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ABSTRACT. In this paper, a time periodic and two—group reaction—diffusion
epidemic model with distributed delay is proposed and investigated. We firstly
introduce the basic reproduction number Rg for the model via the next genera-
tion operator method. We then establish the threshold dynamics of the model
in terms of Rg, that is, the disease is uniformly persistent if Ro > 1, while the
disease goes to extinction if Rp < 1. Finally, we study the global dynamics
for the model in a special case when all the coefficients are independent of
spatio—temporal variables.

1. Introduction. Mathematical modeling is a basic but efficient tool to study the
spread mechanism of diseases, by which the future course of an outbreak can be
predicted and then be controlled. In order to establish a theoretical framework for
mathematical analysis of transmission of malaria, Ross [44] firstly proposed a system
of ordinary differential equations which is the origin of the modern susceptible—
infected—recovered (SIR) compartmental model. Since then the SIR compartmental
model and many of its extensions, which are independent of the spatial variables,
have been well investigated by many scholars [2, 8, 20, 40, 36]. At the same time,
the heterogeneity of living environment and mobility of the host individuals play
a crucial role in the geographic spread of infectious disease. In fact, there have
been many articles which have analyzed mathematically the spatial dynamics of
epidemic models, see [3, 16, 42, 45, 43, 46, 61, 59, 64, 65, 66] and the references
therein. As reported by [29], multi-group epidemic models have been proposed to
describe the spread of various infectious diseases in heterogeneous populations, such
as measles, mumps, gonorrhea, and HIV/AIDS. In such models, a heterogeneous
host population can be divided into several homogeneous groups according to the
modes of transmission, contact patterns, or geographic distributions, so that within—
group and inter—group interactions could be modeled separately. The works involved
with multi-group models with or without spread diffusion can be found in [7, 13,
14, 15, 17, 21, 23, 32, 34, 50, 60, 70, 68].

Many infectious diseases, such as measles, chicken pox, cholera, influenza, HIV,
SARS, etc., exhibit a latent period, namely, the infected individuals do not infect
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other susceptible individuals until some time later. Meanwhile, the infected indi-
viduals may move from one spatial location to another spatial location with time,
which give rise to spatial nonlocal effect. Generally, such nonlocal infection may
effect the outbreak and transmission of the diseases (see, e.g. Li and Zou [27], Lou
and Zhao [32], Wang and Zhao [58]). Li and Zou [28] proposed a time—delayed
SIR epidemic model with nonlocal terms among n—patches in a fixed latent period,
where a demographic structure is incorporated by adding recruitment (including
births) and natural deaths. They found that nonlocal terms can enhance the basic
reproduction number Ry, and thus, may leads to an otherwise dying—out disease
to persist. When the habitat is a continuous domian, Guo et al. [18] derived
a reaction—diffusion epidemic model with time-delay and non-locality in a fixed
latent period and investigated the threshold dynamics of the epidemic model by
means of the basic reproduction number Ry. In addition, there have been other
papers studying diffusion-reaction epidemic models with fixed latent period, see
[27, 32, 58, 63, 67] and the references therein.

However, it is common that the length of the latent period differs from disease
to disease; even for the same disease, the length of the latent period is also different
from individuals to individuals. Based on this point, instead of using the discrete
(fixed) delay, we employ distributed delay to characterize the variable latency (see,
e.g., van den Driessche et al. [53]). The distributed delay allows infectivity to be a
function of the duration since infection, up to some maximum duration (see [38]).
To characterize the distributed delay, a distribution function p(u) : [0, 00) — [0, 00)
which accounts for the variance that the infected individuals become infectious and
is assumed to have compact support, p(u) > 0 and fooo p(u)du = 1 can be used.
Epidemic models with distributed delay independent of the spatial variables have
been studied, see [6, 10, 22, 29, 49, 56] and the references therein.

It is well known that seasonality can impact host—pathogen interactions, includ-
ing seasonal changes in host social behaviour and contact rates, variation in en-
counters with infective stages in the environment, annual pulses of host births and
deaths and changes in host immune defences (see [1]). For an infectious disease, it is
crucial and more realistic to take into account temporal heterogeneity, which gives
rise to non—autonomous evolution equations. Bacaér and Guernaoui [5] defined
the basic reproduction number R in a periodic environment. For further devel-
opments, we refer to Bacaér et al. [4] and Inaba [24] and the references therein.
Wang and Zhao [57] developed the basic reproduction number Ry of a large class of
compartmental epidemic models in periodic environments and studied the impact
of periodic contacts or periodic migrations on the disease transmission by analyzing
the global dynamics of a periodic epidemic model with patch structure. Peng and
Zhao [41] studied the threshold dynamics of a time-periodic reaction—diffusion SIS
model and showed that the persistence of the infectious disease can be enhanced
by incorporating the spatial heterogeneity and temporal periodicity into the model.
Recently, the theory of the basic reproduction number on the periodic and time—
delayed compartmental models is established by Zhao [71] and can be applied to
periodic SEIR models with incubation period. Zhang et al. [67] proposed a time—
periodic reaction—diffusion epidemic model which incorporates simple demographic
structure and a fixed latent period of the infectious disease, introduced the ba-
sic reproduction number Ry via a next generation operator, and investigated the
threshold dynamics of the epidemic model in terms of Ry. Some other studies on the
dynamics of time heterogeneous epidemic models can be found in [33, 54, 55, 65, 68]
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and the references therein. However, for such non-autonomous (even autonomous)
diffusion—reaction epidemic models with distributed delays, much less is done. The
purpose of this paper is to incorporate spatial diffusion, distributed latency of the
disease and temporal heterogeneity into a multi-group SIR disease model and to
investigate the threshold dynamics of the derived model.

The rest of this paper is organized as follows. In the next section, we derive
a two—group reaction—diffusion epidemic model with seasonality and distributed
delay. In section 3, we introduce the basic reproduction number Ry for the system
via the next generation operator method and then establish the threshold dynamics
for the system in term of Ry, namely, the disease is uniformly persistent if Ry > 1,
while the disease goes to extinction if Ry < 1. Section 4 is devoted to the global
dynamics for the model in a special case where all the coefficients are independent
of spatio—temporal variables.

2. Model formulation. Assume that an infectious disease spreads in two popula-
tions or sub—populations living in a bounded domain 2 € R™ with smooth boundary
09). We always define two populations or sub—populations by the subscript 1 and
2. Without loss of generality, we divide each population/sub—population into four
compartments: the susceptible compartment, the latent compartment, the infec-
tious compartment and the removed compartment. Then we denote the densities of
four compartments at time ¢ and location x by S; (¢, z), L;(t, z), I;(t,x) and R;(¢,z),
respectively, where i = 1,2 and (t,2) € RT x Q.

Let Eq(t,a,z) and Es(t,a,x) be the densities of two exposed populations or
sub-populations at time ¢ > 0, infection age variable @ > 0 and location = € Q,
repectively. Then F;(i = 1,2) satisfy the following model

0 0
(at + aa> Ei(t,a,x) = DzAsz(ta a, Z‘)

_(Di(ta a,x) + Mi(t,a,x) + di(tvx))Ei(tvavx)’ (1)
t,a>0, x €

with Neumann boundary condition

OE;(t,a,x)

on

where n is the outward normal to 0f2, D; represents the diffusion rate of the i—th
population, D;(t,a,z) and M;(t,a,r) mean the disease-induced mortality rate and
the recovery rate of the i—th population which are dependent upon the infection age
a, time t and location x, respectively and d; (¢, z) denotes the natural death rate of
the i—th population at time ¢ and location x for i =1, 2.

Suppose that an infectious disease has a period of latency which is not fixed.
Namely, for each population, we assume that infectious individuals must have ca-
pable of infecting others after the infection age 7; € [0,00). But, between the
infection age 0 and 7;, the infected individual may or may not have an infection
ability. Assume that f;(r)dr denotes the probability of becoming into the individu-
als who are capable of infecting others between the infection ages r and r 4 dr and
Fi(a) := foa fi(r)dr represents the probability of turning into the individuals with
infecting others before the infection age a for ¢ = 1,2. Then we have

Lilt,z) = /Onu _ Fy(a))Bi(t, a, )da

=0, t,a>0, z€0Q, i=1,2,
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and
Ti +oo
Ii(t,x) = / Fi(a)E;(t,a,x)da + E;(t,a,x)da, i =1,2.
0 T
It is clear that fi(a) > 0 for a € (0,7;) and F;(a) =1 for a € [r;,00) for i = 1,2.
For the sake of simplicity, we assume that the functions D;(t,a, ) and M;(t,a,z)
are independent of the infection age a, namely,

D;(t,a,x) = D;(t,x), M;(t,a,x) = M;(t,z), Vt >0, a €[0,00), z€Q, i=1,2.
For a convenience, we assume
Iiq = /Ti Fi(a)E;(t,a,z)da and I 5 := o E;(t,a,z)da.
0 -
We now aim to find partial differential equations satisfied by L;(¢,z) and I;(¢, ).
Integrating (1) with respect to a and using the expressions of L,(t,z) and I;(¢, x),
one has

O = DALt ) — (Dilt,2) + Milt, ) + di(t, ) Lalt, )
—/ 1 fi(a)Ei(t, a,x)da + E;(t,0,x),
0
0l 1 -
at’ = DiAIitl(t, !L‘) — (I)i(t7 Ll?) + Mi(t, LL’) + di(t, x))[i,l(t, 3?)
+/ z fi(a)E;(t,a,x)da — Ei(t, 75, )
0
and
81%(;@) = D;AIL »(t,z) — (Di(t,x) + M;(t, x) + d;(t, x))]i,g(t,x)

+ Ez(ta Tis I) - El(tv 00, $)7
where i = 1,2. Let E;(t,00,2) = 0(i = 1,2), then we can obtain

% - DiAIi(t’x) o (Di(t’ 13) + Mi(t7x) + di(t,x))li(t,a?)

