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1. Introduction

Approximation theory emerged in the late nineteenth century with Weierstrass’s theorem, which
states that every continuous function on a closed interval can be uniformly approximated as closely as
desired as shown in [1]. Bernstein later provided a constructive proof of this theorem by developing a
practical method for constructing approximating polynomials using concepts from probability
theory [2,3].

In 1959, Paul de Casteljau and, later, in 1962, Pierre Bézier independently studied mathematical
representations of automobile bodies [4,5]. These developments led to Bézier curves, which are based
on Bernstein polynomials and can be intuitively controlled by designers through control points. The
partition of unity property of the Bernstein basis functions ensures that the curve remains within the
region defined by the control points, while the variation-diminishing property limits undesired
oscillations relative to the control polygon [6]. These curves, now known as Bézier curves, derived
from Bernstein polynomials, have become essential tools in diverse fields such as automotive design,
typography, computer graphics, animation, and engineering [7].

Subsequently, in line with requirements from mathematics and applied sciences, the field was
expanded with different perspectives to improve the speed and quality of convergence. In 1930,
Kantorovich produced a modification by taking the integrals of the functions instead of their values [8].
In 1937, Chlodowsky presented a modification applicable to functions defined on an infinite
interval [9]. Approximately thirty years later, Durrmeyer developed a modification based on integrals
involving both the basis functions and the function being approximated [10]. In 1968, Stancu
introduced additional parameters to improve the flexibility of the approximation process, control the
rate of convergence, and reduce boundary effects [11].

In 1997, Phillips extended the theory to g-calculus by using g-integers instead of standard integers
in the operator he defined [12]. Another important development was the extension of approximation
operators to infinite intervals. Szasz-Mirakyan and Baskakov examined the operators they defined in
this context [ 13,14]. Phillips and Schurer conducted studies aimed at increasing the rate of convergence
by introducing parameters into their operators [15]. In 2010, Gadjiev and Ghorbanalizadeh developed
Stancu-type modifications for both univariate and bivariate cases by improving the parametric
structure, which allows faster adaptation to the continuity properties of functions and provides better
control over the convergence behavior [16]. The combination of existing approximation operators with
fuzzy theory has also contributed to the development of various hybrid operator frameworks [17].
Studies based on post-quantum calculus have also introduced important operator classes and provided
a basis for further interdisciplinary research [18-20].

To address the requirements of different fields, researchers have developed more flexible
operators, particularly by incorporating additional parameters. These developments have contributed
to the discipline through Stancu-type operators and their generalizations. In this regard, several
important generalizations of the Stancu operator have been introduced [21-24].

Among the significant extensions of the Bernstein operator, the A-Bernstein operator plays a
notable role. In 2010, Ye et al. defined the A-Bernstein operator using linear combinations of the
classical Bernstein basis functions [25]. For the parameter A € [—1,1], this operator can improve the
rate of convergence without changing the control points of the curve or surface and may reduce
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endpoint errors. The A-Bernstein operator has recently attracted considerable attention and has inspired
the construction of various related operators [26—30].

Recent developments in intelligent systems, image processing, and mathematical modeling have
increased the need for flexible approximation tools. In accordance with previous studies, the present
paper aims to address a gap in the literature by combining the DD Stancu operator introduced in [22]
with the A-Bernstein modification proposed in [25]. In this context, the main properties and theoretical
structure of the proposed operator are examined in detail. Furthermore, selected application-oriented
examples involving visual data representation and vascular geometry visualization are presented to
illustrate the applicability of the proposed operator from both theoretical and geometric modeling
perspectives.

In this study, the application-oriented geometric models are constructed using the basis-function
structure associated with the proposed operator, together with selected control points. Since the
operator in Definition 3.3 is generated through the product of two basis functions, these basis functions
determine the weighting mechanism used in the Bézier-type representation. Thus, the resulting curves
and surfaces are not intended as independent standard Bézier drawings but rather as geometric
visualizations influenced by the basis structure of the proposed hybrid operator.

Highlights
* This study combines modified DD Stancu and A-Bernstein operators within an interdisciplinary
approximation-theoretic framework.

* The proposed parametric operator satisfies the conditions of Korovkin-type convergence.
* It provides flexible geometric control for representing structural variations in vascular geometry.

* It connects approximation theory with geometric modeling, vascular visualization, botanical form
representation, and entomological form modeling.

* The model enables flexible geometric representation of natural leaf structures and butterfly wing
forms, including inner curves and vein-like structures.

The study is organized as follows: Section 2 presents the basic definitions and preliminary results
required for the study. In Section 3, a new operator is introduced by incorporating the A-Bernstein
modification into the DD Stancu operator introduced in 2022. It is shown that this operator satisfies
the required conditions for Korovkin-type convergence, thus guaranteeing its suitability from the
perspective of approximation theory. Furthermore, the properties that the basis functions must satisfy
in Bézier-type curve constructions are examined in detail, and the results are supported by graphical
illustrations. In Section 4, geometric models based on the defined A-basis functions are presented to
illustrate selected vascular geometry variations, such as narrowing and widening, in the context of
coronary vessel visualization. The final section is devoted to discussing the research findings and
conclusions reached.

2. Background and preliminaries

An important development occurred in 2010, when Gadjiev and Ghorbanalizadeh refined Stancu-
type modifications for both univariate and bivariate cases by improving the parametric structure. These
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modifications offered a more flexible framework for approximation operators, allowing them to
capture a wider range of functional behaviors. Since 2015, several variants of these operators have
been introduced and extensively studied in the literature. For example, Acar and Aral examined
weighted approximation properties based on the modifications of Gadjiev and Ghorbanalizadeh and
obtained stronger convergence results by combining them with classical Bernstein-Chlodowsky
structures [31]. Mursaleen et al. focused on q-Bernstein-Stancu-type operators, revealing a more
symmetric and efficient structure through moment and central moment analyses [32]. Furthermore,
Yang et al. investigated multivariate Stancu operators defined on a simplex and established their
approximation properties, demonstrating convergence behavior and effectiveness in approximating
multivariate functions [33]. Lin et al. studied the modified A-Bernstein-Stancu operators and
established their main approximation and convergence properties [34]. Gupta introduced and studied
a Kantorovich variant of Stancu operators and established their approximation properties, including
convergence behavior and error estimates within the framework of positive linear operators [35].
In 2022, Guven and Bilgin defined a two-parameter Stancu-Gadjiev operator and examined its
important approximation properties. These studies indicate that Stancu-type modifications play an
important role in modern approximation theory, from both theoretical and applied perspectives.

The basic definitions and preliminary results relevant to this study are presented first.

The following definition recalls the operator introduced in [22], whose A-modification is
introduced in the next section. Throughout this section, it is assumed that

ar n+a2
Fﬁz_xsn%, 0<a,<a; <Py <fyandn > af.
Definition 2.1.
a, \m+a B-j
ps= (1) (i) g
] n-+ ﬁz n+ ﬁz
k n—af—-k
_m—apf _® n+a2_ >
Poapsc) = ("7 )<x n+ﬁ2> <n+ﬁ2 g '
. ay n+a; ar n+ay| .
the operator N;, 4 g: C [_n+ﬁz , n+[>’2] -C [n+ﬁz , n+[>’z] 1s defined as
(@—1)B—n _ kti
Nnap(f0) = (1) i’ Paapr () Xy Po COf (542). (1)

This operator is referred to as the two-parameter Stancu-Gadjiev operator in [22]. The following
equalities hold [22].

B B . b
o D=3 ) e (e (2
) n-ap n-apf n—aB @, \k/m+a, n—af—k
D kZO Prapr(x) = kz; ( k )<x_n+ﬁz> (n+ﬁ2_x>

AIMS Mathematics Volume 11, Issue 7, 22277-22315.



22281

- (n rﬂz)n—aﬁ

Some important properties of the basis functions used in the analysis of this operator are presented in
the following lemmas.
Definition 2.2. The original Bezier curve with control points P; is defined by

P(t) =X oBin(t) P,
where

B, n(t) = (’Z) ti(1 — t)n-t t € [0,1]

is the Bernstein basis function of degree n.
Forn = 2 and t € [0,1], the Bézier basis functions with a shape parameter are defined by

BOn(t) - BOn(t) /1 Bln+1(t)

n-2i—-1

TlBi+1,n+1(t)>a

Bin(®) = Bin(® + 2 (22 B (6) -

=~ 1
Bn,n(t) = Bn,n(t) - AmBn,rHl(t)a

where A1 € [—1,1] is the shape parameter [25].
Definition 2.3. A Bézier curve with a shape parameter and control points P; is defined by

P()=) PBin(),  telod],
i=0

where Ei'n(t) denotes the Bézier basis function with the shape parameter A [25].
Lemma 2.1. Forallj = 0,1, ..., 3,

o) = (o) [ By 00 4 L By )]

p+1 p+1
Lemma 2.2. Forn—aﬁeNande[ B]foreverykEOl ,n—af
+B B+1—k k+1
n af, k(x) =2k [nnaaﬁ-'_l n—a[)’+1,k(x) + mpn—aﬁ+1,k+1(x)]

Since the preliminary information on the operator has been presented, the new operator is introduced
in the next section.
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3. The structure of the new hybrid operator

In this section, inspired by the structure of operators defined in the literature, a new modified
double-sum operator will be defined using the A-parameter.

The use of basis functions in Bernstein-Stancu-type operators is essential for describing the
analytical structure and geometric behavior of Bézier-type curves. This approach connects the
parametric flexibility of the operators with geometric modeling techniques and provides a useful
framework for visual representation. In this context, the analysis of the basis functions supports the
interpretation of the corresponding curves and their approximation properties. Therefore, the following
definition is introduced as a basis for the subsequent theoretical and application-oriented sections of
the study.

Definition 3.1. For 1 € [-1,1], j = 0,1, ..., 8, the A-modified form of the internal basis functions

Pg j(x) is denoted by P( )(x) and is given by the following equalities.

For the endpoint indices:

P (00) = Pyo(x) — A———Ppr11 (%),

B +1

P (0) = Py p(x) = Am——=Pgy1 5 (),

p+1

and for intermediate indices 1 < j < f —1;

2i+1 2ji—1
P()D(x) = Pp ;(x) +l<ﬁ BT S Pgyq,j(x) — ﬁﬁ—]lpﬁﬂjﬂ(x))

Definition 3.2. For 1 € [-1,1], k=0,1,...,n — af, the 1-modified form of the external basis

p @)

function P,_4p x (x) is denoted by Zap, (%) and is given as follows.

Endpoint indices:

1
A
P( )30(96) = Pr_qpo(x) — lm}’n-aﬁu,ﬂxl

A
P( )aﬁn aﬁ(x) = Py aBn- a,B(x) mpn—aﬂ+1,n—aﬁ(x)-

For the intermediate indices 1 < k < n — aff — 1, the following equality is obtained:

n—af —2k+1 n—af —2k—-1
P(A) k(x) = ( (n _ aﬁ)z -1 Pn—a[)’+1,k(x) - (n _ C(,B)Z 1 Pn—aﬁ+1,k+1(x))

+Pn—aﬁ,k ().
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The A-modified basis functions allow us to introduce the following hybrid operator and provide a basis
for the application-oriented geometric models considered in this study.

Definition 3.3. Using the definitions of P( ) ap, (%) and Py @ )(x) the two-parameter hybrid operator is

defined as follows:

(a-1)f-n n a +ia
N = () S R 0T P (B). @

n+pB,
For a clearer analysis of the proposed operator, its basis functions are stated explicitly below.
Remark 3.1. If A = 0, then Pﬁ(f}) (x) = Pg j(x) and P,Q()_lzxﬁ‘k(x) = Pp_qpx(x). Hence, the A-modified

structure reduces to the operator defined in (1).
The positivity and linearity properties, which are essential for the validity of the approximation
results, are discussed in detail for this operator.

Theorem 3.1. The operator N,, @ B( f, x) is linear and positive.

< < n+0(2 )
.32 n+p;

01,..,8,k=01,..,n—af

Proof. Assume that 0<a,<a;<pP;<PByandn>ap, forall 1€ [-1,1],j =

n (a-1)p-n
<n + ,32) > 0,Pg,(x) = 0,Py_gpi(x) = 0.

For the intermediate indices 1 < j < f§ — 1, the following equality is obtained:

e A T )

Since P j(x) = 0, it is sufficient to show that the expression in brackets is nonnegative.

PO (x) = Py ;(x) [1 b2 1{

,8—2j+1(n+a2_x>_,8—2j—1<x_ ay )

B+1—j \n+p, j+1 n+p,/)
The expression above is linear in x.
,8—2j+1( n > a,
<1<p-1f =—
Bri—j \nyp)|Stsp-Liorx=2mrg
| p—2j+1 (n+a2 ) p—2j—1 ( a2> <p-1,
B-DE+1-j)\n+p, B-DG+1D n+ B,
for
_n+a2
_n+ﬁz.

