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ABSTRACT. There have been some results on bifurcations of codimension one
(such as saddle-node, transcritical, pitchfork) and degenerate Hopf bifurcations
for an enzyme-catalyzed reaction system comprising a branched network but no
further discussion for bifurcations at its cusp. In this paper we give conditions
for the existence of a cusp and compute the parameter curves for the Bogdanov-
Takens bifurcation, which induces the appearance of homoclinic orbits and
periodic orbits, indicating the tendency to steady-states or a rise of periodic
oscillations for the concentrations of the substrate and the product.

1. Introduction. Many differential equations have been proposed (see [8, 11, 13],
[17]-[19], [21]-[22], [24, 27] and references therein) to model the dynamic changes
of substrate concentration and product one in enzyme-catalyzed reactions. Among
those models, a typical form ([7]) is the following skeletal system

{ $'=v—V1(~T7y)—V3(~T)7 (1)
i =q(Vi(z,y) — Va(y)),

where & and y denote the concentrations of the substrate and the product respec-
tively, v and ¢ are both positive constants, V;(z,y) and Va(y) denote the enzyme
reaction rate and the output rate of the product respectively and satisfy that

V1(0,y) =0, 0V1/0x > 0, 9V1 /0y > 0, Va(y) > 0, Vz,y > 0,

and V3(z) denotes the branched-enzyme reaction rate. Figure 1 shows the scheme
of the enzyme-catalyzed reaction which comprises a branched network from the
substrate. In Figure 1, S and P represent the substrate and product, respectively,
and F1, F5 and F35 are the three enzymes.

The case that V3(x) = 0 in system (1), which represents an unbranched reaction,
has been discussed extensively in [1, 6, 7, 9, 20]. Recently, more efforts were made
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FIGURE 1. Reaction scheme.

to the case that Va(xz) # 0. One of the efforts ([12, 23]) is made for Vi(z,y) =
x™y"™ Va(y) =y and V3(z) = lx and v = 1, with which system (1) reduces to
{ z=1—-a2"y" —lx,

called the multi-molecular reaction model sometimes, where m,n > 1 are integers
and [ > 0 is real. All local bifurcations of this system such as saddle-node bifurca-
tion, Hopf bifurcation and Bogdanov-Takens bifurcation were discussed in [12] and
[23]. Reference [15] is concerned with the case that Vi(x,y) = ya™y", Vs3(z) = Sz,
g =1 and V,(y) is a saturated reaction rate, i.e., Va(y) = vay/(p2 + y), with which
(1) reduces to

. m,n __ _vV2y
y=7ry p2ty’

{ & =v—yz™y" - fz,

where v,y > 0, uo,v2 and 8 > 0. Results on existence and nonexistence of periodic
solutions on Hopf bifurcation were obtained in [15] with n = 1 and 8 = 0. When
Va(y) and V3(x) are both saturated reaction rates, system (1) was considered in [16]
as

{ i=v-Vi(z,y) - 25,
§ = a(Vi(o,y) — 22L)

with Vi(z,y) = viz(1 +2)(1 + y)?/[L + (1 + 2)?(1 + y)?], where L is the allosteric
constant of F;. Varying the parameter vo but fixing the other parameters, Liu
([16]) investigated numerically how the enzyme saturation affects the emergence of
dynamical behaviors such as the change from a stable oscillatory state to a divergent
state. Later, Davidson and Liu ([3]) discussed the saddle-node bifurcation, Hopf
bifurcation and the global bifurcation corresponding to the appearance of homoclinic
orbit. When V5(y) and V3(x) are both saturated reaction rates, system (1) was also
considered in [4] as

{ T =v—v2Y — uvjfm, @)
. [
y=q(uizy — 325)

with Vi(z,y) = vizy. With a change of variables © = u3Z, y = u2y and the time
rescaling t — vy 'y 't, system (2) can be written as

R b.
I ®)
y:ﬁy(x—ﬁ),

where we still use x, y to present z, § and take notations a := vflugluglv, b=

o7 tug tuy tog, ¢ i= o7 tug fug tug and K = ug tqus for positive constants. Actually,
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system (3) is orbitally equivalent to the following quartic polynomial differential
system

{ = (1+y{(L+2)(a—xy) - ba}, (4)
v =r(14+2)y{(1+y)z —c},

in the first quadrant Q4 := {(z,y) : @ > 0,y > 0} by a time scaling dr =
(x4+1)(y+1)dt. In [4] Davidson, Xu and Liu discussed the case that k = 1 and a < ¢,
where the system has at most two equilibria, giving the existence of limit cycles (by
the Poincaré-Bendixson Theorem seen in [10] or [26]) and the non-existence of pe-
riodic orbits (by the Dulac Criterion seen in [10] or [26]), proving the uniqueness of
limit cycles (by reducing to the form of Liénard system) with some restrictions, and
illustrating with the software AUTO saddle-node bifurcation, transcritical bifurca-
tion and Hopf bifurcation for fixed k = 1,b = 1.5 and ¢ = 5. Recently, the general
case that x, a,b,c > 0 was discussed in [27], where all codimension-one bifurcations
such as saddle-node, transcritical and pitchfork bifurcations were investigated and
the weak focus was proved to be of at most order 2.

In this paper we continue the work of [27] to give conditions for the existence
of a cusp and compute the parameter curves for the Bogdanov-Takens bifurcation,
which induces the appearance of homoclinic orbits and periodic orbits, indicating
the tendency to steady-states or a rise of periodic oscillations for the concentrations
of the substrate and product.

2. Condition for cusp It is proved in [27] that system (4) has at most 3 equilibria,

ie, Ep: (a/(b—a),0), Ey: (p1,¢/p1 — 1) and Es : (p2,¢/p2 — 1), where
=-1{( a—b—c+1) [(a—b—c+1)%—4(a— )2}, 5)
=—Ha-b—c+)+[(a—b—c+1)2—4(a—c)]/?}.

