MATHEMATICAL BIOSCIENCES http://www.mbejournal.org/
AND ENGINEERING
Volume 2, Number 2, April 2005 pp. 363—380

A MATHEMATICAL MODEL FOR TREATMENT-RESISTANT
MUTATIONS OF HIV

HELEN MOORE

American Institute of Mathematics
360 Portage Avenue, Palo Alto, CA 94306

WEIQING GU

Department of Mathematics, Harvey Mudd College
1250 N. Dartmouth Avenue, Claremont, CA 91711

(Communicated by Yang Kuang)

ABSTRACT. In this paper, we propose and analyze a mathematical model, in
the form of a system of ordinary differential equations, governing mutated
strains of human immunodeficiency virus (HIV) and their interactions with
the immune system and treatments. Our model incorporates two types of
resistant mutations: strains that are not responsive to protease inhibitors,
and strains that are not responsive to reverse transcriptase inhibitors. It also
includes strains that do not have either of these two types of resistance (wild-
type virus) and strains that have both types. We perform our analysis by
changing the system of ordinary differential equations (ODEs) to a simple
single-variable ODE, then identifying equilibria and determining stability. We
carry out numerical calculations that illustrate the behavior of the system. We
also examine the effects of various treatment regimens on the development of
treatment-resistant mutations of HIV in this model.

1. Introduction. Human immunodeficiency virus (HIV) is a pathogen that in-
fected approximately five million people worldwide in 2003 [34]. Progression from
HIV infection to acquired immunodeficiency syndrome (AIDS) typically occurs over
a decade or two. In 2003, almost three million people died from AIDS; since the
first cases were identified in 1981, more than 20 million have died from AIDS. The
immune system and, in particular, the T cells, play a central role in HIV population
dynamics, including the progression to AIDS [37, 8]. There are various treatments
in use, but no available treatment protocol results in clearance of the virus from
patients. Current drug treatments can extend the healthy life span of infected
patients by years.

One of the main problems is the emergence of drug-resistant strains of HIV in
patients undergoing treatment [31]. These mutant strains result in the resurgence
of viral loads after long-term suppression of the loads from treatment. Viral-load
resurgence correlates with T cell depletion and with the progression of patients to
AIDS [37]. In this paper, we apply mathematical modeling and analysis techniques
to examine the properties of a model that includes drug-resistant strains. The
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understanding gained from this work will be applied in future work to optimize
treatment regimes in this setting, with the goal of maintaining patient health for
as long as possible.

There is an extensive body of work that develops models of this type for the
interaction of T cells with HIV. Alan Perelson and Patrick Nelson [29] and Martin
Nowak and Robert May [25] have written detailed surveys of the main ideas devel-
oped through such models. Several other diseases with similar pathogen-immune
system interaction dynamics have been modeled in this way as well. These include
hepatitis B (cf. [23]), hepatitis C (cf. [22]), tuberculosis (cf. [38]), and chronic
myelogenous leukemia (CML) (cf. [21]).

Most relevant to the specific model we present here are the models of HIV that
incorporate drug-resistant strains of HIV. Such models include those of Angela
McLean et al. [17], Nowak et al. [24], McLean and Nowak [18], Simon Frost and
McLean [11], Denise Kirschner and Glenn Webb [15], Rob De Boer and Charles
Boucher [7], Jaap Goudsmit et al. [12], Lawrence Wein et al. [36] and [35], Nikolaos
Stilianakis et al. [33], Sebastian Bonhoeffer and Nowak [4], and Bonhoeffer et al.
[3] and [5].

Among the previous models that have considered mutant strains of HIV, most
consider only a single drug-resistant strain, and very few allow for mutations be-
tween strains. The contribution of the model presented in this paper is the analysis
of a model that includes four categories of differing drug resistance, with mutations
allowed between all of the categories. The virus categories we consider are wild-
type, resistant to treatment in the protease inhibitor class, resistant to treatment in
the reverse transcriptase inhibitor class, and resistant to treatment in both classes.
Our analysis is intended to add to a broader understanding of the dynamics of mul-
tiple drug-resistant strains, which could help guide future combination treatments
in this complex situation.

In addition to the analytic results we present, we also obtain numerical results,
first without any treatment, and then with various treatments. We consider con-
stant dosing protocols of various strengths, as well as structured treatment inter-
ruptions, with various interruption lengths. Our intent here is to demonstrate some
of the possible outcomes over fixed time periods. In agreement with models that
do not consider the two drug treatment classes separately (for example, [15]), we
find that the length of the cycle in the treatment interruption schedule does not
qualitatively alter the resulting levels of HIV or T cells. We also find that treatment
appears to exert selective pressure in favor of drug-resistant strains.

