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ABSTRACT. This paper is concerned with invasion entire solutions of a monos-
table time periodic Lotka-Volterra competition-diffusion system. We first give
the asymptotic behaviors of time periodic traveling wave solutions at infinity by
a dynamical approach coupled with the two-sided Laplace transform. Accord-
ing to these asymptotic behaviors, we then obtain some key estimates which
are crucial for the construction of an appropriate pair of sub-super solutions.
Finally, using the sub-super solutions method and comparison principle, we es-
tablish the existence of invasion entire solutions which behave as two periodic
traveling fronts with different speeds propagating from both sides of z-axis. In
other words, we formulate a new invasion way of the superior species to the
inferior one in a time periodic environment.

1. Introduction. In this paper, we consider the following time periodic Lotka-
Volterra competition-diffusion system

= Ugy + u(ri(t) — a1 (t)u — b1 (t)v),
= dvge + v(ra(t) — az(t)u — ba(t)v),

U

-

(1.1)

(%

o~

where v = u(t,z) and v = v(t,z) denote the densities of two competing species
at time t € RT and z € R, d € (0,1] denotes the relatively diffusive coefficient of
the two species, r;(t), a;(t) and b;(¢t) are T-periodic continuous functions, a;(-) and
bi(-) are positive in [0,T], and 77 := % fOT r;(t)dt > 0, where ¢ = 1,2. Systems like
(1.1) arise in interactive populations which live in a fluctuating environment, for
instance, physical environmental conditions such as temperature and humidity and
the availability of food, water and other resources usually vary in time with seasonal
or daily variations [45]. Time periodic traveling waves of (1.1) are solutions with

the form
u(t,z) \ [ X(t,xz —ct)
v(t,z) )\ Y(t,z—ct)
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Xt+T,2) \ _ [ X(t2)
Yt+T,2) )] \ Y(tz2)

X(t,4o0) \ _ o X(t2) ) _ u®(t)

Y(t,£00) | 25t \ Y(t,2) )\ vE(t) )’
where ¢ € R is the wave speed, z = = — ct is the co-moving frame coordinate, and
(u®(t),v*(t)) are periodic solutions of the corresponding kinetic system

B — u(ri(t) — a(Hu — b (D)),
{ o v(ra(t) — az(t)u — ba(t)v). (1.2)

Traveling wave solutions of system (1.1) with autonomous nonlinearities have
been extensively studied. In particular, we can refer to Hosono [17] and Kan-on
[20] for the monostable case, Conley and Gardner [8], Gardner [11] and Kan [19] for
the bistable case, Tang and Fife [36] and Vuuren [37] for the coexistence case. At the
same time, during the past decades, there have been many works on the space/time
periodic traveling waves of scalar reaction-diffusion equations. For instance, one
can see Alikakos et al. [1], Bates and Chen [4] and Shen [33] on time periodic
traveling waves of the local, nonlocal and lattice equations, respectively, Berestycki
and Hamel [5] and Hamel [14] on space periodic traveling waves, and Nadin [30, 31]
and Nolen et al. [32] on the space-time periodic traveling waves.

It is well known that traveling wave solutions are special examples of the so-
called entire solutions defined for all time and whole space. As we all know, it is
of great significance in studying the entire solution since it is essential for a full
understanding of the transient dynamics and structures of the global attractor. In
addition, entire solutions can be used to describe the dynamics of two solutions
that have distinct histories in the configuration, though their asymptotic profiles as
t — 400 coincide. The study of new types of entire solutions can be traced back to
the works of Hamel and Nadirashvili [15, 16] and Yagisita [41], see also [10, 7, 12, 28,
22, 39] for equations with and without delays, and [21, 35] with nonlocal dispersal.
Note that all these works mainly concentrate on entire solutions of scalar space-time
homogeneous equations. Recently, some researchers paid attention to the study of
entire solutions for space/time periodic equations (see [34, 6, 23, 25]). With regard
to some systems, Morita and Tachibana [29] first established the existence of entire
solutions for a homogeneous Lotka-Volterra competition-diffusion system while Li et
al [24] lately considered the corresponding nonlocal dispersal system. The basic idea
in establishing such entire solutions is to use traveling fronts propagating from both
sides of the z-axis to construct sub-super solutions, and then obtain the existence
of entire solutions by comparison principle. A similar result was established by
Guo and Wu [13] for the discrete system. One can also see Zhang et al. [42] for a
nonlocal dispersal epidemic system.

However, to the best of our knowledge, the issue on constructing new types
of entire solutions other than traveling waves for time periodic reaction-diffusion
systems is still open, which is the motivation of our present work. More precisely,
we deal with the time periodic system (1.1) focusing on the following monostable

case
_ bi(t)\ __ . az(t)\ __ _
a) 0 L B 1.3
“>t§&%(bz<t>>”> I, <a1<t> mar>0 {13

satisfying

and

dt
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which implies that (1.2) has only three nonnegative T-periodic solutions (0,0),
(p(t),0) and (0,q(¢)), with (p(¢),0) globally stable and (0,¢(t)) unstable in the
positive quadrant R? = {(u,v)| u > 0, v > 0}, where p(t) and q(t) are given by

p( ) _ poeig r1(s)ds Do = efg’T ri(s)ds _q
Lpo [t elo T g, (s)ds” JEelo Ty (5)ds’

( ) _ qoefg ro(s)ds . efoT ro(s)ds _q
q(t) = Tiqo J¢ 0 20007, (o) ds qo = JT TS 2Ty, (o) ds

For system (1.1), the time periodic traveling wave solution (X (¢, 2),Y (¢, z)) con-
necting (0,¢(t)) and (p(¢),0) actually satisfies
X=X+ X, + X(r1(t) —a1(6) X — b1 (1)Y),
Yi=dY,., +cY, + Y(ra(t) — az2(t) X — b2 (8)Y),
(X(t,2),Y(t,2)=(Xt+T,2),Yt+T,z)),
lim (X,Y) = (0,4(0), _lm_(X,Y) = (p(1),0).

(1.4)

In the past few years, there were a few works devoted to the study of this issue. In
particular, Zhao and Ruan [43] established the existence, uniqueness and stability
of time periodic traveling waves under the monostable assumption (1.3). In 2014,
the authors extended the results to a class of more general time-periodic advection-
reaction-diffusion systems in [44]. In addition, Bao and Wang [3] obtained the
existence and stability of time periodic traveling waves for the bistable case. Very
recently, Bao et al. [2] further studied the existence, non-existence and asymptotic
stability of bistable time-periodic traveling curved fronts in two-dimensional spatial
space.

In our present paper, we shall consider the invasion entire solutions of system
(1.1), that is, an entire solution (u(t,x),v(t,x)) satisfying (1.1) as well as the fol-
lowing conditions

. lim {Ju(t,z)| + |v(t,x)) — q(t)|} = 0 locally in = € R,
——o0

tl}lﬁl {Ju(t,z) — p(t)| + |v(t,x)|} = 0 locally in € R.

For future reference, we denote a vector by w = (uq, ..., u,), where u; stands for
the ith component of u. Let I, I' C R be two (possibly unbounded) intervals and
M C R™. Denote by C(I x T", M) the space of continuous functions w : I x I' — M,
Cy(I xT, M) the space of functions u € C(I x ', M) with |u|s, < oo, CHH(IxT, M)
the space of functions w € C(I x I, M) such that u(-,z) is k-time continuously
differentiable and w(t,-) is [-time continuously differentiable, Cl’f HI x T, M) the
space of functions w € C*!(I x T, M) such that all partial derivatives of u are
uniformly bounded. Throughout the paper, we always assume that

(A1): 74, a;, by € CO(R,R) for some 0 < 0 < 1, ri(t +T) = ri(t), a;(t + T) =
a;(t), bi(t+T) =b;(t), i =1,2.
(A2): 75 >0, a;(t) >0, b;i(t) > 0 for all ¢ € [0,T]. Moreover, 71 > Hﬁ?}%](g )2
te

and 73 < min (22)77.
te[o, 7] ¢

(A3): a1(t)p(t) — b1(t)q(t) > az(t)p(t) — ba(t)q(t) > 0 for all t € [0,T].



