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Abstract. The ability of the immune system to clear pathogens is limited

during chronic virus infections where potent long-lived plasma and memory
B-cells are produced only after germinal center B-cells undergo many rounds

of somatic hypermutations. In this paper, we investigate the mechanisms of

germinal center B-cell formation by developing mathematical models for the
dynamics of B-cell somatic hypermutations. We use the models to determine

how B-cell selection and competition for T follicular helper cells and antigen
influences the size and composition of germinal centers in acute and chronic in-

fections. We predict that the T follicular helper cells are a limiting resource in

driving large numbers of somatic hypermutations and present possible mech-
anisms that can revert this limitation in the presence of non-mutating and

mutating antigen.

1. Introduction. The production of high-affinity antibodies capable of broad neu-
tralization, viral inactivation, and protection against viral infections or disease re-
quires activation, expansion, and maturation of B-cells into virus specific long-lived
plasma and memory cells [46]. Germinal centers (GC) are the anatomical structures
in which B-cells undergo somatic hypermutation, immunoglobulin class switching,
and antigen-specific selection [30]. Somatic hypermutations are random and, there-
fore, the emergence of non-autoreactive, high-affinity B-cell clones requires strong
selection through competition for survival signals [48]. The exact nature of these
survival signals is poorly understood. T follicular helper (Tfh) cells have been iden-
tified as an important factor in driving B-cell hypermutation inside germinal centers
[45]. Indeed, recent experiments have identified correlations between the density,
function, and infection status of Tfh cells and the development of mature germinal
centers [18, 31, 32, 33, 44, 43, 36].

Determining the characteristics of germinal centers such as their formation, size,
and composition is important in understanding the protective mechanisms against
pathogens that induce chronic infections. During HIV infections, only approxi-
mately 15-20% of chronically infected subjects develop antibodies with neutraliza-
tion breadth [25, 40]. These antibodies are highly mutated compared to antibodies
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induced by most viral infections in vivo [41] or through vaccination [26]. For ex-
ample, the high-affinity human antibody VRC01, which neutralizes 90% of HIV-1,
has 70-90 somatic mutations [47] compared to the natural 5-10 somatic mutations
[14]. The mechanisms that allow for the production of protective antibodies in some
patients but not others are still under investigation [15, 39, 7, 16, 3].

Mathematical models have been used in the past to investigate the mechanisms
responsible for B-cell somatic hypermutations inside the germinal centers [10, 28,
22, 21, 6, 12, 19, 23, 1, 36, 34]. Early studies hypothesized that re-entry into
new GCs of B-cells from previous GCs may explain the affinity maturation process
[10, 28]. Others showed that affinity maturation requires cyclic transition of B-cells
between the two anatomical structures of the germinal center: the dark and light
zones [22, 21, 6, 12, 19, 23, 1]. The models that incorporate dark and light zones
investigated the role of molecular mechanisms such as competition for Tfh cells
[23, 36, 34], antigen on the surface of follicular dendritic cells [37], binding sites
[12], and clonal competition [35] in facilitating movement between the two zones.
Lastly, they investigated internal and external stimuli that lead to germinal center
termination [20, 27, 1]. These studies have not considered the mechanisms behind
the emergence of large number of B-cell somatic hypermutations inside germinal
centers as seen in some HIV patients [47]. Nor did they present hypotheses behind
the absence of broadly neutralizing antibodies in the majority of HIV patients.
Understanding the mechanistic interactions inside GCs that lead to production of
plasma cells capable of producing antibodies with neutralization breadth forms the
focus of this paper.

To address this, we develop mathematical models of germinal center formation
that investigate the role of B-cell competition, Tfh cells, and antigen in inducing
large numbers of B-cell somatic hypermutations, as seen in the few HIV patients that
produce broadly neutralizing antibodies. We first develop a deterministic model of
Tfh cell-B cell interactions to determine how B-cell selection and competition in-
fluences GC formation in acute infections. We fit the model to published germinal
center B-cell data to estimate parameters. We then investigate the mechanisms
that allow for emergence of highly mutated B-cell clones that are capable of pro-
tecting against chronic infections with non-mutating antigen, i.e. substances that
do not mutate but stimulate antibody generation. Finally, we investigate how our
predictions change when we consider antigenic mutation.