+/ fi(a)E;i(t,a,x)da, i =1,2.
0

As the new infection individuals come from the contact of the infectious and sus-
ceptible individuals, we adopt the following form:

Ei(t7 071‘) = 6i1 (tax)gzl(sz(tax)7ll(t7x)) + ﬁzQ(tax)ng(S'L(tax)a 12(t7x))5 1= 1a 27

where (3;;(t,x) > 0 is called the infection rate for ¢, = 1,2. In this paper, we
assume that the contacts between susceptible individuals and infectious individuals
are defined by incidence functions g;;(u,v)(i,j = 1,2), which satisfy the following
conditions:
(H1): (i) gij(u,v) : R2 — Ry (i,j = 1,2) are continuously differentiable for all
u,v > 0;
(ii) ¢ij(u,0) = 0 and g¢;;(0,v) =0 for all u, v >0 and i,j = 1,2;
(iii) a%gij(u,v) > 0 and %gij(u,v) >0 for all u,v > 0and 4,5 =1,2. In
particular, 0,9;;(u,0) = 0 and 0,g;;(u,0) > 0 for all u > 0;
(iv) there exist n; > 0(i = 1,2) such that g;;(u,v) < n;u for all u,v > 0;
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(v) N (u,0) i= B8 A (0 0) > 0, 2 NG (u,0) > 0 and 2 NG (u,v) <0
for all u,v >0 and ¢,j =1,2.

Note that the class of g;;(u,v)(4,j = 1,2) satisfying (H1) include many common
incidence functions such as

(u, ) uv (u, ) uUv
ij \U, V) = ——, Gij (U, V) =
9ii u+v 9ii 1+ agu+ bjv + cijuv
and
uv
gij(uvv) = ma

where a;;,b;5,¢;; > 0 for i,7 = 1,2, see [39].
We use the following simple demographic equation for a population Q(¢,x) that
admits a dynamics of global convergence to a positive periodic solution

% = DoAQ(t,x) + u(t,z) — d(t,x)Q(t, x),

where pu(t, x) is the recruiting rate, D¢ is the diffusion rate and d(t, ) is the natural
death rate. We also assume that the disease under consideration does not transmit
vertically. On the basis of the above assumptions, the disease dynamics is expressed
by the following system

95:02) _ g ASy(t,x) + pilt, ) — di(t, 2)Si(t, @)
—Ba(t,2)gi (Si(t, x), [ (t, ) — Bia(t, x)gia(S;(t, x), Ir(t, x)),
L) = DiALi(t,w) — (Dit, 7) + Milt,) + di(t, ) ) Lk, )
+Bi1(t, ) gi1 (Si(t, x), I (t, 2)) + Biz(t, ) giz(Si(t, ), I (t, x))
— Jo' fi(a)Ei(t,a, x)da,
OLD) — DAL (¢, @) — (Di(t,x) + M;(t, x) + di(t,x))li(t, )
+ [y fila)Ei(t, a,z)da,
aRia(f’m) = Dg,AR;(t,x) + M;(t,x)L;(t, x) + M;(t,x)L;(t, x) — d;(t, 2) R;(t, x).
@)

We make the following basic assumptions:

(H2): Dg, and D; are positive constants for i = 1,2; u;(t,x) and D;(t, ) are
Holder continuous and nonnegative nontrivial functions on R x Q, and periodic
in time ¢ with the same period T > 0; d;(¢,z)(i = 1, 2) are Holder continuous
and positive functions on R x €2, and periodic in time ¢ with the same period
T > 0; Bi;(t,z)(i,j = 1,2) are Holder continuous and nonnegative nontrivial
functions on R x §, and periodic in time ¢ with the same period T > 0.

The reminder is to derive functions E;(t,a,z)(i = 1,2) by integration along
characteristics. For a convenience, let r;(t,-) = D;(t,-) + M;(t,-) + d;(t,-). For any
¢ > 0, we consider the solutions of (1) along the characteristic line t = a 4+ £ by
letting v;(§,a,z) = E;(a+ &, a,2)(i = 1,2). Then for a € (0, 7;], we have

W = DiA’Ui(f,CL,J’J) - ri(a + 571')1)1'(57 a, 213),
v;(£,0,2) = Bi1 (&, 2)gi1(Si (€, ), 11(§, ) + Bia(&, 2)gi2(S:(€, x), 12(, x)),
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where ¢ = 1,2. For the above system, we can regard ¢ as a parameter. Then we
have

Ui(gaaax) :/Qrz(f+aafa‘T7y)(611(57y)gil(sl(gay)7jl(£ay))
+ Bia 6, 1)92(Si(,v), 12 (€, 9) )y,

where I';(t, s,2z,y) with ¢t > s and z,y € Q is the fundamental solution associated
with the partial differential operator 9y — D;A — r;(t,-) and Neumann boundary
condition for ¢ = 1,2. Note that T';(¢,s,x,y) =T;(t+T,s+T,z,y) forallt > s >0
and z,y € Q because of r;(t + T,x) = r;(t,x) for any ¢t > 0. It then follows from
E;(t,a,x) = v;(t — a,a,z) that

Ei(t,a,x) :/Ql"i(t,t—a,x,y)(ﬁﬂ(t—a,y)gn(Si(t—a,y),[l(t—a,y))

+ Bialt = a,)gi2(Si(t — a,), Io(t = a,)) ) dy, i = 1,2

Substituting (3) into the second equation and the third equation of (2) respectively,
and ignoring the L;(t, ) and R;(¢, x) equations from (2) because they are decoupled
from the S;(t,z) and I;(t, z) equations, we obtain the following system:
95dLT) — D ASi(t,x) + pi(t, x) — di(t, ) Si(t, z)

—Bi1(t, 2)gi1 (Si(t, ), [ (t, ) — Biz(t, ) giz(Si(t, @), L2(t, x)),

t>0, ze€Q,
PG = DALt w) — it o)Lt @) + [§ fila) [oTilt t = a,2,y)

x (Bu(t = a,y)9a(Si(t — a,y), [i(t — a,y))

+ﬂ22(t - a, y)gﬁ(si(t —a, y)a I?(t - a, y)))dyda> t> 07 T € Q7
2.8i(t,x) = ZIi(t,x) =0, t >0, x € 09

(3)

(4)

for i = 1,2. We assume
[ 5@ [ Tttt = a8yt - ag)dyda> 0. ¥it,x) € (0.400) x 2 (5)
0 Q

for 4,j = 1,2. For simplicity, letting (ug, ,us,,u1,us) = (S1, 52, I1, I2), we focus on
the following reaction—diffusion system with Neumann boundary condition:

Ous, (t,x

% = DSiAuSi (ta x) + Mi(ta SU) - di(tv x)usi (tv 1')
_ﬂil (tv x)gzl (uSi (t> {IJ), (1 (t7 .’II)) - 61;2 (ta x)ng (Usi (ty Jf), U2 (tv :E))a
t>0, ze€,

Ou, (t,z)

o = Dilui(t, x) — it w)ui(t,x) + [ fi(a) [oTilt,t — a,2,y)
% (Bt = a,y)gir (s, (¢ = a,y), s (t = a,y))
+Bi2(t — a,y)giz(us, (t — a,y), u2(t — a, y)))dyda, t>0, z €,
Lug, (t,z) = Zu(t,x) =0, t >0, z € 90

(6)

fori=1,2.

3. Threshold dynamics. In this section, we explore the threshold dynamics of
system (6).



A PERIODIC AND TWO-GROUP EPIDEMIC MODEL 1541

3.1. Global existence of solution. In this subsection, we investigate the exis-
tence and uniqueness of time-global solutions of system (6). Set 7 = max{r, m2}.
Let X := C(Q, R*) be the Banach space with the supremum norm || - ||x. Let C, :=
C([-7,0],X) be the Banach space with the norm [|¢[| = maxge[—r,0) [|0(0)]|x, Vo €
C.. Define X+ := C(,RY) and Cf := C([-,0],XT), then (X,X*) and (C,,C})
are strongly ordered spaces. For o > 0 and a given function u(¢) : [-7,0] = X, we
denote u; € C; by

ug(6) =u(t+0), 6 €[—7,0].