Also, |A| < 1. Then
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| || p—2j+1 (n+a2 ) p—2j—1 ( as ><1
- —-x) - - X — <1.
B-—1IB-DB+1-j))\n+p, B-DG+1D) n+p;
So,
_ L-2j+1 nta, _ p-2j-1 _m
1= B [N (n+ﬁz x) B-DG+D) (x n+ﬁz) =1

Therefore, here Pﬁ(”}) (x) = 0.

For the endpoint, since Pz o(x) = 0 and P g(x) = 0, the required nonnegativity follows directly
from the definition.

=04l

Since 1] <1, it follows thatl(x— %2 )Sl and OSl—/l(x— %2
n+p n+

) are obtained. Hence,
2

2
p@) (x) > 0.

For the remaining endpoint index j = f3,

= o] aﬁilci;:z J

is obtained. Using [1] < 1, 4 w <1and 0< 1 — A (222 — ). It follows that, j 10 (x)=0.
n+p n+p B.B

2 2

The nonnegativity of the remaining basis functions follows similarly.
Remark 3.3.If 1 = 0, thenN( )B(f x) = Npgop(f,x).

To apply Korovkin’s theorem, the action of the operator on the test functions is examined.
Notation 3.1. For clarity of presentation, the following notation is adopted in the subsequent analysis.

n Fy— az Py— Fy— 1 Py—
AT A
2 _ 2
M(o): = {rxoé + x 52(9 Dl ’

_ko A[(E — K)ot  gotl — gotl 4 9pfe]
fler=7 @D '
k(o — 10T — (& — k) +@F — ot + 2x£}

Gl = (o — 1)¢e '

Lemma 3.1. For the operator defined by (2), the following equalities hold:
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ONP.(1,x) =1,

n,a,p

(if) Ny o (6, x) = g[H(@)+a,H(B)],

0
Al 2k—1D(e—2k+1)
0 2 _
§e L 0“—1

(DN 5 (£2,x) = Por1e(x) + 2a:6%G ()G (B)

(21' -DB-2/+1

a,’¢? |M(B) + 2 571

j=1

Pgy1,;(0) | + M(0).

To examine the convergence properties of the proposed operator, its limiting behavior on the test
functions used in the Korovkin-type approximation theorem is considered.

N

n,a,p

Lemma 3.2. For the operator (t, x), the following limits hold:

@ lim N (1,%) =1,
n—oo

(i) lim N (¢, x) = x,
n—oo

n,a,p
(if) lim N o (¢2, %) = x?
n—oo

The following Korovkin-type theorem states that every continuous function on the considered space
can be uniformly approximated by the proposed operator.

n+a,
+ﬁ2 n+ﬁ

n+a2
+,82 n+,8

Theorem 3.2. Forxe[ ] 0<a,<a;<pB1<fy,n>af andforall f € C[

Tim ||V (f, ) - f(x)|| 5 nsaq) = O

Tl+B2 Tl+B2

The proof follows directly from Lemmas 3.1 and 3.2.

Following the approximation theorem, error estimation is an important component in evaluating
the effectiveness of the proposed operator. The main purpose of the operator is to approximate a given
function with respect to specific parameters. However, the reliability of this process depends on
determining appropriate error bounds for the resulting approximation. Through error analysis, the rates
of convergence and degrees of accuracy of the operators can be examined, thereby supporting the
transfer of theoretical results to practical applications. In particular, the flexibility of the parametric
structure enables more effective error estimation for different classes of functions. Therefore, in this
study on DD Stancu operators, error estimation is viewed not only as a technical detail but also a
fundamental criterion for demonstrating the effectiveness and mathematical value of the operator.

Error estimates are obtained using the modulus of continuity to determine the rate of convergence
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of the operator.

Figure 1 illustrates how various error metrics (maximum error, mean error, and RMS error)
change as the parameter A varies. A vertical dashed line indicates the A value that yields the minimum
maximum error, representing the optimal A found through the search.

T
1
i
0.30 A !
1
1
1
1
1
0.259 |
1
1
g i = Maximum error
g i Mean error
5 0.20 1 ! ——— RMS error
= 1 --=- BestA=-0.3000
w I
i
1
1
0.154 |
i
1
1
1
i
0109 |
1
-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3

Figure 1. Error metrics with respect to A.

In Figure 2, the exact function f (x) is compared with two approximations: the classical case (1 = 0)
and the approximation using the optimal A identified in Figure 1. It demonstrates the improvement in
approximation accuracy achieved with the optimized A value.

1.0 4
0.8 A
0.6 A
)
=
< 0.4 A
0.2 A
0.0 = Exact function f(x)
= = (Classical case (A =0) \\
Best case (A = —0.3000) *
_02 - T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 2. Classical approximation and optimal A-approximation.
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Figure 3 compares the absolute error curves for the classical approximation A = 0 and the
approximation using the optimal A value. It highlights the regions where the approximation obtained
with the optimal A value reduces the error compared with the classical case, providing a clearer

understanding of the benefits of optimization.

0.30{ == ErrorforA=0
Error for best A = —0.3000

<

N

(9]
1

(f, x)|
o
N
o

(A)
Nn.cr.ﬁ
e
=
(8]

0.8 1.0

Figure 3. Error comparison: Classical case vs optimal A.

Figure 4 shows that changes in the A parameter directly affect the approximation behavior of the
operator; specifically, positive 4 values provide a closer approximation to the reference profile,

whereas negative A values lead to larger deviations from the curve.

AIMS Mathematics

Volume 11, Issue 7, 22277-22315.
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— ) =—0.60

2.0 w— A =-0.30
w— A =0.00
m— A =0.30
w— A =0.60
== reference (A =0.52)

1.54

1.04

>
0.5
0.0
-0.54

0.0 05 10 15 20 25 3.0 35

Figure 4. Operator approximation to the curve for several 1 values.

Figure 5 illustrates the approximation of the exact function f(x) = sin(mx) by the A-modified
operator N,Eﬁz'ﬁ(f, x) for different values of n. As the parameter n increases, the approximation

generally improves, demonstrating the convergence of the operator to the exact function.

1.00 1

0.75 4

0.50 4

0.25 4

Value

0.00 4

—0.25 Exact function fix)
— N elfx) n=8

— N a(FX), n=15

—0.50 4
— N plFX), n=25
— N (f x). n=40
—-0.75 4 e pf. )
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
X

Figure 5. Approximation by the A-modified operator.
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Figure 6 presents the absolute error between the exact function and its approximation by the A-
modified operator for various values of n. The figure illustrates that larger values of n lead to smaller
approximation errors, indicating improved accuracy of the operator.

= Error (n=8)
Error (n=15)

129 —— Error(n=25)

= Error (n=40)

1.0 4

0.8

0.6

Absolute error

0.4 4

0.29

0.0+

T T T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Figure 6. Error analysis of approximation.

For the considered function f, the approximation behaviors of the classical-type first operator
given by Eq (7) in [30] and the proposed hybrid operator are compared in terms of the maximum
absolute error in Figures 7 and 8. The numerical results show that, under suitable choices of the
parameters A, a1, @5, f1, B2, @, and B, the proposed hybrid operator approximates the target function
with a smaller error than the first operator. This improvement can be attributed to the double-sum
structure of the new operator, which consists of inner and outer basis functions and allows a more
flexible distribution of weights. In particular, the additional parameters a and f provides an extra
degree of adjustment, enabling a more accurate approximation for certain classes of functions.
However, this superiority should not be interpreted as a universal result for all parameter values and
all functions. The performance of the new operator depends on the selected parameters, the
admissibility condition (n — aff > 1), and the behavior of the target function. Therefore, the main
advantage of the proposed operator is its ability to yield better approximation results under appropriate
parameter choices and its flexible structure, whereas its main limitation is that the observed
improvement is parameter-and function-dependent rather than general. Consequently, the numerical
findings indicate that the new operator can serve as a more effective approximation tool than the first
operator, provided that the parameters are chosen carefully to achieve optimal performance.
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Approximation Curves Absolute Error Curves

L4 fx) = V1 +x2 0175 {| fix) = V1 +x2

0.150 4

0.125 1

s
e
5 0,100 — [Calf X1 = (0
g First operator max error = 0.185310 ICnlf. foal
2 New hybrid operator max error = 0.008248 [Nalf, ) = Fx)|
2
g 0.075
<

114 0.050 |

—_— =14 0.025
First operator
1.04 = New hybrid operator 0.000 4
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
X X

Figure 7. Approximation comparison for f(x) = V1 + x2.

Approximation Curves Absolute Error Curves
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INn(F, x) — flx)]
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=
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@

First operator max error = 1.287325
7 |New hybrid operator max error = 0.236607

| = fix) =1 - cos(4e)

First operator \/
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o
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o
)

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Figure 8. Approximation comparison for f(x) = 1 — cos(4e”).

The modulus of continuity provides a fundamental framework for determining the rate of
convergence and evaluating the approximation behavior of the operator in the theoretical setting of
this study.

a n+a;
Tl+ﬁ2 ’ n+[32

Theorem 3.3. For x € [ ], 0<a,<a, <Py <P, and n > af, then, for sufficiently

large n,

2 yl
VD0 = | <20 (£, NDye - 020 )
Proof. Since NT(JB'B((t —-x)%x) < S, for a suitable constant K > 0, it follows that

N0~ £ < 20 (£, =),
where C > 0 is a suitable constant. Taking
K:=M,+2(1+ a,)M,,
My =B, — B —aBl + aBB]l(1 + az) + (1 + Blay + ay f(1 + ay) + |/1|(23'@2 + 3)
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|4y

RS

(2(1+ B)F +3),
Myi=(1+B,)+ (2aB +1+2p +af(af + 1)+ p*)(A + B)? + 2B, + 3

2
+X1+%ﬁw+ﬁ+¢Mwm+%§mu+ﬁﬁ+ﬁw—4X1+mY+4MM]

|14
B -

Therefore, the desired inequality follows by standard algebraic computations.

+2a,[(1 + B)n + |A(2€P2 + 3)] |B(L + ) + — | (Z(n + B)F +3)|.

The Lipschitz-type approximation provides a useful framework for evaluating the convergence
behavior of the proposed DD Stancu-type operator. Since the Lipschitz condition is a standard tool for
measuring the smoothness of functions, it allows error estimates to be expressed in terms of the
regularity of the approximated function. Moreover, the analysis of functions in Lipschitz classes helps
clarify how the operator behaves under different parameter choices. Therefore, the Lipschitz-type
approximation is considered a complementary part of the theoretical analysis of the proposed
Bernstein-Stancu-type operator.

The convergence theorem for functions in Lipschitz classes is given below.

n+a,
n+py’ n+p,

Theorem 3.4. For every x € [ ] and for f € Lip(y),0 <y < 1, there exists a constant

M > 0 such that

Y
2

INDy (0 - F| < m ()

The proof follows from Lemmas 3.1 and 3.2.
The following relation for the A-modified basis functions is useful in explaining the analytic
structure of the operator.

n+a,

n+Bz’ n+pB;
(i) For the boundary case k = 0,

0 = (L5 gty e () )

Theorem 3.5. For all x € [ ] and 1 € [—1,1], the following properties hold.

(ii) For the interiorcase 1 < k <n—aff — 1,

p@ n+p\n—af+1—k n—af—2k+1
aﬁk()_[( n ) n—af +1 + (n—aﬁ)z—l Pn—a’,B+1,k(X)

+[(n+,82) k+1 n—af —2k—-1

n n— aﬁ +1 - (n _ aﬁ)z -1 Pn—a,B+1,k+1(x)-
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(iii) For the boundary case k = n — af3,

P imag = (222) By g apn 0 + Pr-aprin-ap(®) < (Rt A)_

n—af +1 n

ay n+a,
Tl+ﬁ2 Tl+ﬁ2

Proposition 3.1. For all x € [ ] nd 2 € [-1,1], B (x) = 0and B2, (x) 2 0.

The A -modified basis functions satisfy a specific symmetry property, which is stated in the
following lemma.
Lemma 3.6. The following equalities hold:

(/1) &) n+2a2 -
(l)P (x) = Pﬁﬁ 1<n+,82 —x), forj =0,1,..., 8.

o)) ) n+2a2 _
() Blop i) =P opn-ap- k(rﬁz—x , fork=0,1,..n—ap.

