
provided some of the interventions also result in reducing the infectiousness of the
infected individuals. Moreover, one can also use a similar model to allocate resources
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Figure 5. Prevalence graphs for Countries in Region 2. The broken lines

indicate the prevalence if the optimal resource is invested in the planned 10

years period for each of the community groups

to control multiple diseases in the same population (like, for example, Tuberculosis
(TB) and Malaria) if the epidemics are assumed to be independent. But since some
infections are not independent, one need to apply a different modeling structure for
non-independent diseases (like, for example, HIV and TB, HIV and other sexually
transmitted diseases) because the same intervention may have an impact on the
incidence of the other diseases as well.

In this paper it is also assumed that countries within a region, or regions within
the global settings do not compete each other to receive higher resources from higher
level resource allocation body for any of the intervention programs. If the resource
allocation structure allows for such a competition, then one has to apply a multi-
level multi-follower method to get an optimal solution. However, such techniques
are not well developed yet to handle various formulations of lower level problems.
Therefore, this requires a further research especially when the objective functions
of the lower level decision makers (in our case the country level resource allocation
structure) need to solve non-convex and non-concave problems with resources are
shared among them.
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Figure 6. Prevalence graphs for Countries in Region 3. The broken lines

indicate the prevalence if the optimal resource is invested in the planned 10

years period for each of the community groups
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