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Abstract: Optimizing computationally expensive black-box functions is challenging because each
function evaluation incurs a high computational cost. Bayesian optimization (BO) addresses this
problem by using Gaussian process surrogate models to guide the selection of new evaluation points.
Within the Bayesian optimization with Pareto-based selection (BOPS) framework, the predictive
mean and standard deviation define a bi-objective optimization problem that balances exploitation
and exploration. A batch of solutions is then selected from its approximate Pareto set. This
paper presents a systematic empirical study of Pareto front approximation and Pareto-based solution
selection within the BOPS framework. We investigated three space-filling designs (Sobol sequences,
Latin hypercube sampling, and uniform random sampling) in combination with five Pareto-based
solution selection strategies. Experiments were conducted on the 20-dimensional CEC2022 benchmark
suite (12 functions) and a real-world robotic manipulation problem using a batch size of q = 4,
an evaluation budget of 800 function evaluations, and 30 independent runs. BOPS variants were
compared with standard acquisition-based batch BO methods, including q-expected improvement, q-
upper confidence bound, and q-knowledge gradient. The results showed that optimization performance
depends primarily on the solution selection mechanism rather than the Pareto approximation strategy
once a sufficiently accurate Pareto set is obtained. Moreover, several BOPS variants using simple
space-filling-based Pareto approximation achieve optimization performance comparable to or better
than standard acquisition-based BO. These findings provide empirical insights into Pareto-based
batch Bayesian optimization, demonstrate the effectiveness of simple space-filling-based Pareto
approximation, and provide a unified framework for developing and evaluating future Pareto-based
solution selection strategies.
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1. Introduction

Optimization problems frequently arise in scientific research and engineering applications. Many
such problems involve objective functions evaluated through computationally expensive simulations,
for example, those based on the finite element method or computational fluid dynamics. When
each function evaluation is costly, classical optimization techniques that require a large number
of evaluations become impractical. A common approach to alleviate this difficulty is the use of
surrogate models (or metamodels), which approximate the expensive objective function using a
limited number of sampled observations. Several surrogate modeling techniques have been developed,
including support vector regression (SVR) [2,28], radial basis functions (RBFs) [10,66], and Gaussian
process regression (GPR) [50, 69]. Since constructing and evaluating these surrogate models is
computationally inexpensive compared with the original simulations, they can significantly reduce
the overall computational burden.

In this study, we considered the problem of single-objective global optimization of computationally
expensive functions. Given an objective function f : X ⊆ RD → R, the goal is to find an approximate
solution under a limited evaluation budget:

x∗ ≈ arg min
x∈X

f (x), (1.1)

where X is a box-constrained domain.
In many practical applications, evaluating f (x) requires expensive numerical simulations or physical

experiments, making direct optimization computationally prohibitive. Bayesian optimization (BO)
addresses this challenge by constructing a probabilistic surrogate model of the objective function
and sequentially selecting evaluation points that balance exploration and exploitation. Although a
variety of surrogate models are available, Gaussian process (GP) surrogate models remain the standard
choice because they provide both predictive mean and predictive uncertainty estimates within a unified
probabilistic framework [24, 55]. These two quantities form the basis of most Bayesian optimization
strategies, either by constructing scalar acquisition functions or by explicitly formulating a bi-objective
optimization problem that preserves multiple exploration–exploitation trade-offs.

Bayesian optimization has attracted increasing attention in recent years due to its effectiveness
in solving complex optimization problems across a wide range of applications. For example, it
has been successfully applied to hyperparameter tuning in machine learning [61], materials and
molecular discovery [27], time series forecasting [21], safe parameter tuning in robotics [3], and
environmental modeling problems such as contaminant source localization [37, 48]. Recent research
has also extended the framework to more challenging settings. Constrained Bayesian optimization
has been studied through formulations for unknown constraints, stepwise uncertainty reduction,
and broader treatments of constrained problems [25, 47, 59]. Expected improvement and efficient
global optimization methods have also been developed for highly constrained or expensive black-
box problems [33, 72, 73]. Comparative evaluations of infill sampling criteria for computationally
expensive constrained optimization have also been reported [9]. In addition, Bayesian optimization
has been extended to high-dimensional problems [22], and fairness-constrained learning [46]. These
developments highlight the growing importance of BO as a general framework for efficient global
optimization.
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The selection of new evaluation points in BO is guided by an acquisition function, often referred
to as the infill sampling criterion. This criterion evaluates the potential utility of candidate points
based on both the predicted objective value and the uncertainty estimated by the surrogate model.
Popular infill sampling criteria include probability of improvement (PI) [11], lower confidence bound
(LCB) [12,60], and expected improvement (EI) [44]. The EI criterion leads to the well-known efficient
global optimization (EGO) algorithm [35], which has become a foundational method in surrogate-
assisted optimization.

Recent advances in batch Bayesian optimization have introduced a variety of methods for selecting
multiple evaluation points simultaneously. Representative approaches include q-expected improvement
(qEI), q-upper confidence bound (qUCB), and batch knowledge gradient (qKG) [57, 70, 71].
Asynchronous batch methods, such as PLAyBOOK [1], employ local penalization to encourage
diversity among candidate points, while scalable trust-region Bayesian optimization improves
performance in high-dimensional settings by restricting the search to adaptive local regions [22].
These approaches have demonstrated the effectiveness of acquisition-function-based batch Bayesian
optimization and serve as important baseline methods.

