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ABSTRACT. In this paper, a novel spreading dynamical model for Echinococ-
cosis with distributed time delays is proposed. For the model, we firstly give
the basic reproduction number Ro and the existence of a unique endemic e-
quilibrium when Ro > 1. Furthermore, we analyze the dynamical behaviors
of the model. The results show that the dynamical properties of the model is
completely determined by Ro. That is, if Ro < 1, the disease-free equilibrium
is globally asymptotically stable, and if Ro > 1, the model is permanent and
the endemic equilibrium is globally asymptotically stable. According to human
Echinococcosis cases from January 2004 to December 2011 in Xinjiang, China,
we estimate the parameters of the model and study the transmission trend of
the disease in Xinjiang, China. The model provides an approximate estimate
of the basic reproduction number Ry = 1.23 in Xinjiang, China. From theoret-
ic results, we further find that Echinococcosis is endemic in Xinjiang, China.
Finally, we perform some sensitivity analysis of several model parameters and
give some useful measures on controlling the transmission of Echinococcosis.

1. Introduction. Echinococcosis, which is often referred to as a hydatid disease,
is a parasitic disease that affects both humans and other mammals, such as sheep,
dogs, rodents and horses [3]. There are three different forms of Echinococcosis found
in humans, each of which is caused by the larval stages of different species of the
tapeworm of genus Echinococcus. The first of the three and also the most common
form found in humans is cystic Echinococcosis, which is caused by Echinococcus
granulosus. The second is alveolar Echinococcosis, which is caused by FEchinococ-
cus multilocularis and the third is polycystic Echinococcosis, which is caused by
Echinococcus vogeli and very rarely, Echinococcus oligarthus. Alveolar and poly-
cystic Echinococcosis are rarely diagnosed in humans and are not as widespread as
cystic Echinococcosis. Thus, we focus on cystic Echinococcosis in this paper.
Echinococcus granulosus is an extremely small tapeworm, only 4-6 mm in length
in its adult stage. This stage occurs in carnivore “definitive hosts,” generally dogs,
wolves, coyotes, or wild dogs [17]. When mature, the adult tapeworm produces
eggs that are passed in feces of the infected carnivore. The eggs contaminate foliage
or vegetation which may be eaten by grazing animals, the “intermediate hosts,”
generally ruminants such as sheep, goats, or cattle, although an extremely wide
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range of potential intermediate hosts exists. After the intermediate host ingests
tapeworm eggs, the eggs hatch into tiny embryos in the small intestine of that host.
These small mobile forms penetrate the intestinal mucosa, enter the circulatory
tract, and are then transported via the bloodstream to various filtering organs in
that host. The embryo lodges in those organs and there develops into a larval
cystic form termed the “hydatid cyst”. Eventually a thick wall develops around the
hydatid cyst, and numerous tiny tapeworm heads are produced via asexual division
within “brood capsules” from the germinal lining of each hydatid cyst. If parts of
the viscera containing hydatid cysts are eaten by suitable carnivore hosts, then the
tiny protoscolices are liberated from the brood capsules, evaginate their head region
with its suckers and hooks, and move actively to eventually attach to the intestinal
mucosa. There they grow within approximately 40 days to the adult stage to the
tapeworm, which is then capable of producing eggs. Humans act as intermediate
hosts for Echinococcus granulosus, and are infected when they ingest tapeworm
eggs from the definitive host. The eggs may be eaten in foods such as vegetables,
fruits or herbs, or drunk in contaminated water. The life cycle of Echinococcus
granulosus is shown in Figure 1.

Human

Definitive host
(Dogs & other canidac)

Embryonated egg

Liver wlth cysts .
(in feces)

Intermediate host
(Sheep, goats, swine, etc.)

Fi1cUre 1. Life cycle of Echinococcus granulosus.

China is one of the countries in the world which have the most serious Echinococ-
cosis. A national survey of important parasitic diseases in 2004 showed that the
average prevalence of Echinococcosis in epidemic areas was about 1.08%. About
380000 people in the country are infected. During 2004-2008, China’s 27 provinces
and municipalities had Echinococcosis case reports, and 98.2% of reported cases
distributed in Xinjiang, Inner Mongolia, Sichuan, Tibet, Gansu, Qinghai, Ningxia.
At least 66 million people in China are threatened by Echinococcosis [20].

Echinococcosis is widely distributed and highly endemic in Xinjiang, China. Be-
tween 2004 and 2011, a total of 6086 human Echinococcosis cases were reported in
Xinjiang, China (see Figure 2 [22]).

The average infection rates in sheep, cattle and dogs were 54.20%, 15.21% and
24.52%, respectively [9]. During 2008-2009, Xinjiang, China supervising agency
for animal epidemic prevention examined Echinococcosis infection of liver and lung
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FIGURE 2. Monthly new reported Echinococcosis cases in Xinjinag
from 2004 to 2011.

TABLE 1. Infection of cattle and sheep liver/lung in Xinjiang, China

Region Infection rate
Sheep  Cattle

Ili 70% 41%

. 0 507

Northern Xinjiang Ticl}tl:;lg 66538/;6 3;(;2
Changji 50.78%  9.23%

Kashgar 47% -

Hotan 25% 18%

Southern Xinjiang Kezilesu Kirgiz Autonomous Prefecture 38% 6.2%
Aksu 50.3%  6.29%

Bayingolin Mongolia Autonomous Prefecture  60.3%  12.3%

Eastern Xinjiang Hami 2% 17%
Turpan 36% 16.68%

TABLE 2. Infection of dog in Xinjiang, China

Region Infection rate
I 70%
Northern Xinjiang Ticl?:;g 6?5?;73/6
Changji 50.78%
Kashgar 47%
Hotan 25%
Southern Xinjiang Kezilesu Kirgiz Autonomous Prefecture 38%
Aksu 50.3%
Bayingolin Mongolia Autonomous Prefecture 60.3%
Eastern Xinjiang 'I?ljg:n gzzz

samples of cattle and sheep in fix point slaughter houses (see Table 2 [11]). Mean-
while, Echinococcus granulosus infection for dogs was also examined in various parts
of Xinjiang, China (see Table 2 [23]).