For a non-mutating pathogen, we predict that when only a few rounds of somatic
hypermutations are needed for the clearance of a pathogen, as in acute infections,
the Tfh cells are not limiting the emergence of high affinity B-cell clones. When
large numbers of somatic hypermutations arise, however, a limitation in the num-
ber of Tfh cells may prevent B-cell clones of higher affinity from emerging and
becoming the dominant B-cell population inside the germinal centers. Moreover,
we predict that for a mutating pathogen which drives the somatic hypermutation of
B-cells, emergence of B clones of highest affinity may be hindered not only through
a limitation in the number of Tfh cells but also by the speed of the viral mutation.

2. Model of germinal center formation. We develop a mathematical model of
B-Tfh cell dynamics which considers the interaction between the naive CD4 T-cells
(N), non-mutating antigen (V ), pre-Tfh cells (H), Tfh cells (G), primed follicular
B-cells (B0), GC B-cells that have undergone i rounds of somatic hypermutations
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(Bi), and plasma cells (P ). Here 1 ≤ i ≤ n and n represents the maximum number
of B-cell clones inside a single germinal center.
N cells are produced at rate sN and die at per capita rate dN and, upon en-

countering specific antigen V , migrate to the T:B cell border and become pre-Tfh
cells H at rate αN . H cells either migrate to GCs following interaction with primed
follicular B-cells B0 and differentiate into Tfh cells G at rate γ, or die at per capita
rate dH . G cells are lost through natural death at per capita rate dG. Moreover, we
assume that competition between B-cell clones Bi for Tfh cell-induced stimulation
is limiting G population growth at rate η. This competition, in return, will limit the
number of B-cells inside GCs and their transition between clones of higher affinity
for the pathogen.

Primed follicular B-cells B0 (B blasts) die at rate d and, upon interaction with
pre-follicular helper cells H, move inside germinal centers where they undergo affin-
ity maturation. We assume that each stage of affinity maturation requires Tfh cell
help at the same rate σ and that each population Bi produces α offsprings Bi+1,
for 1 ≤ 1 ≤ n − 1 [45]. Bis die at the same per capita rate d as B blasts. Lastly,
cells in clone Bn leave germinal centers at rate κ to become plasma cells P capable
of removing a non-mutating antigen V at rate µ.

The system describing these interactions is given by:

dN

dt
= sN − dNN − αNV N, (1a)

dH

dt
= αNV N − dHH − γHB0, (1b)

dG

dt
= γHB0 − dGG− ηG

n∑
i=1

Bi, (1c)

dB0

dt
= −dB0 − σB0H, (1d)

dB1

dt
= ασB0H − σB1G− dB1, (1e)

dBi
dt

= ασBi−1G− σBiG− dBi, (1f)

dBn
dt

= ασBn−1G− dBn − κBn, (1g)

dP

dt
= κBn, (1h)

dV

dt
= −µV P, (1i)

for 1 ≤ i ≤ n− 1 with initial conditions N(0) = sN/dN , B(0) = B0, V (0) = V0 and
all other populations are initially absent. Our goal is to determine the dynamical
evolution of the total B-cell population in a single germinal center based on the
availability of Tfh cells. We focus on the size and composition of B-cells in the
germinal center,

Bt =

n∑
i=1

Bi, (2)

for acute infections and for chronic infections where many rounds of affinity matu-
ration lead to development of broadly neutralizing antibody-producing plasma cells,
as seen in a few HIV infections [25, 40].
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3. Tfh-B-cell dynamics during acute infections. In acute infections, B clones
undergo between 5 and 10 steps of affinity maturation [14, 29, 27]. Without loss
of generality, we set n = 8. We assume that N(0) = 106 naive CD4 T-cells per
ml are recruited by the antigen V . Studies have shown that mature B-cell clones
inside germinal centers are the progeny of as little as 3 precursor blasts [13, 11].
Therefore, the initial blast population is B(0) = 3 cells.