Set Y := C(Q,R) and Y* := C(Q, R"). Furthermore, we consider the following
system:

8{;? = Dg, Aw;(t,z) — d;(t,z)w;(t,z), t >0, € Q, i =1,2,
Lw(t,x) =0, t>0, €099, i=1,2, (7)
wi(0,2) = ¢s,(x), T €Q, ¢s, €Y', i=1,2,

where Dg, > 0(i = 1,2) and d;(¢,2)(i = 1,2) are Hélder continuous and nonnegative
nontrivial functions on R x € and T-periodic in t. It follows from [19, Chapter II]
that (7) admits an evolution operator Vs, (t,s) : YT — YT for s < ¢ satisfying
Vs, <t7t> =1, Vg (t, S)Vsi (8’/)) = Vs, (t, P) for 0 <p<s<tand Vg (t, 0>(¢SL)(‘T) =
w;(t,z;¢s,) for t >0, z € Q and ¢g, € YT, where w;(t, x; ¢s,) is a solution of (7)
for ¢ = 1,2. Similarly, we take into account the following system:

8£i = DzAﬁzz(t,x) — Ti(t,l')wi(t,l'), t > 0, S Q, = 1,2,
Zw;(t,x) =0, t>0, x €09, i=1,2,
u’;z(O,x) = (bi<.’1?), T €N, ¢; € Y+, 1=1,2,
where D; > 0(i = 1,2) and r;(t, z)(i = 1,2) are Holder continuous and nonnegative
nontrivial functions on R x ) and T—periodic in ¢. Let V;(¢,s)(i = 1,2) be the
evolution operators determined by the above system and have the similar properties
as Vg, (t,s). Due to the periodicity of coefficients, it follows from [11, Lemma 6.1]
that Vg, (t,s) = Vs, (t +T,s+T) and V;(t,s) = Vi(t + T, s+ T) hold for (¢,s) € R?,
t > s and i = 1,2. In addition, for any ¢,s € R and s < t, Vg, (¢, s) and Vj(¢, s) are
compact, analytic and strongly positive operators on Y* for ¢ = 1,2. Together [11,
Theorem 6.6] with o = 0, we get that there exist constants @ > 1 and ¢y € R such
that
Vs, (t,8) [Vi(t, s)| < Qe(™), Wt > s, t,s €R, i =1,2.
Define F' = (Fs,, Fs,, Fi, F2)T : [0,00) x CI — X by
FS'L' (t’ d)) :p“i(t’ ) - 6i1(ta ')gil (QSSZ (07 ')7 ¢1 (07 )) - /BiQ(t7 ')giZ(d)Si (Oa ')a ¢2(07 ))a
Ft0) = [ £i@) [ Tultt = avn9) (Bt = 0.0 (05, (=a.9). 61 (~a.9)
0
+ Bialt = a,9)gi2(65,(~a,9), 62(—a.y)) ) dyda

fOItZ(L .IEQ, ¢: (¢S1>¢327¢1a¢2) E(Cj-_ and ¢ = 1,2. Let

Vs, (¢, 5) 0 0 0

- 0 Vs(ts) 0 0

Ut s) = 0 0 Vi(t,s) 0
0 0 0 Va(ts)
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and U(t,s) : X — X be an evolution operator for (t,s) € R? with ¢t > s. Let
AS1 (t) 0 0 0
. 0 As, (t) 0 0
Alt) = 0 0o A o |
0 0 0 Aqt)

where Ag, (t) and A;(t)(i = 1,2) are defined by
D(As,(£)) = {6 € C2(Q) | 8,6 = 0 on 00},
As,(16(2) = Ds, Ap(x) — di(t, 2)6(x), ¥o € D(As, (1))
and
D(A;(t)) = {6 € C*(Q) | 0n¢ = 0 on 92},
Ai(t)d(z) = DiAd(z) —ri(t, 2)p(x), Yo € D(Ai(1)),
respectively. Then (6) can be written as the following Cauchy problem:
{3“}9‘;@) = Au(t, ) + F(t,u), t >0, z € Q,
u(¢,z) = o(¢,2), C€[-7,0], z€Q,

where u(t, z) := (ug, (¢, 2),us, (t,x),u1 (t, ), ua(t, )). Moreover, it can be rewritten
as the following integral equation

(8)

t
u(t, @) = U(t,0)p(0) —|—/ Ul(t,s)F(s,us)ds, t >0, ¢ € CI. (9)
0
A solution of (9) is called a mild solution of (8).

Lemma 3.1. For every initial value function ¢ € CI, system (6) has a unique
mild solution u(t, ) on [0,4+00) with ug = ¢. Furthermore, system (6) generates a
T-periodic semiflow ®;(-) := us(-) : CF — CF, namely, 4(¢)(s,z) = u(P)(s,z) =
u(t + s,x;¢) for each ¢ € CH, t >0, se[ 7,0), x € Q and &1 : CI — Cf has a
global compact attractor in CF .

Proof. We firstly show the local existence of the unique mild solution. It is obvious
that F'(t, ¢) is locally Lipschitz continuous. By Martin and Smith [37, Corollary 3]
and Smith [47, Theorem 7.3.1], it is necessary to prove

kli%l+ dist(¢(0) + kF(t,¢), X7) =0, V(t,¢) € [0,00) x C}. (10)
For any t >0, z € Q, ¢ € C and k > 0, we have
¢(0,x) + kF(t, ¢)(x)
0s,(0,2) + Em(zx 2) = (5 Built, 2)g1:(95,,60) 0, x))i
05,(0,2) + b (pa(t,2) = (T Bait 2)2i(6s3, 60) (0, 2))
a #1(0, ) (F1 * (Biigi1 + Bragi2)) ) (¢, @)
$2(0, ) o (I * (Ba1g21 + 522922))5(15750)

2 i(¢sy,6:)(0,x
$s51(0 —k Zizlﬁu(tax)%
2 i($s,,9:)(0,
$s2(0 —k Zi:ﬁ%(t’x)% ,

0,z

)
)
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where
(fi o (Ti * (Birgi1 + ﬁi29i2))) (t,x)
:/Ti fi(a) / Li(t,t —a,z,y) <5i1(t —a,y)gi1(¢s,(—a,y), p1(—a,y))
0 Q

+ B?Q(t —a, y)g’LQ(QZ)S; (70” y)7 QSQ(*av y)))dyda’a 1= 17 2

and ¢;;(¢s;,¢;)(0,2) = gi;(0s,(0,2),9;(0,2)). The above inequality implies that
(10) holds when k is small enough. Consequently, by [37, Corollary 4] with K =
X* and S(t,s) = U(t,s), system (6) admits a unique mild solution u(t, z; $) with
up(+,+;#) = ¢ on its maximal interval of existence t € [0,%,), where #, < oo and
u(t, ;) € XT, Vt € [0,14). Furthermore, u(t, x; ¢) is a classic solution for ¢t > 7 by
using the analytic of U(t, s) for any s,t € R with s < ¢.

Consider the following time—periodic reaction—diffusion equation:

{awig:@) = DgiAw;(t,x) + pi(t, ) — di(t, z)w; (¢, 2), t >0, z € Q, (1)

%wi(t,a:) =0, t>0, z €09,

where ¢ = 1,2. It follows from [67, Lemma 2.1] that system (11) admits a unique
positive T—periodic solution w} (¢, z) which is globally asymptotically stable in YT
for i = 1,2. Since the ug, (i = 1,2) equations of system (6) are dominated by (11),
respectively, there exists a positive constant B such that for any ¢ € CI, there is
a positive integer I, = I4(¢) > 0 such that ug, (t,7;¢) < By for any t > I, T, z € Q
and i =1, 2.

In view of (iv) of (H1), we have for ¢t > 0 and x € Q,

Ou;(t, x)

< Diﬁuz‘(tal’)*W(ﬁ@%(ﬁ@*ﬁi/ lfi(a)/l“i(t,t—a,x,y)
ot 0 Q

usi(t —a,y) (Bir(t — a,y) + Biz(t — a,y)) dyda

with Neumann boundary condition

%ui(t,x) =0, Vo € 00.
It follows from the comparison principle that there exists a constant B > 0 such
that for any ¢ € CT, there is a positive integer I; > I such that w;(t, z; ¢) < B for
any t > ,T+7,z€Qandi=1,2.

Define ®; : CI — CI by ®(d)(s,z) = ut(¢)(s,x) = u(t + s,x;¢) for t > 0,
s € [-7,0], z € Q and ¢ € C}. Similar to the proof of [67, Lemma 2.1], we get that
{®:}1>0 is a T—periodic semiflow on C}. From the above discussion, we have that
®, is point dissipative. Let ng := min{n € N : nT > 27}. Then by the standard
parabolic estimates, we conclude that ®7° = u,,r is compact. Following from [35,
Theorem 2.9], one has that ®7 : CH — CI has a global compact attractor. The
proof is completed. 0

3.2. Basic reproduction number. Let Cr(R x Q,R) be the ordered Banach
space consisting of all T—periodic and continuous functions from R x  to R, where
¢llcr = max,e(o 7 zeq |6t z)| for any ¢ € Cp. Denote CF as the positive cone of
Cr, that is,

Cl={peCr:p(t,z)>0,Vt e R,z €N}
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Let Cr(R x QR x R) = Cp(R x Q,R) x Cp(R x Q,R) with the norm [[¢]c, =
Zle |¢illcp for any ¢ € Cr. Similarly, we define CF as the positive cone of Cr,
namely,

C; = {¢ = (¢17¢2) € CT : (bl(t’x) > 07Vt € R,Qj € Q7Z = 172}
For 7 > 0, define D = C([—7,0], Y xY) with the norm ||¢||p = maxge|_r) [|#(0)|lvxv
and Dt := C([-7,0],Y" x YT), then (D,D%) is a strongly ordered Banach space.