1190 LI-JUN DU, WAN-TONG LI AND JIA-BING WANG

Now let u* (t7_'1;) = ul()ég) and U*(tJC) = W’ then (11) becomes (Omlttll’lg

* for simplicity)

{ut = g + azpull — Ny(t) —u+ Ny (t)o], (1.5)

Uy = dvma: + b?Q(l - ’U)[Ng(t)u - ’U)],

where N (t) = Ziggg((?) <1 and No(t) = % > 1 for all ¢ € R. It is easy to see
that

(P(t,2),Q(t, 2)) := (Xp((té)Z)’ q(t) ;é’)(t, z))

is a periodic traveling wave solution of (1.5) connecting (0,0) and (1,1), that is
Pt = Pzz +CPZ —|—a1pP[1 - Nl(t) - P—|—N1(t)Q],
Qt = szz + CQz + bz‘](l - Q)[NQ(t>P - Q)]a
(P(t,2),Q(t,2)) = (Pt+T,2),Qt+1T,z)),
ZEIEIOO(Pv Q) = (070)7Z£I_'I_100(P7Q) = (1, 1)'
Clearly, if (P(t, 2), Q(t, 2)) = (P(t,z — ct), Q(t,z — ct)) is a periodic traveling wave
solution of (1.5) with speed ¢, then (P(t, z), Q(t, z)) := (P(t,—xz —ct), Q(t, —x —ct))
1.5)

is a periodic traveling wave solution of ( as well, with speed ¢ := —c > 0 and
satisfies

(1.6)

lim (P,Q)=(1,1) and lim (P,Q) = (0,0).

Z——00 z—+o00
Under assumptions (A1)-(A3), for any ¢ < ¢*, (1.5) admits a time periodic
traveling wave solution (P, Q) € Cp*(Rx R, R?) with (P,,Q.) > (0,0) and (P, Q) <
(1,1) for all (¢,2) € R x R, where

c* =24/ (a1p — b1q)

is the maximal wave speed (see [43]). In particular, the authors in [43] obtained
the exact exponential decay rate of solutions of (1.6) as z — —oo in establishing
the uniqueness of the periodic traveling wave solution. Next we will consider the
cooperative system (1.5) to obtain invasion entire solutions of system (1.1). In or-
der to employ the basic idea developed in [29, 13, 27] to establish the existence
of such entire solutions, we essentially need some estimates which are concerned
with the asymptotic behavior of the periodic traveling wave solution. One of the
main difficulties arises in obtaining the exact exponential decay rate of the peri-
odic traveling wave as it tends to its limiting state. In the autonomous case, the
asymptotic behavior is usually obtained by investigating the linearized equations
at the equilibrium points (see e.g. [38, 18]), which can not be applied to system
(1.1) since the presence of time dependent nonlinearities. Inspired by [43], we em-
ploy the two-sided Laplace transform method to obtain the exact exponential decay
rate, which is essentially based on some a priori exponential decay estimates of the
periodic traveling wave tails as z — +o0o. In particular, unlike the a priori expo-
nential estimates as z — —oo characterized by the principle eigenvalue of the linear
periodic eigenvalue problem associated with the linearized system at the unstable
limiting state (see [43, Lemma 3.3]), the exponential estimates as z — 400 can only
be characterized by a small perturbation of the corresponding principle eigenvalue
(see ‘)\ci,J in Lemma 2.2). Fortunately, this small perturbation can be declined s-
mall enough such that it imposes no influence on the Laurent development of the
resolvent near the isolated principle eigenvalue.
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The rest of this paper is organized as follows. In Section 2, we study the exact
exponential decay rate of a periodic traveling wave solution of (1.5) as it approaches
its stable limiting state. We then establish some key and useful estimates in Section
3. In Section 4, we establish the existence and qualitative properties of entire
solutions by a comparing argument.

2. Asymptotic behavior of periodic traveling wave fronts. In this section
we shall study the asymptotic behavior of time periodic traveling waves of (1.5).
Denote

- . —e—+/2—4
k= aip—big, $(t) = el @1 OPE=bi(a(eNds—nt y+ _ TCTVE TR ; n

if c<c* =—-2¢/k, and
(bd(t) = ¢d(0)67 fot (bQ(S)q(s)+p0)ds + fOt e fst (bQ(T)q(T)+p0)dTa2(S)p(8)¢(s)ds7
(bd(o) = (1 — e joT (bQ(t)q(t)erO)dt)_l fOT e jST (bQ(T)q(T)+p0)dTa2 (S)p<s>d)(8)d8’
where pg = k + (1 — d)(\)?. For completeness, we first state the following as-

ymptotic behavior of solutions of system (1.6) as it approaches its unstable limiting
state (see [43, Theorem 3.8]).

Proposition 1. Assume (A1)-(A3) hold, and (P(t,2),Q(t,2)) € Cp*(R x R,R?)
and ¢ solve (1.6). Then

Pt t
lim (7’+Z) =1, lim L;Z) =1 wuniformly int e R,
z==00 ky|z|lere 2 (t) z==00 ky|z|lere Z2¢4(t)
and
P.(t, . (¢, . .
¢, 2) =\ lim Q(t2) =\ uniformly in t € R,

2==00 | z|ler 2 g(t) 2= =00 k| z|ler 24 (t)
where k1 > 0 is a constant, | =0 ifc < c* andl =1 if c = c*.
In order to characterize the asymptotic behavior of time periodic traveling waves

as z — 400, we now list a useful lemma of the Harnack inequalities for cooperative
parabolic system, which was given in [9] (see also [43, 3]).

Lemma 2.1. Let

n

0? - 0 0
Li= Y af(t A - = (k=1,2,---,1
k a’z,]( 71:) 61'7,81'3 + P 7 ( ,(E) 8172 6t ( y 4y ) )

4,j=1

be uniformly parabolic in an open domain (7, M) X Q of (t,x) C R x R", that is,
n

there is ag > 0 such that af’j(t, x)&E > g 3. & for any n-tuples of real numbers
i=

(&1,&2, -+ ,&n), where —o0 < 7 < M < 400 and w is open and bounded. Suppose
that af ., bk € C((1,M) x Q,R) and

7,77
sup (’aﬁj(t,w)’ + ‘bf(t,m)‘) < Bo for some By > 0.
(r,M)x
Assume that w = (wy,wa, - ,w;) € C([r, M) x QR NCY2((r, M) x Q,RY) sat-
isfies:
l
S Fr (@), + Lywp <0, (@) € (1, M) xQ, k=1,2,--- 1, (2.1)

s=1
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where & € C((1, M) x Q,R) and c®* >0 if k # s, and

sup ‘ck’s(t7:c)| < (kys=1,2,--- 1) for some v > 0.
(t,x)e(r,M)xQ

Let D and U be domains in w such that D CC U, dist(D,dU) > p and |D| >
e for certain positive constants p and € > 0. Let 6 be a positive constant with
T+ 40 < M. Then there exist positive constants p, wi and ws, determined by
ao, Bo, Yo, p, € M, 0 and diamf), such that

inf wy > le(wk)Jr‘

— wa ax sup w;)
(74360,74+46)x D e ( ]) ’

Lr((7+6,74+20)x D) J=Lek g (1,7 +40) x U)

here (wg)* = max{wg,0}, (wx)~ = max{—wy, 0} and 9,((7,7 +40) x U) = {7} x
UU|[r, 7+ 460] x OU. Moreover, if all inequalities in (2.1) are replaced by equalities,
then the conclusion holds with p = +00, and with wy,ws independent of e.

Let

then we have

U =U,,+cU,+g(t,UYV),

Vi = dV,. + eV, + h(t,U, V),

Uty 2),V(t,z))=Ut+T,2),V(t+T,2z),
liI_IIOO(U7 V) = (1, 1)7z£I—Poo(U7 V) = (0,0),

zZ—r

where

{ga, u,0) = —(1 — w)ay ()p(t)u — by (t)q(t)v],
h(t,u,v) = —vlas()p(t)(1 — u) — b2(t)q(t)(1 —v)).

For any ¢ < ¢* = —2+/k, denote

—c— \/m, Wb(t) = els T(:00)ds ot

Ko = —hy(t,0,0) = asp — bagq, A\, = 54

and

—c— Ve + 4/-@1’ B(t) = eJs 9u(5,0,0)ds+rrt

R1 = _gu(t7 Oa O) = Wa )‘C = 9

To be specific and convenient, we give an additional assumption on the periodic
coefficients.

(A4): a1(t)p(t) <5 bi(t)q(t) for all t € [0,T].

Remark 1. It follows from (A4) and (A3) that by (t)q(t) < a1(¢)p(t) < 5 by (t)q(t)
for all ¢t € [0,T], that is, assumption (A4) is compatible with (A3). It should be
emphasized here that (A4) is a technique assumption that ensures A, > A, for any
¢ < c¢*, which is essential in obtaining the exact exponential decay rate of u in our
present work. Indeed, (A3) yields that ko < k < k1, then a direct computation
shows that
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K 4
Ad) = — < =
(A4) o <3
:>/<;0</<;< 2 2 . 2
M0 : = = min
N Y S B YA |
Ko 2 *
= — < ——— forany ¢ < ¢*,
|
o T30 dr1 f <t
or any c < c*.
% V& T dn —c ves
Thus,
Ve2 +4d
Q(Ac_)‘c_):w_@‘f‘ 2 + 4ry)
- 4Kg 4rq
V2 +4dkg —c 2 +4k —c
—4%0 4/‘61

- <0 forany ¢ <c".