2. Background and assumptions for the model. We use differential equations
to model the dynamics in the peripheral blood of a hypothetical patient. The
equations give rates of change for various T cell populations, with parameter values
obtained from available experimental data and from estimates.

We consider healthy T cells (which are not infected with HIV) and T cells that
have been infected with several different strains of HIV. The HIV strains we consider
are wild-type virus (which is sensitive to the two drugs considered here), virus that
is resistant to one type of treatment, virus that is resistant to a second treatment,
and virus that is resistant to both drugs. We assume that resistance is acquired
through mutations, mainly from errors that occur during the transcription process.
Later, the drugs we consider will be one from the class of protease inhibitors (PIs)
and one from the class of reverse transcriptase inhibitors (RTTIs).
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We do not include latently-infected T cells (those that will begin production of
virions after a significant delay) or nonproductively infected T cells (those that will
die before producing very many virions). These populations have been considered
in other models, but do not appear to significantly alter the dynamics of the system.
(Cf. [27] and [28] for the consideration of latently-infected T cells; cf. [30] in the
case of nonproductively infected T cells.) We also do not include T cells that are
infected by more than one type of HIV represented here, with the assumption that
this number is much smaller than the other populations.

Throughout this paper, we refer to the T cell populations infected with different
HIV strains using binary notation: quantities related to wild-type, drug-sensitive
HIV have the subscript “g9”; those related to the first class of strains have the
subscript “p1”; those related to the second class of strains have the subscript “1o7;
and those related to the HIV population resistant to both drugs have the subscript
“117. Later, we will have the first class of strains (01) represent those resistant to a
protease inhibitor and the second class of strains (10) represent those resistant to
a reverse transcriptase inhibitor.

Our model is based in the circulatory, or peripheral, blood system, since we wish
to tie it as closely as possible to available data from blood samples. We include a
source term for new T cells entering the circulatory blood from other compartments
(such as the bone marrow, lymph nodes, and thymus). However, we assume that
preexisting T cells entering and exiting the blood due to diffusion give net changes
that are approximately zero. We also assume that the concentrations of T cells
infected with the various strains of virus are approximately proportional to the
concentration of free virus in the circulatory blood. This is a good approximation for
a system at or near equilibrium, and experimental support for this approximation
in the case of HIV appears in [13] and [27]. This assumption of an equilibrium
state will allow us to consider infected T cell populations, without including the
corresponding free virus populations. To make this assumption, we restrict our
model to the middle stages of HIV (after the acute phase) and before the initial
stages of AIDS.

We assume the T cells come into contact with virus in the blood in a random
fashion. Because the encounters take place in the blood, we use the “law of mass
action”, which says that the total number of encounters between members of the
two populations is proportional to the product of the sizes of the two populations.
See [9] for more discussion of the law of mass action.

3. Details and explanation of the model. We consider five populations of T
cells in the circulating blood system. The first is the population of T cells that
is uninfected with any HIV. The other four are T cells that are infected with
various populations of HIV, as described below. All cell populations are measured
in concentrations of cells per ul and are functions of time, ¢, which is measured in
days:

T = uninfected T cells,
I, = T cells with drug-sensitive wild-type virus,
I,, = T cells with virus with mutations of type 1 and not of type 2,
I,, = T cells with virus with mutations of type 2 and not of type 1,
I,, = T cells with virus with mutations of types 1 and 2.
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The system of differential equations is given below, followed by explanations of
the terms:

dT T+IUO+I()1+11(J+111
— = T(1-— — o7 T
dt st ( Tona r
- (600100 + Bordor + Biodio +ﬁ11]11)T3 (1)
dly,
dt = ﬁooL)oT — o0 Loo + "4‘00(1 - ,U/Ol)(l - /Jw)Ioo
+ Koiflg1 Lot + Koo Lo + Kuiflg iy i s (2)
dly, _
dt = BodoT — 601 Loy + “01(1 - ,um)(l - MIO)IOI
+ KootborLoo + Krottoi fhod10 + Kaiftyoli (3)
dI,, _
dt = Bl =610 I10+’f10(1 _,um)(l _,u10)[10
+ Kooftrodoo + K’Olﬁ(nlulo-[l)l + K/llﬁoljll , (4)
dl,, _ _
dt = BT —-6,1, +’f11(1 _Mo1)(1 _/~L1o)111

+ 500,“/01/1410]00 + Hol,ulo]m + 510,“01110 . (5)

Fach equation represents the rate of change, with respect to time, of one of the
populations. The lowercase coefficients, or parameters, (e.g., s and p,) are all
taken to be constants, as is T,,.x. Later in this paper, we vary the parameter values
and examine the resulting changes in the system.