Setting u; = 0 and us = 0, we have the following equations for the densities of
the susceptible population ug, (t,x)(i = 1,2)

auséiit’m) = Dg,Aug, (t,z) + p;i(t,z) — d;(t, z)ug, (t,x), t >0, z€Q, i =1,2,
Lug,(t,x) =0, t>0, x €09, i=1,2,

(12)
respectively. It follows from [67, Lemma 2.1] that (12) admit positive solutions
ug, (i = 1,2) which are unique, globally asymptotically stable and T—periodic in
t € R, respectively. As a consequence, the function (u§, ,uj,,0,0) is called the
disease—free periodic solution of (6). Linearizing the third and the forth equations
of system (6) at (ug, ,us,,0,0) and according to (iii) of (H1), we have the following
system:

% = D1Aw (t,x) — ri(t, 2)wr(t,2) + [1 fi(a) [o Tt t —a,z,y)
X (511(75 —a,y)0yg11(us, (t — a,y),0)wi(t — a,y) + Si2(t — a,y)
Ougr2(ug, (t —a,y),0)ws(t — a, y))dyda, t>0, z€Q,

w = DoAws(t, ) — ra(t, 2)wa(t,x) + [)° f2(a) [oT2(t, t — a,z,y)
x (a1 (t = a,9)Dugo1 (w5, (t = a,),0)wn(t — a,y) + Baa(t — a,y)
Ovga2(ug, (t — a,y),0)ws(t — a, y))dyda, t>0, z€Q,

L%(S,f) = ¢Z‘(S,JJ), 1= 1727 QS = (¢17¢2) € ]D)a ERS [_Tv 0]7 HAS Qv

doillr) — 0 >0, 2 €89, i=1,2.

(13)
Define operators C;; : Or(R x Q,R) — Cr(R x Q,R)(i,j = 1,2) by

(Cigs)(t, )
= /O fi(a’)/ﬂri(tvt_a>$7y)ﬁij(t_a7y)

%0y gij(ug, (t — a,y),0);(t — a,y)dyda.

Suppose that ¢(s,x) := (P1(s,x), P2(s,x)) is the initial distribution of infectious
individuals at time s € R and the spatial location z € Q. Given t € R. Due to
the synthetical influence of mobility, mortality and recovery, (V;(t — a, s)¢;(s)) (z),
where s < t — a represents the density distribution at location z of those infective
individuals who were infected at time s and remained infective at time ¢ — a when
time evolved from s to t—a for a € [0, 7]. Furthermore, fi;? (Vi(t — a, s)pi(s)) (x)ds
denotes the density distribution of the accumulative infective individuals of the i—th
group at locations x and time ¢t —a for all previous time s < t —a when time evolved
from the previous time s to t — a. After that, the term

[ 5@ [ vttt = a) {5t - a.0)090 w5, - a),0)
0 Q
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(Vilt = a,)1(5) ) (0)ds + Bia(t — a,9)Dugia (u, (¢ — a,1),0)
(Valt = a.)6a(s)) (v)ds fdyda

T 2
= [ @ [ riet—amni 3= 8t = ) Dusy = :2).0)

X /O+00 (Vj(t —a,t—a—s8)p;(t—a— s))(y)ds}dyda

represents the distribution of new infected individuals of the i—th group at location
x and time ¢ for ¢ = 1,2. As a consequence, we can define the next generation
infection operator L as

L(@)(t, ) = (L1(@)(t, ), L2(P)(¢, 7)),
where

Li(0)(t, )
Ti 2
[ | Tt =0 22 9= )00 5t = :5).0)

X /O+OO (V](t —a,t—a—s8)p;(t—a— s))(y)ds}dyda

for ¢ = 1,2. It is obvious that £ is a positive and bounded linear operator on Cr.
Let r(L) be the spectral radius of £. Similar to [5, 12, 57, 71, 67], denote the
spectral radius of £ as the basic reproduction number Ry of model (6), that is,

Ry :=r(L).
Next, we define an operator ﬁ(q&)(t, z): Cr — Cr by
L()(t,2) := (L1(d)(t,x), La(¢) (¢, @),

where
Li(o)(t,x) = /OOO Z (Vi(t,t — 8) (Cij;) (t — s))(x)ds, teR, >0, i=1,2.

Clearly, Lisa compact, positive and bounded linear operator on Cr. Let

Cn Ci2 y Vi(t, s) 0 )
= t =
¢ ( Co1 Oy >’ Vit.s) ( 0 Va(t, s)

A(D)(t, ) = C()(t, x), B()(t x) = /OOO(V(t,t —8)o(t — 5))(x)ds.

Then one has £ = AB and £ = BA. Tt follows that Ry = (L) = r(£), where r(L)
is the spectral radius of the operator L.
As the previous discussion, there exist constants @ > 1 and ¢; € R such that

[Vi(t,s)]| < Qel=) vt > 5, t,s€R, i=1,2.
It follows that ¢f := @(V;) < ¢;, where
o(V;)=inf{lw | IM > 1,Vs €R, t > 0: ||Vi(t +s5,5)|| < Me*'}

and
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is the exponent growth bound of the evolution operator V;(t,s). Define ¢* =
max{ci,cs}. r(Vi(T,0)) is defined as the spectral radius of V;(T,0) for i = 1,2. In
addition, V;(t,0) is compact and strongly positive on Y for any ¢ > 0 and ¢ = 1, 2.
By the Krein—Rutman theorem [19, Theorem 7.2], we have r(V;(T,0)) > 0 for
i = 1,2. Tt further follows from [19, Lemma 14.2] that »(V;(7T,0)) < 1 for i = 1, 2.
According to [51, Proposition 5.6] with s = 0, one has ¢} < 0 for i =1, 2.

For any given A € (¢*, 00), we introduce an operator Ly on Cr:

@)= [ (V=9 C@) - 9) @)ds.

Clearly, Lo = L. Tt follows that the operator £y is bounded for A € (c*, 00).
Moreover, the compactness of V;(¢,s)(i = 1,2), t > s, implies that £y is compact.
Denote p(\) as the spectral radius of £y for A € (¢*,00). It is easy to see that
Ry = (L) = r(£) = p(0). Similar to the arguments in [4, Lemma 1] and [67,
Lemma 3.2], we can show the following properties of the function p(\).
Lemma 3.2. For A € (¢*,00), the following statements are true for p(\)
(1): p(N\) is continuous and non—increasing;
(ii): p(oo) = 0;
(iii): p(A) = 1 has at most one solution; p is either strictly decreasing in \ €
(¢*,00), or strictly decreasing in X € (c*,b) for some b > c¢*, and p(A) =0 in
A € [b,00).
Let € be a positive parameter. Consider the following periodic time—delayed
nonlocal equations:
PP = Didwi(tx) — it 2)wi(t0) + [T fu(a) foTaltt —a,z,y)
x{ (Bia(t = a,y) + €) dugnr (g, (£ = a,9), 0)ws (¢ — a,)
+(Bralt — a,y) + €) Duga(u, (t — a,y), 0)ws(t — a,y) | dyda,
t>0, ze€Q,
At = DoAws(t,w) = ro(t ) (t,@) + [* fala) [ Daltt — a,2,y)
x{ (Bar(t = a,) + €) Dugar (ug, (t = a,), 0)wi(t — a,)
+ 622@ —-a y) + 6) anQZ(UTS'Q (t —-a y)7 O)WE(t —-a y)}dydaa
t>0, z€Q,
wi(s,x) =Yi(s,x), ¥ = (1,¢2) €D, s € [-7,0], z€Q, i =1,2,

Builte) _ 0u3ta) _ ¢ >0, & € OO

(14)
Define the Poincaré map of (14) P : D — D by P (¢) = wS(¢) for all ¢ € D,
where

Wfr(iﬂ)(& m) = we(s + T, ; '(/)) = (wi(s + T, x; w)’ w;(s + T, x; 1p))

for all (s,z) € [~7,0] x Q (7 := max{r,™}), and w is the solution map of (14).
Let np := min{n € N : nT > 27}. (P¢)™ : D — D is denoted by (P€)"(¢) =
wé(noT + s,z; ¢) for all (s,z) € [~7,0] x Q. Define 7§ as the spectral radius of P¢.
Without loss of generality, we replace P and ro with P% and 7, respectively. It
follows from [25, Section 3] (see also [47, Section 5.3]) that w®(¢,z;¢) > 0 for t > 7,
r €, ¢ € DV with ¢ # 0, and w (-, ; ¢) is strongly positive for ¢ > 27. Moreover,
wf is compact on D for all ¢ > 27. Hence, (P)™ = wf, p(-) is compact and



A PERIODIC AND TWO-GROUP EPIDEMIC MODEL 1547

strongly positive. By [30, Lemma 3.1], r§ is a simple eigenvalue of P¢ having a strong
positive eigenvector ¢ € DT and the modulus of any other eigenvalue is less than
r§. Assume that w®(¢, z;1) is the solution of system (14) with w(s, z;v) = ¥ (s, )
for all s € [-7,0], z € Q. We can conclude from the strong positivity of ¢ that
w(+, ;1) > 0. Let p* lmo and Ve(t,z) = e * twe(t, 2;9) for all t > 7 and 2 € Q.
By arguments similar to those in [25, Lemma 3.2] and [62, Theorem 2.1], we have
that V¢(t, ) is a nontrivial and nonnegative T-periodic function and e**V¢(t, z) is
a solution of (14). Furthermore, by the strong positivity of V;(¢,s), t > s, we have
Ve(t,z) > 0 for any t € R and = € Q. Thus, we have the following lemma.