2c V2 +4k1 — ¢
Remark 2. We also remark here that when d = 1, condition (A4) can be deleted
since A, > A, holds certainly under condition (A3).

Noting that g(¢,0,0) = h(¢,0,0) = g(t,1,1) = h(t,1,1) = 0, system (2.2) can be
written as
U =U,,+cU, + Ufol gu(t, 7U, 7V )dT + Vfol gu(t, U, 7V )dT,
Vi = dVio + Vo + U [ hy(t,7U,7V)dr + V [ hy(t, 7U, 7V )dr.
Let D=(2—12+41),U=(2-3,241),Q=(2-1,z+1) withz € R, 7 = 0,
and § = T. Since U(+, z) and V (-, z) are periodic of ¢, and (U, V') are both positive
and bounded, Lemma 2.1 then implies that there is some N > 0 such that
(U(t,2),V(t,2) < NU({,2),V(t, z)) forallzeR, t, t' €R. (2.4)

We now state an essential lemma for system (2.2) on the exponential decay
estimates of the periodic traveling wave tails as z — 400 by using the method
similar to [2].

Lemma 2.2. Assume (A1)-(A4) hold. Let (U(t,2),V(t,2)) € C;’Q(R x R,R?) be
a solution of (2.2). Then for any 0 < e < min{1, &%}, there ewist some constants

K;>0(:=1,2,3,4) and o0 < A, such that

(2.3)

K€% <U(t,2z) < Kapetee? for any (t,z) € R x [0,4+00) (2.5)
and - .
Ksetee® < V(t,z) < Kgetee®  for any (t,2) € R x [0, 4+00), (2.6)
where A, = Ty 62+§;1(,§0¢cis) , Ct = I[Bl?]( az(t)p(t) and C~ = r[f)lf}}]( ba(t)q(t).

Proof. According to definitions of ¥(t) and @Z(t), UJ(T(X) and Vq/fl(‘/g) are T—periodic
in ¢t for any z € R. Let

o T Ut 2) o Tyt 2) - any -
u(z)—/o J(t) dt, v(z)—/o o0 dt for any z € R,
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then a direct calculation yields that

uzz+cuzfn1u+fTMd

P(t)
T ay(t)p(t)U(t,z t)q(t)U (t,2)V (t,z
+f 1(t)p(t) ) w(t( )a(@)U(t,2)V ( )dtzo (2.7)
d¥y, + ¢, — KoU + fT a2 (OpMU L, Z)V(lz’(zt)) ba(1)a(V"(t:2) dt =

Since
lim (U(t, z),V(t,2z)) = (0,0) uniformly in t € R,

z—+o00
for any 0 < € < min{1, £%+}, we can choose constant M >> 1 such that (0,0) <
(U(t,2), V(t,2)) < (e,€) for any (,2) € [0,T] x [M, +00).
We first show (2.6). Let

c— /2 +4d(kg — Cte)

VH(2) = perie® with Af, = — <0,
: 2d
then V*(z) is a solution of the linear equation
dvy, + cv, — kgv + CTev = 0. (2.8)

Since ¢ is bounded, we can choose p > 0 large enough such that (M) < pe’\iEM.

In addition, we obtain from the second equation of (2.7) that

/T as(t)pt)U (¢, 2)V (L, z) — ba(t)q(t)V2(t, 2) it
0 ¥(t)

[ Ve,
0

0=dv,, + cv, — koU +

< dv,, + cv, — Ko +

< dby, + 0, — kob + CTed

for any z € [M, +00), which implies that ¢(2) is a subsolution of (2.8) in [M, +0c0).
Since lil_P 0(z) = hrf V*(z) = 0, the maximum principle then yields that
z—+00 z—+00

i(z) < pe)‘jez for any z € [M, +00). Hence, there exists constant p’ > p such that
0(z) < plete e? for any z € [0,400). Furthermore, we have [inf] Vt,z) < Clv(z) <
T

s

Clp eNe® for any z € [0,4+00) with some constant Cy > 0, which combining the

Harnack inequalities (2.4) shows that there exists K4 > 0 such that V(¢,z) <
K46)‘C+»EZ for any (t,z) € R x [0, 400). Similarly, let V= (2) = ne*e<*, where Ace =

—c—y/c?+4d(ko+C~€)

> < 0 and (M) > ne*ee™ for some i > 0. Then V ~(z) satisfies

dv,, +cv, — kov — C"ev = 0. (2.9)
On the other hand, by the second equation of (2.7), we have

0= db.. + cb, — Kob + /0 as(O)p(HU(t, Z)V(Z 2)— ba(t)g(H)V2(t, 2)

T 2
> d{)zz + ClA)Z — /{Or[; — A W(jt

> dv,, + cv, — kgt — C™ €D

dt

for any z € [M,+o0), thus 9(z) is a supersolution of (2.9) in [M,+o0). Since

hgl 0(z) = liril V~(z) =0, it follows from the maximum principle that 9(z) >
Z—>1T00 z—+00
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nete.e® for any z € [M,+00). A similar argument yields that there exists K3 > 0
such that V(t, z) > Kse*e<® for any (t,2) € R x [0, +00).

We now prove (2.5). Note that (A4) implies \. < A\; < Af_ < 0, it then
follows from the definition of A, that L := —(A\f.)? — cAY. + x1 > 0. In view of
Vit,z) < K e*ee® for any (t,z) € Rx [0, +00), the Harnack inequalities (2.4) imply
that there exist positive constants M; and M, such that

T
[ OOV g WOUO
0

) 0T o)
T al(t)p(t)UQ(t,z) maxla ~ T Uz(t,z) ()2
Amﬂwsmﬂ[wmmwmﬁ S M)

for any z € [0,+00). Moreover, we know from ligl 4(z) = 0 that there exists a
zZ—r+00

constant M’ > 0 such that Mzd(z) < 1 min{L, x;} for any z € [M’, +00). The first
equation of (2.7) indicates that

T
0 ¥(t)
n /T a1 ()p(t)U%(t, 2) — b1 (t)q(t)U(t, 2)V (¢, Z)dt
0 Y(t)
T T 2
< il,. + cil, —ma+/ de/ aOpOU7(E ) 4y
0 ¥(t) 0 ¥(t)
<oy + clly — k@ + Myeree® + My(i(z))>2
L
< Uyy +cll, — KU+ MleAj’ez + 51},
for any z € [M’',4+00), that is, @ is a subsolution of equation
L Atz /
—Uyy — CUy + K1t — —u — Mietes” =0, z € [M', +00). (2.10)

2

Let Ut(z) = Ser® with § > % large enough such that 4(M’) < 5 &M’ then

L
~UL —cUF +mUt = SUT — Myetee?

= [_()‘26)2 - CAze + K1 — 5 - 7]56)‘?@2
L M
:<2—5O&ﬁ%20

for any z € [M’,+00), which shows that U™ (z) is a supersolution of (2.10). Since

lirf a(z2) hr—? Ut (z) = 0, the maximum principle yields that a(z) < U*(z)
Z—r+00 Z—r+00

for all z € [M’,4+00). On the other hand, there exists N3 > 0 such that

2)V(t, z)

/T bi(t)q(t)U (¢
0 U(t

dt < 1[rnz¥]<(b1q)K4eAc+~ez < N3eAiez1l
0,

)
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for any z € [0, +00), and we then have

0 =1, +ci, —,ﬁﬁ_,_/T?h(t)q(f)V(t,Z)dt
0 ¥(t)
. /T a1 (t)p(t)U?(t, 2) —f1(t)q(t)U(t7 V(¢ Z)dt
’ ¥(t)
T by (H)g(t)U (1, 2)V (1, 2)

dt

Zﬁzz'i_c'&z_"ila_/ ~7
0 ¥(t)
> i + cily — Kyl — N3 oe™a
for any z € [0, +00), that is, 4(z) is a supersolution of the equation
U.. + U, — kiU — N3e*?U = 0,z € [0, +00). (2.11)

By the definition of )., we have 02 +co — k1 > 0 for ¢ < A.. Let M” > M’ such
" 2

that et <M < %";”1 Taking U~ (z) = §'e?* with ¢’ > 0 large enough satisfying

a(M") > 6'e”M” it then follows that

U, +cU; —xiU” — N3eetU™ = (02 +co— Ky — N3e)‘jvfz)6’e‘”

+ "
> (02 + co — K1 — NzeteeM)5e7% > 0

for any z € [M",400), that is, U™ (z) is a subsolution of (2.11). Note that

lim 4(z) = lim U~ (z) = 0, again the maximum principle yields that a(z) >
z— 400 z—+400

U~(2) for any z € [M",+00). Thus §'e?* < i(z) < de*e® for all z € [M", +00),
then (2.5) follows from the same argument as (2.6). The proof is complete. O

Remark 3. The definitions of A\F, indicate that there exist e* = e*(¢) > 0 such

c,e
that for any ¢ < ¢* and 0 < € < min{l, &%}, there holds )\cfE = A\ +eF with
et (e) = 0% as € — 0T. Actually, we know from the proof of Lemma 2.2 that the
exponential decay as z — +o00 can only be estimated by the perturbation )\Ci’e rather
than A7, since there is no such exponential type sub-super solutions that equipped

with A\ as the exponential decay rate.