Despite their success, conventional acquisition-function-based Bayesian optimization combines
the GP predictive mean and uncertainty into a single scalar acquisition function. Consequently,
the exploration–exploitation trade-off is fixed by the chosen acquisition function and its associated
parameters. In contrast, Pareto-based Bayesian optimization formulates infill selection as a bi-objective
optimization problem using the predictive mean and predictive uncertainty, explicitly preserving
multiple exploration–exploitation trade-offs on an approximated Pareto front. A separate Pareto-based
solution selection mechanism is then used to select the final evaluation point(s). This decoupling of
Pareto front approximation and solution selection provides greater flexibility for algorithm design and
motivates the present study, which systematically investigates the individual contributions of these two
components.

To avoid fixing the exploration–exploitation trade-off through scalarization, De Ath et al. [16]
proposed the ε-Shotgun strategy, which formulates infill selection as a Pareto-based optimization
problem using the GP predictive mean and predictive uncertainty. By introducing controlled
stochasticity into the Pareto-based solution selection process, it helps prevent premature concentration
of the search while maintaining low computational overhead. The effectiveness of the underlying
ε-greedy strategy has led to its extension to asynchronous parallel Bayesian optimization [15], multi-
objective Bayesian optimization [53], and simulation-based engineering optimization [20]. Related
studies have also combined greedy search with diversification strategies and hybrid exploration
mechanisms to improve batch construction and robustness [8, 18].

Furthermore, ε-Shotgun has been adopted as a representative greedy batch selection baseline in
comparative studies of parallel and asynchronous Bayesian optimization [1, 17]. More broadly, the
Bayesian optimization literature includes general methodological overviews [7] and multi-objectivized
acquisition strategies that trade off solution quality and uncertainty [30, 31]. Parallel algorithm
configuration, adaptive batch selection, and high-dimensional multi-objective extensions have also
been investigated [52, 63, 64]. However, existing studies have largely focused on developing new
algorithms or extending existing frameworks to different application domains, with limited attention
paid to the individual roles of Pareto front approximation and Pareto-based solution selection. This
motivates the present study, which systematically investigates these two components within a unified
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Bayesian optimization with Pareto-based selection (BOPS) framework.

Main contributions: To address this gap, this paper conducts a comprehensive empirical study of the
BOPS framework using multiple Pareto front approximation strategies and representative Pareto-based
solution selection methods. The main contributions are summarized as follows:

• We present a unified BOPS framework that separates Pareto front approximation from Pareto-
based solution selection, enabling a systematic investigation of their individual and combined
effects.

• We study two deterministic Pareto-based solution selection strategies (ClusterHC and CSAW),
together with two stochastic variants based on the exploitative ε-Shotgun mechanism, enabling a
systematic comparison of deterministic and stochastic Pareto-based solution selection strategies.

• We perform a comprehensive experimental study on the CEC2022 benchmark suite and a
real-world optimization benchmark, comparing the BOPS framework with three state-of-the-art
acquisition-based batch BO baselines (qEI, qUCB, and qKG). The evaluation includes candidate-
set-size sensitivity analysis, convergence analysis, pairwise Wilcoxon tests, critical difference
diagrams, and batch diversity analysis.

• We provide practical insights into the design of Pareto-based batch Bayesian optimization,
showing that optimization performance is governed primarily by the solution selection
mechanism, whereas the choice of the Pareto front approximation strategy has comparatively
little influence once a sufficiently accurate Pareto set has been obtained.

The remainder of this paper is organized as follows. Section 2 introduces the background concepts
relevant to this work. Section 3 describes the BOPS framework and the methodologies in detail.
Section 4 presents the experimental evaluation of Pareto front approximation strategies and Pareto-
based solution selection methods. Finally, Section 5 summarizes the main findings and concludes the
paper.

2. Background

2.1. Modeling with the Gaussian process

In Gaussian process regression, the unknown function f (x) is assumed to be a realization of a
Gaussian process,

f (x) ∼ GP
(
µ0(x), k(x, x′)

)
. (2.1)

Here, µ0(·) denotes the prior mean function and k(·, ·) is the covariance function, which describes the
covariance structure between the function values at two input locations. The covariance function,
often referred to as the kernel, encodes prior assumptions about the function such as smoothness and
correlation length.

Let
Xn = (x1, . . . , xn)⊤, fn = ( f (x1), . . . , f (xn))⊤
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denote the observed input locations and their corresponding function values. Assuming noise-free
observations and a constant prior mean, the predictive distribution of f (x) at a new point x is
Gaussian [54]:

f (x) | fn ∼ N
(
µn(x), σ2

n(x)
)
. (2.2)

Let Cn = C(Xn, Xn) ∈ Rn×n be the covariance matrix with entries

(Cn)i j = k(xi, x j), i, j = 1, . . . , n,

and let
c(x) =

(
k(x, x1), . . . , k(x, xn)

)⊤
be the covariance vector between the prediction point x and the observed inputs.

In our implementation, the observed objective values are standardized prior to fitting the Gaussian
process surrogate. Consequently, the GP employs a zero-mean prior on the normalized observations,
and the predictive distribution follows the standard Gaussian process regression formulation [51]. The
predictive mean and variance are then given by

µn(x) = c(x)⊤C−1
n fn,

σ2
n(x) = σ̂2

[
1 − c(x)⊤C−1

n c(x)
]
,

(2.3)

where σ̂2 denotes the process variance. The predictive mean µn(x) provides an estimate of the unknown
objective function, while the predictive standard deviation σn(x) quantifies the predictive uncertainty
at x. A detailed derivation of Gaussian process regression can be found in [51, 56].

The expressions in (2.3) allow us to construct a probabilistic surrogate model based on the observed
data. The predictive mean µn(x) serves as an estimate of the unknown function f (x), while the
predictive variance σ2

n(x) quantifies the uncertainty of this estimate. Typically, the uncertainty is small
in regions where observations are dense and large in regions where the sampling points are sparse.