Lemma 3.3. Let p¢ = ln% Then there exists a positive T —periodic function

Ve(t,x) such that e *Ve(t, x) is a solution of (14).

In the following, by the methods similar to [71, Section 2] and [67, Section 3], we
prove that Ry — 1 has the same sign as rg — 1.

Lemma 3.4. Let = 220 If rg > r(V;(T,0)) fori=1,2, then p(p) = 1.

Proof. By virtue of [51, Proposition A.2], we have ¢} := w < 0. Since
ro > r(Vi(T,0)), one has u > ¢*. According to the continuity of solution with
respect to parameter € > 0, we have lim,_,o P¢ = P. In view of the upper semi—
continuity of the spectral [26, Section IV.3.1] and the continuity of a finite system
of eigenvalues [26, Section IV.3.5], we get lim o+ 7§ = r¢. It follows from Lemma
3.3 that lim,_,q+ pu€ = p.

Let €, = = for n > 1 such that r§* > r(Vi(T,0)). We define

(C5y) (8, )

= [ 5@ [ Tittt = aw (Bt - 0+

X 8vgij (UE'L (t —-a y)a O) (t a, y)dyda
Lo () (t,2) = (L5 ()(t,2), L5 () (t,2)),
LS (W)(t, ) = (L35, () (¢, @), L5 (¥)(L, ),

where

rwien = [ {vit - (Co -9+ o 9) s

LS (W) (t,z) = ooe*“ Vi(t,t — s)((Ci7o1)(t — 8) + (Ci302)(t — ) ) ¢ (x)ds
[T e - )}

fori=1,2.

According to Lemma 3.3, there is a positive periodic function V¢~ (¢, z) such that
wer (t,x) = et "tVYen(t, x) is a solution of (14). That is, it satisfies for ¢ > s and
seR,

Vit )i (s) + [L Valt,m) ((Cfiwi™) (n) + (Cizws™) (n) )dn,
Wi (£, ) = Va(t, s)ws (s) + [ Va(t,m) ( (Csia™) (n) + (Cszews™) (n) ) dn,

(S
=
3
—~
aﬂ
~—

|

which implies that
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eV (1) = Vit ) (4 Vin(9)) + [ e A ) ((CEpVET) ()
+(C5V5") () )d,
eVt ) = Valts) (47 Vs (9)) + [ e Vit m) ((Csivin) (n)
+(C35V5") (n) ),

where ¢ > s and s € R. Since ry* > r(V;(T,0)), then we have pr := m# > cf

and [Vi(t,s)(e" "5V (s))] — 0 as s — —oc. Letting s — —oc in the first equation
of (15), we get

i) = [ e i (v -+ Csve) ) dn.

—0o0

(15)

+oo
:/ Vit s)((CRV) (1= 8) + (Ci3 V) (¢~ 5) ) ds
0
Similarly, one has
+oo
Vin(t,) = / Vot t = s) ((CHVER) (= 5) + (CsV5") (0 = s) ) ds,

which implies that £,c. (V)(t)(-) = Ve (t,-). Denote p(\) as the spectral radius
of LS for A € (¢*,00). Since Bij(t, x) + € > 0, it follows that £§" : Cp — Cr is
continuous, compact and strongly positive, and hence, the Krein—Rutmann theorem
associated with the strongly positivity of V¢» imply that p (u") = 1. It is easy to
see that L5 > L5+ for all ¢ € Cr. Let f,(\) = p™ (). Tt then follows from [9,
Theorem 1.1] that the sequence {f,}n>1 is non-increasing. Similarly, according to
the upper semi—continuity of the spectral [26, Section IV 3.1] and the continuity of
a finite system of eigenvalues [26, Section IV.3.5], one has lim,,_, o p (A) = p(A) for
any fixed A € [a,b] C (¢*,00). Hence, Dini’s theorem implies that lim,_, . p™ () =
p(A) uniformly for A € [a,b]. Choose a sufficient small 6 > 0 such that p —§ > ¢*.
By the above analysis, it follows that there exists a constant N3 = Ny(J) > 1 such
that for any n > Ny,
p—=0<pu" < p+o.

On the one hand, we obtain from the continuity of p(A) for A € (¢*, 00) that for any
n > 0, there exists an Ny € N such that,

Ui

o) = p(p)l < 3

On the other hand, for any n > 0, there is an N3 > 1 such that for n > N3,

€ € € 17
I () — p(pm)| < 3.

2
Thus, for any 1 > 0, we have
€n(, €n €n(, €n €n €n n.,.n_
o (1) = p()] < 1P () = p(p)| + lp(u™) = p(W)] < 5 + 5 =,
when n > N := max{Ny, N, N3}. Letting n — oo, we have p(u) — p(u).
Therefore, p(u) = 1. This completes the proof. O

Next, we state the main result of this subsection.

Theorem 3.5. one has:
(1): Ro > 1 if and only if 1o > 1;
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(ii): Ro =1 if and only if ro = 1;
(iii): Ro < 1 if and only if 1o < 1.

Proof. (i) Assume Ry > 1. In this case one has p(0) > 1. In view of Lemma
3.2, there exists a constant Ao > 0 such that p(A\o) = 1. Since [A:,\O is compact
and positive on Cr, it follows from the Krein-Rutmann theorem [19, Theorem 7.1]
that p(Ao) is an eigenvalue of EA,\O with a positive eigenfunction * € Cr, that is,
Ly, * = ¥*. Since Vi(t,s) = Vi(t,r)Vi(r,s) for t > r > s, we have

o(¥7)(t, )
e {Vitt = ) ((Cuvd)(t = ) + (Cra3)(t = 5)) | (2)ds

38

e 0E3) (Vi (8, s) ((Craeb?) (s) + (Crahd)(s))) (z)ds

L1y
/

- / 0= fVa () (Cav)(s) + (Crav3)(s) ) | (@)ds
/
+

/ —2ol=3) (Y (£, 5) ((C11b%)(s) 4 (Cra1b3)(s))) (z)ds

m 2
_ e_)‘O(t_m)Vl(t,m)/ e—ko(m—S) ( Z Clz"/} ) )ds

-0 i=1

t 2
+/ —Ao(t—s) <V1 t S Z Olﬂﬁ ) )dS
m =1

= N (Vi m)gim) ) (2)

et /m (m(t,s)Zcﬁj (ehow;)@)) (2)ds,

j=1
namely,
erotyr(t, x)
t 2
= (Vl (t7m) (€A0m¢T (m))) ({L‘) —|—/ (Vl (t, S) chj (ekosw;‘) (S)) (.’I,‘)dS
Similarly,
Y3 (t, )

= (Va(t,m) (X3 (m))) (x)+/ (v2 (t, s) Zczj (57 (s )) (z)ds.

j=1
Set Y5, (0,x) = Y5 (t+0,x), V8 € [—7,0]. It is obvious that
w(t,z) = (™5 (t,2), e P3(t, 7))
is a solution of (13) with wy := e**")*. Note that
wi (0, ) =(eM O (t 40, x), 2Dy (t 4 0, 7))
=M (X%, (6, ), X793, (0, 2))
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for 0 € [—7,0]. Since w(t,-) # 0 on [0,00), we have e*1)* € D\ {0}. Due to the
T-periodicity of ¥*(t,x), we get

P(erp®) = eMT (e piy, e'9).

Obviously, e*” is an eigenvalue of P. Thus, one has ry > e*T > 1.

If ro > 1, then one has p > 0. Since ¢* < 0, then ro > r(V;(T,0)) for i = 1, 2.
It follows from Lemma 3.4 that p(u) = 1. By the monotonicity of p(\), we have
1= p(n) < p(0) = Ro.

(ii) Assume Ry = 1. It then follows that p(0) = 1. By similar arguments
to the proof of (i) with A\g = 0, we can prove ro > 1. It is easy to see that
ro > 1> r(V;i(T,0)). Due to Lemma 3.4, we obtain p(u) = 1. By virtue of Lemma
3.2, one has p = 0, and hence rg = 1.

Assume 79 = 1. Then we have ¢ > r(V;(T,0)). Thus, by Lemma 3.4, we obtain

p(n) = p(0) = Ry = 1.
The conclusions of (iii) is immediately followed from conclusion (i) and (ii). This
completes the proof. O

3.3. Persistence and extinction. In this subsection, we establish the threshold
dynamics of system (6) with respect to Ry. Firstly, the following lemma holds.