Lemma 2.3. Suppose (A1)-(A4) hold, let (U(t,2),V(t,2)) € C;’Q(R x R,R?) be a
solution of (2.2). Then there exist C1 > 0 and Cy > 0 such that

Ut 2)] + U2t 2)] + |Usa (1, 2)] < Cre¥e® for any (1,2) € R x [0, +00),

V(t,2)] + |Valt, 2)| + |Vas(t,2)| < Coe*o®  for any (t,2) € R x [0, +00),

where N[ are defined as in Lemma 2.2.

Proof. The proof is similar to [43, Proposition 3.4], using the interior parabolic
estimates and Lemma 2.1, so we omit the details here. O

We next establish the exact exponential decay rate of the solution of (2.2) as
z — +00. Specifically, regarding variable z as the evolution variable, we employ the
Laplace transform method and spectral theory for this purpose. In the following of
the current section, we denote (u(t, z),v(t,2)) := (U(t, 2), V (¢, z)) for convenience
of writing.
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Let Y = L2 x L2, where L% = { [ |h( |h +5)[%ds < 00, h(t+T) = h(t)} is e
quipped with the norm ||, = (fOT \h(s)[*ds)z, and H: = {h € L%, sup fOT [P (t+
teR

s)|?ds < oo}. Define A: D(A) CY =Y as

0 I
A:( L(0p — hy(t,0,0)) —% ) (2.12)

It is easy to see that A is closed and densely defined in D(A) = H¥ x L. Now let
w = v, then the v—equation of (2.2) can be written as a first order system

% ( w ) :“4< w ) +( 5[hv(t,o,0)3—h(t,u,v)] )

Similar to [43, Lemma 3.5], we have that A, € o(A) (the spectrum of A) and

- n_ - _ ¥(t) _
ker(A\;I —A)" = ker(A_I — A) span{( A= ob(t) >} forn=2,3,---,
which implies that \; is a simple pole of (Al —.A)~! (see [26, Remark A.2.4]).
Moreover, a similar argument as [43, Proposition 3.6] shows that there exists &’ > 0
such that ©., No(A) = {A.}, where O = {A € C|\] —&’ <ReA < A +¢£'} is the
vertical strip containing the vertical line ReA = A_. Thus, A_ is the only singular
point of A\l — A in ©,. Then by [26], we have

(A — A)~ ! = i (=1)"(A = A7) st 4 i )" pr, (2.13)

where P = % f (M — A)~'d\ is the spectral projection with I' : [\ — A;| < ¢’ for
some small €’ > 0 and

1 [ (A=A , 1
— = [T = tim (I P)A - A)
2 Jp A= Ao /\—133\1;( I )
D = (A— X\_I)P. Since )\ is a simple pole of (A —.A)~, [26, Proposition A.2.2]
then implies that R(P) = ker(\; I —A) for any ¢ < ¢*, hence D" =0 for allm € NT
and (2.13) becomes

-1 _ - _1\n _ y—\*gqn+1 P
(M — A) _nz:%( DA —A;)" s +7(/\—/\;)' (2.14)

The formula (2.14) is therefore the Laurent series of (A — A)~! near A = A7, and
the projection P is the residue of (Al —.A)~1 at A = A7. On the other hand, if we
let A = p+in € p(A) with u, n € R, denote by

{(5)

and (M —A)g" the restriction of (A —.A)~! to S, similar to [43 Remark 3.7], there
exist positive constants C' and p such that for any p € [A; —&’, A\, +¢&'], there holds

jeL?p}CY

c
(A=A < B for |n| > o. (2.15)

Now we state the main results of this section as follows.
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Theorem 2.4. Assume (A1)-(A4) hold. Let (u(t,z),v(t,z)) € Cp*(R x R,R?) be
a solution of (2.2). Then for any ¢ < ¢*, we have

t t
lim & =1, lim M =1, uniformly in t €R (2.16)
=400 fpere 2g(t) 20 hyere #1h(t)
and
2(1 - 2, - . .
lim % (t, 2) - va(t, 2) = A_, uniformly in t€R, (2.17)

e kpheng(t) 0 e hyehe m(d)
where ko > 0 is some constant and
5(1&) — g(o)efo" (p+gu(s,0,0)ds fg el (pH9u(T.0.0)dT g (50, 0)1h(s)ds,
3(0) = (1 e (p+gu<s’o,o>>ds> T el 00Ny (6 0,0)4(s)ds
(2.18)
with p = (A\7)? + e, .
Proof. The proof is divided into two steps.
Step I. We prove that there exists ks > 0 such that
im le, lim M:/\;,
oo fped mp(t) s ke (D)
Now we introduce an auxiliary function
(0). x(z) =1, 2>0;
X € C3(R,R) | (i1). x(2) =0, z < —1; for all z € R
(i) IX'T+ X"+ X"
and set w = v,, ¥ = yv, W = (xv),. A direct calculation yields that

1 1 1
s+ S -~y = ~hy(t,0,0)0 + Ex[hv(t, 0,0)v — h(t,u,v)] +x"v+2x v, + SXIU-

d d d
(2.19)

uniformly in t € R.

| < o0

Let

~ 1

(t.2) = Sl (£,0,0)0 = h(tu,v)] + X0 + 20 + S,
then we can rewrite (2.19) as a first order system

d‘i( ):A<§>+<§(£z)>. (2.20)

Taking 0 < &’ < min{— — A} sufficiently small such that O, No(A) = {)\_}
For this fixed ¢’ > 0, it follows from Remark 3 that there ex1sts 0 < e <min{l, 5%
small enough such that £(A%, — \J) = e* = e*(¢) < 3¢’. Due to Lemma 2.3,

we have sup(|0] + |w| + || + |W.]) = O(e’\iez) as z — +oo. Thus for any Re) €
teR

S S

()\IE, A\ +¢'], there holds (e=**9, e~*#10) € WEH(R,Y)NW (R, Y). We now take
the two-sided Laplace transform of (2.20) with respect to z and obtain that

(Foie ) =rmmor-a7 (ol 0 ) @2

where A\t < Red < A +¢’. It follows from the expression of g and Lemma 2.3 that
sup (3] + [7:]) = O(e**¢<%) as z — ~+o0. Hence Jee G(, s)ds and [, e=*g. (-, s)ds
teR
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are analytic for X with ReX € (A}, —3¢’,0). Let A = p+in, then [, e” ,8)ds =
Jremi e reg(e,s)ds = fu(n), where fu is the Fourier transform of f#( s) =
e "g(-,s). It is easy to see that f,(s) € WHLI(R,L3) N Wh*°(R,L3) for any
fixed p € [N, — ‘38’,—55] Particularly, [le™"*glly 11 (g, 12 is uniformly bound-

ed in p € [\, — 5¢f _,5] hence there exist positive constants C; and gy such
that Hf H UR sy ds||L2 < ‘c;]‘ for any |n| > oo whenever u €
Ad. — S¢, —1e } Inequality (2 15) then yields that there exist Co > 0 and ¢ > 0
such that
—1 02

(AT —A) )\)HY < W for any |n| > o, (2.22)
whenever 1 € (A7 — &/, A7 + 1/|\{\J}, where G(A ( _/\s 5)ds ) . Thus
we have that F(\) = F(u +in) € LY(R,Y) N L2(R,Y) for any ﬁxed pe N —

e + 2N T

Choose p € (AT, A7 + 15’ ]. By the inverse Laplace transform we get that

c,e?