The present study focuses on deterministic expensive optimization problems and therefore adopts
the standard noise-free Gaussian process formulation. For noisy evaluations, observation noise can
be incorporated into the GP model, yielding predictive means and uncertainties that account for
stochasticity [24, 51]. Since BOPS operates directly on these quantities, the same Pareto-based
selection framework can be applied in principle to noisy settings.

2.2. Hypervolume indicator

Throughout this paper, P denotes a Pareto set (i.e., a set of non-dominated solutions in the decision
space), while F denotes the corresponding Pareto front (i.e., the set of objective vectors in the objective
space).

The hypervolume indicator is a widely used metric for assessing the quality of an approximated
Pareto front. It measures the volume of the objective space dominated by the solutions in the set and
bounded by a predefined reference point. A larger hypervolume value indicates a better approximation
of the Pareto front, as it reflects both convergence toward the true Pareto front and diversity of the
solutions.
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Let F = {y1, y2, . . . , ym} denote an approximated Pareto front in the k-dimensional objective space,
and let zref ∈ R

k be a reference point that is dominated by all points in F . The hypervolume indicator
of F with respect to zref is defined as [32]

HV(F , zref) = Volume

⋃
y∈F

{w ∈ Rk | y ⪯ w ⪯ zref}

 , (2.4)

where ⪯ denotes the Pareto dominance relation.
The hypervolume contribution, HC(·), of a vector yi ∈ F is defined as the decrease in hypervolume

when yi is removed from the set:

HC(yi) = HV(F , zref) − HV(F \ {yi}, zref). (2.5)

When the correspondence between a Pareto-optimal solution pi ∈ P and its objective vector yi ∈ F

is clear from the context, we equivalently write HC(pi) to denote the hypervolume contribution of the
objective vector associated with pi.

3. Methodology

3.1. Bayesian optimization with Pareto-based selection (BOPS)

The Bayesian optimization with Pareto-based selection (BOPS) framework consists of two modular
components: Pareto front approximation and Pareto-based solution selection. In this study, we
systematically investigate the individual and combined effects of these two components within a unified
experimental framework.

Figure 1 illustrates the overall workflow of the BOPS framework. Starting from an initial
experimental design, a Gaussian process surrogate model is constructed using the available
observations. The predictive mean and predictive standard deviation of the GP define the bi-
objective optimization problem. An approximated Pareto set is then generated using one of the Pareto
front approximation strategies (Factor A), followed by one of the Pareto-based solution selection
mechanisms (Factor B) to construct a batch of candidate solutions. The expensive objective function
is evaluated at the selected points, the GP surrogate is updated, and the optimization process continues
until the stopping criterion is satisfied.
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Figure 1. Overall workflow of the Bayesian optimization with Pareto-based selection
(BOPS) framework. The workflow consists of two modular components investigated in this
study: Factor A (Pareto front approximation) and Factor B (Pareto-based solution selection).
Different combinations of these two components define the BOPS variants evaluated in the
experimental study.

Algorithm 1 summarizes the corresponding optimization procedure. The following sections
describe the Pareto front approximation strategies and Pareto-based solution selection mechanisms
in detail.

Algorithm 1 Bayesian optimization with Pareto-based selection (BOPS)
Require: Objective function f ; Pareto front approximation strategyA; Pareto-based solution selection

criterion ξ
Generate an initial observation set and fit a GP surrogate model
while stopping criterion not met do

Approximate the Pareto front of the bi-objective problem (3.1) using strategyA
Select a batch of candidate solutions from the approximated Pareto set using criterion ξ
Evaluate the expensive objective function at the selected points
Update the observation set and retrain the GP surrogate model

end while
return Best solution found

As remarked in [38], under the standard minimization setting, the expected improvement (EI)
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criterion [35] is a decreasing function of the predictive mean µn(x) and an increasing function of the
predictive standard deviation σn(x), provided that σn(x) > 0. Consequently, any point that maximizes
the EI criterion must belong to the Pareto set of the bi-objective problem (3.1). Therefore, the
BOPS framework can be interpreted as a generalization of the classical acquisition-based Bayesian
optimization.

The subsequent subsections describe the individual components of the BOPS framework in
detail. We first formulate the bi-objective optimization problem based on the Gaussian process
surrogate, followed by the Pareto front approximation strategies and the Pareto-based solution selection
mechanisms.

3.2. Bi-objective formulation

Using the Gaussian process surrogate model described in Section 2.1, the infill selection problem is
formulated as a bi-objective optimization problem based on the predictive mean and predictive standard
deviation of the surrogate. The predictive mean µn(x) represents the exploitation objective by favoring
candidate solutions with low predicted objective values, whereas the predictive standard deviation
σn(x) represents the exploration objective by favoring regions with high predictive uncertainty.
Accordingly, the infill selection problem is formulated as

min
x∈X
{µn(x),−σn(x)}. (3.1)

Here, minimizing −σn(x) is equivalent to maximizing the predictive uncertainty and therefore
encourages exploration.

The decision variables remain the original design variables x ∈ X ⊂ RD, while Pareto dominance
is evaluated in the two-dimensional surrogate objective space defined by (µn(x),−σn(x)). Before
constructing the Pareto front, the two surrogate objectives are normalized to ensure a consistent
treatment of exploitation and exploration.

Specifically, both objectives are normalized to the interval [0, 1]. Since this normalization is a
positive affine transformation, it preserves Pareto dominance relationships while providing a consistent
scale for subsequent solution selection mechanisms and distance-based calculations.

The approximated Pareto-optimal solutions of problem (3.1) constitute the candidate set from which
the next batch of expensive function evaluations is selected. The following subsection describes the
space-filling sampling strategies used to approximate this Pareto set.