Moreover, if a = a, := ¢+ (b'/? — 1)2, then E; and E, coincide into one, i.e., the
equilibrium E, : (b1/2 —1,¢(b'/? +1)/(b— 1) — 1). There are found in [27] totally 6
bifurcation surfaces

4
T, = {(a.b,c,k) € RYja=be/(1+¢).b # (c+1)%} = J T,
i=1
Pr, = {(a,b,c,5) € RYja = be/(1+¢c),b= (c+1)?},
He, = {(a,b,c,k) € RY |k = k1,be/(1+¢) <a<c,0<b<1}

U{(a,b,c, k) € RE|k = k1, be/(1+¢) < a < c+(b/?—1)% 1<b< (c+1)?},

4
SNp. == {(a,b,e,r) € R |a=a., 1 <b< (c+ 1)} K # Ky} = USN%i,
i=1
Bi = {(a,b,c, k) € Ri|a = c},
By == {(a,b,c,k) € R} |a = b},
which divide Ri :={(a,b,¢c,k):a>0,b>0,¢c>0,k >0} into 8 subregions

R1:={(a,b,c,k) ERY|c<a <a.,1 <b<c,e>1,
or b<a <a.,c<b<(c+1)%/4,¢> 1},
R :={(a,b,¢c,k) ER}|b<a <c,0 < b < c}
Rz :={(a,b,c,k) R |be/(1 +¢)<a <b,0<b<corbe/(1+c)<a <c,e<b<c+1},
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Ra:={(a,b,c,k) ERL|0<a<be/(1+¢),0<b<c+1or0<a<ec,b>ct+1},
Rs :={(a,b,c,k) ERY [c<a <bc/(1+¢),b>cH1},
Re :={(a,b,c, k) ER*|c<a <b,c <b< (c+1),¢>3
or be/(14¢)<a <b,c+1 <b<(c+1)*/4,¢>3
or be/(14-¢) <a <ax, (c+1)*/4<b<(c+1)* ¢>3
or c<a <bc<b<(c+1)*/4,1<c<3
or c<a <ax, (c+1)?/4<b<c+1,1<c<3
orbe/(1+c)<a <c+(b"* = 1), (c+1)<b<(c+1)%,¢<3
or c<a <ax,1<b<c+1,c<1},
R7:={(a,b,c, k) ERY|c+(b"/? — 1)’ <a<b, (c+1)*/4<b< (c+1)%, > 1
or be/(14¢)<a <b,b>(c+1)? or c<a <b,c<b<1,e<1
orc+(b7? = 1)’ <a <b,1<b< (c+1)? c<1},

2 7
Ro ::Ri\{PEOUSNE* UTEOU(UBZ')UBU(URZ')}

where
'TE(LI)) = {(a,b,c,r) ERY|a=0bc/(14+¢),0<b<cH+ 1},
'TE(? = {(a,b,c,r) ERYJa=bc/(14+¢),c+1<b< (c+1)%},
5, = {(aber) eR+|a—bc/<1+c> > (c+1)%,
T]éi) = {(a,b,c,r) €RY|a=bc/(1+c),b=c+1},
SNSE = {(a,be,;8) ERY Ja=a., 1<b< (c+1)*/4,c> 1,k # ki }, (6)
SN% = {(a,b,¢,r) ERY|a = ax, b= (c+1)?/d,c> 1,k # ks },
SNSE = {(a,b,c,x) ERL|a = au, (c+1)?/4<b< (c+1)%c> 1,k # ku),
SNE;E = {(a bc,k) ERY|a=ax, 1<b<(c+1)%c< 1,k # Ral,

k= py{(pr+1)(c—p1)} 'e{pi(c—p1) +a},
ko= (= b2 4 1) (B2 — 1) 22,

The following lemma is a summary of Theorems 1, 2 and 3 of [27].

Lemma 2.1. (i) System (4) has a saddle-node Ey if (a,b, ¢, k) € Tg, UPg,. More-
over, as (a,b,c, k) crosses either 7}%) from R3 to Ry, Téi) from Rg to Ry, or TE(;L)
from Re to R4, a saddle Ey and a stable (resp. unstable) node E; merge into a
stable node Ey on the boundary of the first quadrant Q. for k < ki (resp. k > K1)
through a transcritical bifurcation; as (a,b, ¢, k) crosses Tég) from Rs5 to Ry, a stable
node Eg and a saddle Es merge into a saddle Ey on the boundary of Q4 through
a transcritical bifurcation; as (a,b,c, k) crosses Pg, from Ry to Rs, a saddle Ey

changes into a stable node Ey, a saddle Eo through a pitchfork bifurcation at Ey on
the boundary of Q.

(ii) System (/) has a weak focus Eq of at most order 2 for (a,b,c, k) € Hp,, which
is of order { exactly and produces at most £ limit cycles through Hopf bifurcations

as (a,b,c, k) € HE) ¢ =1,2, where H( ’HEI\H and
Hgl) = {(av ba ) H) € HEl : 2p1(p1 + 1)0’ + {(pl +p1+ 1)02 +p1(2p% +p1— 2)0
=3pi(p1 + D}a® = (¢ = p){(p +3pi + p1 + 1)c” + 2p1(pY + 3p1 + 3)c
+3pi(p1 + D}a+pi{(p1 + 2)c + piHe —pi(pr + D} e —p1)® = 0}

(iii) System (4) has a saddle-node E, if (a,b,c,k) € SNg,. Moreover, as (a,b,c, k)
crosses either SNS*) from Rg to Rq, SNg*) from Rg to Rg, or SNS*) U SN%*)
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from Ry to Rg, a stable (resp. unstable) node E; and a saddle Es arise through a
saddle-node bifurcation for k < ki (resp. Kk > K1).

60

= Hp,

(%)
<

401

FIGURE 2. Bifurcation surfaces projection on the (a, x)-plane.