Mathematical modeling is an important method of studying the spread of infec-
tious disease qualitatively and quantitatively. Models can be used to understand
how an infectious disease spreads in the real world, and how various complexities
affect the dynamics. There have been some modeling studies on different aspects of
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Echinococcosis, and most of them are statistical models. A base-line survey was car-
ried out on the transmission dynamics of Echinococcus granulosus, Taenia hydatige-
na and Taenia ovis in sheep in Uruguay by Cabrera et al. in [4]. The Echinococcus
granulosus was only relative stable and the basic reproduction ratio was estimat-
ed about 1.2 in an endemic steady state. The effects of the different transmission
levels of the parasites on potential control strategies were discussed. Torgerson et
al. [16] examined the abundance and prevalence of infection of Echinococcus gran-
ulosus in cattle and sheep in Kazakhstan. Maximum likelihood techniques were
used to define the parameters and their confidence limits in the model and the neg-
ative binomial distribution was used to define the error variance in the observed
data. Lahmar et al. [8] examined the abundance and prevalence of infection of
Echinococcus granulosus in camels in Tunisia.

Recently, dynamic models of Echinococcosis have been discussed in [19, 21]. The
work [19] proposed a deterministic model to study the transmission dynamics of
Echinococcosis in Xinjiang, China. The results demonstrated that the dynamics
of the model were completely determined by the basic reproductive number Ry.
The authors showed that Echinococcosis was endemic in Xinjiang, China with the
current control measures. In [21] two mathematical models, the baseline model
and the intervention model, were proposed to study the transmission dynamics of
Echinococcosis. Applying these mathematical models to Qinghai Province, China,
the authors showed that the infection of Echinococcosis was in an endemic state. In
[19, 21], the authors considered the density of Echinococcus eggs as a compartment
in their models. However, it is hard to obtain the parameters of Echinococcus eggs in
actual epidemiological surveys. To solve this problem, we take Echinococcus eggs in
the environment as vectors and propose a novel spreading model for Echinococcosis
with distributed time delays in this paper. We will evaluate the basic reproduction
number Ry and analyze the dynamical behaviors of the model. According to human
Echinococcosis cases from January 2004 to December 2011 in Xinjiang, China, we
will estimate the parameters of the model and study the transmission trend of the
disease in Xinjiang, China. We will also carry out some sensitivity analysis of the
basic reproduction number Ry in terms of various model parameters. Finally, we
shall suggest some strategies for control Echinococcosis infection in Xinjiang, China.

The article is organized as follows. The model is presented in Section 2. The basic
properties on the positivity and boundedness of solutions, computation of the basic
reproduction number and the existence of endemic equilibrium for the model are
discussed in Section 3. In Section 4, we establish the global stability of the disease-
free equilibrium for the model. In Section 5, we will apply the theory of permanence
for infinite-dimensional systems to obtain the permanence of the model. The global
stability theorem of the endemic equilibrium is stated and proved in Section 6. In
Section 7, we estimate the parameters of the model and study the transmission
trend of the disease in Xinjiang, China. A brief discussion is given in Section 8.

2. Model formulation. Based on the transmission mechanism of Echinococcosis,
we consider dogs being the definitive hosts, livestock being the intermediate hosts,
humans represented as an accidental intermediate hosts respectively.

The dogs population is subdivided into two classes: the susceptible population
and the infected population denoted by Sp(t) and Ip(t), respectively. For livestock
population, we separate the total livestock population into two classes: susceptible
and infectious denoted by Sr.(t) and Iy (t), respectively. Humans are infected when
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they ingest tapeworm eggs from the definitive host. We separate the total popula-
tion into three classes: susceptible, exposed and infectious denoted by Sy (t), Em(t)
and I (t), respectively.

To model the Echinococcosis infection delay from infected livestock to susceptible
dogs, we let 7 be the random variable that describes the time between infection offal
thrown in the environment and eaten by dogs with a probability distribution fi(7).
hy denotes the average survival time of larval cysts into the infection offal thrown
in the environment. Here, f1 : [0, k1] — [0,+00) is continuous on [0, h1] satisfying

0h1 fi(r)dT = 1. When infection offal was dropped in the environment at time
t — hq, the number of infected dogs at time ¢ is given by

h1
B1Sp(t) ; fr(D)IL(t —7)dr.

To model the Echinococcosis infection delay from infected dogs to susceptible
livestock, we let 7 be the random variable that is the time between eggs produced by
infected dogs and ingestion by susceptible livestock with a probability distribution
fa(7). hao describes average life expectancy for Echinococcus eggs. fa(7) is assumed
to be non-negative and continuous on [0, ko] satisfying th2 fa(T)dr = 1. When
infected dogs produced Echinococcus eggs at time ¢t — hy, the number of infected
livestock at time t is given by

ha
B2SL(t) [ fo(7)Ip(t — 7)dT.
0
Humans act as an accidental intermediate host for Echinococcosis. Thus, simi-
larly to the infection of livestock, the number of infected human at time ¢ is given
by

ha
B3Su(t) ; f3(r)Ip(t — 7)dr,

where f3(7) is a probability distribution. Because the range of movement for humans
and livestock is different, we choose distribution function in different forms. Hence,
distribution f3(7) is different from fo(7). Similarly, f3(7) is assumed to be non-
negative and continuous on [0, ko] satisfying f0h2 fa(r)dr = 1.