3.3. Pareto front approximation via space-filling sampling

In this study, Pareto front approximation within the BOPS framework is performed using space-
filling sampling strategies rather than population-based evolutionary algorithms. Given a set of
candidate solutions generated by a space-filling sampling strategy, the Gaussian process surrogate is
evaluated to obtain the predictive mean and predictive standard deviation of each candidate. Non-
dominated sorting is then performed in the resulting bi-objective space to construct the approximate
Pareto set.

In particular, let X = [xlb, xub] ⊂ RD denote the bounded search space, where xlb and xub are the
lower and upper bounds, respectively. Given a sampling budget of N, a candidate set Scand = {xi}

N
i=1

is generated using a space-filling sampling strategy. The surrogate model is subsequently evaluated at
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each candidate point, and non-dominated sorting is applied in the bi-objective space {µn(x),−σn(x)}
to obtain the approximate Pareto set P. The overall approximation procedure is summarized in
Algorithm 2.

Algorithm 2 Pareto front approximation via space-filling sampling
Require: GP surrogate model; sampling budget N; search domain X; space-filling sampling strategy
Ensure: Approximate Pareto set P

1: Generate a candidate set Scand ⊆ X of N points using the selected space-filling sampling strategy
2: Evaluate the surrogate objective values {µn(x),−σn(x)} for all candidate points in Scand

3: Apply non-dominated sorting to the resulting objective vectors
4: Extract the first non-dominated front as the approximate Pareto set P
5: return P

Three space-filling sampling strategies are investigated in this study.

1) Sobol sequence sampling. Sobol sequences [34] are low-discrepancy, quasi-random sequences
designed to provide uniform coverage of high-dimensional search spaces. A scrambled Sobol
sequence is used to generate candidate points, typically yielding better space-filling properties
than purely random sampling.

2) Latin hypercube design. Latin hypercube design (LHD) [14] is a stratified sampling technique
in which each dimension is partitioned into N equally sized intervals. One sample is drawn from
each interval in every dimension, producing uniform marginal distributions and improved space-
filling coverage compared with uniform random sampling.

3) Uniform random sampling. Candidate points are sampled independently from a uniform
distribution over the unit hypercube and subsequently scaled to the problem bounds. This simple
baseline strategy does not explicitly enforce space-filling properties and may produce uneven
coverage, particularly in high-dimensional search spaces.

3.4. Pareto-based solution selection

After constructing the approximated Pareto-optimal set, the next step is to select one or more
candidate solutions for expensive function evaluation. The choice of solution selection criterion
determines how the approximated Pareto set is exploited and therefore plays a central role in balancing
exploration and exploitation within the BOPS framework.

The solution selection methods investigated in this study are divided into two categories:
deterministic Pareto-based solution selection (ClusterHC and CSAW) and stochastic Pareto-based
solution selection (ε-Shotgun, ε-ClusterHC, and ε-CSAW). The latter two are obtained by
incorporating the ε-greedy exploration mechanism of ε-Shotgun into the corresponding deterministic
Pareto-based solution selection methods.

3.4.1. Deterministic Pareto-based solution selection

Two deterministic Pareto solution selection mechanisms from the optimization literature are
adapted within the BOPS framework. ClusterHC originates from the clustering-assisted representative
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selection strategy of Jiang et al. [32], originally developed for surrogate-assisted constrained expensive
optimization, where representative solutions are selected from a Pareto set generated by simultaneously
optimizing the surrogate-based infill criteria Sigma (objective uncertainty) and consLCB (constraint-
boundary uncertainty). CSAW originates from the compromise solution selection method of Wang
and Rangaiah [67], originally proposed for selecting a preferred solution from a Pareto front in general
multi-objective optimization problems. In the present work, both methods are adapted and incorporated
into the BOPS framework as deterministic Pareto-based solution selection mechanisms.

I. Clustering-assisted hypervolume contribution selection (ClusterHC)

Clustering-assisted hypervolume contribution selection (ClusterHC) is adapted from the clustering-
assisted infill criterion proposed by Jiang et al. [32]. The original method applies the density-based
spatial clustering of applications with noise (DBSCAN) algorithm [23] to partition the approximated
Pareto set into clusters and selects the solution with the largest hypervolume contribution from each
cluster. Since the number of selected solutions depends on the number of clusters identified by
DBSCAN, the resulting batch size is not necessarily fixed. The DBSCAN algorithm employs two
parameters: the neighborhood radius β and the minimum number of neighboring points, denoted by
MinPts. To address cases where the number of detected clusters exceeds the required batch size q, the
original method applies k-means clustering [43] to repartition the Pareto set into exactly q clusters.

Algorithm 3 Clustering-assisted hypervolume contribution selection (ClusterHC)
Require: Pareto set P; batch size q; DBSCAN parameters β and MinPts
Ensure: Selected solution set X′

1: Apply DBSCAN with parameters β and MinPts to the objective vectors of solutions inP, obtaining
clusters {C j}

J
j=1

2: if J > q then
3: Repartition P into exactly q clusters using k-means clustering in the objective space
4: Replace {C j}

J
j=1 by the resulting q clusters

5: end if
6: Compute the hypervolume contribution HC(p) for each solution p ∈ P
7: X′ ← ∅

8: for each cluster C j do
9: p∗j ← arg maxpi∈C j HC(pi)

10: X′ ← X′ ∪ {p∗j}
11: end for
12: if |X′| < q then
13: Premaining ← P \ X

′

14: Sort Premaining in descending order of HC(·)
15: Select the top (q − |X′|) solutions from Premaining

16: X′ ← X′ ∪ {selected solutions}
17: end if
18: return X′

However, when DBSCAN identifies fewer than q clusters, the original method may return fewer
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than q candidate solutions. Since the BOPS framework requires exactly q candidate solutions at every
iteration, we augment the original ClusterHC selection strategy with a hypervolume-based completion
step for this case, as summarized in Algorithm 3. Whenever fewer than q cluster representatives
are obtained, the remaining solutions are selected from the unchosen Pareto-optimal solutions in
descending order of hypervolume contribution. This modification guarantees a fixed batch of q
candidate solutions, denoted by X′, while preserving diversity across different trade-off regions and
promoting convergence toward high-quality solutions.