(8:3) = [ o —arcomn

Since (9(+,2),w(+, 2)) = (v(+, 2),w(:, 2)) for z > 0, it follows that

p+zoo
( o(: 722 ) 21 / (M — A)'G(A)dA  for any z > 0. (2.23)
n—

100

Let i = A\, — ¢, then A_ is the only pole of F(X) in ReX € (1, Al.]. In view of
(2.22), we have
o

lim
|n|~>oo )\;75/

T (1 4 i I — AT G(r + in)Hydr =0 forany z > 0.
Therefore, the path of integral in (2.23) can be shifted to ReA = i such that

U('v Z) _ 1 Ao meiico Az -1 Az —
=5 e (M — A)""G(N)dA + Res(e™F (M), \;), z>0,
U Ao —&’—io00
(2.24)

where Res(g, Ao) == 7 fF:IA—/\oKe/ g(A)dA denotes the residue of g at A\g with e’ > 0
sufficiently small. Furthermore, with the aid of

(AT — A) G()\)_HZ:O( DA = A7) S*G(A)Jr()\_)\;) Y

for (A=A <€,

PG Cker(A I — A) = span {( A?i(bt()t) >}
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and G(X) is analytic in ReX € (A}, — 3¢’,0), using the residue theorem, we obtain
that

(A, —€")z +oo _
< o(t,2) ):6 / (A — &' +inI — A) G\ — €+ in)dn

2m oo

(2.25)

where kg > 0 is a constant. Let (¢, 2) = v(t, 2) — kaere #2(t) for all (t,2) € Rx R*.
Note that (¢, z) is Tfperiodic in ¢, then (2.25) and (2.22) imply that there exists
C3 > 0 such that (fZH 7,5)| deS)
((t, z) satisfies

[h(t, u,v) = hy(t,0,0)0] + hy(t,0,0)¢ + dC.. + ¢C. — ¢ =0 for all (¢,2) € R x RT
and Lemma 2.3 yields that [h(t,u,v) — hy(¢,0,0)v] = O(e”jvfz) as z — +oo, by

the interior parabolic estimates, we infer that there exists Cy > 0 independent of z
such that

z+3 2T o
(/ / <|<zz(7'; S)|2 + |<z(7',5)|2 4 |<t(7'75)|2> deS) < 046()\“ —e)z
z—3 JT

for any z > 0. Sobolev embedding theorem then implies that sup |((¢,2)] <
te[0,T

CsePe =<7 for all z > 0, where C5 > 0 is constant. Noting that Ace=A; —€ >
A, — €', then (2.6) yields that ko > 0, and thus
()
z—400 k26/\c zw(t)

Now set C(t,2) = v.(t, 2) — ko AT e e 21h(t) for any (¢,z) € R x RT. We know from

Nl=

< Csee =€)% for any z > 0. Since

Nl

=1 uniformly in t € R.

1
(2.22) that there exits Cg > 0 such that (fzﬂ ’ s)’Qdes) i < Ogere =€)z
for any z > 0. Noting that for any (t,z) € R x RT, C satisfies

[ (8, 1, 0) + ho(t, 0, 0)0 — ho(£,0,0)0.] + hy(£,0,0)C + dCes + ez — G =0
and [hy (¢, u, v)uy + hy (6, u,v)v, — hy (8,0, 0)v,] = 0(62)\2’,52) as z — +o0o by Lemma

2.3. Through the same argument as above, we know that there exists C7 > 0 such
that sup ‘( t, z ‘ < CrePe =)= for any z > 0, and hence
te[0,T]

lim Uz (ta Z)

— =,
zZ—+00 er)\c zw(t)

c

uniformly in ¢ € R.

Step II. We study the asymptotic behavior of u. Let p = p + ¢4(t,0,0), where
p=(\.)?+c)\;, then p = p— k1 < 0. Hence the equation

Go(t,0,0)(t) + [(A2)% + AT + gu(t,0,0)]w — w; =0

has a unique positive periodic solution g(t) given by (2.18). A direct calculation
shows that w(t, z) := koec *¢(t) satisfies

9u(t,0,0)w + g, (t, 0, O)kge”\gzw(t) + Wy, +cw, —wp = 0.
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Now let

u(t, z) —~k26/\c_ z&?(t), n(t. ) = (t, z) — ~kge)‘c_ “(t)
¥(t) ¥(t)
Then &(t, z) satisfies R(t, z) — k1€ + &, + ¢€, — & = 0 for any z > 0, where

R(t, Z) = [g(t, u, 'U) —Gv (t7 0, 0)7) — Gu (t, 0, O)u]{pi_l + gu (t7 0, 0)77~

We know from Step I that sup |n(t, )] = O(ePe ~<)%) as z — +oc0. In addition, we
teR

know from Lemma 2.3 that sup[g(t, u,v) — g,(t,0,0)v — gu(t,0,0)u] = O(e**<<*) as
teR

z — 400. Thus there exist positive constants M and Kj; such that

£(t,z) = , (t,2) e Rx RT.

[R(t, 2)] < |[g(t, u,v) = gu(t,0,0)0 — gu(t,0,0)u)y ™| + |g, (,0,0)y] < Kpree =)

for all (t,z) € R x [M, +00). Next we show that sup |£(t, 2)| = o(e?e #) as z — +o0.
teR

In view of Lemma 2.2, we have sup [£(¢, z)| = O(e’\isz) as z — +oo. Notice that
A —¢& > A, then Q := (\] — E’t)%R—i— c(\; —¢&') — k1 < 0. Tt is easy to verify that
+Kee =€)z satisfy respectively

R(t,z) —kiw+ w,, +cw, —we < (>) 0 for all z > M,
whenever K > £ Since |£(t, 2)| is bounded in (,z) € R x R*, then there exists

Q"

Kg > Ifé‘f such that |£(t, M)| < Kge®e <)M for all t € R, hence

— Kgee =% < ¢(t,2) < Kge®e =% for all (t,2) € R x [M, +oc).  (2.26)

Indeed, set w®(t,2) = +Kqgee ~<)2 —£(t, 2) for all (¢, 2) € R x [M, +00), then we
have

wh +ewt —w — kwt <0, wl, +ow; —w; —Kw” >0. (2.27)

Since w*(t, z) is T— periodic in t, it is sufficient to show that w* (¢, z) > 0 for (¢, 2) €
(0,2T) x [M,+00), while the similar argument holds for w™(¢,2) < 0. Assume to

the contrary that inf wt(t,z) <0, since lim sup w'(t,2) =0,
(t,2)€(0,2T) X [M,+00) =100 (0,27
it follows that there exists (t*,z*) € (0,2T) x (M, +00) such that w™(¢*,2*) =

+

wt(t,z) < 0, and hence [w], + cwl —w;” — Kiw™ > 0,

inf
(t,z)e(0,2lTn)><[M,+oo) ](t*,z*)

which contradicts to (2.27). Hence (2.26) implies that sup|(t, 2)| = o(e* #) as
teR
z — +00. Thus, we know from the definition of £(¢, z) that

lim ult, 2)

—————=— =1 uniformly int € R.
z—r400 k26>‘c z¢(t)

The argument for u,(t, z) is similar and we only give a brief sketch here. Let

2y oy Ut — kA
f(t, ) J(t) 717@’ )

for (t,2) € R x RT, then

vs(t,2) — kaAg e 7(t)
o)

E(t,z)—m«f—f—gzz—i-cgz—é:o for all z >0
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with
R(t7z) = [(gu(t’“7v) - gu(tvoa 0))“?: + (gy(t,u,v) - gv(t7070))vz]¢_1 + gv(t7070)7~]~

The same argument as above implies that sup ‘g(t, z)) = o(e*e #) as z — +o0, and

teR
then
:(¢, _ . .
lim M = ., uniformly in ¢t € R.
z—+00 k26)\c z¢(t)
Now we complete all the proof. O

The following is a direct result of Theorem 2.4.

Corollary 1. Assume (A1)-(A4) hold. Let (P(t,2),Q(t,2)) € Cp*(R x R,R?) be
a solution of (1.6). Then

1— P(t 1—Q(t
im #:17 M:l uniformly int € R, ¢ < ¢*,
z—+400 k2e)\c Z¢(t) z—+00 k'2€Ac Zd)(t)
and
PZ t? — . z t’ _— - . *
ﬁ =-A_, lim M = —A, uniformly int € R, ¢ <",

1m = =
z—r+o00 kg@A:Z(ﬁ(t) z—r+o00 k2€>‘c zw(w

for some constant ke > 0.

Remark 4. For the autonomous system

(2.28)

Up = Ugy +u(l —u—k1v), (t,2) e R xR,
vy = dvgy + av(l — kou —v), (t,z) € R x R,

where d, a, k1, ko are positive constants. If we further assume that 1 — k1 > a(ks —
1) > 0 and 1/5 < k1 < 1, then the nonlinearity is monostable and (A3) and (A4)
hold for (2.28). The traveling wave solution (¢(z),%(z)) (z = x — ct) of (2.28)
connecting (0,1) and (1,0) satisfies

0=9¢"+cod' + (11— —k1v),
0=dy" +c' +a(l —kap — 1),
i (9,) = (0,1), lim_(6,4) = (1,0).
Then Proposition 1 yields that
o(z) = al\z|le)‘jz + hot, 1—9¢(z)= ﬁl\z|le>‘:z + h.ot asz— —oo,
where [ =0 if ¢ < ¢* and [ = 1 if ¢ = ¢*, and by Corollary 1, we have

1—¢(2) = age*e* + hot, (z) = Paee* + hot asz— +oo, for all ¢ < ¢*,

where ¢* = —24/1 — ky, h.o.t denotes the higher-order terms, «;, 8; (i = 1,2) are
. ez —a(1— —e—i/c2 _
positive constants, A\l = w >0and A\; = =¥ zgda(kz D <0 are

roots of linear eigenvalue equations A2+cA+(1—k;) = 0 and d\?+cA—a(ka—1) = 0,
respectively. These results are consistent with those in Morita and Tachibana [29].
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3. Key estimates. In this section, we give some crucial estimates which are helpful
for the construction of sub-super solutions. Throughout this section, we always
assume that (A1)-(A4) hold. In view of Proposition 1 and Corollary 1, the following
lemma holds obviously.