The linear independence of the basis functions is established in the following lemma.
Lemma 3.7. The following properties are satisfied:

(l)z PP @) =0 ¢ =0,

n—af

(ii) Z PP 5 () =0 dy = 0,

n+a,

n+p;’ n+p,

ar n+a;
X1 = .
n+B2 n+B2

Proof. (i) For each x € [ ] and A € [—1,1]. Using the endpoints x, =

the left endpoint x = x,, the endpoint property of the basis functions gives Fy @ )(xo) > 0, P(’D (xg) =

0,j=1,..,5
Here, P( )(xo) =0, then ¢, =0 is obtained. When x=x,;, for j=0,1,..,—1,

then P('D (x1) >0, P('D (x1) = 0, therefore, cg = 0 is obtained.

After taking the i-th derivative of both sides and setting x = x;, the following equality is
obtained:

B
ch P(’D (x)—O j=1,..,8-1

j=0

®
Then, P(’D(x) contains at least one factor (x —x,)’. If j > i, then (Pﬁ('})) (xo) =0, and also
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(Pﬁ(’})) (x9 ) > 0. Therefore, the coefficients ¢y, cy, ..., cj—1 have already been shown to be zero.

Upon setting x = x,, only the term with j = i remains. Thus,

(P[,S?) (x,) = 0.Since (P,}l)) (%) >0,¢,=0, j=1,..,8-1

Consequently,
Cg=¢ ==¢=0.

This completes the proof of (i).

The proof of (ii) is obtained by a similar technique.

The integral formulas involving the basis functions of the operator defined in (2) are given below.
Lemma 3.8. The following properties are obtained:

X1 n L+1 1
(i)j P, .(x)dx = ( ) _—
ey 7 n+p,) B+1
(ii) Forallj =0,1,..., +1
X1 n \Atz 1
Psiqi(x)dx = ( ) —_—
iy L n+p,) B+2

The integral properties of A-modified basis functions are given below:

n+a’2

Proposition 3.2. For A € [-1,1] and x, = ni—zﬁ,xl = ih
2

, the following identities hold:

fxo o C)dx = (n :ﬁz)ﬁﬂﬁ Jlr 173 Jlr 1 (n :ﬁz)mﬁ Jlr 2

fxo Py Cdx = (n :ﬁz)ﬁﬂﬁ Jlr 173 Jlr 1 (n :ﬁz)m I Jlr 2

for intermediate indices 1 < j < 8 —1;

(l) n B+1 1 21 n B+2 1
f P (x)dx = ( ) + ( )
X0

n+ B, B+1 pZ—1\n+p, p+2

The proof follows directly from Lemma 3.9 and the definitions of the A-modified basis functions for
the boundary and intermediate cases.

n+a,

Tl+ﬁ2,

Proposition 3.3. For x, = —%and x; = A € [—1,1], the following identities hold:

Tl+ﬁ2
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) 1 n n—aff+1 _ ni
%o P “ﬁo(x)dx n—af + 1(n+,82) [ (n+pBy)(n—apf +2)1
) 1 n n—af+1 _ ni
xo P n-apn-ap (¥ = —aﬁ+1(n+,82> [1 m+B)(n—af +2)I

intermediate indices 1 <k <n—aff — 1,

) B n n-af+1 2nl
fxo Froap ()X = (n + :32) (n—ap)2— D+ ) (n—af +2)(n—af + 1)

+m]-

Within the structural analysis of the basis functions, their unimodality properties are examined in detail
using a method similar to that described in [25].

The unimodality argument used in this theorem is inspired by the approach of Ye et al. [25], who
proved the unimodality of lambda-modified Bernstein basis functions through their Bézier curve
representation and the variation-diminishing property. In the present study, this idea is adapted to the
product-type basis function arising from the double-sum structure of the proposed hybrid DD Stancu
operator. Thus, the contribution here is not the introduction of a completely new unimodality principle,
but rather the verification that this property is preserved under the lambda-modified product basis
structure of the proposed operator.

Lemma 3.9. For fixed indices j = 0,1, ...,5 and k = 0,1, ...,n — af, the A-modified product basis

n+a2]
n+B;’ n+p,

funCtIOIl (pk )(x) 1S unll’nOdal on the lnterval |

Proof- Forn > 2 and j = 0,1, ..., B, the A-modified basis function is written as

2i+1 2ji—1
P(A)(x) = Pp ;(x) +l<ﬁ 57 S Pgyq,j(x) — ﬁﬁ—]lpﬁﬂ]ﬂ(x))

First, it is shown that P( )(x) is unimodal.

From the definition of Pg ;(x), the following relations are obtained:

,B‘l'l <n+a2

Bri—j n+ﬁz_x)PB'j(x)

Pﬁ+1,j(x) =

and
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,8+1( a;y

— Pe :(x).
j+1 x n+ﬁ2) 5. (%)

Pﬁ+1,j+1(x) =

Substituting these relations into Pﬁ i (x) gives
pb—2j+1 n+a2 p—2j—1 as
DB+1-Pn+B,  B-DG+Dn+ 5

_{ p—2j+1 4 p—2j—-1 }x]
B-DE+1-j) B-DG+D)T

AP () = Py (0){1+ [ e

Using the positivity of P(’D (x), taking logarithms yields

B—2j+1 n+a2+ B—2j—-1 a,
DB+1=-)Dn+p B-DG+Dn+p;

n{P ()} = Py ;(x) + Inf1 +2 [ G

_{ B—2j+1 4 B—2j—1 }x]
B-D@E+1-) E-DG+D)T

The derivative of {lnP[,a' j (x)} is decreasing, since

(InPry ) = (x—-2) " (B (2 —x)

n+pB, n+pB,

{inpp 0} =~ (x— ) - - P (E2-x) " <0,

n+pB, n+pB,
On the other hand, the second factor in the representation of P( )(x) is denoted by M (x). Then,

p—2j+1 n+a2+ p—2j—-1 a,
-DB+1-pPn+p, B-DG+Dn+p;

In[M(x)] = In{1 +2 [(ﬁ

o -’Eéjf = M (ﬁﬁ—_l%_:n} g
g —ﬁﬁ(?: i nr (ﬁﬁ— 1?(1111)}
M) = e
B—2j+1 B—2j—1

(In[M G = ~2* {2 | meor <

“DB+1-) B-DG+D

Since {In[M(x)]}" <0, the derivative {In[M(x)]} is decreasing. Since both [lnPﬁ(,'})(x)] and
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{In[M(x)]} are non-increasing, it follows that — lnP (x) is non-increasing. Moreover,

M
P(/l) [Pg) @)
(x) = o
Pgj (x)

Since this logarithmic derivative is non-increasing, it can vanish at most once. Therefore,

[P(/D (x)] can change sign at most once, which implies the unimodality of Pﬁ(,’}) (x). By the same
argument, the unimodality of P( ) ap i (X) follows.

Thus, for the product basis function gaw (x), the logarithmic representation is given by

lngo(’l) (x) = lnP(’D (x) + lnP(A Y (x).
By differentiating both sides, the following equality is obtained:

ln(pm(x) lnP(A)(x) lnPﬁ)a (0 ’.
B,

Since the right-hand side is the sum of two non-decreasing logarithmic derivatives, it is also non-

!
decreasing. Therefore, {lmp,({,lj) (x)} is non-increasing.
!
Since @, ; )(x) > 0, the zeros of { ,E’lj) (x)} coincide with those of its logarithmic derivative. As
!
this logarithmic derivative is non-increasing, it can change sign at most once. Hence, {(p,gj) (x)} can

change sign at most once, which implies that the unimodality of <p (x) is obtained. This completes

the proof.
The A-modified basis functions satisfy the partition of unity property, which is stated in the
following lemma.

n+a2]

Lemma 3.10. For every x € [n+ﬁ o
2 2

n (a-1B-n « b W ®
(n+ﬁ2> Z F.” [)’k(x)ZP (x) = 1.

Proof.
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n VP @
K:=(n+ﬁz) ]Zop ),
n aﬁ—nn_aﬁ )

L= (57) kZOP g ()

The left-hand side is divided into two factors K and L. It suffices to show that K - L = 1.

_(n+[32) {(n+/32) g1l = Agm g P (0

2j+1 —-2j—1
+AZ (ﬁ J + Pﬁ+1,j(x) - ﬁﬁz—ilpﬁ"'l'j"'l(x)) .

The remaining terms cancel as follows:

2B-2(j+1)+1 2B-2j-1
AZB ﬁi 1 Pﬁ+11+1(x) /1261 5211 Pﬁ+1]+1(x)—0

By applying the same cancellation argument to L, L = 1. Since K = 1 as well, it follows that K - L = 1.
This completes the proof.

A new Bézier-type curve associated with the operator NTE”B’B( f, x) is introduced in the following

definition.

Definition 3.4. For ¥, = f (“22),j = 0,1,..., f and k = 0,1,...,n — aff and for A € [~1,1], let

n+[5’1 ’

(A) (x) and P(/1 — Bk (x) denote the A-modified basis functions. The A-modified double-sum Bézier-

type curve is defined by
3% n_\(@DE-m n-af p) B p®
2 = (35) s o B O .
n+a’2
where Bz <x< —

The endpoint interpolation property of the defined Bézier-type curve is stated in the following
lemma.
Lemma 3.11. Let P ;(x),j = 0,1, ..., 8, denote the A-modified internal basis functions for 1 € [—1,1].

Then, the endpoints of the curve 2’3 B (x) satisty

% a \ _ w (Mta) _
SBn,a:,ﬁ' (n + ﬁz) - ¢0,0 and SBn,o:,ﬁ (n + 32 - ¢n—aﬁ,ﬁ-
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The derivative values at the endpoints of a Bézier-type curve determine the direction of the tangents
at the starting and ending points.

Theorem 3.6. For the A-modified double-sum Bézier-type curve, the first derivatives at the endpoints
are given as follows:

O (22) - () -+ 1] -

+]8 + 2| (o = w00)}

0 (520 = (1) ot 3] o)

+ [ﬁ + ﬂn:—ﬁz] (Yn-app — ‘/’"-“W‘l)}'

Proof- The terms corresponding to j = 0 and j = f§ are first calculated separately.

2 ppo) = (n+a2 )B_l a2 by p) = (x-—=2 )ﬁ_l
dx POV = 'Bn+ﬁ2 x R pp(x¥) =B (x n+pg,/

For the intermediate indices 1 < j < f — 1, the following derivative relation is used:

d
aPﬁJ(X) = ﬁ[Pﬁ—l,j—l(x) - Pﬁ_ld(x)]

The derivatives for the endpoint indices are as follows:

%Pf%) (n izﬁz) - (n :ﬁz)ﬁ_l [ﬁ +4 (n fﬁ)]’

w6 =) s

For intermediate indices 1 < j < f — 1,

—-2j+1 —2i—1
I Pﬁ(’})(X) Pﬁl’j(X)—i_/l(ﬁﬁzi-ll_ Pﬁ+11( x) — [;'3—]1PB+1]+1(x))

Substituting these relations into the derivative formula for the intermediate indices yields the following
endpoint values.

a
For x = —2
n+

) [+ 2558

At the left endpoint x, = %, the following values are obtained. For j > 2,
2

= 1 ’ dx Pﬁ(/JD (n+ﬁz) Oand - dx P.B(? (n+[f’2) -
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;_xpﬁ(ﬁ) (nizz) =0,

whereas for j = 1,

Sh ()= () s

n

At the right endpoint x; =

n:Z’Z’ for j = B — 1, the following value is obtained:
2

d n+a, n \F-1 n
dx 'B’B_l n+ﬁ2 n+B2 Tl+ﬁ2
Similar equations are obtained for the other basis function as well.

@ (%2 )\ _ w'( % \ _ .
P‘I’L—(Xﬁ,k (n + BZ> - 01 k = 2: Pﬁ,] (n T ﬁ2> = 0, ] > 2.

Therefore, the derivative at the left endpoint is obtained as

s ) = () o+ 32

+ [,3 + A%ﬁz] (lpo,1 - wo,o)}-

At the right endpoint x; = =2 the endpoint values of the basis functions imply that P (Brez) =
g p — 55 v

0,k #n—af and p& (M) =0,j # (. Thus, only the term with k =n—qaf and j =pf

n—aﬁ,k n+ﬁ2

remains in the double sum.
Moreover, the derivatives satisfy

p& ’ (w) =0, fork <n—af — 2,

n—afk \n+p,

' (ntax _ . _
Pﬁ,j (_n+ﬁz) =0, forj<p -2

By applying the same technique, the derivative at the right endpoint is obtained as

2 (20 = () e 1 o

+ [ﬁ + /1%,82] (¥n-asp = ¥n-ass ’1)}'

Combining the left and right endpoint computations completes the proof.
One of the important geometric properties of Bézier-type curves is their invariance under affine
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transformations. The relevant theorem is given below.
Property 3.1. (Affine invariance) The positivity of the basis functions, together with the partition of
unity property, ensures that the Bézier-type curve is invariant under affine transformations.

This property implies that the curve is independent of the chosen affine coordinate system, in a
manner similar to the method used in [25].