The Bt data was collected from young, pathogen free mice. The splenic germinal
center B-cells’ temporary responses to a T-dependent antigen were measured [9],
therefore providing germinal center B-cell dynamics throughout an acute infection.
The antigen V is the density of sheep red blood cells (sRBC) per ml injected into
the mouse, V (0) = 2 × 108 sRBC per ml. It elicits a B-cell expansion inside a
germinal center and subsequent antigen clearance. Lastly, we assume that at the
time of the infection, all the other populations are absent, i.e. H(0) = G(0) = 0
cells per ml and P (0) = Bi(0) = 0 cells, for 1 ≤ i ≤ n.

In our model, the per capita death rates of all CD4 T-cells are equal, dN = dH =
dG = 0.01 per day [38], and the naive CD4 T-cell population is at equilibrium at
the beginning of infection, i.e., sN = dN × N0 = 104 cells per ml per day. Naive
CD4 T-cells N are activated by antigen V at rate αN and move to the follicles and
become pre-Tfh cells H. Since the pre-follicular T-cell density is around 104 cells
per ml and the ratio between G and H cells ranges between 2 and 4 in the first 10
days of germinal center formation [36], we adjust parameters αN = 1.8× 10−11 ml
per day per cell and γ = 2 per cell per day to reflect this fact.

B-cells in each B clone die at rate d = 0.8 per day [11], independent of affinity
maturation class i. Since the dynamics of V and P do not affect the Tfh-B-cell
interactions, we arbitrarily assign values for parameters κ = 1.2 per day and µ = 2
per cell per day, the plasma cell production rate and antigen removal rate, respec-
tively. We will later analyze the effect of varying these rates. A summary of initial
conditions and fixed parameters is presented in Table 1.

We estimate the remaining parameters α, the B-cell offspring production rate,
and σ, the B-cell transition rate, by fitting the total Bt population as given by
(2), in the presence of competition for Tfh cell signaling, i.e. η = 10−5 per cell per
day, to published germinal center B-cell data [27, 9]. We used nlinfit in MATLAB
R2014b (The MathWorks Inc., Natick, MA). The estimates and confidence intervals
for α and σ are presented in Table 2.

3.1. Numerical results. The dynamics of all variables of system (1) over time
for parameters in Tables 1 and 2 are shown in Figure 1. The number of offspring
produced by each B-cell clone is α = 27.5 and the transition rate is σ = 1.1× 10−5

ml per cell per day. Competition for Tfh cell help does not affect the fit and Bt
dynamics. Indeed, when η, the competition parameter, is decreased from 10−5 to 0
per cell per day and σ = 1.1×10−5 ml per cell per day the estimate for α, the B-cell
offspring production rate, decreases by less than 1.5% to α = 27.1. Therefore, we
predict that the Tfh cell population is not inhibiting the emergence of B-cells that
underwent the maximum 8 rounds of somatic hypermutation.

The total number of B-cells in the germinal center, Bt, reaches a maximum of
1147 cells, eleven days after infection and the germinal center dies out 29 days after
infection (see Figure 1, panel a). Over time, the germinal center is formed by B-cell
clones of the highest somatic hypermutation, with the maximum ratio between the
peaks of two consecutive clones Bi/Bi−1 = 2.91 occurring for i = 5. There is a
delay between the peaks of each clone ranging between 0.3 and 2.1 days. For the
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Figure 1. Dynamics of model (2) applied to an acute in-
fection.(a) Bt as given by (2) versus data (•); (b) B-cells that
underwent different levels of somatic hypermutations and plasma
cells, for µ = 2.; (c) Pre-Tfh cells H per ml and Tfh cells G per
ml; and (d) Antigen per ml; for µ = 2 per cell per day (solid lines),
µ = 2× 10−2 per cell per day (dashed lines) and µ = 2× 10−4 per
cell per day (dotted lines). The dashed-dotted line is the antigen
limit of detection of 3× 10−4 sRBC per ml. The other parameter
values are given in Tables 1 and 2.

plasma cell production rate κ = 1.2 per day, plasma cells emerge 4.5 days following
infection and reach a value of 4000 cells, 15 days following infection (see Figure 1,
panel b).