Lemma 3.6. Assume that (ug, (t,x; @), us, (t,x; @), u1 (t, z; d), ua(t, x; ¢)) are a so-
lution of system (6) with ¢ = (¢s,, s, P1,d2) € CL. Then we have

(1): If there exists some to > 0 such that u;(to,-; ¢) # 0(i = 1,2), then one has
ui(t,z;0) >0, Vt >ty, 2€Q, i=1,2;

(ii): For any ¢ € Ct, we always have ug,(t,-;¢) > 0(i =1,2), Vt > 0 and

T

liminf ug, (t,2;6) > Q, i =1,2
t—o00

uniformly for x € Q, where Q is a positive constant.

Proof. The proof of the lemma is similar to those of [67, Lemma 4.2], so we omit
the details. O

Secondly, we present the main theorem of this paper.

Theorem 3.7. Let u(t,x;$) be the solution of (6) with ug = ¢ € CF, then the
following two statements are valid:

(i): If Ro < 1, then the disease free T—periodic solution (ug, ,us,,0,0) is globally

attractive in CF.
(ii): If Ry > 1, then there exists an n > 0 such that for any ¢ € CI with

$1(0,-) £ 0 or ¢=2(0,-) £ 0, one has

lim infu;(t,x) >n, i =1,2

t—o0

uniformly for all z € Q.
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Proof. (i) Assume that Ry < 1. It follows from Theorem 3.5 that ro < 1. Consider
the following system with parameter € > 0:

D) — py AT () — it 2)ag(t,x) + [ fi(a) [, it t—a,z,y)
X (ﬂll(t —a,y) + e)@vgll(ugl (t—a,y) +¢€0)Tus(t —a,y)
+(P12(t —a,y) + e) Ougr2(ug, (t —a,y) +¢,0)u5(t — a,y) rdyda,
t> kT, z €,

TBD) — DyATs(t, ) — ro(t, 2)us(t,x) + [ fa(a) i, Ta(t,t — a,z,y)
X (,Bgl(t —a,y) + e) Ovg21(us, (t —a,y) + ¢, 0)ui(t —a,y)
+( Baa(t — a,y) + e) Ouga2(us, (t —a,y) +€,0)u5(t — a, y)}dyda,
t> kT, z €8,

a—‘iﬂi(tm) =-2aq5(t,x) =0, t > kT, x € 09,

n

where k is an integer determined later. Define the Poincare map of (16) 7¢: D S ?]))
by
T(¢) =ur(), V¢ €D,
where
up(9)(s,2) =0 (s + T, 2;9), V(s,2) € [-7,0] x Q

and (¢, x; @) is the solution of (16) with ©¢(s,z) = ¢(s, ) for all s € [—7,0], z € .
Let 7¢ be the spectral radius of 7¢. Since ry < 1, then there exists a positive constant
€0 such that 7 < 1 for any € € [0, ¢). Fix € € [0,€p). Then, one has 1 := IHTFE < 0.
By Lemma 3.3, there is a positive T—periodic function (V(t,x), V5(t,x)) such that
(@$ (¢, 2),a5(t,x)) = (e PV5(t,x), e” 'V§(t,2)) is a solution of (16).

Since the ug, (i = 1,2) equations of (6) are dominated by (11), respectively, we
obtain that there exists an integer k > 0 such that ug, (t,7) < ug, (¢, ) + ¢ for any
t> kT, €Qandi=1,2. According to (v) of (H1), for all + > kT and z € Q, we
have

Q) < DiAu(tx) = it 2)u (@) + fo file) [ Ta(tt—a,2,y)

X (511(75 —a,y) + 6) Ovg11(us, (t —a,y) +€0)ui(t —a,y)

+( Bzt —a,y) + e) Ovgra(ug, (t —a,y) + €, 0)ua(t — a,y) pdyda,
% < DyAus(t, ) — ro(t, x)us(t, ) + fOTz fa(a) fQ Tyt t —a,x,y)

X (521@ —a,y) + 6) Ovga1(us, (t — a,y) + €, 0)ui(t — a,y)

+( Boa(t —a,y) + €> Dvg22(us, (t —a,y) + € 0)us(t — a, y)}dyda.

For any given ¢ € CI, since u;(t, z;¢)(i = 1,2) are globally bounded, there exists
some o > 0 such that (ug(t,2; @), uz(t, z;0)) < a(eP Vi(t, x), e tVs(t, x)) for any
t € [kT,kT+7] and z € Q. By the similar arguments in [25, Section 2] and using the
comparison theorem for the abstract functional differential equation [37, Proposition
3], one has (us (t, z; @), ua(t, x5 ¢)) < a (e V5 (t, x), e Vs(t, x)) for any t > kT and
x € Q. Tt then follows from fi€ < 0 that u;(¢,z;¢) — 0 as t — oo uniformly x € Q.
In addition, the equations ug;(i = 1,2) in system (6) are asymptotic to system (11).
By [67, Lemma 2.1], we get that u},(i = 1,2) are global attractive solutions of (11).
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Next, similar to the proof of [67, Theorem 4.3 (i)], we get
tlggo (US,', (t,2;¢) — ug, (t,z)) =0

uniformly for z € Q.
(2 ) Assume Ry > 1. In the case, one has o > 1. Let

Wo = {¢ € CF : 61(0,-) # 0 or ¢2(0,-) # 0}

and
OWo := C7\Wy = {¢ € CJ : 6:1(0,-) = 0 and ¢2(0,-) = 0}.

If ¢ € Wy with ¢1(0,-) # 0, then Lemma 3.6 implies that uy(¢,z;¢) > 0 for
any x € Q and t > 0. Thus, by (5), one gets [* fa(a) [ T2(t,t — a,x,y) B (t —
a,y)g21(us,,u1)(t — a,y)dyda > 0 for t > 19, which yields us(t, z;¢) > 0 for t > 7o
and x € Q. Similarly, if ¢ € Wy with ¢2 # 0, then one has u;(t,z;¢) > 0(i = 1,2)
for any t > 7 and @ € Q. Thus, there exists ko € N such that ®%(W,) C W, for
each k > ko, where ®%(¢) = upr(¢) = u(kT + s,z;¢) for s € [-7,0], z € Q and
¢ € Wy and u(t,z;¢) is a solution of system (6) for t > 0, 2 € Q and ¢ € W,.
Define

My = {¢p € OW, : k() € OW,,VEk € N}.

Let w(¢) be the omega limit set of the orbit y© := {®k(¢) : Vk € N} and

M := (u}, o, u%, 6,0,0), where 0 is the constant function and identical to zero. For

any given ¢ € My, we have L (¢) € OWy, Vk € N. Thus, one has u;(t,z;¢) = 0
fort >0,z € Q, € Mg and i = 1,2. Tt follows from [67, Lemma 2.1] that

lim; o0 (Usi (t,2;0)—ug, (t, m)) = 0 uniformly for z € Q and i = 1, 2. Consequently,
we have w(¢) = {M}, Vo € My.
Next, we consider the following linear system with parameter § > 0:

% = D1 A (t,x) — ro(t, 2)of (8, z) + foﬁ fi(a) [oT1(t,t —a,z,y)
X (511(75 —a,y)Nui(uf, (t — a,y) — 0,0)0] (t — a,y)
+B12(t = a,y)Nia(ug, (= a,y) = 0,0008(t - a,y) ) dyda,
t>0, ze,

% = Do AV(t,x) — ro(t,x)vs(t,x) + [° fa(a) [ Ta(t,t —a,z,y)
% (Bar(t = a,y)Nor (u, (t = a,) = 0,000 (¢ = a,)
+B22(t — a,y)Naa(ug, (t —a,y) — 0, 0)v§(t — a, y))dyda,

(17)

t>0, z e,
4 [
Quilte) — Oulbr) — o ¢ >0, z € 99,

’U?(S,Ji) = (]Si(S,l’), ERS [_7—70]’ S Qv QSZ (¢17¢2) € Da 1= 1a2

Let ng := min{n € N: nT > 27}. Define the Poincaré map of (17) £)° : D — D by
5510 (¢) - UfLoT((vb) = ('U?JLOT((ZS), vg,noT((rb))a where vznoT(¢)(57 QZ’) - ’U?(S+77,OT7 3 (b)
for (s,x) € [—7,0]x €, and v? (¢, z; ¢) is the solution of (17) with v%(s,x) = ¢(s, ) =
(¢1(s,2), pa(s,)) for all (s,z) € [-7,0] x Q. Let r;° be the spectral radius of
Ey°. It is obvious that £,° is compact and positive. The Krein-Rutman theorem
[19, Theorem 7.1] implies that there exist a eigenvalue ry® > 0 and a positive
eigenfunction ¢ = (¢1,$2) € D such that £/°(¢) = ry°p. Denote r(° as the
spectral radius of ®7° and ®7° is defined as in Lemma 3.1. Since ro > 1 which
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implies that rj® > 1, there exists a parameter 6y > 0 small enough such that
ry® > 1for 6 € [0,6y). Fix 6 € [0,6).