An important geometric property is that the curve remains contained within the convex hull
defined by its control points. The result related to this property is given as follows.
Property 3.2. (Convex hull property) The image of the Bézier-type curve is contained in the convex

ar n+a;
n+ﬁ2 ’ n+ﬁ2

hull of its control points. Equivalently, by setting [ = [ ], one has

B (nHc ConvexHull{I/}k,j},j =0,1,..,fandk =0,1,..,n — ap,

na,p

30 (0 = {8 00 € |

na,fB ,Q,

a, n+a2]}
n+ﬁ2’n+ﬁ2 '

The Bézier-type curve satisfies a symmetry property when the order of its control points is reversed.
Theorem 3.7. For control points Yy ;, if Yy j = Yn_ap—k pg—j i satisfied, then the A —modified

A

double-sum Bézier-type curve 23511 o, (X) is symmetric; that is,

B (x) = B, (

., na,p

n+2a, >
——Xx).
n+ﬁ2

Remark 3.5. When A = 0, the curve 2382{ P (x) reduces to the classical Bézier-type curve.

In the next section, visual representations are generated using the basis functions associated with
the proposed operator within a Bézier-type framework. Python is used to construct the visual examples
of the A-modified double-sum Bézier-type curves.

4. Applications of the proposed method

In this section, the applicability of the proposed theoretical framework 1is illustrated through
selected visual examples constructed within a Bézier-type representation. The visual models are
generated by using the basis functions associated with the proposed A-modified double-sum operator
together with prescribed control points. In particular, vessel-like geometric representations and
organic-form-like visual examples are presented to show the geometric flexibility of the proposed
construction.

Vascular narrowing is associated with several biological, metabolic, environmental, and genetic
factors, including endothelial dysfunction, lipid accumulation, smoking-related effects, dyslipidemia,
and genetic predisposition [36—43]. In the present study, these biomedical mechanisms are not modeled
directly; rather, they are mentioned only to motivate the consideration of vessel-width variation as a
geometric phenomenon. Accordingly, the proposed A-modified double-sum Bézier-type construction
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is used to generate illustrative vessel-like geometric representations based on selected control points.

Bernstein basis functions are among the fundamental mathematical tools in computer-aided
geometric design (CAGD), particularly because of their role in polynomial approximation and
geometric modeling [44]. They are widely used in the construction of Bézier curves and surfaces,
where control points provide a flexible and stable mechanism for shaping geometric forms [45].

Bernstein-based Bézier representations support the construction of complex geometric shapes
through useful properties, such as the convex hull property and endpoint interpolation [46].

These features are useful in modeling natural and organic forms, such as plants and trees, which
exhibit complex repetitive geometries requiring continuity and smoothness [47,48]. Furthermore,
shape parameters allow curve shapes to be adjusted without changing the control polygon, thereby
providing additional flexibility in geometric modeling [49]. Bernstein and Bézier representations also
play an important role in basis conversion algorithms. For instance, B-spline curves can be
decomposed into Bézier segments, and this decomposition is widely used in geometric modeling
systems [50].

In the field of image processing, Bernstein polynomial-based methods have been used for image
enhancement and reconstruction tasks due to their interpolation and approximation properties. In this
context, methods based on the derivatives of Bernstein polynomials can provide more controlled gray-
level transformations in image enhancement processes [51]. Recent studies also indicate that Bernstein
operators may be used not only for image enhancement but also in areas such as image transfer and
data security [19]. In particular, generalized Bézier-type representations in image space can support
continuous and geometrically meaningful transformations between images [52]. Such approaches
provide a mathematical basis for certain image transformation techniques and may help preserve
selected structural and geometric properties during the transformation process [53].

Overall, Bernstein-based functions, operators, and Bézier representations remain active research
topics because of their flexibility in natural shape generation, parametric modeling, image
enhancement, and visual transfer [44,54]. In the present study, the visual examples illustrate how the
proposed A -modified double-sum Bézier-type construction can generate controlled geometric
representations based on selected control points. In particular, vessel-like narrowing and widening
patterns are considered only as geometric visualization examples, not as clinical, diagnostic, or patient-
specific models [55]. These visualizations are not intended to replace validated clinical imaging
techniques, such as MRI, CT, or angiography, or clinical assessment by a specialist physician [56].

Figure 9 presents a visualization of a vessel-like geometric model generated using A-modified
double-sum Bézier-type curves. It illustrates how different values of 4, such as (-0.5), (0.0), and (0.5),
influence the generated shape, particularly in regions representing narrowing. The control points define
the centerline, and normal vectors generate the boundaries of the vessel-like structure. This example
demonstrates geometric narrowing and widening behavior in a controlled mathematical setting.
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0 A =-0.5 Vessel Model

—— Upper Bound (A = -0.5)
—— Lower Bound (A= -0.5)
34 A=0.0 Vessel Madel

A =05 Vessel Model
=== Centerline
@ Control Points

Y Axis

-14

-2

X Axis

Figure 9. A-modified vessel-like geometric model with narrowing and widening effects.

Figure 10 presents vessel-like geometric models generated using A-modified double-sum Bézier-
type curves. It illustrates how the lumen-like region and boundary curves vary for different values of
A, such as (-0.5), (0.0), and (0.5). These examples demonstrate the geometric flexibility of the proposed
construction in representing narrowing- and widening-like patterns.

A=-0.6 A=-0.2
Estimated Stenosis: 55.0% Estimated Stenosis: 55.0%
2.0 20
154 154
T T 104
£ 1.0 £ 10
> 05 0
0.0 0.0 1
0 1 2 3 4 5 6 0 1 2 3 4 s H
X [mm] X [mm]
A=0.2
Estimated Stenosis: 55.0% A=0.6
2 Estimated Stenosis: 55.0%
24
T £ s
E 1 £ T e e
> > ¢ &% =
[}
3 0 2 4 5 8 10
0 1 2 3 a 5 6 7 8 X [mm]

Figure 10. A-modified vessel-like geometric models: Narrowing and widening patterns.

Figure 11 illustrates how the radius of the vessel-like geometry changes along its length for
different values of the A parameter. Different A values affect the generated narrowing- and widening-
like regions, thereby demonstrating how the proposed construction can control geometric variations in

a mathematical visualization setting.
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Figure 11. Radius distribution along the vessel-like geometry for different values of A.

The following part presents visual elements generated using control points to illustrate the
geometric flexibility of the proposed operator.

Figure 12 presents butterfly wing-like visual forms generated using the double-sum A-modified
Bézier-type curve model. The example illustrates how different A parameters can affect the upper and
lower wing geometries. In this context, the proposed construction serves as a geometric representation
tool for generating complex visual forms based on prescribed control points. The example is intended
to demonstrate visual flexibility rather than to make a quantitative claim regarding image transmission
accuracy or simulation performance.

) N === Upper wing curve (A =0.52)
Curve Information — i =—

34 Upper wing: A = 0.52 Lower wing curve (A 0.28)
Lower wing: A = -0.28
Bidegree: (6, 4)

Control net size: (7 x 5)
m=86u=2u=4 |

Figure 12. Butterfly wings generated by double-sum A-modified Bézier-type curves.
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The four matrices containing the control points for the butterfly wings illustrated in Figure 12 are
presented in Table 1-4.

Table 1. Control point matrix Pupper, right.

. j=0 j=1 j=2 j=3 j=4
k=0 (0.10, 0.12) (0.34, 0.86) (0.82, 1.42) (1.45, 1.88) (2.20, 2.06)
k=1 (0.36, 0.20) (0.72, 1.04) (1.28, 1.72) (1.98, 2.08) (2.70, 2.12)
k=2 (0.70, 0.28) (1.10, 1.12) (1.78, 1.88) (2.46, 2.16) (3.02, 1.98)
k=3 (1.02, 0.30) (1.48,1.02) (2.12, 1.56) (2.72, 1.78) (3.10, 1.44)
k=4 (1.32, 0.28) (1.82, 0.82) (2.40, 1.18) (2.90, 1.28) (3.08, 0.96)
k=5 (1.56, 0.22) (2.04, 0.58) (2.56, 0.82) (2.96, 0.90) (3.02,0.72)
k=6 (1.74, 0.16) (2.16, 0.36) (2.62, 0.52) (2.94, 0.58) (2.96, 0.50)
Table 2. Control point matrix Pupper,lefi.

j=0 j=1 j=2 j=3 j=4
k=0 (-0.10, 0.12) (-0.34, 0.86) (-0.82, 1.42) (-1.45, 1.88) (-2.20, 2.06)
k=1 (-0.36, 0.20) (-0.72, 1.04) (-1.28, 1.72) (-1.98, 2.08) (-2.70, 2.12)
k=2 (-0.70, 0.28) (-1.10, 1.12) (-1.78, 1.88) (-2.46, 2.16) (-3.02, 1.98)
k=3 (-1.02, 0.30) (-1.48, 1.02) (-2.12, 1.56) (-2.72, 1.78) (-3.10, 1.44)
k=4 (-1.32,0.28) (-1.82,0.82) (-2.40, 1.18) (-2.90, 1.28) (-3.08, 0.96)
k=5 (-1.56, 0.22) (-2.04, 0.58) (-2.56, 0.82) (-2.96, 0.90) (-3.02,0.72)
k=6 (-1.74, 0.16) (-2.16, 0.36) (-2.62, 0.52) (-2.94, 0.58) (-2.96, 0.50)

Table 3. Control point matrix Plower, right.

j=0 j=1 j=2 j=3 j=4
k=0 (0.08, 0.00) (0.34,-0.10) (0.78, -0.24) (1.32,-0.38) (1.96, -0.54)
k=1 (0.30, -0.02) (0.66, -0.14) (1.16, -0.30) (1.74, -0.46) (2.34, -0.66)
k=2 (0.56, -0.04) (0.96, -0.18) (1.48, -0.36) (2.06, -0.58) (2.56, -0.82)
k=3 (0.82, -0.04) (1.22,-0.14) (1.74, -0.28) (2.22,-0.50) (2.62, -0.90)
k=4 (1.04, 0.00) (1.44,-0.08) (1.90, -0.18) (2.28,-0.36) (2.58,-0.96)
k=5 (1.22, 0.06) (1.60, 0.02) (2.00, -0.06) (2.34, -0.20) (2.54, -0.88)
k=06 (1.34,0.12) (1.72, 0.10) (2.10, 0.04) (2.38,-0.08) (2.46, -0.68)
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Table 4. Control point matrix Piower, lefi.

ji=0 j=1 j=2 j=3 j=4

k=0 (-0.08,0.00)  (-0.34,-0.10)  (-0.78,-0.24)  (-1.32,-0.38)  (-1.96, -0.54)
k=1 (-0.30,-0.02)  (-0.66,-0.14)  (-1.16,-0.30)  (-1.74,-0.46)  (-2.34,-0.66)
k=2 (-0.56,-0.04)  (-0.96,-0.18)  (-1.48,-0.36)  (-2.06,-0.58)  (-2.56, -0.82)
k=3 (-0.82,-0.04)  (-1.22,-0.14)  (-1.74,-028)  (-2.22,-0.50)  (-2.62, -0.90)
k=4 (-1.04,0.00)  (-1.44,-0.08)  (-1.90,-0.18)  (-2.28,-0.36)  (-2.58, -0.96)
k=5 (-1.22,0.06)  (-1.60,0.02)  (-2.00,-0.06)  (-2.34,-0.20)  (-2.54,-0.88)
k=6 (-1.34,0.12)  (-1.72,0.10)  (-2.10,0.04)  (-2.38,-0.08)  (-2.46, -0.68)

The algorithmic steps presented in Table 5 summarize the construction of the butterfly model
using the proposed double-sum A-modified Bézier-type curve approach.
Table 5. Algorithm steps.

Step Description
1 Definition of Model Parameters
2 Determination of Effective Degrees
3 Definition of the Parameter Interval
4 Specification of the Upper and Lower Wing A-Parameters
5 Construction of the Right-Wing Control Nets
6 Generation of the Left-Wing Control Nets by Symmetry
7 Definition of the Classical Bernstein-Type Basis Function
8 Definition of the A-Modified Basis Function
9 Construction of the Double-Sum A-Modified Bézier-Type Curve
10 Sampling of the Parameter Interval
11 Evaluation of the Upper Wing Curves
12 Evaluation of the Lower Wing Curves
13 Construction of the Filled Wing Regions
14 Computation of the Convex Hulls of the Control Points
15 Construction of the Butterfly Body
16 Construction of the Head and Antennae
17 Drawing of the Control Nets
18 Annotation of the Upper and Lower Wing Curves
19 Visualization of the Butterfly Model
20 Export of the Final Butterfly Figure
AIMS Mathematics Volume 11, Issue 7, 22277-22315.
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Figure 13 presents a leaf-like geometric form generated using double-sum A-modified Bézier-
type curves. The model illustrates how selected control points and the A parameter represent the outer
boundary, internal curvature, and vein-like structures of an organic form. This example demonstrates
the geometric flexibility of the proposed construction in generating organic visual representations,
rather than providing a biologically exact leaf model.
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Figure 13. Leaf model generated by double-sum A-modified Bézier-type curves.
The matrix of control points for the leaf drawing shown in Figure 13 is presented in Table 6:

Table 6. Control point matrix Piear.