Figure 1 shows the cell population diagram for the system (1)—(5).
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FIGURE 1. Cell population diagram. In this figure, solid curves indicate changes
solely dependent on the originating population; dashed curves indicate changes
that depend not only on the originating population but also on the destination
population. The movement of uninfected T cells into the infected populations
takes place due to infection of the T cells by virus with the respective mutations.
Movement between the populations of T cells that are infected with various
strains of HIV occurs due to mutation in the viral genome.

We assume the changes in populations due to diffusion are approximately zero.
That is, we assume that the numbers of the various populations that move into
or out of other compartments (other than the peripheral blood) are approximately
equal. Thus, there are no terms in the equations for diffusion of T cells into or out
of the blood.

The first term on the right-hand side of equation (1) is a source term for new
T cells entering the blood system. We approximate this as being a constant, s,
during most of the intermediate stages of infection with HIV. The second term is
a logistic term with logistic growth rate p and limiting value Ti,.., as originally
proposed in [14]. We use all of the T cell populations considered here (uninfected
and infected with HIV) in the logistic population count. The third term is the loss
due to the natural attrition in the T population. The factor é7 is the death rate
constant of the T population, and is equal to the reciprocal of the average life span
of cells in the T population. In the absence of infection, these three terms maintain
homeostasis of the T cells in the peripheral blood [32].

The last four terms in equation (1) represent losses of T cells from the peripheral
blood due to interaction and subsequent infection with various types of HIV. Each of
these terms is in mass-action form, as they represent contributions due to encounters
between T cells and HIV occuring in the peripheral blood, which we assume is
well mixed. Recall that we assume the concentration of free virus of each type is
proportional to the concentration of T cells infected with each type of HIV. Hence,
Bij1;; includes a constant of proportionality that gives the concentration of free
virus of type ;;, as well as the law of mass action constant, which incorporates
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the expected frequency of encounters between T cells and HIV, and the expected
fraction of these encounters that subsequently lead to infection by HIV.

We now examine the four equations (2)—(5), which describe the rates of change
of T cells infected with the four types of strains of HIV we consider here. In each of
these equations, the first term is a contribution that equals a loss term for T cells
in equation (1). For example, in equation (2), the first term is equal to the rate of
loss of T cells that become infected by wild-type HIV. The second term in each of
the four equations is a loss term d;;1;; due to the natural life span of T cells, with
0i; the death-rate constant for T cells infected with HIV of type ij. We assume
that d;; is at least as large as the death rate of healthy T cells, dp.

The constants p;;, for 75 = 01 or ij = 10, give the average mutation rates of the
mutations that lead to HIV with mutations of type 1 or type 2, respectively. These
mutations are assumed to be independent, and hence the mutation rate for HIV
with mutations of both type 1 and type 2 is given by po1p10- The factors (1 — po1)
and (1 — p19) give the fractions of virus that are expected not to mutate to strains
of type 1 or type 2, respectively, at any given time. The constants [i;;, for ij = 01
or ij = 10, represent the backward mutation rates. For example, fig; represents
the mutation rate of strains of type 1 back to wild-type virus.

The constants &;; are the net-gain scaling factors, or effective burst-rate con-
stants. These take into account the rate at which bursts release large numbers of
free virus, as well as the rate of any releases of smaller scales, which may be consid-
ered to take place continuously. As an example, the term £oo(1 — 1) (1 — ft10) oo
in equation (3) gives the contribution to the I,, population due to the “bursting”
of the infected T cells I, that do not mutate to one of the other types of strains
considered here. Similarly, the term £, fio; Jo; in equation (3) gives the contribution
to the Iy; population due to the “bursting” of I,; T cells that mutate from strains
of type 1 to wild-type virus.

It is the assumption that the distribution of virions is at or near equilibrium
that allows us to avoid equations for the free virus. This assumption is used in the
last four terms of equation (1), when we use I;; in place of a constant times the
corresponding virus population. We also use this assumption in equations (2)—(5),
when we write the contribution terms from production of virions as if the “bursting”
of the infected T cells contributes directly to the infected T cell populations. In this
instance, the constants x;; include factors that give the appropriate rate at which
virions could move from being produced by I;; to producing new infected cells I,;.