Based on the above discussions, a dynamical model of Echinococcosis with dis-
tributed time delays can be written as:

ds(]ft(t) = A1 —BSo(t) Ohl fi(P) Lt = 7)dr — diSp(t) + oln(t),

Yol — i) [ AL~ 7~ s + 0) 1o (),

deLt(t) = Ay - [SL(t) /0 " fo(T)Ip(t — 7)dr — d2SL(t),

dlét( 9 B25L(t) /0 " f2(T)Ip(t — 7)dr — doI L (t), (1)
dsjft(” = A3 —BaSu(t) /0 " fs(T)Ip(t — 7)dr — dsSu(t) + vIu(t),

P — usuo) [ 5ol - T — (i + ) B,

dn(t) _ wEwH(t) — (ds + p+v)1u(t).

dt



1430 KAI WANG, ZHIDONG TENG AND XUELIANG ZHANG

All parameters in model (1) are assumed to be positive constants. For the dog
population, A; describes the annual recruitment rate; d; is the natural death rate; o
denotes the recovery rate of transition from infected to non-infected dogs, including
natural recovery rate and recovery due to anthelmintic treatment; For the livestock
population, Ay is the annual recruitment rate; ds is the death rate; For human
population, Aj is the annual recruitment rate; ds is the natural death rate; p is the
disease-related death rate; 1/w denotes the incubation period of infected individuals;
~ denotes the recovery rate.

Motivated by biological background of model (1), the initial conditions for model
(1) are given as follows

{ Sp(0) = ¢1(0), Ip(0) = ¢2(0), SL(0) = ¢3(0), IL(0) = ¢a(0),
Su(0) = ¢5(0), Eu(0) = ¢6(0), Iu(0) = ¢7(0),

where ¢ = (¢1,¢2, -+ ,¢7) € C([—h,0], RY), h = max{hy, ho}. In this paper, for
any integer n > 0 we denote by C([—h,0], R}) the Banach space of all continuous
functions ¢ : [~h,0] — R’} with sup-norm |[|¢[| = sup_j,<4<q [#(0)|-

(2)

3. Basic properties. For any € > 0, we define the region I'. as follows.

A
I.= {(Sp,Ip,Si,I1.Su.En,Iy) € R, Sp+1Ip < dil +e,
1

A A
SL+IL§d—2+s, SH+EH+IH§d—3+s}.
2 3

Firstly, on the positivity and ultimate boundedness of solutions for model (1), we
have the following result.

Lemma 3.1. (i) The solution of model (1) with initial conditions (2) satisfy (Sp(t),
ID(t>, SL(t), IL(t)7 SH<t), EH(t), RH(t)) >0 fO’f’ all t > 0.

(#) All solutions of model (1) with initial conditions (2) ultimately turn into the
region I'c as t — oo.

The proof of Lemma 3.1 is simple, we hence omit it here.

Remark 3.2. According to Lemma 3.1, all feasible solutions of model (1) enter or
remain in the region I'; as t is large enough. Therefore, the dynamics of model (1)
can be considered only in T'..

Simple algebraic calculation shows that model (1) always has a disease-free equi-
librium Ey = (5%,0,5%,0,5%,0,0), where

A A A
o _ A1 o _ A o _ A3
S S St &

Following the idea in [24, 18], we can introduce the basic reproduction number

for model (1) as follows
R P1B2A1 As
TN\ did2(dy o)

Remark 3.3. To better understand the basic reproduction number, we rewrite it
as

A1 A1
“Nd dto B2 B1.

R ) )
0 dy da
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The biological meaning of Ry can be interpreted as follows, near the disease free
equilibrium, the total number of livestock reaches at a stable state As/dy and every
livestock will be susceptible. Then susceptible livestock is infected by infectious dogs
over its expected infectious period 1/(d; + o) with probability S2. Furthermore, the
total number of dogs reaches stable state A;/d; and every dog will be susceptible,
which is infected by infectious livestock over its expected infectious period 1/ds
with probability 8;. The square root arises from the two ‘generations’ required for
an infected dogs or livestock to ‘reproduce’ itself.

It can be proved that if Ry > 1 then model (1) has a unique endemic equilibrium
E*(Sy, 17, S5, 1T, S, By, I5;), where

da(dy + 0) (A1 B2 + didz)

5D Badyi(B1As + dids + doo)’
I — B182A1 Ay — dld%(dl + O') . d%(dl + O') (R2 B 1)
b d1B2(B1As + didy + dao) — Ba(BiAz + didy + dao) O ’
gt _ dq(B1As + dids + dao)
o B1(A1B2 + didy)
I B1B2A1 Ay — did3(dy +0)  dida(dy +0) (R2 - 1)
L d2f1(A1B2 + dids) B1(A1B + didy)* ° ’
S — A3(d3 +"‘))(d3 +u+7)
T (BsIpy + ds)(ds + w)(ds + p +7) —ywPsl},’
H (dg + w) ’
I — wB3SHIp
y =

(ds +w)(ds + p+7)°
Therefore, we finally have the following theorem.
Theorem 3.4. (i) Model (1) always has a disease-free equilibrium Ey.
(i) Model (1) has a unique endemic equilibrium E* if and only if Ro > 1.
4. Global stability of Ej. Regarding the stability of the disease-free equilibrium

FEy, we have the following result.

Theorem 4.1. If Ry < 1, then the disease-free equilibrium Ey of model (1) is
globally asymptotically stable in T'..