II. Clustering-assisted simple additive weighting with entropy-based weights (CSAW)

The clustering-assisted simple additive weighting (CSAW) method is constructed by integrating the
simple additive weighting (SAW) method [67] with the DBSCAN-based clustering strategy. While the
original SAW method requires manually specified objective weights, we instead employ an entropy-
based weighting scheme [75] to automatically determine the importance of each objective. Objectives
with lower entropy, indicating greater discriminative power, are assigned larger weights.

Let
G =

(
gi j

)
∈ Rm×k

denote the objective matrix of the approximated Pareto set P = {x1, . . . , xm}, where m is the number of
Pareto solutions, k is the number of objectives, and gi j is the value of the jth objective evaluated at the
ith Pareto solution. In the present work, k = 2, corresponding to the predictive mean µn(x) ( j = 1) and
the negative predictive standard deviation −σn(x) ( j = 2).

The resulting entropy-based CSAW criterion operates on the objective matrix G. Each objective is
first independently normalized to the unit interval:

g̃i j =
maxi gi j − gi j

maxi gi j −mini gi j
. (3.2)

Since all objectives are formulated as minimization objectives, this normalization transforms them into
benefit attributes, for which larger normalized values indicate better performance.

Entropy is then used to quantify the dispersion of each objective across the approximated Pareto
set and thereby determine its discriminatory power [75]. A probability distribution over the m Pareto
solutions is first formed as

pi j =
g̃i j∑m

i=1 g̃i j
, (3.3)

and the normalized entropy of objective j is computed as

E j = −
1

ln(m)

m∑
i=1

pi j ln pi j, (3.4)

so that E j ∈ [0, 1]. The corresponding entropy weight is

w j =
1 − E j∑k

j′=1(1 − E j′)
. (3.5)
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Using these entropy-based weights, each Pareto solution is assigned a simple additive weighting
(SAW) score [67]:

Ai =

k∑
j=1

w jg̃i j, (3.6)

which reflects a compromise among the multiple objectives.
The complete CSAW procedure is summarized in Algorithm 4.

Algorithm 4 Clustering-assisted simple additive weighting (CSAW)
Require: Pareto set P; batch size q; DBSCAN parameters β and MinPts
Ensure: Selected solution set X′

1: Normalize the objective matrix according to (3.2)
2: Compute the probability distribution, entropy, and entropy weights according to (3.3)–(3.5)
3: Compute the SAW score for each solution according to (3.6)
4: Apply DBSCAN with parameters β and MinPts to the normalized objective vectors of solutions in
P, obtaining clusters {C j}

J
j=1

5: if J > q then
6: Apply k-means clustering to repartition P into exactly q clusters
7: Replace {C j}

J
j=1 by the resulting q clusters

8: end if
9: X′ ← ∅

10: for each cluster C j do
11: x∗j ← arg maxxi∈C j Ai

12: X′ ← X′ ∪ {x∗j}
13: end for
14: if |X′| < q then
15: Premaining ← Premaining \ X

′

16: Sort Premaining in descending order of SAW score
17: Select the top (q − |X′|) solutions
18: X′ ← X′ ∪ {selected solutions}
19: end if
20: return X′

Although ClusterHC and CSAW are deterministic Pareto solution selection mechanisms, they can
be naturally extended to incorporate controlled stochastic exploration. This extension is inspired by
the ε-Shotgun algorithm [16], which combines ε-greedy exploration with Pareto-based batch Bayesian
optimization. By replacing the random Pareto solution selection step in ε-Shotgun with deterministic
Pareto selection operators, the same exploration mechanism can be incorporated into ClusterHC and
CSAW, yielding the stochastic ε-ClusterHC and ε-CSAW variants while preserving the remaining
components of the original ε-Shotgun algorithm.

To provide the necessary background, we first briefly review the original ε-Shotgun algorithm
before introducing the stochastic Pareto-based solution selection framework.
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3.4.2. ε-Shotgun

The ε-Shotgun strategy, proposed by De Ath et al. [16, 17], is a stochastic batch Bayesian
optimization strategy that introduces controlled exploration during batch construction. Rather than
constructing the entire batch simultaneously, the method first selects a single anchor point using an
ε-greedy policy and then generates the remaining batch points by local Gaussian sampling around
this anchor. This strategy substantially reduces the computational cost of batch Bayesian optimization
while maintaining an effective balance between exploitation and exploration.

The first point of the batch, denoted by x′1, is selected according to the ε-greedy rule

x′1 =

arg minx∈X µn(x), with probability 1 − ε,
randomChoice(P), with probability ε,

(3.7)

where P denotes the approximated Pareto set obtained from the bi-objective formulation (3.1). With
probability 1− ε, the algorithm exploits by selecting the point with the smallest predictive mean. With
probability ε, the algorithm explores by randomly selecting a solution from P. Since Pareto solutions
simultaneously exhibit low predicted objective values and high predictive uncertainty, this exploration
strategy encourages sampling in promising yet underexplored regions.