Lemma 3.1. Let (P(t,2),Q(t, 2)) € Cp*(RxR,R?) be solution of (1.6) with ¢ < ¢*.

Then there exist positive constants M(c), N(c), m(c), n(c), §;(c), vij(c) ( =1,2)
such that

Q(t,2) < M(c)P(t,z), teR, z<0, (3.1)
01(c)P(t,z) < P.(t,2) < 8a2(c)P(t,2z), teR, z2<0, (3.2)
71(0)Q(t,2) < Q:(t,2) <72(c)Q(t,2), teR, z<0. (3.3)
1-Q(t,z) < N(c)(1 - P(t,2)), teR, 220, (3.4)
Si(c)ym(c)ete* < 61(c)(1 — P(t,2)) < P.(t,2), teR, 2>0, (3.5)
(O (O = Q) < Qult2), tER, 220.  (36)

In particular, for any 0 < e < \I, there exist K.(c) > 0 such that
P(t,2) < Ko(c)e™ =92 teR, 2<0, (3.7)
Q(t,2) < Ko(c)e™ =92 teR, 2<0. (3.8)

We now give some key estimates in the following two lemmas.

Lemma 3.2. Let (P,(t,2),Qi(t,2)) € Cp*(R x R,R?) (i = 1,2) be solutions of
(1.6). Assume that ¢; < c* and py < p1 < 0. Denote
Py =Pi(t,x+p1), Po=Pat,—z +p2), Q1 =Q1(t,z+p1), Q2 = Q2(t, — + p2)
and
Hiy(t,z) = —2a1pP1 P> + a1pN1[P1Q2(1 — Q1) + P2Q1(1 — Q2)].
Then there exist positive constants oy and K1 such that
Hy(t,z)

P (t,x+p1)+ P (t,—x + p2)

Proof. We divide z € R into four intervals.

Case A. po <x <0. Then z+p; <0and —x + p2 <0. By (3.1), (3.2), (3.7) and
(3.8), we have

< Kqe®*Pr - for any (t,z) € R x R. (3.9)

Hl(t,l‘)
P (t,x+p1)+ P (t,—2 + p2)
a1pN1P1 Q2 a1pN1PQ1

B P2,Z(t7 —T +p2) PQ,Z(ty —T +p2)

< max (byg) K. (cl)e()‘; —e)(z+p1) | M(co)Ps Ke(cl)eo‘:rl —s)(m+p1)P2
max
~ telo,T) 14 o1 (CQ)PQ 01 (CQ)PQ

K.(e))(M(c2) +1) (s

< max (b PP e R,
- t€[07§]( 19) d1(c2)
Case B. 0 <z < —p;. Then 2 + p; <0 and —z + ps < 0. Similar to case A,

Hl(tax)
Pl,z(tax +p1) + PZ,z(tv —T +p2)

Kc(e2)(M(c1) +1) (a+ o
< b cy TE)PL
S maxb)——570y ¢

, teR.
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Case C. £ > —p;. Then z +p; > 0 and —z + po < 0. Note that N; < 1 and
PiaQi S 1 (’L = 1,2), then

Hy(t,z) < —a1pN1P1 Py + a1pN1[P1Q2(1 — Q1) + PoQ1]
< a1pN1Q2(1 — Q1) + a1pN1 Pr(1 — Pr).

By (3.4), (3.5), (3.7) and (3.8), we have

Hy(t, ) < a1pN1Q2(1 — Q1) | aipN1 (1 — Py)
P (t,x+p1)+ Po.(t,—x+p2) = Pi.(t,z+p1) P (t,z +p1)
< max (b1q)

~ telo,7)

Kg(CQ)e(A;‘; *E)(*erpz)N(cl)(l —P) KE(Q)e(/\iQ*E)(*:sz)(l —P)

51(01)(1—P1) 51(01)(1—131)
< max (b1q) Kelea)(Nler) + 1)6(’\2_5)“, t € R.
t€[0,T) 51(01)

Case D. z < py. Then z + p; <0 and —x + p > 0. Note that Ny < 1, then

Hi(t,z) < =Nia1pPi P> + a1pN1[P1Q2 + P2Q1(1 — Q2)]
< aipN1Pi(1 — Py) + a1pN1Q1 (1 — Q2),

Similar to case C, we can prove that
Hl (t7 1‘)

P (t,x+p1)+ P (t, — + p2)

Ke(cl)(N(CQ) + 1)e(>\j1 —5)1017 t € R.

< b
< e (b)) =5 3

For any fixed 0 < ¢ < min{A},\]}, now let oy = min{\} — e, A} — ¢} and

c177'¢c2 )7 c2

KE C4 M Cj 1 KE Cj N Cj 1
K, = trer[lg%(blq)i’rjnji%{ ( ;E(Cf) 1) Ke( ();E(CE_) )+ )}, then (3.9) holds. O
’ i#j

Lemma 3.3. Let (Pi(t,2),Qi(t,2)) € Cp*(R x R,R?) (i = 1,2) be solutions of
(1.6). Assume that ¢; < ¢* and py < p1 < 0. Denote
Ql = Ql(tw,l7 +p1)a Q2 = QQ(t7 —T +p2)

and

Hy(t,x) = 2dQ1.Q2,» + b2qQ1Q2(1 — Q1) (1 — Q2).

Then there exist positive constants as and Ko such that

ﬁg(t,l‘)
(1 - QQ)QLZ + (1 - Ql)QZ,z

Proof. We divide € R into four intervals.

< Koe*Pr (t,z) e R x R. (3.10)

Case A. py <z < 0. Then z 4+ p; <0 and —z + p2 < 0. By (3.3) and (3.8), we
have
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ﬁg(t,l’)
(1-Q2)Q1:+ (1 -Q1)Q2,-
2dQ1,2Q2,> + b2gQ1Q2(1 — Q1) (1 — Q2)

<
(1 - Ql)Q2,z
< 2dQ1 . n b2qQ1Q2
1- Ql Q?,z
<2d72(01)Ka(01)€(/\“+1_E)(le) bagKc(c)e i~y
- 1—Q1(t,0) 71 (c2)Q2
2drya(c1) Ko (c1) Ks(01)> (AF —e)
< | ——————+ max (b e e TP e R,
(1_@@m tmm“@%@)

Case B. 0 <z < —p;y. Then z + p; <0 and —x + py < 0. Similar to case A,
ﬁg(t,$>
(1 - QQ)QLZ + (1 - Ql)QQ,z
< <2d’}/2(C2)K€(02)

~—

K5<02
+ max (b
1— Qg(t, 0) tE[O,}Z("]( 2(]) 1 (61

Case C. £ > —p;. Then x +p; > 0 and —x + pa < 0. By (3.3), (3.6)and (3.8), we
have

) e P e R,

~—

ﬁ2(t,$)
(1-Q2)Q1-+(1—-0Q1)Q2,-
< 2dQ1,.Q2,> +b2qQ1Q2(1 — Q1)(1 — Q2)

- (1 - QQ)QLZ
- 2dQ2.. N b2qQ2(1 — Q1)
1-Q2 Q1,-
2d72((:2)K5(02)e(’\j2’5)(71“’2) .\ quKE(CQ)e(’\jfE)“””)(1 — Q)
- 1—Q2(t,0) Y1(en)(1 = Q1)
2d’72(02)K5(02) KE(02)> (\E —e)
< | =0 4 max (byg) —28 ) e e TPt e R
- ( 1 —Q2(t,0) te[o,Tl( V(e

Case D. © < ps. Then x + p; <0 and —z + po > 0. Similar to case C, we have
ﬁZ(tam)
(1 - QZ)QLZ + (]- - Ql)QQ,z

2d’}/2(01)K5((31) KE(Cl)) (/\Jr —¢)
<|————— 4+ max (b e e TPt e R,
( 1-— Ql(t, 0) tG[O,T]( 2q> "}/1(02)

For any fixed 0 < ¢ < min{Af, A%}, now let ay = min{A\f — e, A} — ¢} and

[GREAE) ) 7C2

Ky = 2d7a(ci)Keler) baq)Eeled U then (3.10) holds. Th f

=, { MG + o )53 . hen (010) otds. The pro
te(0,T]

is complete. O

4. Entire solutions. In this section, we establish the existence and some quali-
tative properties of invasion entire solutions by constructing appropriate sub-super
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solutions and using the comparison principle. Let

Fi(t,u,v) = up — uge — f1(t,u,0),
_FQ(ZL,U,U) = Ut — dvzm - fQ(t,U,’U),

where f1(t,u,v) = a1pu(l—Ny(t) —u+ N1 (t)v) and fo(t, u,v) = bag(1—v)(Na(t)u—
v). Then (1.5) can be written as

Fi(t,u,v) =0,
Fo(t,u,v) = 0.