Proof. Notice that the last three equations are independent of the first four equa-
tions, we start by considering the first four equations,

h1
ng)t(t) = A} — 615D(t) ) fl(’r)IL(t — T)d’r — dlsD(t) + (TID(t)7
hi
d%p: B1Sp(t) fi(r)Ip(t = 7)dr — (d1 + 0)Ip(t),
dSg(t) ’ ha (3)
Cft = A= BSut) | L()Ip(t = T)dT — oS (1),
ha
dlgt(t) = [(2SL(t) fo(T)Ip(t — 7)dr — doIy (1).
0

Since Ry < 1, it follows that
d%(dl + 0')
B2A2

B1A1  di(dy + o)
R2—-1)= — <0.
( 0 ) dl /BQAZ
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Hence, there is a small enough constant € > 0 such that

51(141 + d1€) . d%(dl -+ (T)
dy Ba(Az + dae)

Let (Sp(t), Ip(t),SL(t), IL(t),Su(t), Eu(t), Ix(t)) be any solution of model (1) in
I'.. Then,

A A
Sp(t) < =t e, Sp(t) <=2 +¢6 forall t>0.
d ds

Consider the following Lyapunov functional

h1 t
V(t): ID(t)‘i‘ﬁl A fl(T) SD(U+T)IL(u)dudT+

t—T
do (dl + CT)

ha ‘
m(m(t)+52 ; fQ(T)/t,TSL(u+T)ID(u)dUd7)’

calculating the derivative of V'(t) along the solution of system (3), we have

h1
V(t)= p1Sp(t) i fi(P)IL(t —7)dr — (dy 4+ 0)Ip(2)
h1

h1
+B:111L(t) ; f1(7)Sp(t + 7)dT — B1SD(t) | fi(m)IL(t —7)dr

d2(d1 + U) ha
Ba(Az + dae) (62&@ ; fo(T)Ip(t — 7)dT — doI (1)

ha h1
H02lp(t) [ RSu(e4 T)AT = 5500) | (I~ m)ar)

h1
= —(di+0)Ip(t)+ BIL(t) ; fi(T)Sp(t + 7)dr
dg(dl —|-0')
B2(Az + dae)
—(d1 +0)Ip(t) + 51(%11 +e)IL(t)

 (B(Ar+die)  d3(di+0)
- ( : 1(11 : _ﬂQ?A21+d25)) £(t)

ha
(= daLi(t) + Bl (t) RS+ r)dr )

IN

< 0.

Let E = {(Sp,Ip,Sr,I1) : V = 0}. Then, we have E C {(Sp, Ip,Sr, 1) : I, = 0}.
Let M C E be the largest invariant set with respect to system (3) and let further
(Sp(t), Ip(t), SL(t), IL(t)) be any solution of system (3) which retains in M for all
t € R, then (Sp(t),Ip(t), SL(t),I1(t)) is defined and bounded on t € R.

Since M C {(Sp,Ip,Sr,Ir) : I, = 0}, we have I (t) = 0. Furthermore, from the
fourth equation of system (3), we have Sf(t) th2 f2(m)Ip(t — 7)dm = 0. Therefore,
we have

dSp(t)
dt

= A1 — dlsD(t) + O'ID(t)
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dlgt(t) = —(dy+0)Ip(t),
dS(;t(t) = Ay —dsSp(t).

Solving second equation, we have
Ip(t) =Ip(0)exp(—(dy +o)t) forall teR.

Hence, Ip(t) = 0. Otherwise, Ip(t) will be unbounded on R.
Since

SD(t) = — + SD(O) exp(—dlt) for all ¢t € R,

then we also have Sp(0) = 0. Otherwise Sp(t) will be unbounded on R. There-
fore Sp(t) = Ai/dy. Similarly, we can obtain Sr(t) = As/ds. Finally, we have
(SD (t), Ip (t), SL<t), [L(t)) = (Al/dl, 0, Az/dz, O) This shows that M = {(Al/dl, 0,
As/d3,0)}. By the LaSalle invariance principle, (A;/dy,0, As/ds,0) of system (3)
is globally asymptotically stable.

Next, we consider the last three equations

ho
%t(t) = As— B (1) o f3(T)Ip(t — 7)dr — d3Su(t) + vIu(t),
%b;(t) = BSSH(t) 0h2 fg(T)ID(t — T)dT — (d3 + OJ)EH(t), (4)
dffft(t) = wEp(t)—(ds+p+7)1u(t).

Since Ip(t) — 0 as t — oo, we obtain that Ex(t) — 0 as t — oo by the second
equation of system (4). Furthermore, from the third equation of system (4) we
also have Iy(t) — 0 as t — oo. Lastly, from the first equation of system (4) we
finally have that Sy (t) — Asz/d3 as t — oo. Therefore, (A3/ds,0,0) is globally
attractive with respect to system (4). Thus, according to the theory of asymptotic
autonomous system [15], we finally obtain that the disease-free equilibrium Ejy is
globally asymptotically stable for model (1) when Ry < 1. This completes the proof
of Theorem 4.1. O

5. Permanence. In this section, we will apply the theory of persistence for infinite-
dimensional dynamical system from [7] to obtain the permanence of model (1).

Let X be a complete metric space with metric d. Suppose that T'(t) : X — X, t >
0, is a C%-semigroup on X. For any z € X, the positive orbit v (x) through z is
defined as y*(z) = {T'(t)z : t > 0}, and its w-limit set is w(z) = {y € X: there is
a time sequence t; — oo such that limy o T(tx)z = y}. Let X° and X, be two
nonempty subsets such that X = X° U Xy and X° N Xy = (. Further, we assume
that C-semigroup T on X satisfies

T(t): X° = XY T(t): Xo— Xo.

We denote T°(t) = T'(t)| xo and Tp(t) = T(t)|x,. We further assume that there is a
global attractor Ag for Ty in X, and let

Ag = | J{w(@) : = € Ag}.

Furthermore, the definitions of the compactness, point dissipativity and the u-
niform persistence for C%-semigroup 7" on X, and the definitions of the isolated
invariance and acyclic covering for a subset A C X, can be found in Kuang [7].
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Now, we state the following lemma, which can be found in ([7], Theorem 2.4).

