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ABSTRACT. This study first presents a mathematical model of TB transmis-
sion considering BCG vaccination compartment to investigate the transmission
dynamics nowadays. Based on data reported by the National Bureau of Sta-
tistics of China, the basic reproduction number is estimated approximately as
Ro = 1.1892. To reach the new End TB goal raised by WHO in 2015, con-
sidering the health system in China, we design a mixed vaccination strategy.
Theoretical analysis indicates that the infectious population asymptotically
tends to zero with the new vaccination strategy which is the combination of
constant vaccination and pulse vaccination. We obtain that the control of TB
is quicker to achieve with the mixed vaccination. The new strategy can make
the best of current constant vaccination, and the periodic routine health exami-
nation provides an operable environment for implementing pulse vaccination in
China. Numerical simulations are provided to illustrate the theoretical results
and help to design the final mixed vaccination strategy once the new vaccine
comes out.

1. Introduction. Tuberculosis, or TB, is an infectious bacterial disease caused by
Mycobacterium tuberculosis, which most commonly affects the lungs. It is trans-
mitted from person to person via droplets from the throat and lungs of people with
the active respiratory disease. It is an ancient disease, and the battle against TB
never stops. A lower proportion of recent transmissions is observed in the county
with long-term DOTS implementation [32]. According to WHO, TB mortality has
fallen to 47% since 1990, and that effective diagnosis and treatment of TB have
saved about 43 million lives between 2000 and 2014 [29]. The DOTS coverage has
achieved 100% since 2005 in China. The total of newly reported TB cases has been
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falling in China since then, but very slowly. It seems that we have made great
progress, but we still face many difficult problems.

Drug-resistant TB has become a major public health problem worldwide. Glob-
ally, an estimated 3.3% of new TB cases and 20% of previously treated cases have
MDR-TB, a level that has changed little in recent years. Only in 2014, an estimated
190 000 people have died of MDR-TB [29]. It has become a huge burden for many
countries. Troubles never come singly, TB now ranks alongside HIV as a leading
cause of death worldwide. According to the 2015 World Health Organization Global
Report, it has killed 1.5 million people (1.1 million HIV-negative and 0.4 million
HIV-positive). The challenges renew interest in the ancient disease. To make bet-
ter control of the disease, the World Health Assembly has adopted WHO’s End TB
Strategy, aiming at reducing 90% of TB cases (compared to the 2015 baseline) and
eliminating the TB epidemic by 2035 [30]. Therefore, it is urgently necessary to
understand the present situation of the epidemic and provide suggestions that how
to make a better control of TB infection.

TB is described as a slow disease because of its long and variable latency period
[26]. Simple standard compartmental models with some modifications turn out to
be quite useful in the study of the long-term dynamics of TB. The models have
been used to analyze the spread and control of TB infection [1]. A lot of studies
focus on the impact of various factors on the model fitting and the estimation of
parameters. Some researchers have analyzed the dynamical models for transmission
of TB with a general contact rate [5], drug-resistant strains [3], coinfection with
HIV [23] and migration [34], developed TB model with fast and slow dynamics
[26] and considered TB model with seasonality [15]. Juan Pablo Aparicio and
Carlos Castillo-Chavez have compared the transmission dynamics of TB with three
types of models using demographic and epidemiological data, and the effects of
population growth, stochasticity, clustering of contacts, and age structure on disease
dynamics [1]. On the other hand, there have been several studies about modeling
TB transmission with different prevention and control strategies, such as isolation
[4, 9], treatment [7], vaccination [8] and a combination of control strategy [33].

Above all the studies, because of the ‘slow’ of TB, the basic reproduction num-
ber of TB is much smaller than the ‘fast’ diseases like measles, then the constant
vaccination strategy does not need a very high inoculation rate and it seems that
the disease is easy to control by rights. We have been taking a planned constant
vaccination for newborns in China since 1982 and the DOTS coverage of 100% has
been achieved since 2005. However through this study, we can clearly see that the
basic reproduction number of TB in China is still greater than 1. Notice that the
protection period of BCG is really short and that it only works for newborns, the
adult pulmonary TB accounts for most of the TB disease burden (and transmission)
worldwide. In the end, the lack of effective vaccines is the most important reason
why the disease has not been vanquished yet. Sixteen different TB vaccine candi-
dates are currently in clinical trials [30], which may give new hope to the control of
TB.