Deﬁnltlon 4.1. Suppose s < T < o0, a pair (U
R, [0, 1]?) is said to be a supersolution of (l.o) in (¢,

(t,2),V(t,2)) € CV2((s,T) x
z) € (s,T) x R, if there holds

If for any s < T, (U(t,x),V(t,z)) is a supersolution of (1.5) in (¢,z) € (s,T) x R,
then we call that (U(t,z), V(t,z)) is a supersolution of (1.5) in (¢,z) € (—o0,T) x R.
The subsolution (u(t,z),v(t,x)) can be defined in a similar way by reversing the

inequality.

Lemma 4.2. (i) For any (0,0) < (ug,v9) < (1,1), system (1.5) admits a u-
nique classical solution (u(t, x;ug), v(t, z;v9)) with (u(s, z;u), v(s, z;v0)) = (uo, o)
which satisfies (0,0) < (u,v) < (1,1) for all (¢t,2) € [s,+00) x R.

(ii) Let (U,V) and (u, ) be supersolution and subsolution of (1.5) in (t,z) €
() . mspetivly. 1 (u(s.):06:) < (016, V(5 ). then (a2 <
(U(t,-),V(t,-)) foralls <t <

Proof. The proof is similar to that of [14, Lemma 3.1] and we omit the details
here. O

To construct a supersolution of (1.5), we first introduce an auxiliary coupled
system of ordinary differential equations

pi(t) = —c1 + Keor1 ) t <0,
ph(t) = —co + KeoP () ¢ <0, (4.1)
p2(0) < p1(0) <0,

where co < ¢1 < ¢*, aand K are positive constants. Solving the equations explicitly,
we obtain

p1(t) = p1(0) — et — ln 1-— —eo‘pl(o)(l —e )} <0 ( ),
pa(t) =p2(0) —cot — 2 In (1 — —eo‘pl(o)(l —e a1ty ) <0 ( )-

Then p;(t) is monotone increasing, and by virtue of p5(¢) — pj(t) = c1 — c2 > 0, we
have pa(t) < p1(t) <0 for all t < 0. Let

1 K 1 K
=p1(0) — —1In <1 - eap1(0)> , we =p2(0) — —1In <1 . eap1(0)> . (4.2)
C1 (0%

IN

t<0
t<0

IA

o C1
Then

1 S —c1ox K
i t) — (— Zt i) = _71 1 - crat t — apl(o)
pi(t) — (—cit + w;) n( T ge )w1hg Cle ,
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and there is a constant Cy > 0 such that
0 < pi(t) — (=it +wi) = pa(t) — (—cat + wz) < Coe™ " for all t < 0.
Now we can construct a supersolution of (1.5) as follows.
Lemma 4.3. Let (Pi(t,2),Qi(t,2)) € Cp?(R x R,R?) (i = 1,2) be the periodic
traveling wave of (1.5) with ca < ¢; < ¢*. Choose a = min{ay,as} and K =

max{Ky, Ko} in (4.1), where (a1, K1) and (az, K2) are defined as in Lemmas 3.2
and 3.3, respectively. Then

U(t,z) :==min{l, P (t,z + p1(t)) + Pa(t, —x + p2(t)) },
V(t,2) = Qult 2+ p1(8)) + Qalt, — + pa(t) (43)
—Qu(t,x +p1(t)Q2(t, —z + p2(t))
is a supersolution of (1.5) defined in (t,x) € (—00,0] x R.
Proof. Firstly, we prove F(t,U, V) > 0. Denote
S1=A(t,z)|Pr(t,x + p1(t) + Po(t, —x + pa(t)) > 1},
Sy =A{(t,2)|P1(t,z + pi(t) + Po(t, —z + p2(t)) < 1},
If (t,x) € Sy, then U = 1 and thus F1(,U,V) = big(1 V) > 0. If (¢, ) € Sy, then
U= Pi(t,z+pi(t)) + Pa(t,—z + p2(t)). Moreover, we have
Fi(t,U,V)
=P —c1Pi,— P+ Py — 2Py — Poyy + Ke®PH (P, + Py )
—aip(Pr + P2)[1 = N1y — (P + P2) + Ni(Q1 + Q2 — Q1Q2)]
=Ke*P' (P, + Ps.) +a1pPi(1 — Ny — Py + N1Q1)
+aipPa(1 — Ny — Py + N1Q2)
—a1p(P1 + P2)[1 = N1 — (P + Po) + N1(Q1 + Q2 — Q1Q2)]
=KeP (P .+ P> .) — Hi(t,x),
where Hi(t,z) = —2a1pP1 P2 + a1pN1[P1Q2(1 — Q1) + P2Q1(1 — @Q2)]. By Lemma
3.2, there hold
H(t, x)
Py .(t,z+p1) + P (t, —2 + p2)
and hence
Fi(t,U,V) = Ke*?* (P, + P> ,) — Hi(t,z) > 0 for any (t,z) € (—00,0] x R.
Then we prove that F»(t,U,V) > 0. Noting that
Fo(t,U,V)
=(Qu—c1Q1: —dQ122)(1 — Q2) + (Q2t — c2Q2,. — dQ2..2)(1 — Q1)
—2dQ1,2Q2,- — b2q[1 — (Q1 4+ Q2 — Q1Q2)][N2U — (Q1 + Q2 — Q1Q2)]
+ KeP' (1= Q2)Q1,- + (1 — Q1)Qa,-]
= b2q(1 = Q1)(NaPr — Q1)(1 — Q2) + b2q(1 — Q2) (N2 P2 — Q2)(1 — Q)
—2dQ1,.Q2.> — bag[l — (Q1 + Q2 — Q1Q2)][N2U — (Q1 + Q2 — Q1Q2)]
+ K [(1 - Q2)Q1- + (1 - Q1)Q2;]
= Ke"[(1 = Q2)Q1.2 + (1 — Q1)Q2.2] — Ha(t, ),

< Kpe®tPt < Ke®P' for any (t,z) € (—o0,0] x R,
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where H(t,7) = 2dQ1,:Qs,> + b2q(1 — Q1)(1 — Q2)[N2(U — P1 — P2) + Q1 Qo). Tt
is easy to see that Hy(t,z) < 2dQ1 Q2. + b2qQ1Q2(1 — Q1)(1 — Q2) = Ha(t, x).
Then it follows from Lemma 3.3 that

Hy(t, )
< Koe®?P1 < Ke™Pt for any (t,x) € (—o0,0] X R.
1-Q2)Q1.+(1—-Q1)Qs. ~ ° - v (o) € ]
Hence
Fo(t,U,V) = Ke*P[(1 — Q2)Q1,- + (1 — Q1)Q2,z] — Ha(t,x) >0
for any (t,x) € (—o00,0] x R. The proof is complete. O

We now state our main result as follows.

Theorem 4.4. Assume (A1)-(A4) hold. Let (P;(t,2),Q;(t, z)) be the periodic trav-
eling wave solution of system (1.5) with co < ¢1 < —2y/k. Then for any given
constants 01, 02 € R, there exists an entire solution (Ug, g, (t,x), Ve, .0,(t,z)) of
(1.5) such that (0,0) < (Ug, 0,, Vo, ,0,) < (1,1), and satisfying

lim {supwel,@(t,x)—P1<t7x—c1t+el>|

t——o00 | 4
=0 (4.4)
+ sup |Ug, 0, (t,2) — Pa(t, —x — cat + 92)|} =0

<0
and
lim { sup |Vo, .0, (t, ) — Qi (t,x — crt + 61)]

t——o0 >0

= (4.5)

50 Vo 0,1, 2) — Qalts ~2 — eat + 92>|} —o.
<0

Furthermore, we have

(1) (U91,92 (t +T, (L‘), ‘/91,92 (t +T, 1’)) = (U91,92 (t,l’), ‘/91,02 (t71’)) fO?" any (ta SU) €
R xR or (Ug, 05, Vo, 0,)t+T,2) > (Up, 05, Vo, 0,)(t, ) for any (t,2) € R xR;

lim — sup  {|{Up, 0, (t; ) + [Vo, 0, (t, )} = O for any x1 < w;

t——o00 z€(z1,T2

)
)