Lemma 5.1. Assume that
(i) there is a to > 0 such that T(t) is compact in X fort > to;
(ii) T(t) is point dissipative in X;
(ii1) Ay is isolated and has an acyclic covering M = Uk M.
Then T'(t) is uniform persistent if and only if

Ws(M)NX=0, i=1,2---,k,
where W5(M;) = {x € X : w(z) # 0,w(x) C M;} is the stable set of M;.

In the following, as an application of this lemma, we establish the result on the
permanence of model (1).

Theorem 5.2. If Ry > 1, then model (1) is permanent.

Proof. We firstly prove the permanence of system (3). To apply Lemma 5.1, we
choose space X = C([—h,0], Ri)7 and sets XY and X are defined by

X0 = {(¢1, P2, P3,P4) € X : $2(0*) > 0 or ¢4(0*) > 0 for some 6* € [—h,0]},

Xo = {(¢1, 02,03, P4) € X : ¢2(0) =0, ¢4(8) =0 for all § € [—h,0]}.

Denote ¢ = (¢1,¢2,¢3,¢4) and © = (Sp,Ip,Sr,1Ir). Let z(t,¢) = (Sp(t, ¢),
Ip(t,é), Sp(t, @), IL(t, ¢)) be the solution of system (3) with initial value ¢ at t = 0.
We define CY-semigroup 7'(t) in Lemma 5.1 as follows

T(t)¢:$t(¢), ¢)€X, tZO,

where z;(¢) = z(t + s, ¢) with s € [-h,0].

Now, we verify that all the conditions of Lemma 5.1 are satisfied.

Firstly, we show that X° and Xj are positively invariant sets. Let ¢ = (¢1, ¢o,
#3,04) € X0, from system (3) we can obtain

t h1
Sp(t,6) > Sp(0, ) exp(—pr /0 /0 FUP) (s — 7 d)drds — dut),

h1

1o(t,6) =~ 1p0.6)+ [ 515000 [ KL - 7 édre 7},
0 0

t rho
SL(t,¢) 2 SL(O,qﬁ)eXp(fﬂg/o o fQ(T)[D(S*T,d))deS*th),

t ho
1(t9) = {10.6) + [ 825000.6) [ Rr)In(p 7. é)dre™dp)
0 0
(5)
for all ¢ > 0. Obviously, Sp(t,¢) > 0 and Sp(t,¢) > 0 for all ¢ > 0. If there
is a t7 > 0 such that Ip(t;) = 0 and Ir(¢;) = 0, then from (5) we can obtain
Ip(0,¢) =11(0,¢) = 0 and for any s € [0, 1]

h2 hl
fQ(T)ID(S_Ta d))dT:Oa fl(T)IL(S_Ta ¢)d7— =0.
0 0
Hence, we have ¢3(0) = ¢4(0) = 0 for all § € [—h,0]. This leads to a contradiction
with ¢ = (¢1, ¢2, ¢3,04) € X°. Therefore, Ip(t,¢) > 0 and I1(t,¢) > 0 for all
t > 0. This shows that z,(¢) = (Spi(9), Ipt(¢), S(9), I1i(p)) € X for all t > 0.
This implies that X© is positively invariant.



DYNAMICS OF DELAYED ECHINOCOCCOSIS MODEL 1435

Let ¢ = (¢1, 2, @3, d4) € Xo. Since ¢ = ¢4 = 0, by the existence and uniqueness
theorem of solutions for the functional differential equations, we have

Ip(t,9) =0, Ip(t,¢)=0 forall t>0.

From this, we obtain that X also is positively invariant.
Denote by w(¢) the w-limit set of the solution of model (3) starting at ¢t = 0 with
initial value ¢ € X. Let

A A
Q= J{we): ¢ € X}, Ej= (d—ll,o, d—j,O).

Restricting system (3) to Xo, we obtain

dS(?t(t) = A, —diSp(t) (6)
dSét(t) = Ay — dySL(t).

It is easy to verify that system (6) has a unique equilibrium (A /dy, As/ds), which is
globally asymptotically stable. Therefore, we have Q = {E{}, and E] is a covering
of Q, which is isolated (since Ej) is the unique equilibrium) and is acyclic (since
there exists no solution in Xy which links E{ to itself). It remains to show that

W*(Ey) N X" =90, (7)

where W#(E{)) denotes the stable manifold of Ej. Suppose that (7) does not hold,
then there exists a solution (Sp(t),Ip(t),SL(t), Ip(t)) of model (3) with initial
conditions in X©°, such that

. _ Ay . _ . _ Az : _
Ap s =50 By o =0 A= lgl@)=0(
Since Rg = % > 1, we can choose a small enough constant € > 0 such
2

that Al/dl —€>0, A2/d2 —e>0and

¢ o [|B1B2(Ar —die)(Az — dae)

For this € > 0, by (8), there exists a t; > 0 such that

S’D(t)>é—e, SL(t)>&—e for all ¢ > t;.
dl d2
Hence, by system (3), we have
dIp(t A 1
p(t) 251(—1—6) fi(r)Ip(t = 7)dr — (dy + 0)Ip(t),
dt dl 0
dIp(t A ha
L0 5 22 o [ pm)Ip(t - n)dr — da L)
for all ¢ > t;. Consider the following auxiliary system
dU(t A h
J = /3’1(—1 —€) AVt —7)dr — (di + o)U(t),
dt d1 0 (9)
dv(t A ha
v _ Bo(Z2—6) [ fa(m) Ut —7)dT — daV ().
dt d2 0
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Let (U(t),V(t)) be the solution of system (9) with initial conditions U(t; + 6) =
Ip(t1+0) and V(t; +60) = I.(t1 +0) for all 6 € [—7,0], by the comparison theorem
of functional differential equations([12], Chapter 5, Theorem 1.1) we have

Ip(t) > U(t), Ip(t)>V(t) forall t>t.
From (8), we further have

lim U(t) =0, lim V(t) =0. (10)
— 00

t— o0
Consider the following auxiliary function
di+o

W(t) =Wi(t) + 7ﬁ2(% s

Wa(t),

where
h1 t
Wi(t) = U(t) JF,Bl(%ll —€) ; fi(7) /ti V(p)dpdr
and
ha t
Walt) = V() + 5o =9 [ 2r) [ Ulpapar

Then, from (10) we have
lim W (t) = 0.
t—o0
Calculating the derivative of W (t) along the solution of system (9), we have
dl + o

W(t) =Wi(t)+ mwz(t)
d2
_ A d1d%(d +0)
=4 =9I - Gmm —ae s —6g)
=BG =9 = V()

> 0.