Clalm. M is a uniform weak repeller for Wy in the sense that

lim sup || ®%.(¢) — M|| > 0, V¢ € W
k—oo

Applying a contradiction way, suppose that lim supy,_, ., ||<I>’§~(¢) — M|| < 0 for some
oo € Wy. Namely, there exists ky >0 large enough such that 0 < uq(t,x,do) < 6
and 0 < ua(t,x;500) < 0, us,(t,z;00) > uf (t,2;00) — 0 and us,(t, x;¢00) >
ug, (t,x;00) — 0 for any t > k1T and x € Q. Furthermore, we select K =
max{ng, k1 }. According to (v) of (HI1), for any t > KT and = € Q, ui(t,z;do)
and us(t, z; o) satisfy

Lui(t,x) > DiAu(t,z) — ri(t, 2)ui(t,z) + ) fi(a) [oTi(t.t —a,z,y)
< (Bua(t — a, )N (u, (t ~arg) — 0,00t —ag)
+B12(t — a, y)Nia(us, (t — a,y) — 0,0)us(t — a, y))dyda,
atug(t x) > DaAug(t, ) — raot, z)us(t, x) —|—f )fQ Dyt t —a,x,y)
x(Baa(t = @, y)Nar (ug, (¢~ a,) - 9, O)ur(t — a,y)
+Ba2(t — a,y)Naa(ug, (t —a,y) — 0,0)usz(t — a, y))dyda,.

(18)
Since u;(t, z; ¢o) > 0(i = 1,2) for t > 7 and x € Q, there exists a constant k > 0
such that

ui((f(—i— DT + s,7;¢0) > kpi(s,x), s €[-7,0, v €Q, i=1,2.
Due to (17), (18) and the comparison principle, there exists k > 0 such that
(ur(t, ;5 do), ua(t, @3 ¢0))"
>kt — (K + DT, 2: ), o5t — (K +1)T,z;¢)), Vt > (K +1)T, = € .
Therefore, one has
wi(KT,x; ¢0) > ko] (K — K = 1)T,2;0)) = w(rg°)™)@i(s, ), (19)

where we select K = (K + 1) 4+ mno and i = 1,2. Since @;(s,z)(i = 1,2) are
positive, there exist s; € [—7,0] and z; € Q such that $;(s;,x;) > 0(i = 1,2). Thus,
it follows from (19) that u;(KT,x;; ¢g) — +00 as K — oo (namely, m — oo) which
contradicts the boundedness of u;(t,z;¢)(i = 1,2). The claim is proved.

It follows from the above claim that M is an isolated invariant set for ®7 in
Wo, and W¥(M) NWy = @, where W*(M) is the stable set of M. According to
the acyclicity theorem on uniform persistence for maps (see [71, Theorem 1.3.1 and
Remark 1.3.1]), one has that &7 : C; — C} is uniformly persistence with respect
to (Wy, 0Wy), namely, there exists a & > 0 such that

lim inf d(®h, OW,) > 6,Yp € W,.
—00

It then follows from [71, Theorem 3.1.1] that the periodic semiflow ®; : C; — Cf
is also uniformly persistent with respect to (Wq, 0Wy). It is easy to see that ®7° is
compact and point dissipative on Wy. Therefore, according to [35, Theorem 2.9],
one obtains that q)?o : Wy — Wy has a global attractor Z.
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In the following, we further prove the persistence stated in (ii). Define a contin-
uous function p : CF — Ry by (similar to [31, Theorem 4.1])

p((ﬁ) = min{min¢1(07x)a min¢2(07$)}7 VQS € (CqJ—r
z€Q z€Q

Since Zy = ®7°(Z2)), we have that
$:(0,-) >0, ¢ € Zy, i =1,2. (20)
Let By := UtG[O,nOT] D, (Zy). It then follows that By C Wy and
lim d(D¢(¢),By) =0

for all ¢ € Wy. Since By is a compact subset of Wy, we have mingep, p(¢) > 0.
Thus, by Lemma 3.6, there exists a 6* > 0 such that liminf,_, o u; (¢, ;¢) > §*(i =
1,2). Furthermore, there exists 0 < 6 < 6* such that

litminfu,;(t7 50)>6, peWy, i=1,2.
— 00
The proof is completed. O

4. A special case. In this section, we investigate the special case where all the
coefficients in (4) are independent of the time variable ¢ and the spatial variable x.
That is,

wi(t,x) = pi, di(t,x) = di, Bij(t,x) = Bij,

t>0,ze i,7=1,2.
Ti<t7x)5ria Fi(t7t_a7x7y)zri(a7$7y)7 v "

In addition, g;;(u,v) = p;(u)g;(v) and p;(u) and ¢;(v) satisfy
(A1):  (i): pi(u),q(v) : RY — RT(i,j = 1,2) can be continuously differen-
tiable for all u,v > 0;
(ii): ¢;(0) = 0 and p;(0) = 0 for 4,5 = 1,2. Furthermore, p;(u) > 0 for
u > 0;
(iii): pj(u) > 0 and ¢,(v) > 0 for all w,v > 0 and 4,5 = 1,2. In particular,
q.(0) >0 for i =1,2;
(iv): there exist n; > 0(i = 1,2) such that p;(u)g;(v) < nu for all u,v > 0.

(v): Nj(v) := ’“T(U) >0, Nj(v) <0 forallv>0andj=1,2.
In short, we consider the following spatio—temporally homogeneous reaction
—diffusion epidemic model with Neumann boundary condition:

w = Ds,ASi(t, ) + pi — diSi(t,z) — Bupi(Si(t, z))q1 (11 (¢, x))
—ﬂzng(SZ(t, x))qg(Ig(t,x)), t>0, x € Q

BIVi(,g:,w) = D;AI(t,x) — Ti[i(t,{,[;) + foﬂ ) fQ a " y
% (Buapi(Si(t = @, y))ar (I (t = a,))
+Bz2pz(sl(t - aay))QQ(IQ(t - a7y))>dyda7 t> 03 S Qa

95i(ha) _ liltr) — o ¢ >0, x € OQ.

By a straightforward computation, one has

Sot,x) = 'l;z t>0, z e

Next, we give the explicit expression with the basic reproduction number Ry.
Let ¢ = (¢1,02)7 be the initial distribution of infective individuals such that
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fQ ¢i(x)dr = 1 for i« = 1,2. Then T;(t)¢; represents the solution of the follow-
ing system

W = D;Au,(t,xz) — riu(t,z), t >0, z € Q,

Quills) — o, ¢ >0, x € 99,
u;(0,2) = ¢;(x), © € Q
for i = 1,2. Thus, T;(t)¢; can be given by

HWWM@ZAﬂ@%@@@W

where T;(t,z,z) for t > 0 and z, z € Q is the fundamental solution associated with
the partial differential operator d; — D; A — r; and Neumann boundary condition
forz-lQande (t,x,2)dz = [ Ti(t,x, z)de = e 7" for i = 1,2. Let T(t)¢ =
(Ty(t) 1, To(t)pa)™ be the remaining dlstrlbutlon of infective individuals at time ¢.
Also in this case, V is the positive linear operator on C(Q, R x R) defined by

_( Vu@)(x) Viz(e)(x) 5 .
V() (x) = ( Vs ()(2) V22(¢)(CC) ) , Ve C(LRXR), z€Q,

where Vi;(¢)(x) = Bi;pi(S)d;(0) [3* fi(a) [o Ti(a, 2, y)d;(y)dyda, i,j = 1,2. Thus,
V(T(t) ¢) is the distribution of newly 1nfected 1nd1V1duals at time ¢. Thus, the next
generate operator can be represented by

_ /0 Ve = v ( /0 h T(t)qbdt) .

Furthermore, the total number of infectious individuals is given by

L= /QL(QS)(x)dx.

Let ¥1 := [ fi(a) [, T1(a,z,y)dzda. According to (v) of (A1), we can obtain

/Q /ooo Vi1 (T1(t)p1) () dtdz
:/9511]31(59)113(0) /OOO /O“ fi(a) /Q /52Fl(a’x’y)fl(t’y’Z)d)l(z)dzdydadtdx

B (SO, 00y [ et d=d
B11p1(57)4q1(0) 1/0 e /Q¢1(Z) zdt
:791511]91(59)611(0).

1

By the same methods, one has

//MWUWMM@wm Duiam (S50

T2

i 0Y,/
// Va(T; (0)6;) (@) dtds = 192523172(52)%(0), =12

Ty

As a consequence, it follows that
( ¥1811p1(57)q1(0)  91B12p1(SY)q5(0) >
E —

T1 T2
92B21P2(59)q1(0)  92B22p2(S3)q5(0)
T1 r2
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Let 7(L£) be the spectral radius of £. Finally, we can define the spectral radius of
L as the basic reproduction number Ry, that is,

Ro = T’(E)
We are in a position to show the main results in this section.

Theorem 4.1. Let u(t,z,$) be the solution of (21) with ug = ¢ € CI, then the
following two statements are valid:

(1): If Ry < 1, then the disease free equilibrium (4, 52,0,0) is globally attrac-
tive.

(2): If Ry > 1, then the system (21) has a positive constant steady state u* =
(S5,85, I, I3) which is globally attractive.

Proof. The conclusion of (1) follows from Theorem 3.7(i).