The pre-Tfh and Tfh populations, H and G, reach their maximum density of
6.1× 103 and 9.6× 103 cells per ml, 5 and 7 days following infection, respectively.
The G : H ratio increases to 2.5, two days following infection and then levels off
to 1.7 more Tfh than pre-Tfh cells (see Figure 1, panel c). A higher ratio, of as
high as 4-times more Tfh than pre-Tfh cells, as predicted by [36], can be obtained
if we increase γ, the pre-Tfh cell differentiation rate, by 50% (not shown). Once
the antigen is eliminated, both H and G populations disappear.

For µ = 2 per cell per day, the antigen is lost 5.9 days after infection. At that time
V reaches 3 × 10−4 sRBC per ml (or 1 sRBC in the body). A reasonable concern
is that varying this rate would affect the dynamics of the total B-cell population,
as a prolonged antigenic stimuli would potentially lead to a larger germinal center
that lasts for a longer period of time. To gain a deeper understanding of the role
of µ, the antigen removal rate, in the Bt dynamics, we decrease µ by two and four
orders of magnitude. As expected, when we decrease µ to 2×10−2 and 2×10−4 per
cell per day, the time needed for the removal of antigen increases to 10 and 33 days
following infection, respectively (see Figure 1, panel d). The maximum Bt increases
by 28% and 32% respectively and germinal centers last for 30 days (see Figure 1,
panel a). The µ effect on G population is not significant, but the H increases and
exceeds the G population (see Figure 1, panel c).

3.2. Sensitivity analysis. We performed a focused analysis of the time-dependent
sensitivity of model (1)’s trajectories to parameter variation, known as a semi-
relative sensitivity analysis. We start by looking at the sensitivity of variables Bt
and G to changes in the two fitted parameters α, the B-cell offspring production
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rate, and σ, the B-cell transition rate, as follows. We define the absolute sensitiv-

ity variables Bt,q = ∂Bt(t,q)
∂q and Gq = ∂G(t,q)

∂q . They are obtained by differentiating

both sides of system (1) with respect to q, for q = {α, σ}. The semi-relative sensitiv-
ity variables are calculated by multiplying the absolute sensitivity by the variables
q.

In Figure 2 we compared the semi-relative sensitivity curves qBt,q and qGq for
q = σ and q = α. These parameters have complementary effects on both Bt and G
populations. As such, if α, the B-cell offspring production rate, and σ, the B-cell
transition rate, are doubled, Bt increases by a maximum of 6121.6 and 5166.6 cells
at day 10 following infection (see Figure 2, top panel). Varying parameters α and
σ has no effect on G for the first 5 days. After that time, their effect is negative.
In particular, if either of the two parameters is doubled, then the G population
decreases by 5366 or 5504 cells per ml at day 17 for σ and α respectfully (see Figure
2, bottom panel).
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Figure 2. Sensitivity Analysis. Bt and G (grey lines) and the
semi-relative sensitivity curves, q ∂Bt

∂q and q ∂G∂q , over time for q = α

(solid lines), q = γ (dotted lines) and q = σ (dashed lines).

We further looked for parameters that have antagonistic effects on the G dy-
namics. We compared the semi-relative sensitivity curves qBt,q and qGq for q = σ
and q = γ (see Figure 2). These parameters have complementary effects on Bt (see
Figure 2, top panel) and antagonistic effects on G (see Figure 2, bottom panel). In
particular, while σ, the B-cell transition rate, has no effect on G four days following
infection, doubling the value of γ, the pre-Tfh cell differentiation rate, leads to an
increase in the G population by 1.37 × 104 cells per ml at day 4 (see Figure 2,
bottom panel).
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4. Tfh-B-cell dynamics during chronic infections. We next want to under-
stand the size and B-cell clone compositions of germinal centers during prolonged
antigenic stimuli. During chronic virus infections with viruses like HIV, the develop-
ment of broadly neutralizing antibodies, with high mutation levels, can occur after
many years of infection. For example, the high-affinity human antibody VRC01 has
70-90 mutations [47]. We will use model (1) and parameters in Tables 1 and 2 as a
starting point for understanding how the B-cell and Tfh cell dynamics change when
many rounds of somatic hypermutations are allowed. Most importantly, we want
to determine the mechanistic interactions that allow for the emergence of a large
enough B-clone with the highest level of mutation, which is capable of removing the
antigen.