Therefore, W (t) increases as t increases. This shows that W (t) does not tend to
zero as t — oo, which leads a contradiction. Therefore, (7) holds and system (3)
satisfies all conditions of Lemma 2. Therefore, system (3) is permanent. Then there
exists a constant n > 0 such that liminf, .o, Ip(t) > n. For any positive number
€ <, there is a T' > 0 such that Ip(t) >n —¢, forall t > T.
Next, we prove that system (4) is also permanent. From system (4), we have
dSg(t
%() > Az — (Bs(n—e) +d3)Sp, forallt>T+h,
it follows that
As
>
Bs(n—e€) +ds
Using a similar argument as above, we can obtain that

B3As(n —¢)
(ds +w)(B3(n —¢€) +ds)

htrglor‘}f Su(t)

o S
htgg)lf Egx(t) >

and

- BawAs(n — €)
S 2 G Baln =)+ do) it 2)

This implies that model (1) is permanent. O
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6. Global stability of E*. In this section, we will obtain the stability of endemic
equilibrium of model (1). We will use the theory of cooperative systems to prove
the global stability of system.

Consider the functional differential equations

dx(t)
"0 _ fa) 1)

where f : U — R" is a continuously differentiable map on the open subset U of C,..
Denote z(t, ¢) for the unique solution of (11) satisfying zo = ¢ and let [0, 0] be

its maximal interval of existence. Now we have the following lemma, which can be
found in ([26], Theorem 3.2).

Lemma 6.1. Let f: CI — R" be a continuously differentiable cooperative map,
and let F': R} — R" be defined by F(x) = f(z), x € R",. Assume that

(1) for any ¢ € CF with ¢;(0) = 0, fi(¢) > 0 and f maps bounded sets into
bounded sets;

(2) f: CF — R"™ is sublinear, i.e., for any o € (0,1), ¢ € CF, f(ag) > af(¢),
and F : R — R is strictly sublinear, i.e., for any o € (0,1), x € R} with x > 0,
F(ax) > aF(x);

(3) £(0) =0, df (0) satisfies (R), and for any x € R, DF(x) is irreducible.

(a) If s(DF(0)) < 0, then 0 is globally asymptotically stable for (11) with respect
to ¢ ;

(b) If s(DF(0)) > 0, then either

(i) for any ¢ € C: \ {0}, limy o0 ||24()|| = +o00, or alternatively,
(it) (11) admits a unique positive steady state &* with £* > 0 and &* is
globally asymptotically stable with respect to C:+\ {0}.

We further have the following result on the stability of the endemic equilibrium.

Theorem 6.2. If Ry > 1, then endemic equilibrium E* of model (1) is globally
asymptotically stable.

Proof. We still start by considering system (3). It is easily proved that Sp(t) +
Ip(t) = Ay/dy and Sp(t) + IL(t) = Az/da as t — oco. Therefore, in system (4) we
can represent Sp(t) and Si(¢t) by A1/dy — Ip(t) and Ay/ds — Sr(t), respectively,
then system (3) reduces to the following system with two equations:

hi1
dlgt(t) — 51(% - ID(t)) i ALt —1)dr — (di + 0)Ip(t), )
' ha 12
dlgt(t) — 62 (%22 — IL(t)) ; fg(T)ID(t — T)dT — dQIL(t).

By Lemma 3.1, the dynamics of system (12) can be focused on the following re-
stricted region

A A
Q={Up,I1):0<Ip <=+ 0<Ip <=2}
dy do

We will use Lemma 6.1 to prove the global stability of system (12). We only
need to verify all assumptions in Lemma 6.1 for system (12). Consider the following
equation

dx(t)
dt

= f(x:)
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where x(t t),1(t)) " and f:C([~h,0], R%) — R? is defined by
51 — —$1(0 fi(t = s)¢a(s)ds — (di + 0)¢1(0)
t hy
f(¢) = t
2~ 600 ) | = 9)on(s)ds = daga0)
Let

Fi(z1,22) fr (% —x1)w2 — (dy + o)1
-
52((72 — x3)x1 — data

For any ¢, 1 € C([—h,0], R%), we have
dfi()¢ = —pi¢1(0) / fi(t — s)a(s)ds
B(GE =) [ A= ealedds = (@ + )61 (0),

t

df2()p = —B20¢2(0) - fa(t = s)i(s)ds

+52 (% - 1/12(0)) fa(t = 5)p1(s)ds — da2(0).
2 t—ho
Hence, for any 4(0) € (0, A1/dy) and ¢ € C([—h,0], R%) with ¢(0) = 0, we have
t

o= (3= 00) [ flt—s)6a(s)ds >0

t—hy

and
t

400 = 5a(52 = 020) [ a0 = 9)61(5)ds >0,

t—ho
which imply that f is a cooperative map. For any ¢ € C([—h,0], R%) with ¢(0) =
we have

fi(é) = “41/ fu(t — $)a(s)ds > 0,
f2(¢) = 6ZA2 fa(t — s)¢p1(s)ds > 0.
2 t—hy

It is easy to see from the expression of f that f maps bounded sets in C([—h, 0], R%)
into bounded sets in R2. For any o € (0,1) and ¢ € C([—h,0], R%) we have

filad) = B (1;1—11 - aqSl(O)) /t_h fi(t — s)aga(s)ds — (d1 + 0)ap1(0)

> 51 (2= 610) [ At s)aga(s)ds — (@ + 2)agn 0
dl t—hq
= afi(e).