The above Lemma 2.1 does not consider parameters in the set
B:={(a,bc,r) ER}|a=a,, 1 <b< (c+1)* K=k}, (7)

where a, is given below (5) and k. is given in (6). B is actually the intersection of the
saddle-node bifurcation surface SN g, and the Hopf bifurcation surface Hg,, which
are described by the curves S/Z—VE and ’g]; respectively on the section {(a, b, ¢, k) €
R%|b =2, ¢ =1} in Figure 2. The intersection of SNz, and Hp, indicates B.

This paper is devoted to bifurcations in B. For (a,b, ¢, k) € B, equilibrium E, is
degenerate with two zero eigenvalues. In the following lemma we prove that F, is
a cusp.

Lemma 2.2. If (a,b,c, k) € B\C, where

C:= {(a7b7 c, ,‘Q) c B‘C = ((b) . (b1/2 ){b1/2 +24 (17b _ 12b1/2 +4)1/2}}’

4b1/2

then equilibrium E, is a cusp in system (/).
Proof. For simplicity in statements, we use the notation
p=0b2 1. (8)

For (a,b,c, k) € B, system (4) can be transformed into the form

= y+ c(p® +cp+€) 72 _2~_ pny c2(§+1)92 _ C(p;j-C) 23— p;;rj(z;c;rjc 2y
p+1 2 4 3 1 2,2
v ?Eiﬂgzzy E (:fl) 2(m_l)gl; ’ _(pfl()zz}lff g ’ c(p® +2pc+20) 22 9)
y= —7p ¥ 7 2(0 p), Y=Y T phlen F Plerp T Y
1)(10+1;r(i P) zy? = Cs((167+11)§ x4 N 3(26{17) 'y — mx%ﬂ’

by translating F, to the origin O and Jordanizing the linear part of system (4). For
convenience, introducing new variables (x,y) — (u,v), where u = 2 and v denotes
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the right-hand side of the first equation in (9), we change (9) into the Kukles form

U= v,
_ Ao+, 2 {@p+2)® —(p®+3p)c—2p°} e=2p—1 2 | A(p°+c) 3
- 3 U+ p3(c—p) uv + D) Y + pic—p) ¢
_ A1) (p+3)*+p(p>—3p—3)c—p® (3p+2)} Wl — (5p°+8p+4)c+2p*(p+1) wv?

p? Epﬂg(cfp) ) cp?(p+1)?
1 c“(c+ c— 1

_62(17-%1)1)3 o p“"(cp—p) =t + p5(p+1)2(c—p){(p +4)(p+ 1) (10)
+p(7p% + Tp? — 3p — 4)c? — p?(8p® + 15p + 8)c — 2p° (p + 1) }udv

(3p°+6p>+6p+2)c®+p(2p+1) (2p°+2p—1)c—p® (p+1)(7Tp+4) | 2. 2
+ ey AT DTED) w

(3p+4)c*—3 +2)c—2, 2c—3
e W agrrtep? T Ol o).

Since the linear part is nilpotent, by Theorem 8.4 in [14] system (10) is conjugated to
the Bogdanov-Takens normal form, i.e., the right-hand side of the second equation is
a sum of terms of the form au*+bu*~1v. Hence, one can use the transformation v —

U, v — v — ﬁ%uv together with the time-rescaling dt = (1 — ﬁ%u)dr
to change system (10) into the following
W= v, I
3 2 2 3
b= —Lly2 el e 2y | O(ju, of?), (11)

where the term of v? is eliminated and terms of degree 2 are normalized. The term
of u? exists since —c3(p+ 1)/p # 0. For the existence of the term of uv, we need
to discuss on the quadratic equation

2 P3P
2(p+1) p+1

which comes from the numerator of the coefficient of uv. Since the constant term
is negative for p > 0, the quadratic equation (12) has exactly one positive root

0, (12)

1
c=1@+1)7plp+3+ A" +22p+9)'7},

which defines the function ¢(b) as shown in Lemma 2.2 with the replacement (8). It
implies by Theorem 8.4 of [14] that for ¢ # ¢(b), i.e., (a,b,¢,k) € S\C, O is a cusp
of system (11). The proof of this lemma is completed. O

3. Bogdanov-Takens bifurcation. In this section we discuss in the case that
(a,b,c,k) € B\C, in which system (4) is of codimension 2. We choose a, k as the
bifurcation parameters and unfold the Bogdanov-Takens normal forms of codimen-
sions 2 when (a, k) is perturbed near the point (a., «), where a, is given below (5)
and £, is given in (6).

Theorem 3.1. If (a,b,c,k) € B\C, where B is defined in (7) and C is defined as
in Lemma 2.2, then there are a neighborhood U of the point (a.,k+) in the (a, k)-
parameter space and four curves

SNt = {(a,n) € Ula = ax, ﬁ>l€*,0<c<<(b)}u{(a,n)€U\a:a*, /{<n*,c>§(b)},
SN~ = {(a,n) € Ula = ax, H<n*,0<c<<(b)}u{(a,n)EU\a:a*, n>m,c><(b)},
H o= {(a, k) € Ula = ax — ((2b1/2 F 1) — (B2 —1)2 + 302 — 1))c

—2
—o(b1/2 - 1)3) BL/2(b1/2 — 1)8(c — b1/2 4+ 1)4(k — k)2 + O(|k — 5x|3),
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K > n*,0<c<§(b)}
u{(a, k) € Ula = ax — ((2b1/2 T 1) — (Y2 —1)2 £ 3012 —1))e
—omt/2 - 1)3)_2b1/2(b1/2 18— b2 4 1) (ks — ra)? + O( — ka|®),
K < Ky, C > c(b)}7
L= {(a, K) € Ula = ax — 49/25((%1/2 +1)e2 — (Y2 = 1)2 + 302 = 1))c
_ot/2 — 1)3)_21;1/2(51/2 Z1)8(c— b2 £ 14k — k)2 + O(s — ka|?),
K > H*70<c<§(b)}
U{(a,ﬁ) €Ula=as— 49/25((2b1/2 +1)c% — (B2 = 1)2 +3(bY2 —1))c
212~ 1)) B2 - 1) (e b2 4 1)k — k) 4+ Ol — ),
K< o, > g(b)},

such that system (/) produces a saddle-node bifurcation near E. as (a,c) acrosses
SNTUSN™, a Hopf bifurcation near E, as (a,x) acrosses H, and a homoclinic
bifurcation near E, as (a,k) acrosses L, where k. and ¢(b) are given in (6) and
Lemma 2.2 respectively.