We represent highly mutated antibodies by increasing the level of admissible B-
cell somatic hypermutations to n = 50 in model (1). We start by keeping all other
parameters as in Tables 1 and 2. As expected, increasing n leads to an increase
in the Bt population, with the Bt peak being two orders of magnitude higher and
occurring two days earlier than in the n = 8 case. Such large germinal centers
are not uncommon in persistent infections such as HIV [42], and subsequently we
assumed the B-cell size to be reasonable and did not attempt to refit model (1) with
n = 50 to the acute data. Under these assumptions, we predict that the germinal
center terminates two days earlier, at 27 days following infection (see Figure 3, panel
a).
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Figure 3. Comparison of model (1)’s dynamics when n, α
and σ are varied. (a) Bt as given by (2) versus data (•); and
(b) G per ml as given by model (1) for n = 8 (solid lines); n = 50,
α = 27.5, σ = 1.1 × 10−5 ml per cell per day (dashed lines); and
n = 50, α = 1.6, σ = ×10−3 ml per cell per day (dotted lines).
The other parameters are given in Tables 1 and 2.

We observe that the Tfh cell population is smaller compared to the acute case
during the contraction time, i.e. past 9 days following infection. This is due to
competition between an increasing number of B-cell clones for Tfh cell stimuli as
given by the term ηBtG (see Figure 3, panel b).
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To gain an understanding on the role of competition for Tfh cell help we compute
and plot the distribution of B-cell clones for n = 8 and n = 50 at t = 10, t = 20,
and t = 30 days after the germinal center initiation. For n = 8 and the three times
considered, the late clones dominate the Bt population and, as time progresses,
more and more of Bt is dominated by B8, which is the clone that underwent the
maximum rounds of hypermutations and the only clone giving rise to plasma cells
(see Figure 4, top row). For n = 50, however, Bt is dominated by the clones that
underwent 15 − 35 rounds of somatic hypermutations at all times considered, and
the B50 clone is never reached (see Figure 4, second row). Although there has been
a slight movement to the later clones, there is very little change in the distribution
between t = 20 and t = 30 days. Since only B50 produces plasma cells capable of
removing virus, we predict that dV/dt = 0, and the virus remain at its initial value
which was representative of a chronic infection.

Experimental data suggests that the key to developing therapies against chronic
HIV infection lies in creating B-cells of the highest allowed level of somatic hyper-
mutation [30]. Such later clones are instrumental for creating plasma and memory
cells that produce highly mutated antibodies capable of neutralizing HIV virus.
Our model is such that only the B-cells in the last clone become plasma cells that
remove the virus, and since few B50 cells are being produced, the virus will persist.
Therefore, we aim to understand what parameter changes will allow for the emer-
gence of B-cell clones that underwent 50 rounds of affinity maturation, currently
not observed in our predictions.

Not surprisingly, clone B50 can be achieved if the Tfh cells G are not a limiting
value, in particular if we remove the competition term, i.e., η = 0 per cell per day
(see Figure 4, third row). Under this assumption, antigen V is eliminated 11.1
days following infection. In order to determine if additional interactions can lead
to the same behavior, we keep η = 10−5 per cell per day and adjust two different
parameters. As such, if we increase 91-times the rate at which B-cell hypermutation
is driven by interaction with Tfh cells, i.e. σ = 0.001 ml per cell per day, and we
decrease 17.2-times the number of offspring produced during each clonal transition,
i.e., α = 1.6 and keep the other parameters as in Tables 1 and 2, then the germinal
center will contain the last clone B50 at all times. Moreover, B50 will become
the dominant clone t = 20 days following infection (see Figure 4, bottom row).
That means that decreasing the number of B-cells in each clone and speeding their
transition rate into the next affinity class is sufficient in driving affinity maturation
towards clones of the highest level of somatic hypermutation.