Using the same argument, we can show that fa(a¢) > afs(¢). Therefore, the
functional f is sublinear. For x € Ri with > 0, we have
Ay

Filaz) = Bl(d—l — axl)amg — (dy + 0)az

> a[ﬁl(gl—ll — xl)xg — (d1 + 0)x1] = aFi(x)
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and

Fy(ax) = ﬁg(d—j — owcg)owcl — dyoxy

> O[[BQ(% — l‘g)xl — dzl‘g} = OéFQ(l‘).

This shows that F is strictly sublinear. Since f(0) = 0 and for any ¢ € C([—h,0],
R%),

th®0 = 2 [ i - 96a(6)ds - (b + ) 0),
t
df>(0)¢ = 5?;? - fa(t = 5)p1(s)ds — dap2(0),

it is easy to see that df (0) satisfies assumption (R) in [26]. By computing DF (),
we have

A A
—(dﬁ—a)—ﬂti ey A - o)
DF(z) = ! !
ﬁ(é_l‘) _d—ﬂ2A2Jf
200, 2 2 &
Clearly, DF(x) is irreducible for x € Q. Since
A
~(ds + o) 5; 1
DF(0) = ! )
©) B2A2 4
ds ?

the characteristic equation of DF(0) is
det(\ — DF(0)) = A? + a1\ +ap = 0,

where
a; =dy +dy+o,

_ P1P2A1 Ay
dids

When Rg > 1, we have ag < 0. Hence, s(DF(0)) := max{Re A : det(A\] —DF(0)) =
0} > 0. By Lemma 6.1, one can conclude that the equilibrium (I}, ) of system
(12) is globally asymptotically stable. According to the theory of asymptotic au-
tonomous systems [15], we further obtain that endemic equilibrium (5%, I}, S5, I7)
is globally attractive for system (3).

Next, when ¢t — oo, the limiting system of equation (4) is

aozdg(d1+0) :dg(dl —|—0')(1—R%).

Bul) — Ay - B8 — dyS + 71,

dE g (t
40— BySulh — (ds +) B, (13)
T (t

dglt() = wEy—(ds+p+v)Ix.

Let U(t) = Su(t) —St, V() = Iu(t) — If, W(t) = Ex(t) — E};, we can transform
equation (13) into the following system
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du(t
% = —(B3If +d3)U(t) +4V (),
AW (t
YO ) -y + 0w, (14)
dv(t
PO~ W)~ s+t 1)V (0).
The Jacobian matrix of equation (14) at (0,0,0) is
—ﬂg[ik) - d3 0 Yy
J(0,0,0) = Balr —(ds +w) 0
0 w —(ds +p+1)

The characteristic equation is
d(N) = X3+ ax\? + )\ +ag = 0,
where
ag = 3ds + P3lp +w+ p+1,

a1 = (B3I} + ds)(ds +w) + (B3I + ds)(ds + p + ) + (ds + w)(ds + pu + ),

ao = (B3I +ds)(ds + w)(ds + p + ) — Bzl pwy-
It is clear that ag,a1,a2 > 0, and by simple computation, we have

araz —ap = 6dswy + 2wy + 4dzpy + 6dswi + 6831 dsw + 6831 ds
+683 1% dsy + 2835w + 2BsT 5wy + 28315y + 26215 %ds
+8B315d3 + B3I w + Balhw? + B3I + Balphu?
+B215% + BaIhy? + 8d3 + 8d3w + 8d3u + 8d3y + 2d3w?
+2d3p? + 2d3y? + W + wp? + wy + wy?

> 0.

Hence, by Routh-Hurwitz criteria, all roots of ¢(A) = 0 have negative real parts.
Furthermore, by the stability theory of linear differential equations, it follows that
(0,0,0) is globally attractive for equation (14). Therefore, (S%;, E;, I7;) is also glob-
ally attractive for equation (13). According to theory of asymptotic autonomous sys-
tems [15], we finally obtain that endemic equilibrium E* (S}, I, ST, I5, St Efs I5r)
of model (1) is globally asymptotically stable. O

7. Numerical simulations. In this section, we shall estimate the parameters of
model (1) and study the transmission trend of the disease in Xinjiang, China. From
Xinjiang Center for Disease Control and Prevention (Xinjiang CDC) [22], we have
obtained the monthly numbers of reported Echinococcosis cases from January 2004
to December 2011 (see Figure 2).

As an illustration, we take the parameters in Table 3 and give a few necessary
comments:

(a) The number of dogs in Xinjiang, China was estimated to be 2 millions in
2004 [25]. The average life expectancy of dogs was 12.5 years [1]. Thus, d; =
1/(12.5 x 12) = 0.0067. We estimated the capacity of dogs in Xinjiang, China to
be 2 millions. Thus, A; ~ 2000000 x 0.0067 = 1.34 x 10*. The adult Echinococcus
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TABLE 3. Parameters and their values (unit: month™—1)

Parameters Value Comments Source

A 1.34 x 10 recruitment rate for dog [25]

dy 0.0067 dog natural mortality rate [1]

b1 6.3 x 10710 livestock to dog transmission rate fitting

o 1/6 recovery rate from infected to non-infected dogs [13]

A 8.7 x 108 recruitment rate for livestock [10]

da 0.0275 livestock mortality rate assumption
Ba 2.8 x 1078 parasite egg-to-livestock transmission rate fitting

hy 1/3 survival time of larval cysts into the infection offal [6]

ha 1.17 average life expectancy for Echinococcus eggs [17]

As 2 x 10* human annual birth population 2]

ds 0.0012 human natural mortality rate [14]

w 1/(14 x 12)  human incubation period [13]

i 0.0793%o human disease-related death rate [5]

¥ 0.0625 treatment/recovery rate assumption
Bs 2.96 x 10712 parasite egg-to-human transmission rate fitting

granulosus resided in the small bowel of the dogs and its life expectancy was about
5-6 months [13]. We select 6 months. So, the recovery rate o = 1/6.