Even if the new vaccines are available, our current constant vaccination strategy
cannot achieve the goal formulated by WHO within the stipulated time and we
show it in Section 3. Then, in order to solve the problem, we introduce pulse
vaccination for the control of TB. For the disease, the mixed vaccination strategy
will give a rapid control, under the condition that the infection-free periodic solution
is asymptotically stable.
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This paper consists of five sections. We build a TB model with BCG vaccination
compartment in Section 2 to investigate the dynamical behaviors under the current
constant vaccination strategy, parameterize the model with reported data in China
and derive the basic reproduction number. In Section 3, we integrate the pulse
vaccination into the TB model to vaccinate the susceptible individuals periodically
to overcome the shortage of the constant vaccination strategy, then analyze the
stability of the infection-free periodic solution under the mixed vaccination strategy
and provide the simulation results. A brief discussion is given in Section 4. Finally,
in Section 5 we conclude the paper with a summary of the main results.

2. Current vaccination strategy. In order to explain the current situation of
TB, we propose a concise but practical model to describe the dynamics of TB
propagation with respect to time in population.

In this model the population is divided into five classes: BCG vaccination, sus-
ceptible, exposed (latent), infectious and recovered with the number in each class
denoted by B, S, E,I and R respectively. Let N denote the total population size,
i.e, N=B+S+FE+I+R. The B class is considered to be the newborns who were
vaccinated successfully, and during the vaccination protection period of BCG they
will not get infected even if they contact with infectious individuals. The param-
eter pp(0 < pp < 1) indicates the fraction of the newborns vaccinated successfully
and A is the recruitment rate. But the positive effect of BCG is very limited, the
vaccinated successfully individuals still develop into susceptible at the rate k. The
total population N in China is quite large, then the number of contacts made by an
infective per unit time should be limited [5]. To make a better simulation results,
the standard incidence S8SI/N is applied in this paper. That is, susceptible indi-
viduals become infected through contact with infectious individuals and enter the
exposed class at a rate of 8SI/N. Once infected, the individuals develop into the
exposed class F and the progress to the infectious class at a rate of €. «y is the rate
at which the infectious individuals leave the infectious class to become recovered. d
is the natural death rate and ¢ represents the disease-induced death rate. Because
the protection period of BCG is really short and the natural death of children under
five years old in China is very low (less than 1.17%) ,we ignore the natural death
rate of class B. Since 2005, the coverage of DOTS has reached 100% in China, the
diagnosis and treatment have been improved a lot, and the overall recurrence rate of
TB is less than 1% [27]. Synthesizing each kind of situation, we make appropriate
changes and reasonable neglects to typical SEIR model, the dynamic system of
differential equations is given as:

%:Am—kﬂ

%:k};ﬂl—pbm—ﬁ%ws,
%:5%7515)7@, (1)
%stf(dJrU)If*yI,

%:'ﬂde.

The infection-free equilibrium of system (1), which is:
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Apb A
k’d’
The basic reproduction number, denoted as Ry, is ‘the expected number of sec-
ondary cases produced, in a completely susceptible population, by a typical infective
individual’ [11]. We can obtain the basic reproduction number Ry by using the next
generation matrix in [12]

Eo = ( 0,0,0). (2)

Ro = p(FV™1)
_ Bke (3)
~ (dpp+kR)e+d)(d+o+7)
where p denotes the spectral radius and the matrices F' and V are given by
Bk
0 e+d 0
F= = .
0 dpb0+k v — d4o+ny

Note that each term of the aforementioned expression for R has clear epidemi-
ological interpretation. k/(dpy + k) is the fraction of susceptible population among
the total population. /(e + d) is the fraction of exposed population becoming in-
fected among those exiting the E class. 1/(d+o+) is the mean duration of exiting
the I class.
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FIGURE 1. (a)Annual newly reported TB cases in mainland China
(b)Goodness of fit and prediction of TB trends until 2024. Asterisks
represent the newly reported TB cases by year. The blue solid
line shows the fit based on the current circumstances. All the
parameters are shown in Table 1.