Under the adjusted values, α = 1.6, the B-cell offspring production rate, and σ =
10−3 ml per cell per day, the B-cell transition rate, the total germinal center B-cell
population Bt peaks 13 days following infection and reaches a maximum of 1.39×104

cells, 12-times higher than in the acute case (see Figure 3, panel a). The Tfh
population is 3.6-times smaller than in the acute and chronic cases for the first ten
days, due to the decrease in offspring production. After day 10, the Tfh population
decreases even further to 103 cells per ml (see Figure 3, panel b). However, this
population is one order of magnitude higher than in the non-adjusted chronic case.
This population is sufficient to provide help to all B-cell clones, such that the B50

clone can emerge, create plasma cells, and, most importantly, remove the antigen.
For these adjusted parameters V is removed 9.5 days following infection.
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Figure 4. B clone distribution in acute and chronic infec-
tions. Clonal distribution Bi/Bt for 0 ≤ i ≤ n, t = 10, t = 20,
t = 30 days following infection for n = 8 (top row) and n = 50
(second row). Note that for n = 8 the germinal center contains
the B clone with the highest level of somatic hypermutation B8,
while for n = 50 case the germinal center is dominated by middle
clones and the B50 clone is absent. We then show two mechanisms
to achieve the B50 clone: (third row) η = 0 and (bottom row)
α = 1.6, σ = 10−3 ml per cell per day, η = 10−5 per cell per day.
Bt is given by (2), and the other parameters are given in Tables 1
and 2. In both situations clone B50 dominates the germinal center
B-cell population 20 days following infection.

5. Modeling mutating antigen. Our model does not consider the effect of a
mutating antigen, nor does it consider the need of both antigenic stimuli and Tfh
cell help at each stage of B-cell somatic hypermutation. Previous studies predict
that B-cell hypermutation is dependent on not only the ability of B-cells to recruit
Tfh cell help, but also on the ability of the B-cells to retrieve and present antigen
deposited on follicular dendritic cells [42, 4, 23, 34].

We extend model (1) to account for a mutating virus. In particular, we model a
sequential mutation from virus V0 to Vn−1 at rate 0 < f < 1. We only model the
virus mutations that drive B-cell somatic hypermutations and all other mutations
are ignored. Therefore, clone Bi−1 is mutating into clone Bi due to stimuli from
both Tfh cells and the respective virus variant Vi−1 at rate σVi−1G, for 1 ≤ i ≤ n.
The T-cell populations, N , H and G are modeled as before with the addition that
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total viral load, Vt =
∑n−1
i=0 Vi, can recruit pre-Tfh cells inside germinal centers to

give rise to Tfh cells. As before, only the last clone, Bn, produces plasma cells,
P . Under the assumption that broadly neutralizing antibody producing plasma
cells are formed [42], P will remove all virus strains at rate µ. The modified model
becomes

dV0
dt

= −fV0 − µV0P, (3a)

dVi
dt

= fVi−1 − fVi − µViP, (3b)

dVn−1

dt
= fVn−2 − µVn−1P, (3c)

dN

dt
= sN − dNN − αφN

n−1∑
i=0

ViN, (3d)

dH

dt
= αφN

n−1∑
i=0

ViN − dHH − γHB0, (3e)

dG

dt
= γHB0 − dGG− ηG

n∑
i=1

Bi, (3f)

dB0

dt
= −d0B0 − σB0HV0, (3g)

dB1

dt
= ασB0HV0 − σV1B1G− dB1, (3h)

dBj
dt

= ασBj−1GVj−1 − σBjVjG− dBj , (3i)

dBn
dt

= ασBn−1GVn−1 − dBn − κBn, (3j)

dP

dt
= κBn, (3k)

for 1 ≤ i ≤ n − 2 and 2 ≤ j ≤ n − 1. The initial conditions are N(0) = sN/dN ,

B(0) = B0, V (0) = V φ0 and all other populations are initially zero.