(b) According to China Statistical Yearbook [10], the recruitment rate As for
livestock population was estimated to be 8.7 x 10% and the mortality rate of livestock
do was estimated to be 0.0275.

(c) The average survival time of larval cysts into the infection offal thrown in the
environment is assumed to be 7-10 days [6]. We select hy = 1/3. Life expectancy
is assumed to be 35 days for parasite eggs [17]. So he = 35/30 = 1.17.

(d) The average life expectancy of people in Xinjiang Uygur Autonomous Re-
gion of China was 71.12 years in 2005 [14]. We take it as the current average
life expectancy. Thus, d3 = 1/(71.12 x 12) = 0.0012. According to the data of
the Sixth Census of China [2], human annual birth population in Xinjiang, China
was 2.4 x 10°, that is A3 = (2.4 x 10°)/12 = 2 x 10*. The incubation period of
Echinococcosis can be months to years or even decades. We select 14 years [13].

(e) The parameters 1, 82 and f3 are obtained by fitting the model to data. We
first apply the Runge-Kutta method to obtain the numerical expression formula of
model (1) with parameters 81, B2 and B3, then by the least-square estimation the
estimation values of 81, B2 and B3 are given through MATLAB implementation.

The numerical simulation of the model on the number of human Echinococcosis
cases is shown in Figure 3. We can predict the general tendency of the epidemic in
a long term according to the current situation, which is presented in Figure 4. Tt
shows that the number of human Echinococcosis cases will increase steadily in the
next 6 or 7 years, then reach the peak (about 120) in 2017 and begin a slow decline,
and finally become stable.

Moreover, with these parameter values, we can roughly estimate the basic re-
production number Ry = 1.23 for model (1) under the current circumstances in
Xinjiang, China. This indicates that human Echinococcosis is endemic in Xinjiang,
China: it stabilizes and is approaching its equilibrium. Therefore, if no further ef-
fective prevention and control measures are taken, the disease will not vanish. From
Figure 5, we can see that when Ry < 1 the number of Echinococcosis humans I (t)
tends to 0. On the contrary, when Rg > 1, I5(t) tends to a stable equilibrium. We
can see that Ry is really the threshold for the establishment of the disease and the
number of infections increases with the increase of Ry.
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FIGURE 3. The comparison between the reported human
Echinococcosis cases in Xinjiang, China from January 2004 to De-
cember 2011 and the simulation of I (t) from the model. The ini-
tial values used in the simulations were Sp(0) = 2 x 10°, Ip(0) =
8 x 10, S1.(0) = 8.4 x 108, I1,(0) = 5.7 x 107, Sy (0) = 1.96 x 107,
Ex(0) = 1500, I57(0) = 4.
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FIGURE 4. The tendency of the human Echinococcosis cases Iy (t)
in short and long times.

Next, to find better control strategies for Echinococcosis infection, we perform
some sensitivity analysis to determine the influence of parameters Ay, dy, o and 5y
on Ry. From Figure 6 we can see that R decreases if A; decreases, or d; increases,
or o increases, or 1 decreases. From Figure 6(a), it is obvious that when A; is less
than 6500, Ry can be less than 1. However, the recruitment rate of dogs can achieve
13400 in Xinjiang, China. This indicates that human Echinococcosis in Xinjiang,
China cannot be eradicated if recruitment rate of dogs cannot be controlled under
6500. From Figure 6(d), we can see that when 3; is less than 3.5 x 1071°, R can be
less than 1. In order to decrease the parameter (31, we have the following measures.
Dogs should be barred from slaughter houses and should not be fed uncooked offal.
Infection carcasses and offal should be burned or buried. The parameter o can be
increased through increasing the frequency of dog anthelmintic.

8. Discussion. In this paper, in order to understand how Echinococcosis spreads
in the real world and forecast the disease trends, we propose a novel spreading
model for Echinococcosis with distributed time delays. We calculated the basic
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FIGURE 5. The tendency of the human Echinococcosis cases Iy (t)
with different values of Rg. When ; = 3.3 x 107 1%(lower curve)
and 6.3 x 10719, and the values of other parameters in Table 3 do
not change, Ry = 0.9932 and 1.2321, respectively.
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FIGURE 6. The influence of parameters on Ry. (a) versus Aj; (b)
versus di; (c) versus f31; (d) versus o. Other parameter values in

Table 3 do not change.

reproduction number Rg. The mathematical results show that the dynamics of the
model is completely determined by Ro. If Rg < 1, the disease-free equilibrium is
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globally asymptotically stable, and if R¢ > 1, the model is permanence and endemic
equilibrium is globally asymptotically stable.

With suitable parameter values, we estimated the basic reproduction number
to be Ry = 1.23 in Xinjiang, China for model (1). Moreover, sensitivity analysis
demonstrates that Echinococcosis can be controlled with several strategies which
can change four parameters Aj, di, 81 and o(see Figure 6). From Figure 3 we
can see that our model matches the trend of monthly data for human Echinococ-
cosis cases well. However, model (1) cannot simulate the oscillations of the data.
Therefore, extension of our framework to include the stochastic disturbance is an
interesting future work. We hope this work would lead to a better understanding
of transmission of Echinococcosis.
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