In order to estimate the basic reproduction number R, we use the data of annual
reported TB case numbers which have been released by the National Data [18] of
China to do data fitting. The parameters are estimated with the reported data
from 2004 to 2014 by LSM (least square method). This consists of minimizing the
residual sum of squares (LS):

LS = Z ‘Y; - f(ti7®)|2a

1=1
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where Y;, (i = 1,2,...,n) is the reported data and © are the parameters to be
estimated. For given O, f(t;,0) is the solution that corresponds to eE(t). The
birth rate b is 0.0123 in [19] and the total population N of China is about 1.30 x 107,
so the recruitment rate is A = 1.6 x 107 per year [24]. By fitting system (1) to the
annual reported TB case numbers (shown in Figure 1(a)), we obtain estimates for
the transmission rate 8 and the recovery rate -, which are listed in Table 1.

TABLE 1. Parameters and initial data

Parm & Init D. Description Value Source
A Recruitment rate 1.6 x 107 year— ! see text
d Natural death rate 0.0139 year—* [19]

b Natural birth rate 0.0123 year—* [19]
8 Transmission rate 0.5905 LS
of infected population
o Disease-induced death rate 0.06 year—1! [15, 35]
€ Rate of progression to infec- 6 year—! [14]
tious stage from the exposed
k Rate of waning immunity 0.25 year™! [10, 14, 31]
ol Recovery rate 0.4055 year—! LS
Db The fraction of BCG 0.6 [10, 14, 31]
vaccinated successfully
B(0) Initial number of BCG vacci- 3.84 x 107 Calculated
nated successfully population
S(0) Initial number of 9.44 x 108 LS
susceptible population
E(0) Initial number of 1.62 x 10° [18]
exposed population
1(0) Initial number of 3.10 x 108 [18, 20]
infected population
R(0) Initial number of 3.14 x 108 LS

recovered population
Parm, Parameter; Init D. , Initial Data; LS, least square.

By using the estimated parameters we calculate the basic reproduction number
Ro = 1.1892. This value Ry is consistent with previous studies [6, 16, 28]. It is
strongly related to the promote of diagnosis and treatment.

Although the newly reported TB cases in China have decreased in recent years,
the basic reproduction number is still greater than 1. In order to achieve our goal
of controlling the disease by 2035, there is still a long way to go.

3. Mixed vaccination strategy. Sixteen different TB vaccine candidates are cur-
rently in clinical trials. The new, safe and effective vaccines that in all age groups
and more efficacious for a longer period of time are on the way. The WHO says that
the major stumbling blocks in TB vaccine development to date have been the lack
of the reality that protection in preclinical challenge models does not reflect field
efficacy data. According to the description of the new vaccines, we design a mixed
vaccination strategy for new vaccines to reach the new End TB goal by 2035.

If the protection period of the new vaccine is long enough, let us see the constant
vaccination strategy first. p is the fraction of the newborns vaccinated with new
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vaccine. The system of constant vaccination strategy will be written as [13]:

ds ST

< =bN(1-p) - B s,
dE ST

E = ﬂi — EE — d.E7

(4)
dI =e¢FE - (d+ o) —~I,

dt
dR
— =bN I —dR.
dt P+
We use the unitary transform method to simplify the form, let:
S E I R
Sfﬁaefﬁvzfﬁvwfﬁ7 (5)

and s+e+i+w=1.

After that, the system is given as:
ds
dt
d
= Bsi— (e + b)e + oei,
dt 6
di (6)

=ce— (b+o+7)i+0i?

=b(1 — p) — bs — Bsi + ost,

dt
d
d—:} =bp+ i — bw + cws.
The correctional reproduction number of system (6) is:
1-—- €
IS Ut ) RS RN (7)

(e+b)(b+0o+7)

Theorem 3.1. For system (6), the infection-free equilibrium Ey = (1 — p,0,0,p)
is globally asymptotically stable if 0 < 1, and unstable if 6 > 1.

Where 6 is the correctional reproduction number of system (6) in the absence
of vaccine (i.e. p = 0). Here 6y ~ 1.2333 in the parameters we have estimated. It
can be concluded that: the BCG can indeed make contribution to the control of
TB to some extent. Compared with other acute infections, the basic reproduction
number of TB is relatively small. It seems that the condition § < 1 is very easy to
achieve. But do not forget that, our goal must be achieved in limited time.