The above bifurcation curve H is exactly the same as Hpg, given in Lemma 2.1,
and the union SN [JSN™ is exactly the bifurcation curves SN g, given in Lem-
ma 2.1.

Proof. Let p=5b"/? —1 and
€1:=a — Ay, Eg:=K — Ky, (13)

and consider |e1] and |ea| both to be sufficiently small. Expanding system (4) at
E,, we get

p= e (ZEEH) §ocoyg 4 (—e(p+ 1)+ (p+ Der)y

—elezly? 4 (BB e gy — p(p+ )y + O (2, ) 12),
3 _ c?
y= (Sl g deede)g 4 (S8 4 (p 4 1)(c — p)ea)y (14)

+(§ + C(c;p) eo)a? + (03(2+3p)—62p(2p+1) + C(3p+2)—p(2p+1)€2)$y

P (c—p)p? P

H(EEE) 4 p(p + Dea)y? + O(ll(z,y) ).

Introducing new variables (x,y) — (£1,71), where & = x and 7); denotes the right-
hand side of the first equation in (14), we change (14) into the Kukles form, whose
second order truncation is the following

5.1 = M,
= Eooler,e2) + Eroler, e2)é1 + Eaoler, e2)€] (15)
+F(§1581752)n1 + E02(51a52)n%7

where F(&1,¢€1,¢€2) := Epi(e1,62) + Er1(e1,€2)61 and Ejjs (i,5 = 0,1,2) are given

in Appendix. Notice that (a,b,c¢,k) € B\C implies that ¢ # ¢(b). From (12) we

see that the quadratic equation has exactly one positive root ¢ = ¢(b). Thus, for

¢ # ¢(b) we can check that
OF

F(0,0,0) =0, —(0,0,0) = E11(0,0) = (2p + 2)(c¢* —
96

P3P
2p+1) p+1

) #0.
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By the Implicit Function Theorem, there exists a function & = &;(e1,e2) de-
fined in a small neighborhood of (e1,£2) = (0,0) such that &(0,0) = 0 and
F(&(e1,82),e1,82) = 0. Thus, from the definition of F' we obtain & (e1,e2) =
—FEo1(e1,82)/F11(e1,€2) near (0,0). Then, we use a parameter-dependent shift

S =6 —&i(e1,e2), m=m

to vanish the term proportional to 7y in the equation for 7, from system (15), which
leads to the following system

52 = 72,
; 16
{ 2 = 1(e1,e2) + ¥2(e1,62)€ + Exoler,€2)E5 + Eri(er,e2)€amz + Eoz(e1,2)n3, (16)

where
Yi(e1,62) = Eooler,€2) + Eroler, €2)1(e1,€2) + Eaoler, £2)&5 (€1, €2),
Pa(e1,62) = Eioler,e2) + 281(e1,62) Bao(er, €2).
In order to eliminate the 73 term, one can use the transformation
£ = &2, M3 =2 — Eoa(e1,€2)62m2

together with the time-rescaling dt = (1 — Fya(e1,£2)&2)d7 to change system (16)
into the following

{ 53 = n3, _ (17)
s = Ci(e1,€2) + C2(e1,62)& + Eao(e1,22)E3 + Ei1(e1,2)E3m3,

where
Ci(er,e2) = ti(er,e2), Caler,e2) = Ya(er,e2) — Yi1(er,€2) Eoz(e1, €2),
Es(e1,62) = FEa(e1,€2) — Ero(er,€2)Eoa(er, 2).

Further, in order to reduce coefficient of £3 to 1, we apply the transformation

Eao(eq, e . (Eii(e1,e2)\ E3y(e1, €0
B HICE N (o HEHES Y )
f1(e1,€2) Eao(e1,29)/ E7y(€1,62)
where Ea(0,0) = —% < 0, and the time-scaling dt = |$ﬁz;|dr to system

(17) and obtain
{ w= v, (18)

0= ¢1(e1,62) + Pa(e1,2)u + u? + Yuv,

. E11(0,0)
Where '19 - Slgn(EQO(O’O))’

Eti(e1,e2)
€1,€2) 1= =——=C(Ci(e1,€
o1(e1,€2) E§0(€1,€2)Cl( 1,€2)
_ {@p+2)c® — (0 + 3p)c — 2p°}e1gui(en, €2)
p(c —p)*oiy(e1,e2) ’
E?(e1,e2)
€1,€2) 1= =———=(2(¢e1,€
P2(e1,€2) E220(61,€2)42( 1,€2)
_ V2{(p+2)c® — (0 + 3p)c — 2p° Y2 (e, £2)
32(c—p)*(p+ 1)V/2pgs’ (e1,2)
and polynomials ¢;; s are given in the Appendix.
Let

w1 = ¢1(e1,€2), p2 = d2(e1,€2), (19)
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where ¢ and ¢o are defined just below (18). Clearly, ¢1(0,0) = ¢2(0,0) = 0.
Compute the Jacobian determinant of (19) at the point (0,0)
Odi1(e1,e2)  Odi(e1,e2)

861 862
O0¢a(e1,62)  Oda(e1,e2)
Oeq Oeog

2 (2 9,315
_ {@p+2)c" — (p° +3p)c—2p°} £ 0, (20)
pect(c—p)i(p+1)
(51762):(070)

implying that (19) is a locally invertible transformation of parameters. This trans-
formation makes a local equivalence between system (18) and the versal unfolding
system

u= o
. ’ 21

{5— pa + p2t + u? + v, (21)
where 9 is given in (18). As indicated in Section 7.3 of [10], system (21) has the
following bifurcation curves

SNt = {(p1,p2) € Vo | 1 =0, pg >0},
SN™ = {(p1,p2) € Vo | 1 =0, po < 0},
H o= {(p1, p2) € Vo | = —43, p2 >0},
L= {(p1,p2) € Vo | p1 = — 5243 + o(|p2/?), p2 > 0},

where V; is a small neighborhood of (0,0) in R2.