Once the anchor point has been selected, the remaining batch points are generated by sampling from
a local Gaussian distribution,

x′i ∼ N(x′1, r
2I), i = 2, . . . , q. (3.8)

Since the Gaussian distribution has unbounded support, sampled points falling outside the search
domain X are discarded and resampled until a feasible candidate is obtained. The adaptive sampling
radius is defined as

r =
|µn(x′1) − f ⋆|

L̃
+ γ
σn(x′1)

L̃
, (3.9)

with the local search hypercube domain

Ω(x′1) = [x′1 − l, x′1 + l]D (3.10)

and the local gradient bound
L̃ = max

x∈Ω(x′1)
∥∇µn(x)∥ . (3.11)

The complete ε-Shotgun procedure is summarized in Algorithm 5. Here, f ⋆ = mini≤M fi denotes
the best objective value observed so far, where M is the number of function evaluations collected up
to the current iteration, σn(x′1) is the predictive standard deviation at the anchor point, γ ≥ 0 is the
exploration parameter, and l is the kernel length scale defining the local search hypercube.
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Algorithm 5 ε-Shotgun query point selection for batch Bayesian optimization
Require: Pareto set P; batch size q; exploration probability ε; exploration parameter γ;

kernel length scale l; best objective value observed so far f ⋆

Ensure: Batch of query points X′

1: if rand() < ε then
2: x′1 ← randomChoice(P)
3: else
4: x′1 ← arg minx∈X µn(x)
5: end if
6: Compute the local gradient bound L̃ according to (3.11)
7: Compute the sampling radius r according to (3.9)
8: X′ ← {x′1}
9: while |X′| < q do

10: Sample x′ ∼ N(x′1, r
2I) according to (3.8)

11: if x′ ∈ X then
12: X′ ← X′ ∪ {x′}
13: end if
14: end while
15: return X′

The controlled stochastic exploration mechanism of ε-Shotgun can be incorporated into
deterministic Pareto-based solution selection methods, giving rise to stochastic Pareto-based selection
strategies.

3.4.3. Stochastic Pareto-based solution selection

The deterministic Pareto-based solution selection methods introduced in the previous subsection
can be naturally extended to incorporate stochasticity. Inspired by the ε-greedy mechanism of ε-
Shotgun, we construct stochastic variants by combining deterministic Pareto-based solution selection
with probabilistic switching.

Let ξ(·) denote a deterministic Pareto-based solution selection operator that selects a batch of q
candidate solutions from the approximated Pareto set P. Thus,

X′ = ξ(P),

where |X′| = q.
The stochastic Pareto-based solution selection framework is summarized in Algorithm 6. With

probability ε, the entire batch of q candidate solutions is obtained by applying the deterministic
solution selection operator ξ(·) to the approximated Pareto set. Otherwise, with probability 1 − ε, the
original exploitative mechanism of ε-Shotgun is employed by selecting the anchor point that minimizes
the predictive mean and generating the remaining (q − 1) query points according to Steps 6–14 of
Algorithm 5. This differs from the original ε-Shotgun strategy, which always generates the remaining
batch points by local Gaussian sampling around a single Pareto-selected anchor point. As ε → 1, the
stochastic framework recovers the corresponding deterministic Pareto-based solution selection method.
Conversely, as ε→ 0, it reduces to the purely exploitative ε-Shotgun variant.
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Algorithm 6 Stochastic Pareto-based solution selection framework
Require: Pareto set P; batch size q; exploration probability ε; deterministic Pareto-based selection

operator ξ(·); exploration parameter γ; kernel length scale l; best objective value observed so far
f ⋆

Ensure: Batch of query points X′

1: if rand() < ε then
2: X′ ← ξ(P)
3: else
4: x′1 ← arg minx∈X µn(x)
5: X′ ← {x′1}
6: Generate the remaining (q − 1) query points according to Steps 6–14 of Algorithm 5
7: end if
8: return X′

In this work, two deterministic Pareto-based solution selection operators are considered within the
stochastic Pareto-based solution selection framework:

• ξ = ClusterHC, defined by Algorithm 3, yielding the ε-ClusterHC strategy;

• ξ = CSAW, defined by Algorithm 4, yielding the ε-CSAW strategy.

Although this study focuses on ClusterHC and CSAW, the framework is readily applicable to any
deterministic Pareto-based solution selection criterion, providing a unified approach for incorporating
controlled stochasticity into batch Bayesian optimization.

3.5. Theoretical motivation and convergence

The convergence behavior of the BOPS framework is closely related to the exploration–exploitation
trade-off induced by the Gaussian process surrogate and the selection mechanism used to construct
candidate batches. In the BOPS framework, candidate evaluation points are selected from a Pareto
set constructed from the predictive mean µ(x) and predictive standard deviation σ(x) of the surrogate
model. These two quantities naturally represent the exploitation and exploration objectives in Bayesian
optimization: small values of µ(x) correspond to promising objective values, while large values of σ(x)
indicate regions of high predictive uncertainty.

The following lemma summarizes a well-known relationship between the expected improvement
acquisition function and the mean–uncertainty Pareto frontier [24, 35].

Lemma 1 (Relation to expected improvement). Consider a minimization problem and let f ⋆ denote
the best objective value observed so far. Suppose that the Gaussian process predictive distribution at
x is

f (x) | Dn ∼ N(µ(x), σ2(x)), σ(x) > 0.

Then, any maximizer of the expected improvement acquisition function lies on the Pareto frontier
defined by the bi-objective space (µ(x),−σ(x)).