4. Discussion of parameter estimates and initial population values. The
values of the constants used in the system of differential equations above appear in
Table 1. This table gives a brief description of the constants, the values used as
initial estimates for the constants, the ranges that are used later in the paper, and
the units and references for the constants.
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Param. Description Value Range Used  Units Reference
s T source term 0.048 (0, 0.5) Cegs/ M)
ay
P T logistic rate const. 0.0045 (0, 0.5) day ™! [35], [27]
Trmax maximum T 2000 (1000, 2500) cells/ul  [19]
or T death rate const. 0.0014 (0, 0.8) day™* [35]
800 Ioo death rate const. 0.45 (0, 1) day ™1 [30]
do1 Ip1 death rate const. 0.5 (0, 1) day~* est. fr. oo
410 1o death rate const. 0.5 (0, 1) day™* est. fr. doo
011 I11 death rate const. 0.55 (0, 1) day ™1 est. fr. dgo
- day !
Boo Ioo, T encounter const. 3x107° (0, 0.001) ﬁ‘/ul [35], [10]
- day !
Bo1 Io1, T encounter const. 28 x107° (0, 0.001) cell}s,/,ul est. fr. Boo
-5 day’l
B1o I0, T encounter const. 2.8 x 10 (0, 0.001) cells /il est. fr. Boo
- day ™!
511 I1, T encounter const. 2.5%x107° (0, 0.001) cell}s//ul est. fr. Boo
day " .
K00 Ioo effect. burst const. 0.45 (0, 1) cells /il estimated
day " .
Ko1 Ip1 effect. burst const. 0.42 (0, 1) cells/ul estimated
K10 I10 effect. burst const 0.42 (0, 1) day™ " estimated
’ ’ ’ ’ cells/ul
day ! .
K11 111 effect. burst const. 0.41 (0, 1) cells/pl estimated
101 mut. rate to type 1 2.5 x107° (0, 0.01) — estimated
H10 mut. rate to type 2 3x107° (0, 0.01) — [16]
o1 mut. rate fr. type 1 2.5 x 107 (0, 0.01) — est. fr. po1
Fo mut. rate fr. type 2 3x107° (0, 0.01) — est. fr. pio

TABLE 1. Parameter information

We use the following initial values for the populations, where ¢ = 0 is the starting
time for the model:

The value we use for s,

S N N N
|

11(0) =

1,200 cells/pl,

20 cells/ pul,
5 cells/ul,
5 cells/pl,
2 cells/pul.

the source term for the uninfected 7' population, is

calculated using data from [19]. In the data collected from subjects with HIV, the
average contributions from a source were found to be 0.025 CD4* cells per ul per
day, and 0.023 CD8™ cells per ul per day. This gives a net contribution of 0.048
cells per ul per day, which we use as the source term for the population,T.
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We base our logistic growth rate p on the same calculation used in [35]. Namely,
we choose p so that it agrees with the increase by 95 cells per ul in six weeks in
[27], assuming that treatment is highly effective. Here, we are taking into account
that s = 0.048.

For T,,.x, the expected maximum number of uninfected T cells per ul, we note
that Hiroshi Mohri et al. [19] found average numbers of CD4™" plus CD8* cells to
be close to 1,700 cells per pl in healthy patients. The highest count they found was
2,017 cells per ul, so we use 2,000 as our best estimate, with a range that allows
values up to 2,500 cells per ul.

The value we use for the death rate constant, d7, of uninfected T cells is the
same as that used in [35], which assumes that T cells live approximately two years
on average. For the death-rate constants §,; for the infected T cell populations, we
use values close to the mean reported in [30] for patients with HIV. We assume that
the T cells infected with wild-type virus have the lowest death rate of the four.

The values for 3;; are based on several estimates. We start with the estimate in
[35] that the ratio of virions to infected T cells in the peripheral blood is approx-
imately 112. We make very rough estimates of mass-action encounter rates, as in
other T cell-pathogen models, such as [10]. Finally, we incorporate the estimated
infectivity rate of 3.43 x 1078 in [35].

For the mutation rates, Louis Mansky and Howard Temin [16] showed that the
forward mutation rate for strains of HIV resistant to RTIs is approximately 3 x 10~°
per base pair per cycle. As in other models of drug-resistant mutations (e.g., [3]
and [35]), we assume the forward and backward mutation rates are the same. With
this assumption, the pressure for forward mutations occurs because of the increased
fitness of the drug-resistant strains under treatment conditions. We also assume
that py < p10. There is some evidence that mutations resistant to RTIs are more
prevalent than mutations resistant to PIs. (See, for example, [1] and [2].) Although
this could alternatively be achieved by assuming that RTI-resistant virions have
higher fitness than Pl-resistant virions (i.e., that ngr < 7pr), our simulations favor
the former assumption, namely that p,, < pi1o.

In [19], the average baseline concentration of CD4*" plus CD8" T cells in HIV
patients was approximately 1,200 cells per ul, which we use for T'(0). We arbitrarily
choose the initial values of the infected T cells, with the assumption that there are
more infected with wild-type than with resistant strains.