In Figure 2, the black solid line shows that even the fraction of vaccination p is
as high as 95%, we still cannot decrease the infectious individuals as the goal in
limited time. Because disease in latently infected adults and adolescents accounts for
most of the disease burden and transmission, worldwide. The constant vaccination
strategy is only for newborns. It is reasonable to eliminate the disease in theory,
but it will need more time than we want. The longer time it needs, the problem like
multi-drug TB and others will make the situation more complex. In other words,
the constant vaccination is not enough to control the disease in limited time.

As the description of the new vaccine, it will come with all age groups. Consid-
ering the health system in China, most companies and government agencies take
routine health examination periodically. So we take advantage of this policy to
bring pulse vaccination strategy into our control [2, 25] and design a mixed vacci-
nation strategy to control the disease. In this way, we can achieve the goal in less
time and make the best of current constant vaccination at the same time.
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FIGURE 2. Comparison between the only constant vaccination
strategy and mixed vaccination strategy. The black solid line shows
the constant vaccination strategy (with p = 0.95). The blue solid
line shows mixed vaccination (with p = 0.7,p. = 0.25 and T = 5).
The red solid line represents the goal. Other parameters are shown
in Table 1.

And the system for mixed vaccination strategy is as follows:

d
ﬁ =b(1 —p) — bs — Bsi + osi,
de ) )
T Bsi— (e +b)e + oei, L 40T, 9
i
d—i =ce— (b+o0+7)i+0i?,
w=1—s—e—1.
s(t) = (1 —pe)s(t). tt =nT,n € Z,.

The initial value is (s(0),e(0),i(0)) € Q = {(s,e,i) € [0,1]|/0 < s+e+i < 1}.
There exists an infection-free periodic solution (5(¢),0,0) in €.
Under the conditions above, we have
ds
dt
The solution of (9) is:

s(t) = [s(to) — (1 —p)le ) 4 (1—p),  to=(m-1)T<t<nT. (10)

=b(1 —p) —bs, to=(n—-1)T <t<nT. (9)

For a clearer expression, we define M (t) = [s(to) — (1 —p)]e *(t—10) 4 (1—p),to =
(n—1)T <t <nT. When t =nT,s(t) = (1 — p.)M(t).
That is,

(1 _pc)M(t)v t=nT. (11)
Now we can deduce the stroboscopic map F' as:
s((n+1)T) = (1 =p){ls(nT) = (L =p)le”™ + (1 =p)} = F(s(nT)).  (12)

. _{M(t), (n—1T < t<nT,
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The fixed point of the map F is:

. o _ @=p)A—p)(” ~1)
s*=F(s%) = AT 11 p. .
The fixed point s* of the map F shows that there is a corresponding cycle of
period T in s(¢).
And

(13)

VF@WT»

. =(1-pe " < 1. (14)

s(nT)=s*

The fixed point s* is locally stable and it determines s(t) after each pulse, and
hence the sequence s(nT') must converge to the fixed point s*.

Therefore, by setting s(tg) = s* in (10), we obtain:

(1 —ppe _,

3 1y N\ P)Fc —b(t—tg)

st)=1-p T = 1+po ’ (15)
s)=0, i(t)=

That is the complete expression for the infection-free periodic solution over the
n — th time-interval. And also we know that:

S(t+T)=5(t), s(t+T)=2¢(), i(t+T)=1it).

Define the basic reproductive rate of system (8) as follows (see [17]):

Ro(T) e (10
= S(r)dr.
T E Do+ T o

3.1. Stability of the infection-free periodic solution. Add small perturba-
tions s1, e1, 41 into the periodic solution, the relevant equations can be expanded in
a Taylor series. After neglecting the higher order terms, the linearized equations
are:

ds . -,
d—tl = —bsy — PSiy + 08iy,
d€1 ~.
P Gl t#nT, (17)
Jgi
% =eer — (b+ o+ 7)ir,
51(t7) = (1 — pe)si(t). tt=nT,ne Z;.