J=0 Jj=1 J=2 J=3 Jj=4 J=5
k=0  (0.00,0.10) (0.15,0.45) (0.30,0.80) (0.55,1.05) (0.85,0.95) (1.15,0.70)
k=1  (0.35,0.00) (0.50,0.40) (0.68,0.90) (0.95,1.30) (1.25,1.15) (1.55,0.80)
k=2  (0.80,-0.10) (0.95,0.35) (1.15,0.95) (1.45,1.45) (1.78,125) (2.05,0.78)
k=3  (1.28,-0.05) (1.45,0.30) (1.70,0.82) (2.05,1.25) (2.35,1.08) (2.65,0.68)
k=4  (1.78,0.02) (1.95,028) (2.20,0.70) (2.55,1.02) (2.86,0.88) (3.10,0.52)
k=5  (2.20,0.10) (2.42,025) (2.70,0.56) (3.00,0.78) (3.25,0.65) (3.45,0.38)
k=6  (2.60,0.16) (2.82,0.22) (3.08,0.38) (3.32,0.50) (3.55,0.44) (3.75,0.28)

4.1.
type curves

Organic form and vessel-like geometric representation using A-modified double-sum Bézier-

The proposed A-modified double-sum Bézier-type construction can generate organic-form-like
visual representations, such as leaf-like and butterfly-wing-like geometries, through selected control
points. In this setting, the A parameter provides an additional degree of geometric flexibility, allowing
changes in features such as boundary curvature, local widening, and vein-like internal structures. These
examples illustrate the visual and geometric flexibility of the proposed construction, rather than
providing biologically exact models of natural objects.

From a geometric visualization perspective, A -parameterized Bézier-type curves can also
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represent vessel-like shapes with narrowing- and widening-like regions [57,58].
4.2. Curvature-based geometric representation and educational visualization

In the proposed vessel-like geometric examples, the A parameter adjusts curvature and local
radius variation in the generated shapes. Thus, the model can visualize narrowing-and widening-like
geometric patterns in a controlled mathematical setting.

In the present study, however, the generated vessel-like forms serve only as illustrative geometric
examples. More realistic vascular modeling would require patient-specific anatomical data, tissue
properties, blood viscosity, hemodynamic analysis, and clinical validation, which are beyond the scope
of the present work.

4.3. Scope and limitations of the illustrative examples

It should be emphasized that all vessel-like and organic-form-like examples presented in this
section are mathematical and geometric visualizations generated by the proposed A-modified double-
sum Bézier-type construction. They are not based on patient-specific imaging data, blood-flow
measurements, tissue properties, physiological parameters, or biological validation. Therefore, they
should not be considered for clinical decision-making, diagnostic models, surgical planning, medical
imaging training tools, clinical education platforms, blood-flow analyses, or validated biomedical
simulations. More realistic biomedical modeling would require patient-specific anatomical data,
hemodynamic analysis, tissue properties, and clinical validation, which are beyond the scope of the
present study.

5. Results and discussion

In this study, a A-modified DD Stancu-type double-sum operator was constructed and examined
from both approximation-theoretic and geometric perspectives. The basis functions associated with the
operator were analyzed in terms of positivity, partition of unity, linear independence, unimodality,
endpoint behavior, and Bézier-type geometric representation. In addition, Korovkin-type convergence
and related approximation properties were obtained, and selected visual examples were generated to
illustrate the effect of the parameter A on the resulting geometric forms.

The results indicate that the parameter A provides an additional degree of flexibility in the
proposed construction. In the approximation-theoretic setting, different values of A affect the behavior
of the corresponding operator and its approximation performance. In the geometric setting, the same
parameter contributes to controlled variations in vessel-like, leaf-like, and butterfly-wing-like visual
forms generated from prescribed control points.

The vessel-like visual examples are intended only as geometric representations generated by the
proposed Bézier-type construction. They do not involve patient-specific vascular data, clinical
imaging, hemodynamic simulation, or diagnostic validation. Therefore, they are presented as
illustrative geometric examples rather than clinical or biomedical decision-support tools.

The organic-form-like examples indicate that the basis functions associated with the proposed
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operator can be used in Bézier-type constructions to generate flexible visual representations. These
examples are intended to show geometric flexibility rather than biological accuracy or quantitative
modeling performance.

5.1. Research and preliminary geometric exploration

The generated visual examples may support preliminary exploration of geometric relationships
between shape parameters and the resulting forms. In the vessel-like examples, variations in the
parameter A allow narrowing-like, widening-like, and curvature-related patterns to be visualized in a
controlled mathematical setting. In the organic-form-like examples, similar parameter variations affect
boundary curvature and internal vein-like structures.

In this context, the examples may support the formulation of geometric hypotheses concerning
the relationship between control points, shape parameters, and generated forms. Related geometry-
editing approaches in the literature suggest that geometric modifications can be useful for exploring
form-function relationships in biological systems [59-65]. However, the present study does not involve
patient-specific morphology analysis, blood-flow simulation, or clinical validation; the examples are
limited to illustrative Bézier-type geometric representations.

Computational geometry-editing approaches may support the development of geometric
hypotheses by visualizing the effects of structural modifications on generated forms [60,65].

Parameter effects in geometric representations: By examining how parameters such as A affect
the shape of curves and surfaces, the proposed construction provides an intuitive geometric
understanding of parameter-dependent form variation.

Shape parameters provide flexible control over curves and surfaces, while geometric
modifications allow the construction of visual forms inspired by real-world shapes [56,66].

Visualization tools can be useful for communicating complex concepts in areas such as geometric
modeling, computer-aided design, biomechanics, and mathematical analysis through visual
representations [65,66].

Educational visualization context: Visualization-based approaches may support the conceptual
understanding of geometric and anatomical forms in educational settings [66,67]. In the present study,
however, the generated vessel-like and organic-form-like examples work only as illustrative geometric
representations. They are not intended as medical imaging training tools, clinical simulation systems,
or educational platforms for diagnosing vascular abnormalities.

Although the parameter A is used in the present study as a mathematical shape-control parameter,
its possible connection with biophysical factors may be considered in future extensions. In real
vascular environments, the apparent narrowing or widening of a vessel is not determined by geometry
alone, but may also be affected by blood viscosity, local flow pressure, wall shear stress, vessel wall
elasticity, and tissue deformation. These factors could influence how a geometric model adjusts its
curvature, smoothness, or local constriction profile. Therefore, in a future biomechanically informed
framework, A may be investigated as an adjustable geometric proxy associated with such dynamic
effects. However, establishing this connection would require real anatomical data, hemodynamic
modeling, and clinical validation. Thus, the present work should be interpreted only as a preliminary
mathematical and geometric representation.
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5.2. Visualization and presentation

Scientific publications: The generated visual representations can present theoretical constructions
and geometric examples clearly and understandably in scientific articles and presentations.

Design and art: Owing to the shape-control properties of curves and surfaces, the proposed
Bézier-type construction may also generate visually varied geometric forms.

Curves and surfaces with shape-control properties are widely used in visual design and in the
construction of varied geometric forms [46,68].

Contribution to geometric modeling: The examples indicate that the proposed A-modified double-
sum Bézier-type construction can generate flexible geometric representations in computer graphics
and geometric modeling. In particular, leaf-like and other organic-form-like structures can be
represented through prescribed control points and parameter-dependent shape variation.

In conclusion, the hybrid operator introduced in this study combines the DD Stancu-type structure
with the A-parameter modification. The results show that the proposed construction preserves the
geometric interpretability of the basis-function framework while providing additional flexibility
through A. Together, the theoretical results and visual examples indicate that the operator may be useful
for approximation-theoretic analysis and Bézier-type geometric representation.

Finally, possible extensions of the proposed operator, including neutrosophic generalizations,
may be considered in future studies, particularly in connection with decision-making frameworks such
as the method discussed in [69]. Recent developments in approximation theory indicate that parameter-
dependent positive linear operators continue to provide flexible tools for convergence analysis, error
estimation, and shape-preserving approximation. In this direction, future studies may compare the
proposed hybrid DD Stancu operator with recent Bernstein-Kantorovich-Stancu, g-Schurer-type, beta-
type Szész-Mirakjan, and GBS-associated operator families [70—73]. Such comparisons may further
clarify the approximation performance, geometric flexibility, and potential application-oriented
advantages of the proposed construction.

Beyond its theoretical contribution to approximation theory and geometric modeling, the hybrid-
type Stancu operator may also offer a promising mathematical basis for future applications in
multimedia security and secure image transmission. Recent studies on multimedia security show that
rigorous image and video protection requires not only visual transformation but also cryptographic
design and security evaluation. For example, chaos-based S-box structures, cryptanalysis-driven
improvements, and hyperchaotic image encryption schemes have been developed to enhance
confusion, diffusion, key sensitivity, and resistance against attacks. In this context, the proposed hybrid
operator should not be regarded as a standalone encryption method. Instead, it may be considered a
mathematical and geometric representation tool that could potentially support preprocessing or
structural transformation stages in future secure image transmission frameworks. A complete security-
oriented extension of the present approach would require standard analyses such as information
entropy, adjacent-pixel correlation, key-space analysis, NPCR/UACI, robustness against differential
attacks, and computational complexity evaluation. The cryptanalysis and improvement of chaos- and
S-box-based video cryptosystems reported in [74], along with the design and application of 3D
non-degenerate hyperchaotic systems for image encryption presented in [75], offer security-oriented
perspectives on this subject. In future studies on image encryption using the proposed operator, the
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comprehensive cryptographic and statistical security analyses provided in these two papers could offer
valuable perspectives.

6. Conclusions

In this study, a novel A-modified DD Stancu-type double-sum operator was constructed and
analyzed, establishing a connection between approximation theory and geometric modeling. The basis
functions associated with the proposed operator were shown to satisfy fundamental properties,
including positivity, partition of unity, and linear independence. These properties are essential for both
theoretical convergence analysis and the practical construction of Bézier-type curves. The parameter
A was identified as an effective mathematical shape-control parameter that provides additional
geometric flexibility. This flexibility enables the operator to represent organic-like forms, such as
vessel geometries, leaf contours, and butterfly-wing patterns, with a high degree of visual accuracy.
The theoretical results demonstrated that the operator satisfies a Korovkin-type convergence theorem,
thereby ensuring reliable approximation behavior. In addition, the geometric examples illustrated the
direct influence of A on curvature, smoothness, and local constriction profiles. It should be emphasized
that the vascular visualizations presented in this study are purely geometric representations and should
not be interpreted as clinical simulations, diagnostic tools, or validated hemodynamic models.
Similarly, the botanical and entomological examples are intended to demonstrate the geometric
flexibility of the proposed method rather than to provide biologically accurate reconstructions.

Future research may investigate the potential biophysical interpretation of A by incorporating
real anatomical data, hemodynamic parameters, and tissue-mechanical properties. However, such
extensions would require rigorous experimental and clinical validation. Overall, this study introduces
a flexible mathematical framework for geometric design and provides a promising basis for future
interdisciplinary research integrating approximation theory with biomechanical modeling.
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  H  ( 𝜚 ) : =   𝜅 𝜚  𝜉 −   𝜆  [    ( 𝜉 −   𝜅 )  𝜚 + 1 +   𝜅  𝜚 + 1 −   𝜉  𝜚 + 1 + 2 𝜅   𝜉  𝜚 ]   ( 𝜚 − 1 )   𝜉  𝜚 ,


  G  ( 𝜚 ) ≔   𝜅 𝜚  ( 𝜚 − 1 )   𝜉  𝜚 − 1 − 𝜆  {    ( 𝜉 −   𝜅 )  𝜚 + 1 +   𝜅  𝜚 + 1 −   𝜉  𝜚 + 1 + 2 𝜅   𝜉  𝜚 }   ( 𝜚 − 1 )   𝜉  𝜚 .


  G  ( 𝜚 ) ≔   𝜅 𝜚  ( 𝜚 − 1 )   𝜉  𝜚 − 1 − 𝜆  {    ( 𝜉 −   𝜅 )  𝜚 + 1 +   𝜅  𝜚 + 1 −   𝜉  𝜚 + 1 + 2 𝜅   𝜉  𝜚 }   ( 𝜚 − 1 )   𝜉  𝜚 .