5. Analytic results. To study the behavior of the system of differential equations,
we first show how to use the system to get a (nonlinear) second-order ordinary
differential equation (ODE) in T', with two initial conditions. This ODE is used
later to obtain the fixed points of the complete system. Once we find any fixed
points, we can examine the stability at each of them.

5.1. Transformation to single differential equation in 7. We first rename
the constants. Let ¢ = —— and let a;; = ﬁ;x + B;j. Then equation (1) becomes

Tmax
dr
ar = s+pT (1 - qT) — 07T — (0400100 + o doy + Qioly + 0111]11) T. (6)
For ease in later computations, we write this equation in vector form as

dr

il s+pT(1—qT)—07T —alT, (7)
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where we use bold type to indicate the vectors @ = (g, o1, @10, 04;) and I =
(1007 Iou I107 I11)~
Next, we rewrite the four equations (2)—(5) in matrix form as shown:

d
—I=A1+TBI
o AI+TB (8)

Here, T = T(t) is the healthy T cell population as before, I = I(¢) is the vector
defined above, and A and B are the following constant matrices:

Koo Ko1 oy K1ofyg Kifhor g
A= Koo o1 Ko K1otbo1fyg K1l , (9)
KRooM1o Ko1 oy 1o ko Ki1fhoy
Koo o110 Ro1 1o RioMo1 ki

Boo 0 0 0

where
koo = 500(1 - ,u01)(1 - ,um) - 5007
kor = /‘501(1 - ﬁm)(l - ,U'IO) — o1,
)1 —Fyp)

ki = f (1= T0,) (1 = Ty) — 611 -

Let M(t) = A+ T(t)B. Since A is in Myx4(R), there exists an invertible
matrix P € Myx4(R) such that P~ AP = J, where J € Myy4(R) is the Jordan
canonical form of A. So A = P JP~!, and we can rewrite the matrix M(t) as
follows: M(t) =P J P!+ T(t) B. The only assumption we make to proceed here
is that Bog &~ Bo1 ~ P10 ~ (11 =~ (. This gives the following:

M) ~ PIPI+T()BT
= P(JT+T(t)BI)P ", (11)

where Z is the 4 x 4 identity matrix. This allows us to rewrite equation (8) as
follows:

%I(t) =P(J+T@)BI)P 1(t), or (12)
73’1%1(15) =(J+TH)BI)P 1. (13)
Since A is a constant matrix, P does not depend on t, so
Lipm 1) = P S) = (7 + 1) BT) P 101). (14)
Letting X(t) = P71 I(t), we get
LX) = (7 +T0) 87) [X(0)] (15)
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In general, J is diagonal, since the the set of diagonalizable matrices is dense
in the set of real n x n matrices. We will assume that this is the case so that the
diagonal entries of J are the eigenvalues of A. We will denote these eigenvalues by
A1, A2, Az, and \4. Note that the method below still works if 7 is not diagonal, since
we can still find the eigenvalues of A, but the calculations are more cumbersome.

Now, we will focus on solving (15). Once we solve (15), we will know X(¢) in
terms of T'(t), and hence we will know I(t) in terms of T'(¢). We can then substitute
the expression for I(t) in terms of T'(¢) back into equation (8), to obtain a system
of ordinary differential equations in one variable (T'), which we can then solve.

Again, using the assumption that Gog &~ o1 ~ (10 =~ [11 =~ [, we can consider

LX) = (7 +T00) B)[X(0) (16)

Using commutative properties of diagonal matrices and the fact that the exponential
of a diagonal matrix is a diagonal matrix, it can be checked that

X(t) _ et je(fot T(r)dr B)C (17)

is a solution to equation (16), where 7 is a dummy variable and C is a constant
vector. To find C, we plug in ¢ = 0 to (17) to get X(0) = C and recall that
X(t) =P 11(t). So C =P~ 11(0), and

t
From this expression for X(¢) and the fact that I(t) = P X(t) we get
t
() = P o je(fo T(r)dr B) P-11(0). (19)
Let F(t) = [, T(r)dr. Then

1) = PtI I OB p-1y()

e t+Bo0 F(1) 0 0 0
0 ek2 t+Bo1 F(t) 0 0 -
=P 0 0 eXs t+B10 F(t) 0 P~L1(0). (20)
0 0 0 e 4B F(t)

Let B:; = Baiy;e1 and I,; = I, ;44 for 4,5 = 0,1. Also, let eMettB F(t) — B for
k=1,2,3,4, and let