(iv) lim sup{|Usg,.6,(t, z) — 1| + |Vo, .0, (t, ) — 1|} = 0 for any to € R;
)

|z|—+o00 t>to

any (t,z) € R
(vi) (Ug, 0,(t, ), Vo, 0,(t,2)) converges to (1,1) locally in (t,z) € R? as §; — +oo0.
Proof. Let wy and we be as in (4.2) and define
{u(t, z) =max{P(t,x —c1t + wr), Po(t,—x — cot + wa)}, (46)

v(t, ) = max {Q1(t,x — c1t + w1), Qa(t, —x — cat + w2)},

then (u,v) is a subsolution of (1.5) in (t,x) € R x R, satisfying (u,v) < (U,V)
for any (t,7) € (—o0,0] x R, where (U,V) is defined in (4.3). Now consider the
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following initial value problem

u = ul, + f1(t,um, "),
v = dol, + fa(t,u™, v™),
u(—n,x) = uf(z) = u(—n,z), x€R,

We know from [26] that the problem (4.7) is well posed and the (strong) maximum
principle holds since all the coefficients are periodic with respect to t. By virtue of
Lemmas 4.2 and 4.3, for z € R, we have

(u(t,z),v(t,z)) < (u™(t,z),v"(t, 1)) < (w1t x), 0" (¢, 2)) < (1,1),t > —n,
(g(ta *T)ﬂ y(t’ I)) < (un(ta LE), ’Un(t, 58)) < (U(ta ‘T)ﬂ V(tﬂ :L')), te (771’ O]

Using the standard parabolic estimates and the diagonal extraction process, there
exists a subsequence {(u"*(t,z),v™(t,2))}ren such that {(u"*(¢,z),v™ (t,z))}
converges to a function (u(t,x),v(t,x)) locally in (¢t,z) € R xR as k — +oo (ng —
+00). In view of (u"(t,z),v"(t,z)) < (u"*Ti(t,z),v" (¢, z)) for any t > —n,
(u™(t,x),v"(t,x)) converges to (u(t,z),v(t,z)) in (t,r) € R? as n — +oo. Clearly,
(u(t,z),v(t,x)) is an entire solution of (1.5) and satisfies

(1.
{(U(t ), u(t,x)) < (u(t,z),v(t,z) < (1,1), = €R, t €R.

(u(t,x),v(t,z)) < (u(t,z),v(t,z) < (U(t,z),V(t,z)),z € Rt € (~00,0].
(4.8)
Particularly, the (strong) maximum principle implies that for any (t,z) € R x R,
(0,0) < (u(t,z),v(t,z)) < (1,1).
We now prove (4.4) and (4.5). Firstly, we prove
lim {sup |u(t,z) — Pi(t,z — cit + w1)| + sup |u(t,z) — Pa(t, —x — cat + wz)\} =0.
2<0

t—=—o00 | x>0
(4.9)
For x > 0, there exists L; > 0 such that

0 <wu(t,z) —u(t,x)
<wu(t,z) — Pi(t,x — 1t + wy)
<U(t,z) — Pi(t,z — 1t + wy)
< Pi(tz +pa(t) + Pa(t, —x + pa(t) — Pi(t,z — et +wi)
< Ko(c2)e®e 202 1 qup P (t2)] - pa(t) — (—ert + wi)]

(t,2)€[0,T] xR
< K (co)e®* + Lie” ™ — 0 as t — —oo.
For x < 0, there exists Ly > 0 such that
0 <u(t,z) —u(t,x)
<u(t,x) — Pa(t, —x — cot + wo)
<U(t,x) — Po(t,—x — cat + w2)
< Pi(t,x +pi(t)) + Pa(t, —x + pa(t)) — Pa(t, —x — cot + wo)

+ o)z
< Ko(e)ePa @) 4 qup  [PyL(t2)] - [pa(t) — (—eat + wo)
(t,z)€[0,T]xR

< Ko(c1)e®P + Lye ' — 0 as t — —o0.



1210 LI-JUN DU, WAN-TONG LI AND JIA-BING WANG

(4.9) then follows.

Note from (4.2) that w; = wi(p1(0)) and we = wa(p1(0),p2(0)) are defined for
any p2(0) < p1(0) < 0. Then for any 61,02 € R, there exist p2(0) < p1(0) < 0
such that wy = w1(p1(0)) and we = wa(p1(0), p2(0)) satisfy n* := % € Z.

Define

(Ugy,0,(t, ), Vo0, (t, 7)) = (u(t +n*T, x4+ x0),v(t + n*T,z + x0))
with zg = 02(01_“’2;2(02_“’2), then (Ug, 0,(t,x), Vo, 0,(t,x)) is an entire solution of
(1.5). In view of (4.9), we can easily see (4.4) holds. A similar argument yields that
(4.5) holds.

The assertions (ii)-(vi) in Theorem 4.4 are straightforward consequences of (4.8).
Therefore, we only prove the assertion (i).

(i) For any (0,0) < (ug,v0) < (1,1), let (u(t,x;ug),v(t, x;v9)) be the unique
classical solution of (1.5) with initial value (u(0,z;ug), v(0,z;v0)) = (ug,vo), then
it is easy to see that (u"(t,x),v" (¢, z)) = (u(t +n,z;u(—n, ), vt +n,z;0(—n,-))).
Note that for any (¢,z) € R x R, there is

u(t+T,z) =max{Pi(t+T,2 —c1(t+7T)+w), Pa(t +T,—x —co(t + T) + w2)}
=max{P(t,z —c1(t+T)+w), Pa(t,—x —co(t + T) + w2))}
>max {Pi(t,z — c1t +wy), Po(t,—x — cot + wo)}
= u(t,z),

and similarly v(t + T, x) > v(¢,z). it follows from the uniqueness of solutions and
the comparison principle that for any (¢, ) € [-n, +00) x R, there hold

Wt +T,x)=ult+T+n,z;u(—n,-)) =ult+n,z;u(T,z;u(—n,-)))
>u(t+n,z;u(T —n,-)) >ult+n,z;u(—n,-)) =u"(t ),

and similarly v™ (¢ + T, z) > v"™(¢,x). Then there holds (u(t + T, x),v(t + T, z)) >
(u(t,z),v(t,x)) for any (¢,2) € R x R. Therefore, the (strong) maximum principle
further implies that (u(t+ T, z),v(t+T,z)) = (u(t, z),v(t,x)) or (u(t+T,z),v(t+
T,x)) > (u(t,x),v(t,z)) for any (t,z) € R x R. (i) then follows. This completes the
proof. O

Remark 5. For the autonomous Lotka-Volterra competition system with random
(local) and nonlocal dispersal, Morita and Tachibana [29] and Li et al. [24] estab-
lished the existence of invasion entire solutions, respectively. Notice that in their
papers, the following condition is needed, which may be technical:

#(z)
1—p(2)
(¢(2),1(2)) is the invasion traveling wave solution.

C): There exists a positive number 79 such that > ng for z < 0, where
p Ul n

In fact, according to Remark 4, when the time periodic system (1.1) degenerates
into the homogeneous case, the condition (C) holds obviously under our assumptions
(A1)-(A3). We point out that the following supersolution

U(t,z) := Pi(t,z +p1(t)) + Pa(t, —z 4+ p2(t)) — Pi(t,z + p1(t)) Pa(t, —z + p2(2)),
V(t,z) = Qi(t,x 4+ p1(t)) + Qa(t, —z + pa(t)) — Q1 (t,z + p1())Qa(t, —z + p2(2)),

which has been used in [29, 24], is also applicable to our problem. In this sense, we
generalize the result about entire solutions from autonomous case to periodic case.
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Remark 6. By the relation between systems (1.5) and (1.1), we get that (1.1)
admits an entire solution (u(t,x),v(t,x)) := (p(t)Us, 0, (t, ), q(t)(1 — Vo, 0, (¢, z))).
According to Theorem 4.4 (ii) and (iii), we have

t_l)ir_n {Ju(t, )| + |v(t,x)) — q(t)|} = 0 locally in z € R,
t

)
lim {lu(t,z) —p(t)] + |v(

N ,2)|} = 0 uniformly in z € R,

which indicates that the entire solution (u,v) exhibits the extinction of the inferior
species v by the superior one u invading from both sides of z-axis. In fact, this
kind of entire solution describes a different type of biological invasion from one
presented by traveling waves in a time periodic environment. On the other hand,
we point out in particular that the continuous dependence of such an entire solution
on parameters such as wave speeds and the shifted variables is important but still
open. For some related works on this issue, one can see Hamel and Nadirashvili [15]
for a local dispersal KPP equation, Wang et al. [40] for a delayed lattice differential
equation, and Li et al. [23] for a nonlocal dispersal periodic monostable equation.
We will leave such problems about our system (1.1) for a future study.
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