   ( i )     N  n ,   𝛼 , β   ( 𝜆 )  ( 1 , x ) = 1 ,


   ( i i )


    N  n ,   𝛼 , β   ( 𝜆 )  ( t , x ) = 𝜍  [ H  ( 𝜚 )  +   𝛼 1 H  ( 𝛽 ) ] ,


   ( i i i )   N  n ,   𝛼 , β   ( 𝜆 )  (   t 2 , x ) =   𝜆   𝜍 2    𝜉  𝜚   ∑  k = 1  𝜚     ( 2 k − 1 )  ( 𝜚 − 2 k + 1 )    𝜚 2 − 1   P  𝜚 + 1 , k  ( x ) + 2   𝛼 1   𝜍 2 G  ( 𝜚 ) G  ( 𝛽 )


  +     𝛼 1 2   𝜍 2  [ M  ( 𝛽 ) + 𝜆   ∑  j = 1  𝛽     ( 2 j − 1 )  ( 𝛽 − 2 j + 1 )    𝛽 2 − 1   P  𝛽 + 1 , j  ( x ) ] + M  ( 𝜚 ) .


  +     𝛼 1 2   𝜍 2  [ M  ( 𝛽 ) + 𝜆   ∑  j = 1  𝛽     ( 2 j − 1 )  ( 𝛽 − 2 j + 1 )    𝛽 2 − 1   P  𝛽 + 1 , j  ( x ) ] + M  ( 𝜚 ) .


    N  n ,   𝛼 , β   ( 𝜆 )  ( t , x )


   ( i )    lim  n → ∞ ⁡    N  n ,   𝛼 , β   ( 𝜆 )  ( 1 , x ) = 1 ,


   ( i i )    lim  n → ∞ ⁡    N  n ,   𝛼 , β   ( 𝜆 )  ( t , x ) = x ,


   ( i i )    lim  n → ∞ ⁡    N  n ,   𝛼 , β   ( 𝜆 )  ( t , x ) = x ,


   ( i i )    lim  n → ∞ ⁡    N  n ,   𝛼 , β   ( 𝜆 )  (   t 2 , x ) =   x 2 .


   ( i i )    lim  n → ∞ ⁡    N  n ,   𝛼 , β   ( 𝜆 )  (   t 2 , x ) =   x 2 .


  x ∈  [     𝛼 2  n +   𝛽 2 ,   n +   𝛼 2  n +   𝛽 2 ] ,     0 ≤   𝛼 2 ≤   𝛼 1 ≤   𝛽 1 ≤   𝛽 2


  n > 𝛼 𝛽


  f ∈ C  [     𝛼 2  n +   𝛽 2 ,   n +   𝛼 2  n +   𝛽 2 ] ,


     lim  n → ∞ ⁡     ‖   N  n ,   𝛼 , β   ( 𝜆 )  ( f , x ) − f  ( x ) ‖  C  [     𝛼 2  n +   𝛽 2 ,   n +   𝛼 2  n +   𝛽 2 ] = 0 .


  𝜆


  𝜆  


  𝜆  


  𝜆


  f  ( x )


  𝜆 = 0


  𝜆  


  𝜆  


  𝜆


  𝜆 = 0


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  f  ( x ) = sin  ( π x )  


  𝜆


    N  n ,   𝛼 , β   ( 𝜆 )  ( f , x )


  n .


  n


  𝜆


  n


  n


  f ,


  𝜆 ,   𝛼 1 ,     𝛼 2 ,     𝛽 1 ,   𝛽 2 ,   𝛼 ,


  𝛽


  𝛼


  𝛽


  ( n − 𝛼 𝛽 > 1 )


  f ( x ) =  1 +   x 2


  f ( x ) = 1 − cos ⁡ ( 4   e  x )


  x ∈  [     𝛼 2  n +   𝛽 2 ,   n +   𝛼 2  n +   𝛽 2 ] ,     0 ≤   𝛼 2 ≤   𝛼 1 ≤   𝛽 1 ≤   𝛽 2


  n > 𝛼 𝛽


  n


   |   N  n ,   𝛼 , β   ( 𝜆 )  ( f , x ) − f  ( x ) | ≤ 2   𝜔    ( f ,    N  n ,   𝛼 , β   ( 𝜆 )  (    ( t − x ) 2 ; x )   ) .


    N  n ,   𝛼 , β   ( 𝜆 )  (    ( t − x ) 2 ; x ) ≤   K  n


  K > 0   ,   it   follows   that  


   |   N  n ,   𝛼 , β   ( 𝜆 )  ( f ; x ) − f  ( x ) | ≤ 2 𝜔  ( f ,   C   n ) ,


  C > 0


  K ≔   M 2 + 2  ( 1 +   𝛼 2 )   M 1 ,


    M 1 ≔  [  |   𝛽 2 −   𝛽 1 − 𝛼 𝛽 | + 𝛼 𝛽   𝛽 2 ]  ( 1 +   𝛼 2 ) +  ( 1 +   𝛽 2 )   𝛼 2 +   𝛼 1 𝛽  ( 1 +   𝛼 2 ) +  | 𝜆 |  ( 2   e    𝛽 2 + 3 )


    M 1 ≔  [  |   𝛽 2 −   𝛽 1 − 𝛼 𝛽 | + 𝛼 𝛽   𝛽 2 ]  ( 1 +   𝛼 2 ) +  ( 1 +   𝛽 2 )   𝛼 2 +   𝛼 1 𝛽  ( 1 +   𝛼 2 ) +  | 𝜆 |  ( 2   e    𝛽 2 + 3 )


  +    | 𝜆 |   𝛼 1   ( 𝛽 − 1 )  ( 2    ( 1 +   𝛽 2 )  𝛽 + 3 ) ,


    M 2 ≔  ( 1 +   𝛽 2 ) +  ( 2 𝛼 𝛽 + 1 + 2   𝛽 1 + 𝛼 𝛽  ( 𝛼 𝛽 + 1 ) +     𝛽 1 2 )    ( 1 +   𝛽 2 ) 2 + 2   𝛽 2 +   𝛽 2 2


    M 2 ≔  ( 1 +   𝛽 2 ) +  ( 2 𝛼 𝛽 + 1 + 2   𝛽 1 + 𝛼 𝛽  ( 𝛼 𝛽 + 1 ) +     𝛽 1 2 )    ( 1 +   𝛽 2 ) 2 + 2   𝛽 2 +   𝛽 2 2


  + 2  ( 1 +   𝛼 2 )   𝛼 2 +   𝛼 2 2 + 2  | 𝜆 |   e    𝛽 2 +       𝛼 1 2  n  [ 𝛽  ( 1 +   𝛽 2 ) + 𝛽  ( 𝛽 − 1 )    ( 1 +   𝛽 2 ) 2 + 4 𝛽  | 𝜆 | ]


  + 2  ( 1 +   𝛼 2 )   𝛼 2 +   𝛼 2 2 + 2  | 𝜆 |   e    𝛽 2 +       𝛼 1 2  n  [ 𝛽  ( 1 +   𝛽 2 ) + 𝛽  ( 𝛽 − 1 )    ( 1 +   𝛽 2 ) 2 + 4 𝛽  | 𝜆 | ]


  + 2   𝛼 1  [  ( 1 +   𝛽 2 ) n +  | 𝜆 |  (   2 e    𝛽 2 + 3 ) ]  [ 𝛽  ( 1 +   𝛽 2 ) +    | 𝜆 |  𝛽 − 1  ( 2    ( n +   𝛽 2 )  𝛽 + 3 ) ] .


  + 2   𝛼 1  [  ( 1 +   𝛽 2 ) n +  | 𝜆 |  (   2 e    𝛽 2 + 3 ) ]  [ 𝛽  ( 1 +   𝛽 2 ) +    | 𝜆 |  𝛽 − 1  ( 2    ( n +   𝛽 2 )  𝛽 + 3 ) ] .


  x ∈  [     𝛼 2  n +   𝛽 2 ,   n +   𝛼 2  n +   𝛽 2 ]


  f ∈ L i p  ( 𝛾 ) ,   0 < 𝛾 < 1


  M > 0


   |   N  n ,   𝛼 , β   ( 𝜆 )  ( f ; x ) − f  ( x ) | ≤ M    (   K  n )    𝛾 2 .


  𝜆


  x ∈  [     𝛼 2  n +   𝛽 2 ,   n +   𝛼 2  n +   𝛽 2 ]


  𝜆 ∈  [ − 1 , 1 ] ,


  ( i )


  k = 0 ,


    P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x ) =  (   n +   𝛽 2  n )   P  n − 𝛼 𝛽 + 1 , 0  ( x ) +     P  n − 𝛼 𝛽 + 1 , 1  ( x )  n − 𝛼 𝛽 + 1  (  (   n +   𝛽 2  n ) − 𝜆 ) .


  ( i i )


  1 ≤ k ≤ n − 𝛼 𝛽 − 1 ,


    P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x ) =  [  (   n +   𝛽 2  n )   n − 𝛼 𝛽 + 1 − k  n − 𝛼 𝛽 + 1  + 𝜆   n − 𝛼 𝛽 − 2 k + 1     ( n − 𝛼 𝛽 ) 2 − 1 ]   P  n − 𝛼 𝛽 + 1 , k  ( x )


  +  [  (   n +   𝛽 2  n )   k + 1  n − 𝛼 𝛽 + 1 −    n − 𝛼 𝛽 − 2 k − 1     ( n − 𝛼 𝛽 ) 2 − 1 ]   P  n − 𝛼 𝛽 + 1 , k + 1  ( x ) .


  +  [  (   n +   𝛽 2  n )   k + 1  n − 𝛼 𝛽 + 1 −    n − 𝛼 𝛽 − 2 k − 1     ( n − 𝛼 𝛽 ) 2 − 1 ]   P  n − 𝛼 𝛽 + 1 , k + 1  ( x ) .


   ( i i i )


  k = n − 𝛼 𝛽 ,


    P  n − 𝛼 𝛽 , n − 𝛼 𝛽   ( 𝜆 )  ( x ) =  (   n +   𝛽 2  n )   P  n − 𝛼 𝛽 + 1 , n − 𝛼 𝛽 + 1  ( x ) +     P  n − 𝛼 𝛽 + 1 , n − 𝛼 𝛽  ( x )  n − 𝛼 𝛽 + 1  (  (   n +   𝛽 2  n ) − 𝜆 ) .


  x ∈  [     𝛼 2  n +   𝛽 2 ,   n +   𝛼 2  n +   𝛽 2 ]


  𝜆 ∈  [ − 1 , 1 ] ,   P  𝛽 , j   ( 𝜆 )  ( x ) ≥ 0  


      P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x ) ≥ 0 .


  𝜆


   ( i )     P  𝛽 , j   ( 𝜆 )  ( x ) =   P  𝛽 , 𝛽 − j   ( 𝜆 )  (   n + 2   𝛼 2  n +   𝛽 2 − x ) ,       for   j = 0 , 1 , … , 𝛽 .


     ( i i )   P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x ) =   P  n − 𝛼 𝛽 , n − 𝛼 𝛽 − k   ( 𝜆 )  (   n +   2 𝛼 2  n +   𝛽 2 − x ) ,           for   k = 0 , 1 , … n − 𝛼 𝛽 .


     ( i i )   P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x ) =   P  n − 𝛼 𝛽 , n − 𝛼 𝛽 − k   ( 𝜆 )  (   n +   2 𝛼 2  n +   𝛽 2 − x ) ,           for   k = 0 , 1 , … n − 𝛼 𝛽 .


   ( i )   ∑  j = 0  𝛽    c  j   P  𝛽 , j   ( 𝜆 )  ( x ) = 0 ⟺   c  j = 0 ,


   ( i i )   ∑  k = 0  n − 𝛼 𝛽    d  k   P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x ) = 0 ⟺   d  k = 0 .


   ( i i )   ∑  k = 0  n − 𝛼 𝛽    d  k   P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x ) = 0 ⟺   d  k = 0 .


   ( i )


  x ∈  [     𝛼 2  n +   𝛽 2 ,   n +   𝛼 2  n +   𝛽 2 ]


  𝜆 ∈  [ − 1 , 1 ] .


    x 0 =     𝛼 2  n +   𝛽 2 ,     x 1 =   n +   𝛼 2  n +   𝛽 2 .


  x =   x 0


    P  𝛽 , 0   ( 𝜆 )  (   x 0 ) > 0 ,           P  𝛽 , j   ( 𝜆 )  (   x 0 ) = 0 ,     j = 1 , … , 𝛽 .


      c 0 P  𝛽 , 0   ( 𝜆 )  (   x 0 ) = 0 ,


    c 0 = 0


  x =   x 1 ,  


  j = 0 , 1 , … , 𝛽 − 1 ,


  then     P  𝛽 , 𝛽   ( 𝜆 )  (   x 1 ) > 0 ,           P  𝛽 , j   ( 𝜆 )  (   x 1 ) = 0 ,


    c  𝛽 = 0


  i


  x =   x 0


    ∑  j = 0  𝛽    c  j    (   P  𝛽 , j   ( 𝜆 ) )   ( i )  ( x ) = 0 ,     j = 1 , … , 𝛽 − 1 .