Pll P12 P13 P14 Qll Q12 QIS Q14
P P, P _ Qn Qs Qu Q
P — 21 22 23 24 and P 1 — 21 22 23 24
P31 P32 P33 P34 QSl Q32 QS& Q34
P41 P42 P43 P44 Q41 Q42 Q43 Q44
Then

Yo X Pu Qu B L(0)
S P Qu B, L(0)
I(¢ — Zl_l Zk_l 2k Wkl HE Ll ) 21
" S Zior P Qu B 1(0) @)
Zl:l Zk:l P4k le Ek Iz(o)
Plugging this expression for I = I(¢) into equation (7) and letting a,; = auip ;1
gives
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a _ s+pT(1—qT)—0rT — ZZZQ o QuL(0)E, T. (22)

dt
m=1 1=1 k=1
We use a Taylor series to expand the exponential factors E, as

E, =Mt M o1 L X t+ 3. F (1) (23)
and plug these back into (22):
daTr
il s+pT(1—qT)—0rT

*ZZZ% COLLO) (L4 Mit+ B FO)T.  (24)

m=11=1 k=1
For T # 0, we can divide both sides by 7"

1dT 5
- - 2 1—qgT) —
T & TP (1-qT)—ér
4 4 4
=3 3D 0 Pui QuL(0) (1 + At + B F(1)) . (25)
m=11=1 k=1
Recall that we defined F(t) = Ot T(7)dr. By the fundamental theorem of calcu-
lus, we have F’(t) = T'(t). We will use this as we take the derivative of both sides
of (25):
- ary', LT s T dT
@) " Tar T Tma Pla

4 4 4
=22 @ PuQuLi(0) (A + B.T). (26)

m=1 =1 k=1

Multiplying both sides by —T2 and rearranging, we get

T d°T 24T 2 3
((ﬁ) —TW_(S"_qu )E =T +cT7, (27)

where

Pmk le IL(O) Ak and

3
Il
A
-
Il
=

Il
1= 1=
[]= I1]-

O Py, ka Il( ) B - (28)

Cy =

,_-

=~
Il
—

m=1 =1
We let T(0) = Tpy, which gives one initial condition. To get a second initial
)

condition, we use equation (22) and the fact that F'(0) = 0:

(27(0) *erpT (17(]T 5TT - (Z ZZ le 1 )) T()- (29)

m=11=1 k=
Equation (27) and the two initial conditions T'(0) = T, and (29) give a well-posed
ODE initial value problem. Once we obtain T values (by solving analytically or
numerically), we then can use (20) or (21) to find I(¥).
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5.2. Equilibrium analysis. We now set each of the five derivatives in (1)—(5)
equal to zero and solve for T" and I, for 4, j = 0,1. This gives the fixed points, or
equilibrium solutions; that is, it gives values of 1" and I;; for which the system will
no longer change (since all of the derivatives, or rates of change, will be zero).

We first consider the equilibrium solution(s) for which I,; =0, for 4,5 = 0,1. In
this case, equation (1) implies that

Tm ax

1
T:Th::2p<p—5T+\/(p—5T)2+TpS>. (30)

This is the unique healthy equilibrium, which we denote by Wy = (7}, 0, 0,0, 0).
For other equilibria, if I # 0, we use (8) to get

0 = AI+TBI,
Al = -TBI. (31)

Since we assume that the [3;;’s are nonzero, B is invertible, and we have the following
eigenvalue problem:

CI=-TI, (32)

where C = B~1 A, T # 0. We will assume that T # 0, since T' = 0 is outside of the
biologically relevant region we wish to consider.

The matrix C is a 4 X 4 matrix with real-valued entries, and so it has eigenvalues
that we will denote by 01,02, 03, and 4. From (32), we know that the values taken
by —T must be oy, for k = 1,2,3,4. (Recall that we have set T'(t) = 0, so T is
now a constant.) Let

Vik
Vi

Vi = Vi (33)
Vik

be an eigenvector associated with eigenvalue oj. Since any nonzero multiple of V,
will also be an eigenvector with eigenvalue oy, we have

I Vik
AR @)
I, Vik
for 0 # ry, € R.
Since T'(t) = 0, equation (7) implies that
0 = s+pT(1—¢qT)—907T —alT
= s—por(l+qor)+drox
+05 Tk (0 Vik + o1 Vi + 0o Vi + a4y Vi) (35)
which implies that
” pop(l+qog)—s—drog (36)

(7] (aoo Vie + ao Vi + ot Vg + iy ‘/Alk) .