Proof. For minimization, the EI criterion can be written as

EI(x) = ( f ⋆ − µ(x))Φ(z) + σ(x)ϕ(z), z =
f ⋆ − µ(x)
σ(x)

,
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whereΦ(·) and ϕ(·) denote the standard normal cumulative distribution function and probability density
function, respectively.

It is well known that, for fixed f ⋆, EI is non-increasing in µ(x) and non-decreasing in σ(x) [35].
Suppose that a point x is dominated by another point x′ in the objective space (µ(x),−σ(x)), meaning
that

µ(x′) ≤ µ(x), σ(x′) ≥ σ(x),

with at least one inequality strict. It follows that

EI(x′) ≥ EI(x),

with strict inequality whenever at least one of the dominance relations is strict and σ(x) > 0. Therefore,
a dominated point cannot maximize EI, and any EI maximizer must belong to the Pareto frontier of
(µ(x),−σ(x)). □

This lemma provides a theoretical motivation for the BOPS framework. Instead of optimizing
a single scalar acquisition function, the algorithm explicitly constructs the Pareto front representing
the exploration–exploitation trade-off and selects candidate solutions from the corresponding Pareto
set using dedicated selection criteria. Consequently, every maximizer of the expected improvement
criterion belongs to the Pareto set considered by BOPS. The Pareto set also contains additional
candidate solutions corresponding to alternative exploration–exploitation trade-offs that are not
necessarily EI maximizers.

The solution selection mechanism further influences the exploration behavior of the algorithm.
In particular, the ε-Shotgun strategy introduces controlled stochastic exploration during batch
construction, encouraging evaluation points to be selected from diverse regions of the approximated
Pareto frontier rather than concentrating prematurely on a single region.

Persistent exploration is a key ingredient in convergence analyses of Gaussian-process-based
Bayesian optimization. Under standard assumptions, acquisition strategies that maintain sufficient
exploration converge asymptotically to the global optimum [6,57]. Since BOPS explicitly incorporates
predictive uncertainty through Pareto construction and stochastic solution selection, its search behavior
is consistent with the exploration principles underlying these results. However, this provides theoretical
motivation rather than a formal convergence proof. Establishing rigorous convergence guarantees for
the complete BOPS framework is left for future work.

4. Numerical experiments

4.1. Experimental setup

The experimental study compares a total of 18 methods. Within the BOPS framework, 15
variants are obtained by combining three Pareto front approximation strategies (Sobol, LHD, and
uniform random sampling) with five Pareto-based solution selection methods (ClusterHC, CSAW, ε-
Shotgun, ε-ClusterHC, and ε-CSAW). These are further compared with three acquisition-function-
based batch Bayesian optimization baselines: q-expected improvement, q-upper confidence bound,
and q-knowledge gradient.

To evaluate the performance of the BOPS variants and acquisition-function baselines, we use the 20-
dimensional CEC2022 benchmark suite, which comprises shifted and rotated unimodal, multimodal,
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and composition functions with known global optimum values. The optimal values reported in
Appendix A correspond to the bias constants specified by the benchmark suite, so the global minimum
of each function equals the reported value rather than zero.

Each algorithm variant is executed over 30 independent runs to account for stochastic variability. To
compare methods under the limited evaluation budgets typical of expensive black-box optimization, all
methods are allocated the same budget of 800 function evaluations, with a batch size of q = 4 evaluated
in parallel at each iteration. This evaluation budget follows the original ε-Shotgun study [16] and is
consistent with previous studies using the CEC benchmark suite in Bayesian optimization [29,74] and
surrogate-assisted expensive optimization [13, 42].

An initial observation set of size 5D, generated using Latin hypercube design (LHD), is used to fit
the initial Gaussian process surrogate model, where D denotes the problem dimensionality. For Pareto
set construction in Algorithm 2, N = 1000D candidate points are subsequently generated using the
sampling-based strategies. This linear scaling balances coverage of the search space and computational
cost. The choice of N = 1000D is justified by the candidate-set-size sensitivity analysis presented in
Section 4.6. The surrogate is evaluated at these candidate points, after which non-dominated sorting is
applied to extract the approximated Pareto-optimal set.

A GP with a Matérn-5/2 kernel is fitted and updated after each batch. The observed objective values
are standardized prior to GP fitting, and the kernel hyperparameters are re-estimated at each iteration
by maximizing the GP log marginal likelihood using the optimization routines provided by GPy [26].

To facilitate reproducibility, the complete experimental parameter settings are provided in
Appendix E (Tables E1 and E2). All experiments are implemented in Python, with details of
the external software packages provided in Appendix B. In addition, the implementation of the
Pareto-based methods investigated in this study is publicly available at https://github.com/
KittisakChaiyotha/BOPS.

4.2. Overall performance comparison

In the numerical section, ε-Shotgun, ε-ClusterHC, and ε-CSAW are abbreviated as eShotgun,
eClusterHC, and eCSAW, respectively, while ClusterHC and CSAW denote the corresponding
deterministic methods.

The complete numerical results are provided in Appendix D. Tables D1–D3 report the performance
of the 15 BOPS variants under the three Pareto front approximation strategies, together with the three
acquisition-function-based batch Bayesian optimization baselines: qEI, qUCB, and qKG. Results are
reported for the twelve CEC2022 benchmark functions and the real-world push4 benchmark [16, 68].
The following analyses focus on the CEC2022 benchmark suite, while the results for push4 are
discussed separately in Section 4.7.

Overall, the numerical results indicate that both the Pareto front approximation strategy and the
Pareto-based solution selection method influence the performance of the BOPS framework. However,
the subsequent analyses show that these two components do not contribute equally: the choice of
Pareto-based solution selection method has a substantially greater impact on optimization performance
than the choice of the Pareto front approximation strategy.