We numerically solve model (3), using parameters in Tables 1 and 2, αφN =

3.6 × 10−6 ml per day per cell and V φ0 = 103 copies per ml (to account for an
HIV-like antigen level). We vary mutation rate, f , to determine the effects of
fast and slow mutating viruses on the GC’s ability to produce broadly neutralizing
antibodies and hence clear the virus. We compare the dynamics of Bt, Vt and G
for n = 8 rounds of somatic hypermutation and varying mutation rates f . We see
that fast viral mutation leads to the development of germinal centers containing
large Bt populations. Indeed, for f = 0.9, germinal centers contain Bt = 6.3× 104

cells (see Figure 5, panel a, solid black lines). Moreover, fast mutation leads to
fast production of clones with the highest degree of somatic hypermutation and
consequently to plasma cell production (see Figure 5, panel a, solid grey line). As a
result, virus is eliminated in the first two days after challenge (see Figure 5, panel
c, solid line). For intermediate mutation rate, f = 0.1, the germinal center contains
Bt = 120 cells (see Figure 5, panel a, dashed black line), plasma population is
small and delayed (see Figure 5, panel a, grey dashed line), and, consequently, virus
removal is delayed (see Figure 5, panel c, dashed line). Lastly, for slow mutation,
f = 0.01, the germinal center contains Bt = 55 cells (see Figure 5, panel a, dotted
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black line), plasma population is not produced at biological levels (cannot be seen
in Figure 5, panel a) and, consequently, virus persists (see Figure 5, panel c, dotted
line).
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Figure 5. Comparison of model (3)’s dynamics when f is

varied. (a) Bt and P , (b) G per ml, and (c) Vt =
∑n−1
i=0 Vi as given

by (3) for n = 8 and f = 0.9 (solid lines); f = 0.1 (dashed lines);
f = 0.01 dotted lines. The other parameters are given in Tables 1,

2, αφN = 3.6 × 10−6 and V φ0 = 103. Note that P for f = 0.01 is
negligible.

We look in detail at the slow mutation case. For f = 0.01, B8, the clone with the
highest affinity maturation level, is not produced. That is due to the fact that virus
strain V7, which is needed for B8 activation, increases above the limit of detection
(of 50 copies per ml) only at 230 days after infection (see Figure 6, panel a, black
line). By that time, the germinal center has been terminated (see Figure 6, panel b).
This is due to faster clearance of B-cells through natural death compared to B-cell
production in the presence of antigenic stimulation, i.e. d >> ασVi−1G. Therefore,
higher order B-cell clones and, consequently, plasma cells are not produced and
virus will persist. This result is independent of the competition between B-cell
clones for T follicular helper cell stimulation and is maintained even when η = 0. To
produce later B-cell clones, antigen-independent B-cell proliferation is needed. Such
proliferation will compensate for B-cell loss. A possible form for the Bj population
is:

dBj
dt

= ασBj−1GVj−1 − σBjVjG+ rBj − dBj , (4)

where 1 ≤ j ≤ n and r is the per capita B-cell growth rate. If the antigen-
independent proliferation rate is high enough, i.e. r = 0.75 < d or r = 0.8 = d
per day, model (3) with adjusted equations (4) predicts plasma cell production for
n = 8 and f = 0.01 (see Figure 7, panel c, dashed and dotted lines).

Lastly, when we consider that the number of somatic hypermutations needed to
produce plasma cells is n = 50 (as in HIV patients that produce broadly neutralizing
antibody [25, 40]), plasma cell production requires both the antigen-independent B-
cell proliferation given by (4) and lack of competition between B-cell clones for Tfh
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Figure 6. Virus strains and B clone dynamics for slow
mutating virus. (a) Vi per ml, (b) Bi as given by (3) for n = 8
and f = 0.01. The other parameters are given in Tables 1, 2,

αφN = 3.6× 10−6 and V φ0 = 103.

cell stimuli, i.e., η = 0, for all 0.1 ≤ f ≤ 0.9 (see Figure 7, panel c, dashed-dotted
line).
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Figure 7. Models (3)-(4)’s dynamics. (a) Bt, (b) G per ml,

and (c) Vt =
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i=0 Vi as given by (3) and (4) for n = 8, f = 0.01

and r = 0 (solid lines); r = 0.75 (dashed lines); and r = 0.8 (dotted
lines); for n = 50, f = 0.1 and r = 0.75 (dashed-dotted line). The

other parameters are given in Tables 1, 2, αφN = 3.6 × 10−6 and

V φ0 = 103.
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6. Discussion. We developed a mathematical model of germinal center formation
that includes competition between B-cell clones for Tfh cell stimulation. When
we model responses to an acute pathogen requiring eight rounds of somatic hy-
permutations, the model reproduces the dynamics observed during germinal center
formation, such as the size of the B-cell population, the time of germinal center ter-
mination, and the ratio between pre-Tfh and Tfh populations following antigenic
challenge. We fit the model to data, and found that there are enough Tfh cells to
allow for B-cell clones of the highest level of somatic hypermutations to emerge.