With this value of rg, we now have enough information to find the specific eigen-
vector 1,V for the eigenvalue oy for the eigenvalue problem above. From this, we
get a total of four possible fixed points, given by
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Tk —0k
Ik Tk Vik
00
wi=| 1 [=| v | (37)
[1ko % Var
[lkl 7% Vik

for k=1,2,3,4.

5.3. Stability analysis. To determine the behavior of the cell populations near
the equilibrium solutions, we need to compute the linearization of the system, which
is obtained from the Jacobian matrix of the system. See, for example, [6, p. 446]
for more information about such calculations. If we let A = ( Ay ), then for the
system of equations (1)—(5) the Jacobian Df is the following matrix:

p—90r —2pqT — al — Qo T’ —a T —a0 T —ay, T
Boo Loo Boo T + a1, Q12 Q3 A1y
501 Iy, Aoy 501 T + as, Qo3 Aoy . (38)
Bro 1o 3, [£%P Bio T + ag, Q34
B I [¢O%) Qg2 Q43 BuT + ay

We first consider stability of the fixed point Wy = (73,0,0,0,0). In this case,
the Jacobian Df (W) is the following matrix:

p—0or —2pqTy — Qo Th —ao Th —ay0Th —ay; Th
0 Boo Th + a1, (43P Q13 A1q
0 Qo ﬁm Ty + as0 (OF Aoy . (39)
0 Q31 32 Bro Th + @y 34
0 Q41 Qg2 Q43 BTy + ayy

For this fixed point, using the parameter values in Table 1 and the expression for
Ty, given in equation (30), one of the eigenvalues of this matrix is positive. This is
still true even when various combinations of the parameter values are varied over
an order of magnitude or so. This indicates that the healthy equilibrium is unstable
for this model, as is the case in patients: a small viral load is expected to eventually
lead to full-blown AIDS.

We numerically compute the other possible fixed points, W7, Wy, W3, and Wy,
using the parameter values in Table 1. To do this, we first compute the eigenvalues
and eigenvectors o1, 09, 03, and o4 and Vi, V5, V3, and V}, respectively, of the
matrix C = B~! A, where A and B are defined as in (9) and (10). We plug these
into equation (36) and then compute the equilibrium solutions Wy, as in (37). We
find there is exactly one equilibrium value, which we will denote by W, that has a
nonnegative value for each of the cell populations. In this case, the I, population
dominates all others. The eigenvalues of the Jacobian for the solution W, all have
negative real parts for a wide range of parameter values tested, so we conclude that
this equilibrium is asymptotically stable. This matches the behavior shown by the
numerical solutions in Figure 2.

6. Model with treatment. Here, we consider the same model as above but with
treatment. We let nrr denote the efficacy of treatment with a reverse transcriptase
inhibitor and let 7p; denote the efficacy of treatment with a protease inhibitor. Since
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reverse transcriptase inhibitors block new infection and protease inhibitors block
the production of new virions, we have the following model:

dar
dt

dly,
dt

dly,
dt

i,
dt

dIn
dt

T+1 I, +1,,+ 1
S+pT(1— 4 Loo + Loy + Lig + 11)—5TT

Tmax

- [(1 - nRTI)ﬁooLJO + (1 - nRTI)ﬁ()lIol + ﬂlolm + 611[11] T, (40)

(1 - WRTI)ﬂoolooT + (1 - WPI)’%O(I - ,U01)(1 - Hlo)Ioo — 000 Loo

+ Koifgy Lot + (1 - UPI)HwﬁmLo + Kaioy Hyodas s (41)

(1 - nRTI)ﬁmI(nT + "%1(1 - ﬁm)(l - Um)lol - 601 Iy,

+ (1 - 77PI)’£00U01100 + (1 - nPI)’flo/J/mﬁmIm + KlleIu 5 (42)

ﬁlOIIUT + (1 - nPI)K’l(J(l - Um)(l - ﬁm)lw — 010 110

+ (1 - nPI)’%OMono + K/Dlﬁ(n/'[/lOIOl + ’iuﬁmlu s (43)

ﬁllIIIT + /‘Qu(l - E(Jl)(l - ﬁlo)lll — 041 14

+ (1 - 77PI>500M01M10[00 + "‘301#10]01 + (1 - 77PI>510M01I10 . (44)

7. Numerical results.

7.1. Without treatment. First, we show graphs of the solution curves to equa-
tions (1)—(5), with no treatment. All parameter values are those that appear in
Table 1, unless otherwise noted. All T cell counts are per ul along the vertical axes,
and the horizontal axes show time in days.
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FIGURE 2. Qualitative T cell population behavior in the absence of treatment.
Uninfected T cells are shown in black, T cells infected with wild-type virus are
shown in purple, T cells infected with strains resistant to type 1 treatment are
blue, those resistant to type 2 treatment are green, and those resistant to both
types of treatments are red. Cells per ul are on the vertical axis, and days are on
the horizontal axis for this and all following graphs.