In what follows, we present above bifurcation curves in parameters €1 and 5 in
explicit forms. For this purpose, we need the relation between (£1,e2) and (1, p2).
Note that ¢; and ¢ defined just below (18) are C* near the origin (0,0)(k is an
arbitrary integer). By condition (20), the well-known Implicit Function Theorem
implies that there are two C* functions

(22)

e1 = wi(p1, p2), €2 = w2 (1, p2) (23)
in a small neighborhood of (0,0, 0,0) such that w;(0,0) = w2(0,0) = 0 and

p1 = d1(w(p, p2), wa(pa, p2))s p2 = d2(wi(pa, pa),wa(pi1, p2))- (24)
Substitute the second order formal Taylor expansions of w; and ws in (24) while
expand ¢1 and ¢y in (24) to the second order
¢1(e1,e2) = {2 +2)¢” — (p” + 3p)e — 2p" e /{p°(c — p) (p+ 1)} — {(2p + 2)¢?

—(p® 4+ 3p)c— 2p3}4(24p2c4 +42¢Mp + 21" — 8p3c® — 54ccp® — 44cPp
—36¢%p* — 12p°¢% + 27p° + 8p°c + 32¢p” + 16p6)5%/{2c4p8(c — p)6
P+ 1)} —{2p+2)c® — (p* + 3p)e — 2p°Yere2/{(c"p* (e — )’ (p + 1)}
+O(|517 62|2)7 (25)
$2(e1,62) = {20+ 2)c* — (p° + 3p)c — 2p°}er /{267 (p° — 2ep + p* + Pp + & — 2¢p”)p*}
—{(2p+2)¢® — (P +3p)c — 2p°}ea/c® — {(2p +2)¢" — (p* + 3p)c — 2p”}
(—243p°c® + 832p°c* 4 513p°c* + 455p*® — 594p°c? — 1347p%c® — 1209p°°
+165p*c* + 1138p°c® — 324p5¢* — 424p”c — 200p°c* + 382p°c3 + 512p" 2
—520cp® — 396¢°p — 48p” + 108¢° — 48p*° + 384c°p® + 414c°p — 104cp®
—1—264(:2;[)8 + 59406;1)2 — 67205p4 + 96c6p4 - 136c5p5 - 4404;06 - 7603p7)sf
/{4’ (p+1)*(c = p)"'p°} — {(2p + 2)c” — (p + 3p)c — 2p°}(8p”c" + 23¢"p
+12¢* + 30p$c3 + 803p2 - 22031) — 5802;04 - 85;0302 + 6p2c2 - 8p5c + 460p4
+24p°)ere2/{4c"p* (p+ 1)(c — p)*} + (¢ — p)p*{(2p + 2)¢* — (v + 3p)c
—2p°}e3/c" + of|er, eal?). (26)
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Then, comparing the coefficients of terms of the same degree in (24), we obtain the
second order approximations
g1 = pPlc—p)*(p+ D /{(2p + 2) — (p* + 3p)c — 2p°}* + *p'%(c — p)® (p + 1)(32p%c*
+56¢p + 27¢* — 16p3c® — 79¢3p? — 59¢3p — 48c2p* — 19p3c? + 36p2c? + 12p°c
+50cp + 24p%)uf /{2{(2p + 2)c* — (p* + 3p)c — 2p°}8} + PpS(c —p)° (P + 1)
pap2/{(2p + 2)c® — (p* + 3p)e — 2p°}° + o(|p1, p2l?), (27)
e = p*(c— p)2(—8p5 — 12cp* — 18¢p® + 8¢3p? — 11p%c? — 9¢%p + 14c3p + 603);“
/£2{(2p + 2)* — (p* + 3p)c — 2p°}*} — Pu2/{(2p + 2)¢* — (p* + 3p)c — 2p°}
+02p6(c - ;17)4(131407p2 + 630pc” — 270p3c* + 2068p3c® + 612p%c® + 677prct
—1134p°c3 + 4387p°c* — 1056p°c3 — 1804p”? — 3741c8p® + 7565 p* + 1160c3p®
—2268c5p* + 1176¢ p> — 1272c¢%p% — 352¢8p° + 384c7p* — 320p! + 108¢” — 704cp!®
+224¢%p° — 2046¢°p° + 4258¢p® + 832p7 ¢t — 1464p3c? — 2289c5p? + 1544p” 3
—450c%p — 1344cp”) 1 /{8{(2p + 2)c — (P + 3p)c — 2p°}*} + Pp* (c — p)* (40p°c?
+6104p +24¢* — 78]0303 - 15803102 — 6803p — 14c2p4 + 423;0302 + 48;10202 + 32p50
+62cp® 4 24p°) 12 /{4{(2p + 2)¢® — (p* + 3p)c — 20°}°} + Pp*(c — p)ui3
/{2 +2)c® — (p° + 3p)c — 2P} + o(|p1, p2|?). (28)
Then we are ready to express those bifurcation curves in parameters €; and 5.
For curves SN¥,| we need to consider p1 = 0. From the first equality of (19) we
see that pq = 0 if and only if 1 = 0 because in the expression of ¢1(e1,e2) we have
$11(0,0)/¢35(0,0) = 1/p2c?(p + 1) # 0. Thus, for 3 = 0 we obtain from (28) that
2