We then extended our model to allow for as many as 50-rounds of somatic hyper-
mutations which are needed to fight chronic infections such as HIV. By expanding
the model to chronic infections we aimed to determine the possible mechanisms that
regulate or limit germinal center dynamics during persistent disease. Our study pre-
dicts that, under the acute Bt and Tfh parameter values, B clones that undergo
50 rounds of somatic hypermutation cannot emerge, and the germinal center B-cell
population is composed of cells that underwent a maximum of 35-rounds of somatic
hypermutations. This is due to loss of specific Tfh cells due to interaction with an
increasing number of B-cell clones. This effect can be reversed and B-cell protection
can be achieved either through removal of competition between the B-cell clones or
through emergence of smaller size clones that mutate at a faster pace.

When modeling a mutating antigen that drives the rate of B-cell somatic hyper-
mutations, plasma cell production is dependent on the speed of viral mutation. For
eight rounds of somatic hypermutations, fast and intermediate mutating plasma
cells capable of removing the virus are always produced. A slow mutating virus,
however, requires an additional antigen-independent B-cell expansion that main-
tains enough B-cells inside germinal centers to induce the next round of somatic
hypermutation even when the antigenic stimulus is delayed. As in the non-mutating
case Tfh are not limiting the emergence of all B-cell clones. For 50-rounds of so-
matic hypermutation, however, competition among the B-cell clones for Tfh cell
stimuli prevents the emergence of plasma cell production regardless of the speed
of virus mutation. In this case, both antigen-independent B-cell proliferation and
the removal of competition for Tfh stimuli between the B-cell clones, as in the
non-mutating case are needed for plasma cells to emerge.

Our models assume that the B-cell division rate is exponentially distributed (as
in [2]), and disregarded the inherent cell cycle delay shown experimentally and
considered in previous modeling studies [24, 5, 17]. One of the reasons for this
assumption is the fact that the B0 population represents primed pre-follicular B-
cells, rather than naive B-cells. These cells take less than two days to transition
into the B1 class (given our parameters and model assumptions). This is consistent
with the observation in [8], which states that the first B-cell division occurred at
48 h. If a delayed model is considered, where the ασBi−1G terms are replaced by
f(t)ασBi−1G with

f(t) =

{
0, t < τ,
1, t ≥ τ, (5)

and τ = 2 days as in [8], than the results of model (1) presented in Figures 1, 3 and
4 are preserved with limited change in the parameter values (not shown).

Our work assumes that B-cells must undergo a strict number of mutations before
maturing into plasma cells. We found that modeling the breadth of the response,
through creating plasma cells of different affinities at each stage of B-cell somatic
hypermutations did not change our results. Further work is needed to determine
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the tradeoff between the need of high mutation numbers and the breadth of the
immune response in fighting chronic infections.

In summary, we have developed models of Tfh-B-cell interactions to examine
the dynamics of germinal centers in both acute and chronic infections. We found
that T follicular helper cells are a limiting factor in the emergence of extremely
high rounds of B-cell somatic hypermutations for both non-mutating and mutating
virus. Moreover, we found that this limitation can be removed by inducing faster
transition between clones and limiting the sizes of individual clones. Lastly, for a
mutating virus that drives the somatic hypermutations, additional factors such as
antigen-independent B-cell proliferation may be needed for plasma cell production
and virus neutralization. These results may provide insight into the germinal center
role during chronic infections.

Acknowledgments. We would like to thank the anonymous reviewers for the valu-
able comments and suggestions.

Name Units Value Description Confidence Intervals
α 27.469 B-cell offspring [14.015 40.924]

production rate
σ ml per cell 1.1× 10−5 Affinity maturation [4.8 ×10−6 1.7 ×10−5]

per day rate

Table 2. Parameter estimates and confidence intervals.
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