TREATMENT-RESISTANT MUTATIONS OF HIV 377

In agreement with our analytic results in section 5.3, we see that T cells infected
with the wild-type virus dominate all others and approach a stable equilibrium
value.

7.2. With treatment. Next, we show numerically computed solution curves for
various treatment protocols.

1200

0.07
1000 0.06
800 0.05
600 0.04
0.03
400

0.02

200 0.01 l/\
0 /\__/\ o

0 500 1000 1500 2000 0 500 1000 1500 2000

F1GURE 3. T cell populations with constant-dose treatment. Here, we set npy = 0.1
and nrT1 = 0.25. Uninfected T cells are black, those infected with wild-type virus
are purple, those resistant to type 1 are blue, those resistant to type 2 are green,
and those resistant to both are red.
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FIGURE 4. T cell populations with stronger constant-dose treatment. Here, koo =
0.57, ko1 = 0.44, and k19 = 0.44, and we set np; = 0.2 and nrT1 = 0.25. Uninfected
T cells are black, those infected with wild-type virus are purple, those resistant to
type 1 are blue, those resistant to type 2 are green, and those resistant to both are

red.

1200 140
1000 120
800 100
80

600
60

400
40
200 20
0 0

0 50 100 150 200 250 o 50 100 150 200 250

FIGURE 5. T cell populations with stronger dosing. Here, we substitute the fol-
lowing values for those in Table 1: s = 0.45, p = 0.2, Tmax = 2,200, 7 = 0.1,
oo = 0.5, do1 = 0.55, d10 = 0.55, 611 = 0.65, oo = 0.00065, Bo1 = 0.00055,
Bio = 0.00055, B11 = 0.0005, Boo = 0.00065, po1 = 0.0025, pi0 = 0.003,
o1 = 0.0025, and 7i,; = 0.003. We also set np; = 0.2 and nrr1 = 0.25. Un-
infected T cells are black, those infected with wild-type virus are purple, those
resistant to type 1 are blue, those resistant to type 2 are green, and those resistant
to both are red.
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7.3. Discussion of results of numerical analysis. The results of the numerical
analysis in the previous section are representative of the variety of behaviors under
different treatment regimes, and with various parameter values. The behavior of
the graphs could vary greatly if parameter values were varied, even if by only a
few percentage points, regardless of the treatment scheme. Surprisingly, we found
that structured treatment interruptions (STIs) did not differ qualitatively from
constant-dose treatments. The numerical solutions obtained using STIs are very
similar to those with constant dosing schemes, as shown in Figures 3—5. We found
this to be true for STIs of varying lengths, from cycles of seven days on and seven
days off, to cycles of 120 days on and 120 days off.

For comparison, we cite two studies that confirm such results in the clinic. The
retrospective clinical study by José Molté et al. [20] found no statistically signifi-
cant difference after forty-eight weeks in outcome between a group of patients that
had undergone STIs (six cycles of two weeks off and four weeks on) and a group
that had been on constant-dose therapy without STIs. A study by Annette Oxenius
and Bernard Hirschel [26] compared cohorts on STIs with those not on STIs. Their
findings also indicate that STTs does not lead to a statistically significant difference
in outcome for patients who started STIs during the chronic phase of HIV infec-
tion. However, they did find statistically significant differences in outcome between
cohorts in the acute phase of infection, with STI patients faring better. This indi-
cates that our model would need to be changed to model the acute phase of HIV
infection accurately.

8. Conclusions. We have proposed a new model for HIV with two different types
of resistance to treatments. We have performed the preliminary mathematical
analysis on the model, and have tested the model qualitatively using numerical
simulations. Data collection to determine more of the unknown parameter ranges
would enhance the results. This model could also be used and refined to include
other aspects of HIV dynamics interaction. One example is the incorporation of
the effects of immune system-boosting treatments in patients with HIV.

Having this model now allows us to set up the optimal drug-dosing problem for
PI and RTI treatments, which is the subject of our next paper. Given estimates
of the mutation rates of HIV, the most effective dosing levels over time can be
predicted for treatments. In the case of unlimited resources, optimal dosing could
substantially increase the period in which a patient remains healthy, which is es-
pecially important for treatments to which diseases eventually develop resistance.
Since drugs for HIV can cost thousands of dollars per month, a constrained optimal
dosing solution, for limited resource scenarios, would be valuable as well. Further
work predicting optimal combinations of PIs and RTTs would also be of great benefit
in the treatment of HIV.
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