    P  𝛽 , j   ( 𝜆 )  ( x )


     ( x −   x 0 )  j


  j > i ,


     (   P  𝛽 , j   ( 𝜆 ) )   ( i )  (   x 0   ) = 0 ,


     (   P  𝛽 , i   ( 𝜆 ) )   ( i )  (   x 0   ) > 0 .


    c 0 ,   c 1 , …   , c  i − 1


  x =   x 0


  j = i


      c  i  (   P  𝛽 , i   ( 𝜆 ) )   ( i )  (   x 0   ) = 0 . Since      (   P  𝛽 , i   ( 𝜆 ) )   ( i )  (   x 0   ) > 0


    c  i = 0 ,                 j = 1 , … , 𝛽 − 1 .


    c 0 =   c 1 = … =   c  𝛽 = 0 .


   ( i )


   ( i i )


   ( i )   ∫    x 0    x 1    P  𝛽 , j  ( x ) d x =    (   n  n +   𝛽 2 )  𝛽 + 1  1  𝛽 + 1 ,


   ( i i )  


  j = 0 , 1 , … ,   𝛽 + 1


    ∫    x 0    x 1    P  𝛽 + 1 , j  ( x ) d x =    (   n  n +   𝛽 2 )  𝛽 + 2  1  𝛽 + 2 .


  𝜆


  𝜆 ∈  [ − 1 , 1 ]


    x 0 =     𝛼 2  n +   𝛽 2 ,     x 1 =   n +   𝛼 2  n +   𝛽 2 ,  


    ∫    x 0    x 1    P  𝛽 , 0   ( 𝜆 )  ( x ) d x =    (   n  n +   𝛽 2 )  𝛽 + 1  1  𝛽 + 1 − 𝜆  1  𝛽 + 1    (   n  n +   𝛽 2 )  𝛽 + 2  1  𝛽 + 2 ,


    ∫    x 0    x 1    P  𝛽 , 𝛽   ( 𝜆 )  ( x ) d x =    (   n  n +   𝛽 2 )  𝛽 + 1  1  𝛽 + 1 − 𝜆  1  𝛽 + 1    (   n  n +   𝛽 2 )  𝛽 + 2  1  𝛽 + 2 ,


    ∫    x 0    x 1    P  𝛽 , 𝛽   ( 𝜆 )  ( x ) d x =    (   n  n +   𝛽 2 )  𝛽 + 1  1  𝛽 + 1 − 𝜆  1  𝛽 + 1    (   n  n +   𝛽 2 )  𝛽 + 2  1  𝛽 + 2 ,


  1 ≤ j ≤ 𝛽 − 1 ;


    ∫    x 0    x 1    P  𝛽 , j   ( 𝜆 )  ( x ) d x =    (   n  n +   𝛽 2 )  𝛽 + 1  1  𝛽 + 1 +   2 𝜆    𝛽 2 − 1    (   n  n +   𝛽 2 )  𝛽 + 2  1  𝛽 + 2 .


  𝜆


    x 0 =     𝛼 2  n +   𝛽 2


    x 1 =   n +   𝛼 2  n +   𝛽 2 ,


  𝜆 ∈  [ − 1 , 1 ]


    ∫    x 0    x 1    P  n − 𝛼 𝛽 , 0   ( 𝜆 )  ( x ) d x =  1  n − 𝛼 𝛽 + 1    (   n  n +   𝛽 2 )  n − 𝛼 𝛽 + 1  [ 1 −   n 𝜆   ( n +   𝛽 2 )  ( n − 𝛼 𝛽 + 2 ) ] ,


    ∫    x 0    x 1    P  n − 𝛼 𝛽 , n − 𝛼 𝛽   ( 𝜆 )  ( x ) d x =  1  n − 𝛼 𝛽 + 1    (   n  n +   𝛽 2 )  n − 𝛼 𝛽 + 1  [ 1 −   n 𝜆   ( n +   𝛽 2 )  ( n − 𝛼 𝛽 + 2 ) ] ,


    ∫    x 0    x 1    P  n − 𝛼 𝛽 , n − 𝛼 𝛽   ( 𝜆 )  ( x ) d x =  1  n − 𝛼 𝛽 + 1    (   n  n +   𝛽 2 )  n − 𝛼 𝛽 + 1  [ 1 −   n 𝜆   ( n +   𝛽 2 )  ( n − 𝛼 𝛽 + 2 ) ] ,


  indices   1 ≤ k ≤ n − 𝛼 𝛽 − 1 ,


    ∫    x 0    x 1    P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x ) d x =    (   n  n +   𝛽 2 )  n − 𝛼 𝛽 + 1  [   2 n 𝜆   (    ( n − 𝛼 𝛽 ) 2 − 1 )  ( n +   𝛽 2 )  ( n − 𝛼 𝛽 + 2 )  ( n − 𝛼 𝛽 + 1 )


  +   1  n − 𝛼 𝛽 + 1 ] .


  +   1  n − 𝛼 𝛽 + 1 ] .


  j = 0 , 1 , … ,   𝛽


  k = 0 , 1 , … , n − 𝛼 𝛽


  𝜆


    𝜑  k , j   ( 𝜆 )  ( x )  


   [     𝛼 2  n +   𝛽 2 ,   n +   𝛼 2  n +   𝛽 2 ] .


    𝜑  k , j   ( 𝜆 )  ( x ) =   P  𝛽 , j   ( 𝜆 )  ( x ) .     P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x )


  n ≥ 2


  j = 0 , 1 , … , 𝛽


  𝜆


    P  𝛽 , j   ( 𝜆 )  ( x ) =   P  𝛽 , j  ( x ) + 𝜆  (   𝛽 − 2 j + 1    𝛽 2 − 1   P  𝛽 + 1 , j  ( x ) −   𝛽 − 2 j − 1    𝛽 2 − 1   P  𝛽 + 1 , j + 1  ( x ) ) .


    P  𝛽 , j   ( 𝜆 )  ( x )


    P  𝛽 , j  ( x ) ,


    P  𝛽 + 1 , j  ( x ) =   𝛽 + 1  𝛽 + 1 − j  (   n +   𝛼 2  n +   𝛽 2 − x )   P  𝛽 , j  ( x )


    P  𝛽 + 1 , j + 1  ( x ) =   𝛽 + 1  j + 1  ( x −     𝛼 2  n +   𝛽 2 )     P  𝛽 , j  ( x ) .


    P  𝛽 , j   ( 𝜆 )  ( x )


    P  𝛽 , j   ( 𝜆 )  ( x ) =   P  𝛽 , j  ( x )  { 1 + 𝜆  [   𝛽 − 2 j + 1   ( 𝛽 − 1 )  ( 𝛽 + 1 − j )   n +   𝛼 2  n +   𝛽 2 +   𝛽 − 2 j − 1   ( 𝛽 − 1 )  ( j + 1 )     𝛼 2  n +   𝛽 2


   −  {   𝛽 − 2 j + 1   ( 𝛽 − 1 )  ( 𝛽 + 1 − j )  +   𝛽 − 2 j − 1   ( 𝛽 − 1 )  ( j + 1 ) } x ] .


   −  {   𝛽 − 2 j + 1   ( 𝛽 − 1 )  ( 𝛽 + 1 − j )  +   𝛽 − 2 j − 1   ( 𝛽 − 1 )  ( j + 1 ) } x ] .


    P  𝛽 , j   ( 𝜆 )  ( x )


  l n  {   P  𝛽 , j   ( 𝜆 )  ( x ) } =   l n P  𝛽 , j  ( x ) + l n  { 1 + 𝜆  [   𝛽 − 2 j + 1   ( 𝛽 − 1 )  ( 𝛽 + 1 − j )   n +   𝛼 2  n +   𝛽 2 +   𝛽 − 2 j − 1   ( 𝛽 − 1 )  ( j + 1 )     𝛼 2  n +   𝛽 2


   −  {   𝛽 − 2 j + 1   ( 𝛽 − 1 )  ( 𝛽 + 1 − j )  +   𝛽 − 2 j − 1   ( 𝛽 − 1 )  ( j + 1 ) } x ] .


   −  {   𝛽 − 2 j + 1   ( 𝛽 − 1 )  ( 𝛽 + 1 − j )  +   𝛽 − 2 j − 1   ( 𝛽 − 1 )  ( j + 1 ) } x ] .


   {   l n P  𝛽 , j  ( x ) }


     {   l n P  𝛽 , j  ( x ) } ′ = j    ( x −     𝛼 2  n +   𝛽 2 )  − 1 −  ( 𝛽 − j )    (   n +   𝛼 2  n +   𝛽 2 − x )  − 1


     {   l n P  𝛽 , j  ( x ) }  ′ ′ = − j    ( x −     𝛼 2  n +   𝛽 2 )  − 2 −  ( 𝛽 − j )    (   n +   𝛼 2  n +   𝛽 2 − x )  − 2 < 0


    P  𝛽 , j   ( 𝜆 )  ( x )  


  M  ( x )


  l n  [ M  ( x ) ] = l n  { 1 + 𝜆  [   𝛽 − 2 j + 1   ( 𝛽 − 1 )  ( 𝛽 + 1 − j )   n +   𝛼 2  n +   𝛽 2 +   𝛽 − 2 j − 1   ( 𝛽 − 1 )  ( j + 1 )     𝛼 2  n +   𝛽 2


   −  {   𝛽 − 2 j + 1   ( 𝛽 − 1 )  ( 𝛽 + 1 − j )  +   𝛽 − 2 j − 1   ( 𝛽 − 1 )  ( j + 1 ) } x ] ,


   −  {   𝛽 − 2 j + 1   ( 𝛽 − 1 )  ( 𝛽 + 1 − j )  +   𝛽 − 2 j − 1   ( 𝛽 − 1 )  ( j + 1 ) } x ] ,


     { l n  [ M  ( x ) ] } ′ =   − 𝜆  {   𝛽 − 2 j + 1   ( 𝛽 − 1 )  ( 𝛽 + 1 − j )  +   𝛽 − 2 j − 1   ( 𝛽 − 1 )  ( j + 1 ) }  M  ( x ) ,


     { l n  [ M  ( x ) ] } ′ =   − 𝜆  {   𝛽 − 2 j + 1   ( 𝛽 − 1 )  ( 𝛽 + 1 − j )  +   𝛽 − 2 j − 1   ( 𝛽 − 1 )  ( j + 1 ) }  M  ( x ) ,


     { l n  [ M  ( x ) ] }  ′ ′ = −   𝜆 2    {   𝛽 − 2 j + 1   ( 𝛽 − 1 )  ( 𝛽 + 1 − j )  +   𝛽 − 2 j − 1   ( 𝛽 − 1 )  ( j + 1 ) } 2    [ M  ( x ) ] 2 ≤ 0 .


     { l n  [ M  ( x ) ] }  ′ ′ = −   𝜆 2    {   𝛽 − 2 j + 1   ( 𝛽 − 1 )  ( 𝛽 + 1 − j )  +   𝛽 − 2 j − 1   ( 𝛽 − 1 )  ( j + 1 ) } 2    [ M  ( x ) ] 2 ≤ 0 .


     { l n  [ M  ( x ) ] }  ′ ′ ≤ 0


     { l n  [ M  ( x ) ] } ′


     [   l n P  𝛽 , j   ( 𝜆 )  ( x ) ] ′


     { l n  [ M  ( x ) ] } ′


      d  d x l n P  𝛽 , j   ( 𝜆 )  ( x )  


      d  d x l n P  𝛽 , j   ( 𝜆 )  ( x ) =      [   P  𝛽 , j   ( 𝜆 )  ( x ) ] ′    P  𝛽 , j   ( 𝜆 )  ( x )


     [   P  𝛽 , j   ( 𝜆 )  ( x ) ] ′


    P  𝛽 , j   ( 𝜆 )  ( x )


    P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x )


    𝜑  k , j   ( 𝜆 )  ( x ) ,


  l n   𝜑  k , j   ( 𝜆 )  ( x ) = l n   P  𝛽 , j   ( 𝜆 )  ( x ) + l n   P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x ) .


     { l n   𝜑  k , j   ( 𝜆 )  ( x ) } ′ =    { l n   P  𝛽 , j   ( 𝜆 )  ( x ) } ′ +    { l n   P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x ) } ′ .