(2p+2)¥(c)

where ¥(c) is the same quadratic polynomial as given in (12). It follows that the
inequality pug > 0 (or < 0) together with the sign of ¥(c) determines the sign of es.
From the analysis of the quadratic equation (12) we see that ¥(c) < 0 (or > 0) if
0 <c<g(b) (or ¢ > (b)), where ¢(b) is defined in Lemma 2.2. Hence from (22) we
obtain that

g9 = M2+O(|M2|2), (29)

SNT: = {(e1,e2) | €1 =0,62 > 0,0 < c < (b)} U {(e1,€2) | e1 = 0,2 < 0,¢ > (b},
SNT: = {(e1,e2) |e1=0,62<0,0<c<s(b)}U{(e1,62) | e1 =0,e2 > 0,c > 5(b)}.
For curve H, we need to consider p; = —u2, which is equivalent to Y(e1,e5) :=

¢1(€1,€2) + ¢%(€1,82) =0 by (19) Clearly, T(0,0) =0 and
T — 406 2(, V4
e s a0 — WAV /{p e e = p) (P + 1)} # 0.

By the Implicit Function Theorem, there exists a unique C* function e, = ¢;(e2)
such that €;(0) = 0 and Y (e1(e2),e2) = 0. Similarly to (27) and (28), expanding T
at (e1,€2) = (0,0) and substituting with a formal expansion of €;(e2) of order 2, we
obtain by comparison of coefficients that

p’(c—p)*
4(p+ 1)¥3(c)
Further, replacing y; with g1 = —pu3 in (28), we get

g1 =€1(e2) = — &5+ o(|e2]?). (30)

2

—mm + o(|p2)-

Similarly to (29), from (22) we obtain that

€9 =
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H o= {(e1,82) | &1 = —%55 +0(le2)?), e2>0,0< ¢ < <(b)}

P°(c—p)
4(p + 1)¥2(c)

4

U{(e1,e2) | e1 = — €5+ o(le2]?), e2 < 0,¢ > <(b)}.

For curve £, we need to consider p; = —%u% + o(uz)?), ie., ¢1(e1,62) =

—%qﬁ%(sl, g2) + o(|¢2]?). Similarly to H, we apply the Implicit Function Theorem
to obtain

49p°(c — p)*
100(p + 1)P2(c)
Similarly to (29), from (22) we obtain that

49p°(c —p)*
100(p + 1)¥2(0)

49p°(c —p)*
100(p + 1)2(c)

e1=— e3 + ofle2*).

L= {(e1,e2) | e1=— g5 +o(le2]?), e2>0,0 < c<g(b)}

U{(e1,82) | e1 = — g5 +o(le2]?), e2 <0,¢>¢(b)}.

Finally, with the replacement (13) we can rewrite the above bifurcation curves
SN*,#H and L expressed in parameters (e1,€2) in expressions in the original pa-
rameters (a, b, ¢, k) as shown in Theorem 3.1. O

4. Conclusions. In this paper we analyzed the dynamics of system (4) near the
equilibrium F, when parameters lie near B\C. We proved that FE, is a cusp when
parameters lie on B\C. We investigated the Bogdanov-Takens bifurcation near the
cusp and compute in Theorem 3.1 the four bifurcation curves SN, SN, H and L
in the practical parameters. Those bifurcation curves can be observed in Figure 3
in the case that ¢ > 1 and b = (¢ + 1)?/4 (which implies p = (¢ — 1)/2). They
display the merge of equilibria and the rise of homoclinic orbits and periodic orbits.
More concretely, in this case,

~(e+1)? 8¢c?

R i

Moreover, the four bifurcation curves divide the neighborhood U of (au, %) into
the following regions:

- (c+1)° 8"
Dr = {(a7/‘€)€U|a< 4 ’Kg(c—l—l)(c—l)Q}
(c+1)? _ 49(c—1)%(c+1)* 8¢y
U{@r evla< T B00eE Fer 1P T @i e D)

8C2 3 8C
HOlr = el ) > (c+1)(c—1)2}’

. (c+1)?  49(c—1)%(c+1)? 8¢?
P = {(a’“) Ul 002 et ) 2 {n - (c+1)(c— 1)2}
8¢c? 3 (c+1)? (c—1)%(c+1)?
O - =12 ) << 1 T ImEe ter 1
{r— 8702}2 +O(lk — LP) o> 8762}
(c+1)(c—1)2 (c+1)(e—1)2" 7 (c+1)(c—1)2 )"
._ (c+1)?  (c=1)°(c+1)° c
Disr = {(am) € U] 57 - 12822 + o+ )7 T e e 17
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FIGURE 3. Bifurcation diagrams of system (4) for the case that
c>1land b= (c+1)%/4.

8¢?

(c+1) }
(c+1)(c—1)2 )L

+O(‘I€— 4 B

82
c S <a< K>

(c+1)(c—1)
Drv = {(a,ls) eUla> @}

Theorem 3.1 gives dynamical behaviors of system (4) near F, in the first quadrant
in Table 4. The coordinates of equilibria Ey : (9,0), E1 : (p1,¢1) and Es : (p2, g2)
are given by zp :=a/(b—1) and

p1 = *%{((I*b*C‘Fl)*{(CL*b*C‘F 1)274(afc)}1/2},

D2 = *%{(a*b*0+1)+{(afbfc+ 1)274(afc)}1/2}

as in [27]. Fy exists in the first quadrant when (a, k) € D;ULUD;r UHUDyr but
disappears when (a,x) € Dry (appearing in other quadrants) or (a,x) € SNt U
{(ax, k) } USN™ (not existing).