Notice that, the second and third equations of (17) are linear ordinary differential
with T periodic.

d
detl = (88i; — (e + b)ey,
. (18)
iy =ce; — (b+o+7)
dt 1 Y)t1-

According to Floquet theory, A; and Ay are defined as ‘Floquet multipliers’ [21,
22], i
maz{[A1], [A2]} <1, (19)
the periodic solution of the system (8) will be locally stable.
The solution of (19) is:

T
%/0 S(r)dr < (€+b)(z;—0+7). (20)
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That is,
1 T
Ro(T) = eof/ 5(r)dr < 1. (21)
T Jo

Based on the derivation above, Theorem 3.2 characterizes the disease dynamics
on the mixed vaccination strategy:

Theorem 3.2. If Ro(T) < 1, then the infection-free periodic solution of system (8)
is asymptotically stable.

In other words, the mean value of §(t) averaged over a single pulse period must
be less than 1/6y to keep the infection-free periodic solution stay stable. With
substituting the exact expression of §(¢) into (21), the local stability of the cycle is
ensured if

(1= P~ )BT ~ po) + BT(1—phpe _ 1

bT(e!T — 1+ p,) 0o

The maximum allowable period of the pulse, T},4., can also be given. The critical

period of the pulse occurs when there is equality in (22) . To simplify the form and

calculate Tq., we expand the left-hand equation of (22) in a Taylor series and

neglect the higher order terms and finally obtain:
Pc

i )
Oo(1 —p)b— §b90(1 —p)pe — b

When the pulse vaccination is applied periodically with T' < T},,44, the infection-
free periodic solution of system (8) is asymptotically stable. The mixed vaccination
strategy leads to an infection-free population.

Under this mixed vaccination strategy di/dt < 0 for all time, so that i(¢) is a
decreasing function of time. Although constant vaccination cannot help us achieve
our goal in limited time, we do not have to totally repudiate it, because the problem
can be solved after adding pulse vaccination.

(22)

Tmam ~

(23)

3.2. Numerical simulations. To show the effect of mixed vaccination more intu-
itively and illustrate the theoretical results contained in previous section, we give
some numerical simulations of system (8).

We show the dynamical behaviors of system (8) for a longer time in Figure 3.
From Figure 3, we can clearly see the infection-free periodic solution asymptotically
tends to zero and that under the mixed vaccination strategy TB can be completely
snuffed out decades later.

Because the new vaccines are still in clinical trials, the specific time when to
start the mixed vaccination strategy is unknown. In Figure 4, we show the time
that it takes to achieve the new End TB goal from different starting time. We vary
the starting time of mixed vaccination strategy from 2018 to 2024, the duration is
12.13 years, 12.09 years, 12.02 years, 11.96 years, 11.90 years, 11.85 years, and 11.80
years respectively. Due to the effect of the universal coverage of DOTS in China, the
newly reported TB cases in China have decreased in recent years. So the duration is
in inverse proportion to the starting time, but there is little difference between each
other. Notice that numerical simulations are theoretical and idealistic, it may take
a few weeks for a robust immune response to develop after vaccination and even
longer if, as some anticipation, a second dose is needed, therefore it is not proper
that the later making the control strategy, the better it is.

Furthermore, to explore the effect of the inter-pulse interval 7" and inoculation
rate of pulse vaccination p. on the control of the disease, we vary the parameter T'
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FiGURE 3. Time-series of the susceptible, infectious, exposed and
recovered population evolving according to the mixed vaccination
SEIR model 8 with p = 0.8,p. = 0.3 and T" = 3. All the other
parameters are shown in Table 1.

from 3 years to 6 years and p. from 10% to 40% respectively. Figure 5(a) shows
how the control strategies depend on the various weights of T": as T increases, the
duration of the mixed vaccination strategy increases. Figure 5(b) illustrates how the
control strategies depend on the various weights of p.: as p. increases, the duration
of the mixed vaccination strategy decreases.

The numerical simulations offer intuitive theoretical basis for establishing the
final mixed vaccination strategy.