     { l n   𝜑  k , j   ( 𝜆 )  ( x ) } ′


    𝜑  k , j   ( 𝜆 )  ( x ) > 0 ,  


     {   𝜑  k , j   ( 𝜆 )  ( x ) } ′


     {   𝜑  k , j   ( 𝜆 )  ( x ) } ′


    𝜑  k , j   ( 𝜆 )  ( x )


  𝜆


  x ∈  [     𝛼 2  n +   𝛽 2 ,   n +   𝛼 2  n +   𝛽 2 ] ,


     (   n  n +   𝛽 2 )   ( 𝛼 − 1 ) 𝛽 − n   ∑  k = 0  n − 𝛼 𝛽    P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x )   ∑  j = 0  𝛽    P  𝛽 , j   ( 𝜆 )  ( x ) = 1 .


  K : =    (   n  n +   𝛽 2 )  − 𝛽   ∑  j = 0  𝛽    P  𝛽 , j   ( 𝜆 )  ( x ) ,


  L ≔    (   n  n +   𝛽 2 )  𝛼 𝛽 − n   ∑  k = 0  n − 𝛼 𝛽    P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x ) .


  L ≔    (   n  n +   𝛽 2 )  𝛼 𝛽 − n   ∑  k = 0  n − 𝛼 𝛽    P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x ) .


  K


  L


  K ∙ L = 1 .


  K =    (   n  n +   𝛽 2 )  − 𝛽  {    (   n  n +   𝛽 2 )  𝛽 − 𝜆  1  𝛽 + 1   P  𝛽 + 1 , 1  ( x ) − 𝜆  1  𝛽 + 1   P  𝛽 + 1 , 𝛽  ( x )


  + 𝜆    ∑  j = 1  𝛽 − 1   (   𝛽 − 2 j + 1    𝛽 2 − 1   P  𝛽 + 1 , j  ( x ) −   𝛽 − 2 j − 1    𝛽 2 − 1   P  𝛽 + 1 , j + 1  ( x ) ) } .


  + 𝜆    ∑  j = 1  𝛽 − 1   (   𝛽 − 2 j + 1    𝛽 2 − 1   P  𝛽 + 1 , j  ( x ) −   𝛽 − 2 j − 1    𝛽 2 − 1   P  𝛽 + 1 , j + 1  ( x ) ) } .


  𝜆   ∑  j = 1  𝛽 − 2    𝛽 − 2  ( j + 1 ) + 1    𝛽 2 − 1   P  𝛽 + 1 , j + 1  ( x ) − 𝜆   ∑  j = 1  𝛽 − 2    𝛽 − 2 j − 1    𝛽 2 − 1   P  𝛽 + 1 , j + 1  ( x ) = 0


  L


  L = 1


  K = 1  


  K ∙ L = 1


    N  n ,   𝛼 , β   ( 𝜆 )  ( f ,   x )


    𝜓  k , j = f  (   k + j   𝛼 1  n +   𝛽 1 )


  j = 0 , 1 , … , 𝛽


  k = 0 , 1 , … , n − 𝛼 𝛽


  𝜆 ∈  [ − 1 , 1 ]


    P  𝛽 , j   ( 𝜆 )  ( x )  


    P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x )


  𝜆


  𝜆


    𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  ( x ) ≔    (   n  n +   𝛽 2 )   ( 𝛼 − 1 ) 𝛽 − n   ∑  k = 0  n − 𝛼 𝛽    P  n − 𝛼 𝛽 , k   ( 𝜆 )  ( x )   ∑  j = 0  𝛽    P  𝛽 , j   ( 𝜆 )  ( x )   𝜓  k , j


      𝛼 2  n +   𝛽 2 ≤ x ≤   n +   𝛼 2  n +   𝛽 2


    P  𝛽 , j  ( x ) ,   j = 0 , 1 , … , 𝛽


  𝜆


  𝜆 ∈  [ − 1 , 1 ]


    𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  ( x )  


    𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  (     𝛼 2  n +   𝛽 2 ) =   𝜓  0 , 0   and     𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  (   n +   𝛼 2  n +   𝛽 2 ) =   𝜓  n − 𝛼 𝛽 , 𝛽 .


  𝜆


   ( i )     d  d x 𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  (     𝛼 2  n +   𝛽 2 ) =  (   n +   𝛽 2  n )  {  [ n − 𝛼 𝛽 + 𝜆   n  n +   𝛽 2 ]  (   𝜓  1 , 0 −   𝜓  0 , 0 )


   +  [ 𝛽 + 𝜆   n  n +   𝛽 2 ]  (   𝜓  0 , 1 −   𝜓  0 , 0 ) } ,


   +  [ 𝛽 + 𝜆   n  n +   𝛽 2 ]  (   𝜓  0 , 1 −   𝜓  0 , 0 ) } ,


     ( i i )       d  d x 𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  (   n +   𝛼 2  n +   𝛽 2 ) =  (   n +   𝛽 2  n )  {  [ n − 𝛼 𝛽 + 𝜆   n  n +   𝛽 2 ]  (   𝜓  n − 𝛼 𝛽 , 𝛽 −   𝜓  n − 𝛼 𝛽 − 1 , 𝛽 )


     ( i i )       d  d x 𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  (   n +   𝛼 2  n +   𝛽 2 ) =  (   n +   𝛽 2  n )  {  [ n − 𝛼 𝛽 + 𝜆   n  n +   𝛽 2 ]  (   𝜓  n − 𝛼 𝛽 , 𝛽 −   𝜓  n − 𝛼 𝛽 − 1 , 𝛽 )


   +  [ 𝛽 + 𝜆   n  n +   𝛽 2 ]  (   𝜓  n − 𝛼 𝛽 , 𝛽 −   𝜓  n − 𝛼 𝛽 , 𝛽 − 1 ) } .


   +  [ 𝛽 + 𝜆   n  n +   𝛽 2 ]  (   𝜓  n − 𝛼 𝛽 , 𝛽 −   𝜓  n − 𝛼 𝛽 , 𝛽 − 1 ) } .


  j = 0


  j = 𝛽


    d  d x   P  𝛽 , 0  ( x ) = − 𝛽    (   n +   𝛼 2  n +   𝛽 2 − x )  𝛽 − 1   and     d  d x   P  𝛽 , 𝛽  ( x ) = 𝛽    ( x −     𝛼 2  n +   𝛽 2 )  𝛽 − 1 .


  1 ≤ j ≤   𝛽 − 1


    d  d x   P  𝛽 , j  ( x ) = 𝛽  [   P  𝛽 − 1 , j − 1  ( x ) −   P  𝛽 − 1 , j  ( x ) ] .


    d  d x   P  𝛽 , 0   ( 𝜆 )  (     𝛼 2  n +   𝛽 2 ) =   −  (   n  n +   𝛽 2 )  𝛽 − 1  [ 𝛽 + 𝜆  (   n  n +   𝛽 2 ) ] ,


      d  d x P  𝛽 , 𝛽   ( 𝜆 )  (   n +   𝛼 2  n +   𝛽 2 ) =    (   n  n +   𝛽 2 )  𝛽 − 1    [ 𝛽 + 𝜆  (   n  n +   𝛽 2 ) ] .


      d  d x P  𝛽 , 𝛽   ( 𝜆 )  (   n +   𝛼 2  n +   𝛽 2 ) =    (   n  n +   𝛽 2 )  𝛽 − 1    [ 𝛽 + 𝜆  (   n  n +   𝛽 2 ) ] .


  1 ≤ j ≤ 𝛽 − 1


    d  d x   P  𝛽 , j   ( 𝜆 )  ( x ) =   P  𝛽 , j ′  ( x ) + 𝜆  (   𝛽 − 2 j + 1    𝛽 2 − 1   P  𝛽 + 1 , j ′  ( x ) −   𝛽 − 2 j − 1    𝛽 2 − 1   P  𝛽 + 1 , j + 1 ′  ( x ) ) .


  x =     𝛼 2  n +   𝛽 2


  j ≥ 2 ,


  j = 1


    d  d x   P  𝛽 , j   ( 𝜆 )  (     𝛼 2  n +   𝛽 2 ) = 0   and     d  d x   P  𝛽 , 1   ( 𝜆 )  (     𝛼 2  n +   𝛽 2 ) =    (   n  n +   𝛽 2 )  𝛽 − 1  [ 𝛽 + 𝜆   n  n +   𝛽 2 ] .


    x 0 =     𝛼 2  n +   𝛽 2


  j ≥ 2


    d  d x   P  𝛽 , j   ( 𝜆 )  (     𝛼 2  n +   𝛽 2 ) = 0  


  j = 1


    d  d x   P  𝛽 , 1   ( 𝜆 )  (     𝛼 2  n +   𝛽 2 ) =    (   n  n +   𝛽 2 )  𝛽 − 1  [ 𝛽 + 𝜆   n  n +   𝛽 2 ] .


    x 1 =   n +   𝛼 2  n +   𝛽 2


   


  j = 𝛽 − 1


    d  d x   P  𝛽 , 𝛽 − 1   ( 𝜆 )  (   n +   𝛼 2  n +   𝛽 2 ) =    (   n  n +   𝛽 2 )  𝛽 − 1  [ − 𝛽 + 𝜆   n  n +   𝛽 2 ] .


      P  n − 𝛼 𝛽 , k   ( 𝜆 ) ′  (     𝛼 2  n +   𝛽 2 ) = 0 ,     k ≥ 2 ,                         P  𝛽 , j   ( 𝜆 ) ′  (     𝛼 2  n +   𝛽 2 ) = 0 ,                   j ≥ 2 .


      d  d x 𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  (     𝛼 2  n +   𝛽 2 ) =  (   n +   𝛽 2  n )  {  [ n − 𝛼 𝛽 + 𝜆   n  n +   𝛽 2 ]  (   𝜓  1 , 0 −   𝜓  0 , 0 )


   +  [ 𝛽 + 𝜆   n  n +   𝛽 2 ]  (   𝜓  0 , 1 −   𝜓  0 , 0 ) } .


   +  [ 𝛽 + 𝜆   n  n +   𝛽 2 ]  (   𝜓  0 , 1 −   𝜓  0 , 0 ) } .


    x 1 =   n +   𝛼 2  n +   𝛽 2


    P  𝛽 , j   ( 𝜆 )  (   n +   𝛼 2  n +   𝛽 2 ) = 0 ,   k ≠ n − 𝛼 𝛽


    P  n − 𝛼 𝛽 , k   ( 𝜆 )  (   n +   𝛼 2  n +   𝛽 2 ) = 0 ,   j ≠ 𝛽 .  


  k = n − 𝛼 𝛽


  j = 𝛽


      P  n − 𝛼 𝛽 , k   ( 𝜆 ) ′  (   n +   𝛼 2  n +   𝛽 2 ) =


  k ≤ n − 𝛼 𝛽 − 2 ,


      P  𝛽 , j   ( 𝜆 ) ′  (   n +   𝛼 2  n +   𝛽 2 ) = 0


  j ≤ 𝛽 − 2 .


      d  d x 𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  (   n +   𝛼 2  n +   𝛽 2 ) =  (   n +   𝛽 2  n )  {  [ n − 𝛼 𝛽 + 𝜆   n  n +   𝛽 2 ]  (   𝜓  n − 𝛼 𝛽 , 𝛽 −   𝜓  n − 𝛼 𝛽 − 1 , 𝛽 )


   +  [ 𝛽 + 𝜆   n  n +   𝛽 2 ]  (   𝜓  n − 𝛼 𝛽 , 𝛽 −   𝜓  n − 𝛼 𝛽 , 𝛽 − 1 ) } .


   +  [ 𝛽 + 𝜆   n  n +   𝛽 2 ]  (   𝜓  n − 𝛼 𝛽 , 𝛽 −   𝜓  n − 𝛼 𝛽 , 𝛽 − 1 ) } .


  I =  [     𝛼 2  n +   𝛽 2 ,   n +   𝛼 2  n +   𝛽 2 ] ,


    𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  ( I ) ⊆ C o n v e x H u l l  {   𝜓  k , j } ,   j = 0 , 1 , … , 𝛽   and   k = 0 , 1 , … , n − 𝛼 𝛽 ,


    𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  ( I ) =  {   𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  ( x ) : x ∈  [     𝛼 2  n +   𝛽 2 ,   n +   𝛼 2  n +   𝛽 2 ] } .


    𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  ( I ) =  {   𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  ( x ) : x ∈  [     𝛼 2  n +   𝛽 2 ,   n +   𝛼 2  n +   𝛽 2 ] } .


    𝜓  k , j


    𝜓  k , j =   𝜓  n − 𝛼 𝛽 − k , 𝛽 − j


  𝜆 −


      𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  ( x )


    𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  ( x ) =   𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  (   n +   2 𝛼 2  n +   𝛽 2 − x ) .


  𝜆 = 0


    𝔅  n , 𝛼 , 𝛽   ( 𝜆 )  ( x )


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆


  𝜆