Table 4. Dynamics of system (4) in various cases of parameter (a, )

Parameters Equilibria Limit cycles and Region in
(a) k) Eo o By B, homoclinic orbits l('i)i:;c;::]ion
Dy saddle unstable focus  saddle Dy

L saddle unstable focus  saddle one homoclinic rrbit L

Drr saddle unstable focus  saddle one limit cycle Drr

H saddle stable focus saddle H

Drrr saddle stable focus saddle Drrr
SNT saddle-node SNT
Drv Drv

(ax, tix) cusp (ax, kx)
SN saddle-node SN

The appearance of limit cycle displays a rise of oscillatory phenomenon in system
(4). Choosing parameters a = 3.99999,b = 4,¢ = 3 and k = 4.495 in Dy, we used
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M 1.018 1.95 y

FIGURE 4. An attracting limit cycle.

the command ODE45 in the software Matlab Version R2014a to simulate the orbit
initiated from (xg,y0) = (1.00432,1.98662845) numerically, which plots an attrac-
tive limit cycle in Figure 4 and shows a dynamic balance and permanence of the
substrate and the product in the enzyme-catalyzed reaction. The homoclinic loop
actually gives a boundary for the break of the dynamic balance and permanence.

In this paper we only considered parameters in B\C. When parameters lie in C,
higher degeneracy may happen at E,. Although efforts have been made for higher
degeneracies, for example, versal unfolding was discussed in [5] for a normal form
of cusp system of codimension 3, it is still difficult to compute bifurcation curves in
original parameters in the case of codimension 3. Such a computation with original
parameters is indispensible for practical systems and for system (4) it will be our
next work.

Appendix: Some coefficients. The functions in system (15) are

Eoo = {(2p+2)c® — (0° + 3p)e — 2p° Y e1 /{(p + Vp°(c — p)* },

Eio == —{(2p+ 2)c? — (p® + 3p)c — 2p3}261{(—603p —4c3p? — 4p3c?® + 3p2? + 4cp? + 4ctp
+3ch) — (p?c? — 3¢3p — 3¢2p + ep? + 2¢p® — 2pH)er — (32 — 2ept + p° + 4Pt
—spPc—p’c® +2p%)ea} /{(p + Dp* P (c — p)*},

Ey = {(—206(;0 +1)2(c — p)?) + (9¢3p? + 4c2p* — 13c*p + 4p°c? + 6p3c® 4 9¢%p — 15p%c?
—2p*c3 4+ 4p%c® — 4p3c* +6¢%)er — (2p7c — 6p”c? — 6p%c? — 2p°ct + 6p°c + 2¢p®
—2ptct + 6p503)52 + (6p5c2 —2p*c® —6pSc—6p e+ 6pSc? — 2p°3 +2p7 + 2p8)5152
+(6p303 - 4102c4 — 2021)4 - 10p3c2 - 9c4p - 20p4 + 17c3p2 - 2p5c + 1303p - 910202
—6ch)ei }/{2¢°p% (e — p)? (P + 1)},

Eo1 = —{(2p+ 2)c? — (p? + 3p)c — 2p°H{2c%e1 + (ep* — 2p°? + Pp?)ea + (2p* — 6cp®
+4p®c®)eres + (12¢° — 6ep)et}/ {p*(c — p)*c®},

FEi1 = {(303;02 — 8p204 — p4c3 +20° + 202p4 + 4csp + 2p205 — 504p + 2p502 + 2p3c3
73p3c4) + (302;104 +3c3p 4+ p2c® + 2p%c + 3p2ct + 3p3c? + 2¢tp + 2ep* — 4p3c3
13p2)er + (5p8c2 — 2pTc — 3pBe 4+ TP 4 22pt — pPe — Bptcd — p3cd 4 pict
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plet — 4pPcP)ey — (5pSc — 4pc? + picd — 52pt — P3P 4 TpPc + PP + 2ep?
—2pT —p® — 3p6)51€2 + (130p2 — 8ep* 4+ 9c¢%p? — 38p2c? + 5ep® + 10p* + 10p°
+19¢3p + 106 — 13p3c? — 2502]))5%}/{02(19 +1)(-p+0)},

Eps = {(c —2p—1)+ (5¢3 — 2¢%p)ey — (3[)3c2 —263p2 — cp4)62 + (p4 —ep®leren — (2¢p
—-)et}/{p+1)%(c—p)°}.

The functions below system (18) are

¢11 = 24c6p5 + 4csp2 — 16c7p4 + 408p3 — 1605p6 + 4p7c4 + 2406;74 — 1607;73 — 16c5p5
Jr4c4p6 + (9p404 —16p°%c3 + 4003177 + 68p5c4 —26p3c5 + 3¢® — 68p + 42¢5p3 + 3606p4
—94c5p4 + 6c7p2 — 4c4p6 — 1602p8 — 5605p5 — 808;02 + 807p3 + 2806p2 — 14c7p)51
—|—(4c7p4 + 4065p7 - 4c2p9 — 4c2p10 + 2003p8 + 2003p9 - 2006p5 + 40::5;06 — 20::6p6
—40c*p® + 4cTp® — 4Op7c4)52 — (40p%c® + 12p%c3 + 32¢7p? + 8p°c® + 12¢7 + 92p3c°
+8p602 — 32p3c4 — 12p603 — 28p7c2 + 4c5p4 — 8806;122 — 56p4c4 + 3607;0 + 48;0504
—60c%p® + 16¢p® — 3206;0)5% + (120;1)9 —24p7c* — 8cpt — 6¢7p? — 88c%p® — 32%p8
+20cp'® — 24c%p* 4 6c%p + 2¢3p” — 24p8c3 + 36¢5p° + T2¢1p® + 96¢3p® — T6c2p°
+36p°ct + 40c8p* — 44¢Pp® + 6p7c?)eren + (8p7c — 9p3ct — 16p°c? + 6p°>c® — Zpt
+11p4c4 + 6p3c5 + 10p4(23 - 16p5c3 - 18])205 + 12p3c4 - 9c6p2 + 4p6(: - 4p8)€:;’
—i—(—34c4p6 + 203p7 + 4p9 — 28cp9 - 16¢:p8 + 6p4c4 + Splo — 2p7c + 3202;08 + 32p7c2
—32p0%¢3 — 14p°c3 + 10p8c? — 6c5p* + 26¢°p° + 12p°cH)e2en + (4cPp” — OpO + 4463p°
741c2p10 - c4p6 + 4cp9 + 2(:5p6 - 4p11 + 2803p8 - 3202p9 + 8c5p7 - 26c4p8 + 20pllc
—12p7ct — p10 — 4p'? 4 18¢p!0 — 602p8)515§,