3.3. The comparison between constant vaccination strategy and mixed
vaccination strategy. Assuming that the new vaccine will come into use in 2018
(it would be the earliest time for the new vaccine to come into service). In Figure
2, the black solid line shows the constant vaccination strategy with p = 0.95, and
we can clearly see that the new End TB goal is only about half-finished by the
end of 2035. The blue solid line shows that we can achieve the goal in early 2034
under the mixed vaccination strategy, though the pulse vaccination is applied by
T = 5,p. = 0.25 and the fraction of constant vaccination is p = 0.7. The vaccina-
tion rate of constant vaccination strategy can be looser in the mixed vaccination
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FIGURE 4. The effect of different starting time on duration of
mixed vaccination strategy with p = 0.8,p. = 0.3 and T = 3.
The white bar represents the period of current vaccination strategy
and the grey bar shows the duration of mixed vaccination strategy
needs to achieve the goal. All the other parameters are shown in
Table 1.
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FIGURE 5. (a)The effect of the vaccination period of pulse vacci-
nation on the control of TB, set p = 0.8, p. = 0.3 and T varies from
3 to 6 years by step-size of 1 year. (b)The effect of the pulse inoc-
ulation rate on the control of TB, set p = 0.8, = 3 and p, varies
from 10% to 40% by step-size of 10%. All the other parameters are
shown in Table 1.

strategy than the only constant vaccination strategy. So it is conducive to avoid
the disadvantageous factors of vaccination for the high-risk infants.

On the other hand, if we just only take the constant vaccination strategy, it will
need to maintain high population immunity and take nearly 30 years to achieve
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the goal set in 2015, and in the meantime, about 4.56 x 10® individuals will be
vaccinated. Using the mixed vaccination strategy, we can reach the new End TB
goal (the red line) by 2034 with some easy conditions, and the total number of
vaccinated population is about 7.63 x 108. With the mixed vaccination strategy,
the time of achieving the goal reduces by half in spite of increased vaccination level.
Furthermore, the vaccinated level does not double.

4. Discussion. In this study, we have used epidemiological models to investigate
the transmission dynamics of TB and control strategy. To make a better under-
stand of the TB transmission nowadays, we first formulate the model with partial
immunity and it is examined by the reported data in China [18]. With the univer-
sal coverage of DOTS, the basic reproduction number R is 1.1892 in our estimate,
which is similar to other estimates in the literature [6, 16, 28]. Although enhanc-
ing the diagnosis and treatment level has already improved the control of TB, the
disease still exists. Our ultimate goal is to make the disease die out. And always
remember that ‘prevention is better than cure’. Nowadays, we take the constant
vaccination strategy, the main audiences are newborns and the protection of the
BCG is very limited. The current constant vaccination strategy slows down the
disease spreading to some extent, but cannot make the disease die out.

Considering the new vaccines with longer period of protection are on the way, we
show numerical simulations of the traditional constant vaccination strategy for the
new vaccines, but it cannot achieve the new End TB goal in limited time. In order to
achieve the new End TB goal, we put forward a new vaccination strategy: combine
constant vaccination with pulse vaccination. We have analyzed the stability of the
infection-free periodic solution under mixed vaccination strategy. Although the
proportion of constant vaccination p = 0.7, we only make the proportion of pulse
vaccination p. = 0.25, and the periodic of pulse vaccination T is set at 5 years,
the infection-free periodic solution will stay stable and we can achieve the goal by
2034. In the numerical simulations, we show pulse vaccination with T'= 3,p = 0.8
and p. = 0.3 for a longer time, the effect of mixed vaccination is obvious. The
proportion of infectious individuals quickly falls down to a really low level.

Because the new vaccines are still in clinical trials, the specific time when to
start the mixed vaccination strategy is unknown, the control strategies for several
scenarios have been identified. The effect of T' and p. are also shown in the paper.
The mixed vaccination strategy follows the current constant vaccination strategy
and the pulse vaccination can be implemented with the routine health examination
according to the realities of China. Under the mixed vaccination strategy, we can
control the disease in a quicker and easier way. Once the new vaccine comes into
service, our study can provide theoretical support for making the optimal mixed
vaccination strategy.

5. Conclusion. Taking constant vaccination strategy among newborns and im-
proving diagnosis and treatment level will ultimately have a positive impact on the
control of TB, but it is difficult to reach the national TB elimination target. More
effective vaccines are on the way, and this study provides theoretical basis for mak-
ing strategy of new vaccines. Using a mathematical model validated by Chinese
TB data, this study suggests that a mixed vaccination strategy can make up for
the shortage of constant vaccination strategy and give a quicker way to achieve the
goal. Numerical simulations provide valuable results, and it will help to design the
final mixed vaccination strategy once the new vaccine comes out.
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