In the following, we prove the conclusion (2) by using a Volterra like Lyapunov
functional. Similarly to the proof of [48, Theorem 2.1], we can show that the
corresponding ordinary differential equations of (21):

50 — 1y — diSi(t) — Bapi(Si(6)ar (11 (1)) — Biopi (Si(t))aa (I (£)),

£>0,i=1,2,
dldit) —rili(t) 4+ Baapi(Si())q1 (11(t)) + Bizpi (Si(t))q2(12(t)),
£>0,i=1,2

admits at least one endemic equilibrium v* = (S}, 55, I, I3)(S;, I} > 0, i =1,2),
which is also a positive constant steady state of (21).

Next, we are ready to prove the global attractivity of the endemic equilibrium
u* and hence, the endemic equilibrium «* is unique. Set V(x) = 2 — 1 —Inz. Then

we define
o Wl(t, ) Wg(t,m) "
W= | {512p1<s> T B S

where
Wilt,2) = s,(t.2) + S (1,2) Zﬁupz I)Q(Si e 1),
S,-(t,x) * I,i(t,x) . . *
g, (t, x) :/ 7( )p (pl(S )ds Dy, :/ q’(s)q'(sq)l(lz )ds
and

Q(Sits 1Ljt)

" i) [ Totaw [ (RS0 (LE—0y)
_/0 fz( )/er( ) 7y)/0 V( fz(S:)QJ(I;) )d dyd

for i,7 = 1,2. Let ¢ = (¢s,,Ps,,P1,02) € Zo (20 is defined as Theorem 3.7(ii)).
Since Zy is invariant, there exists a non-negative solution (S1,Se,I1,I) of (21)
that is defined for all ¢ € R, takes all its value in Z; and satisfies S;(0,2) = ¢g, ()
and I;(0,z) = ¢;(z) for all z € Q. It further follows from Lemma 3.6 and (20) that
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infier zeq Si(t, ) > 0 and infier zeo Ii(t,x) > 0 for 4 = 1,2, which implies that
W (t) is defined for all t € R. We firstly compute the derivation of ®g, and ®;, on t
0%s, (t, ) p1(S1(t,2)) — pi(S7)

6t = Dsl pl(Sl (t ;(,’)) ASl (t, .I) + F1 (t, l‘)

+Zﬁ1]p1 Sy q]( )Hlj(t ),

* 2
a(I)IlT(tt’x) _ Dlql(hq(féi)()t’;)q)l(ll)All(tw%')+J1(t>$>+;ﬁljpl(sf)%([;)
/OT1 fl(a)/QFl(a,x,y)le(t,a,:my)dyda,
0Pg, p2(Sa(t,x)) — p2(S3)
8ts — DSz( PR AT )ASQ(t,x)-l-Fg(t,x)
+Z/32Jpz S3)a; (1) Ha; (¢, x)
and
8@2 QZ(IS)
atl = Dg (1_(]2(12(157217))) Alg(t,x)+J2(t,x)
JerlﬂijQ(S;)Qj(I;)/o f2(a)/QF?(aaxay)TQj(taaaxvy)dydaa
where
Fit,x) = di/ﬂ(pi(si(t’x))gi((iigz))(s( D) =50 gy i— 1,2,
Htw) = riopats s (i) = (D)) (M) - Ni),
i=1,2,
oy = 1o S aie)  pilSit2)e it e) L
Hylbo) = 1= e T o) w0 =
and
o _ pi(Si(t —a,y))g;(L;(t —a,y)  a(Li(t 2))
ftha,ay) =1+ (S (05 a(I7)
pi(Si(t —a,y))g;(L;(t — a,y))ai(L])

) =1,2.

<><;><< w) o Th

Moreover, one has

0Q(Sit, I +)
ot

7 e [ e (v (PS5 )
- [ #t@ [ ritea) v( AT )

pi(Si(t — a,y))q; (Li(t — a,y))
v ( pi(57)4; (1) )) duda
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for 7,5 = 1,2. Secondly, let
W;(t) = / Wi(t,z)dz, i =1,2.
Q

By a straightforward computation, we can get

AW (1) p1(S7)
dlt = DS1 /Q (1 — pl(él(tl, x))> ASl(t,l‘)dl’

+/Q§—11 (1_ ((Ijll(éfl))) AL (t, x)d:v+/ Fy(t, z)dx
;1 Lt, x)dx—%pl(s Y (I /0 fi(a //plwy

(VQJQ%QJV(““imiﬁﬁiﬁ»a”U)@M“

7plslq2l2 // fila /Flaxy)< V(m%&%)

v (P10t = a,y))ga(L2(t — a,y))qr (I7)
v ( P1(57)q2(13)q1 (11 (¢, ) )

v () v (M) ) v

dWs(t) _ Dsz/ﬂ(1_p2f§£i§:>x)))ASQ(t,m)d$

+/ D> (1_ ¢(13) AIQ(t,x)der/QFz(t,x)d:c

U2 (12( 7))

to /Jg(t x)da:—&-—pg (S3)q(I2) /T2f2 (a) //r2 a,2,1)

(7 (o) ¥ (st )
() ()

+5mtsues) [ [ o [ o (v (855)

pa(Salt — a,9))2 (ot — a,1))
‘V< P25 o (t,)) >)dy‘“d“'

In addition, there holds

s, [ 80 (1 s ) b

p(5) \ 0 P (S p (57 (VS (2)°
=Ds, [, (“msw) ans(t’x)dx‘DSf/Q FICA IO I

2
=—Dg /pﬂ @) dz, j=1,2.
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’ . . * . 2
According (iii) of (A1), one has —Dyg; [, pj(sng(fsf)((tzk;’(t’x)) dr <0 for j =1,2.
FAREAN

In the same way, we can obtain

I* I* 2
D/AI (1— qﬂ )d - D/% qﬂ ) <o

for j = 1,2. By virtue of (111) of (A1), one has

[ Sl ) = (8Dt 2) — S7)
/QFl(t, )d /le o

de <0, i=1,2. (22)
;(Si(t, @)
Furthermore, in view of (iii) and (v) of (Al), it follows that
/ Ji(t,x)dx <0, i =1,2. (23)
Q
As a consequence,
dWl(t) / b1 51 p& VSl t x)) /
= —Dg d Fi(t,z)d
dt p%Sltx x+Q 1t @)da
Dl/ a1 (I1)g) (1) (Vi (¢, 2))*
der + — J t,x)dx
i, F(0t,2) 7 e

5upl<51q10 fila //Flaw< <p1(sfil)x)>>

p1(Sit —a,y)a (L1t —a,y))
V< p1(S)a 11(t z)) )> dadydz

R R [ [ i [ ren (v (585055)
Y (qz(f2( ))) v (pl(Sl(t —a,y))a(lx(t - a,y))ql(lf))

a(13) p1(S7)a2(13)a (L1 (t, )
q1(Li(t, @)
V<q1(lf) ))dadydm
and
Walt) _ [ palSDRA(S)(TSy(t))? -
a D, | B et | Rt

Dy [ g2(I3)a5(12)(VIa(t, 7)) 1
i / g3 (I2(t, 7)) dx+192/J2(t o

0
/3222172 IR [ 7 o) [ ratasen (v (25
-V (pz(Sz(t —a,9))g2(I2(t — a, y>))> dydadaz

5)q2(I2(t, x))

ﬁzlPQ 52 @ (I7) //72 a/FQaSC,y)< V(pz(é%>
)

fh(ll(t )\ 1 ((P2(S2(t —a,y))ar (L1t — a,y))g2(13
(e v (st )

-V (q2 (qu((;; ) )) dydadz.
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Set
1 1

= B GNa®) T B

Then we have

dW

dt

_ Ds, / pl(Si“)P'l(Sl)(Vsl(t’x))de
Br2p1(S7)a2(13) pi(Si(t, x))

_ Dy / (11(11*)(11(11)(V11(tv$))2dx
V1B12p1(57)q2(13) gi (L (t, x))

_ Ds, / Pp2(53)p5(S2) VSz(t’x))de
Barp2(S3)a1 (1) Ja p5(Sa(t, x))

2)(V12(t793))2d

B D, / 22(13) g5 (!
V2B21p2(53)q1 (17) Jo 4 (Ix(t, x))

FZ(tw/'E) Fl(t,x)
_d P S  —
+/Q Borp2(S3)ar (I7) ”/Q Brapi (57)a2(13) "
Jl(t 517) JQ(t 93)
o V161201 (S7)g2( Ig)dgH_ o V2821p2(55)q1 (I7) *

ﬂil;;h 11191 // fi(a /F1 a,z,y)
(G~ (st ) s
—011/9/;1]”1(@)/(2&(@,%1/)

(v Gitsiom) v (S Satmn iy ) vt

,85122?152192// Ja(a /Tz (a,,)
(v (i) - (P ety
// fa(a /Fg a,x,y)

P2(S3) p2(So(t —a,y))q1 (11 (t — a,y))q2(13) ade
(V(m(sz(t,z)))”( 2053 (1) 2 (a7, ) ))dydd'

On the basis of (22) and (23), we have 4¥ < 0. By using the similar arguments
introduced in [52, Theorem 12.1], we can prove that the attractor Zy in Theorem
3.7 is a singleton set which is formed by the endemic equilibrium u*. This completes
the proof. O
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