P12 = (2p5c3 —4p3ct + 2ptc3 4+ 2p3¢° + 220 — aptt) + (903;02 + 4cp* — 13cp + 4p°c?
+6p3c® +9c%p — 15p2ct — 2p*c® + 4p?c® — 4pBct +6¢°)er + (—2p ¢+ 6pTc? + 6p°c?
+2p°c* — 6p8c® — 2¢p® + 2ptct — 6p5c3)52 + (6p303 — 4p%ct — 262%p* — 10p3c? — 9¢tp
—2¢p* +17c3p? — 2p°c + 13¢3p — 9p3c? — 604)8% + (6p°c® — 2p*c® — 6pSc — 6pc
+6p5c? — 2p°c 4 2p7 + 2p%)e e,

¢21 = (6010 + 1208p5 + 6908p4 — 77cgp3 + 2007p6 + 906p4 — 33(:7p3 + 18(:5106 — 34c6p5
—i—4508102 - 26c7p4 + 10208193 — 270917 — 8009p2 + 2707]95 + 605107 + 8c4p8 — 1205p8
—55¢5p% —12¢5p7 + 8¢p® + 22¢19p2 — 24c%p? 4 8¢10p3 + 20¢1%p)er + (4p*0ct + 20p% b
—10p10c® — 4p®c® + 2pnc4 — 209p4 —2p8% + 10p7c8 +20p%c® +108p° — 20p°c8
+2¢p? — 40pTc” — 20¢"p® — 10c°p® — 20¢"p® + 40c5p® + 20061)7)52 + (71209 +12¢3p°
—478p% +10°p3 — 86c8p? — 19¢7p% + 1026°p® — 220c8p° + 60c8p? + 159¢7p* — 40c8p?
+61c5p5 + 204p6 — 16]0704 — 1809p + 3(:9]92 + 92(:7105 + 12(:3108 + 2605p7 — 1404178
+53c8p + 35c8p3 — 767 p? — 7906176)8% + (2p°¢° — 34c3p® + 2¢3p° 4+ 19¢8p* — 1073
+15lc7p6 —17c5p% + 3906;75 — 45c7p4 + 2608p3 — 203p10 + 3p7c4 — 6cgp2 + 23c7p5
+77c5p7 — 26c4p8 + 14565p8 — 85061)6 — 227(:61)7 — 3lc4p9 — 209p4 — 103c6p8 + 83[)707
+51p%¢® — 2p10¢c* — 4ptte® — 27p8c®)eren + (—4p”c® — 2p5¢8 — 30p10ct — 60pttct
+40p905 - 2p808 + 12]01103 + 24(:7108 + 1207139 — 6()p906 + 12;01303 - ?:Opwc6 + 40]{)1105
—30p12ct — 4p!3c? — 2plhe? — 2p12¢2 4 2491263 — 30¢5p° + 80pt0c® + 12p7c7)5§
+(—30c® + 69p3c® — 16p*ct — 212p°c* + 58p%c3 + 3315p* — 232¢%p* + 79¢7p3
+11705p6 — 6506p5 — 2108p2 — 307p4 + 508p3 + 37905;05 — 187c4p6 + 4p7c4 — 94c3p8
—i—44c2p8 + 44c2p9 + 9107p — 5308p — 26306;03 + 163c7p2 — 10606102 — 3863])7)8?
+(36c2p10 — 10e8p® — 199¢3p° — 418p* + 9¢7p® + 18c2ptt — 1665 p* + 84c7p?
+165c°p8 — 297¢8p® — 18¢8p? + 193¢7p* — 48¢3p® — 110c3p'0 + 164c°p® — 764 p8
+47p" ¢t +123¢7p° — 78¢3p® + 18¢%p° — 208¢°p” + 351c*p® — 219c°p® — 62c8p°
+79¢8p" + 233¢*p° 4+ 1203p7)5%52 + (72p14c +2pt0 — 43p? — 8¢"p® + 212p!t
—2p12c — 7203;010 — 4p130 — 4c5p7 + 604p8 — 10205p8 + c6p6 + 45(:6177 + 11804109
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+58p7c® — 114p10¢° + 121p' et 4 10288 — 22p7 " — 212p%¢® + 233p10ct — 138pllc3
+40p1262 - 701912c3 + 2Op1302 — 14c7p8 +p708 + p608)61€§(—176p3c4 + 41p403
+769p%c® + 293p2c® — 388pct + 27p°c® + 28p0c? — 178p%c* — 58pSc + 4pTc? + 20¢p®
+200p9 + 603051)4 — 19206])4 + 75c7p3 +127c%p° 4+ 34c4p6 + 727 — 234061) — 24c2p8
+210¢"p — 616¢%p® + 213¢"p? — 658c8p? — 44c3pT Vet 4 (—286p°c* + 154p°c® — 32p7c?
+136¢%p0 — 56¢p'® — 198c%p? — 24cp® + 262¢%p* — 32¢p!! — 330c8p? + 707 P2
+438c%p% — 284c5p® + 68¢"p? + 636c°p° — 580ctp® — 210p7 ¢t + 22¢7p° — 154c3p8
+30¢2p8 +198¢%p° + 64c5p” + 84c¢tp® — 122¢5p3 + 24¢7p? — 768p® +198¢3pT)eden
+(4p12 + 10202];10 — cplo — 15803p9 — c7p6 + 19802])11 — 64p12c — 330p11 —cBpS
—313031010 — 32p13c + 4p7c4 + 8p13 — 603p8 + 462])9 — 5705107 + 132c4p8 — 12605p8
+108p8 + 26¢8p7 + 272¢*p? + 4p't + 16¢8p® — pTc” — 70p%c® + 144p0c* — 161pticd
+100p12¢?)e2e3.
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