A clear pattern is the consistently strong performance of eShotgun. Across all three Pareto front
approximation strategies, eShotgun frequently achieves the best or near-best mean objective value on
the CEC2022 benchmark functions, outperforming or matching the three acquisition-function baselines
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in most cases (see Tables D1–D3). Among the acquisition-function baselines, qEI and qUCB generally
perform competitively, whereas qKG consistently yields the weakest performance on the CEC2022
benchmark suite.

To facilitate a direct comparison of all method–strategy combinations, Figure 2 presents the average
convergence curves on the CEC2022 benchmark suite. Since the benchmark functions have different
objective scales, the best-so-far objective value of each independent run is normalized to the interval
[0, 1] according to

r̃(t,p)
m,i =

r(t,p)
m,i −min Rp

max Rp −min Rp
, (4.1)

where
Rp =

{
r(t,p)

m,i : m = 1, . . . , 18, i = 1, . . . , 800, t = 1, . . . , 30
}
, (4.2)

and r(t,p)
m,i denotes the best-so-far objective value obtained by method–strategy combination m at the

i-th function evaluation during the t-th independent run on benchmark function p. Thus, Rp contains
all best-so-far objective values generated throughout the entire optimization process for benchmark
function p. Consequently, r̃(t,p)

m,i = 0 corresponds to the best observed performance and r̃(t,p)
m,i = 1

to the worst observed performance over all method–strategy combinations, function evaluations, and
independent runs for benchmark function p. This normalization is used solely for visualization; all
subsequent statistical analyses are performed using the original objective values.

Figure 2. Mean normalized best-so-far convergence curves, averaged over 30 independent
runs on the CEC2022 benchmark suite, for all Pareto-based solution selection methods under
the three Pareto front approximation strategies. The vertical axis is displayed on a base-10
logarithmic scale. Lower values indicate better optimization performance. Colors denote
Pareto-based solution selection methods, line styles denote Pareto front approximation
strategies, and the acquisition-function baselines are shown using markers.
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Figure 2 is obtained by averaging the normalized values over all 12 × 30 = 360 function–run
pairs at each function evaluation. To improve the visibility of differences among methods, the vertical
axis is displayed on a base-10 logarithmic scale. Several observations can be made. For each
Pareto-based solution selection method, the convergence curves corresponding to the three space-
filling approximation strategies are nearly indistinguishable throughout the optimization process. This
indicates that the choice of space-filling approximation strategy has only a minor influence on the
overall convergence behavior.

In contrast, much larger differences are observed among the solution selection methods. Across all
three approximation strategies, eShotgun consistently achieves the lowest normalized regret, indicating
superior optimization performance throughout the search. ClusterHC, eClusterHC, eCSAW, qEI, and
qUCB form a competitive middle group, whereas CSAW converges more slowly and maintains a higher
normalized regret. Among all methods, qKG consistently exhibits the weakest convergence behavior.

Overall, the variation associated with the choice of solution selection method is substantially larger
than that introduced by the space-filling approximation strategy.

Figure 3. Distribution of the normalized final regret after 800 function evaluations for
all method–strategy combinations on the CEC2022 benchmark suite. Each box plot
summarizes the pooled normalized final regrets from 30 independent runs over the twelve
benchmark functions (360 values). Lower values indicate better optimization performance.
Colors denote Pareto-based solution selection methods, hatch patterns denote Pareto front
approximation strategies, and the last three box plots correspond to the acquisition-function
baselines.

Figure 3 summarizes the distribution of the normalized final regrets for all method–strategy
combinations by pooling the final best-so-far objective values over the 30 independent runs and
the twelve CEC2022 benchmark functions. Constructed from the same normalized run-level data
as Figure 2 at the final function evaluation, the box plots complement the convergence curves by
illustrating both the central tendency and the variability of the final optimization performance.

eShotgun consistently achieves the lowest median normalized regret together with the smallest
interquartile range, indicating both superior final performance and strong robustness across the
benchmark suite. The remaining Pareto-based solution selection methods remain competitive, with
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the exception of CSAW, which exhibits a higher median regret and greater variability. Among the
acquisition-function baselines, qEI and qUCB remain competitive, although their median performance
is generally inferior to that of eShotgun, whereas qKG exhibits substantially higher median regret and
considerably greater variability, making it the weakest baseline.

For each Pareto-based solution selection method, the three box plots corresponding to the different
space-filling approximation strategies are nearly indistinguishable. The medians and interquartile
ranges are highly consistent across Sobol, LHD, and uniform random sampling, indicating that the
choice of space-filling approximation strategy has only a minor influence on the final optimization
performance.

A comparison between the deterministic methods and their ε-variants reveals different behavior.
ClusterHC and eClusterHC exhibit nearly identical distributions, suggesting that randomization
provides little additional benefit for this method. In contrast, eCSAW consistently outperforms
CSAW, indicating that the ε-enhanced variant provides a clear improvement over the original selection
mechanism.

4.3. Pairwise Wilcoxon comparison of the selection methods

To provide a direct statistical comparison among the eight solution selection methods, we perform
pairwise Wilcoxon signed-rank tests on their final optimization performance. For each Pareto
front approximation strategy, pairwise comparisons are performed over the 12 CEC2022 benchmark
functions, and the resulting Win/Tie/Loss counts are aggregated across the three strategies, yielding a
total of 36 comparison cases.

Table 1. Pairwise Win/Tie/Loss (W/T/L) comparison of the eight solution selection methods
over 36 comparison cases. Each entry compares the row method against the column method
using a Wilcoxon signed-rank test (α = 0.05). Bold entries indicate an overall winning record
(W > L).

eShotgun eCSAW eClusterHC ClusterHC CSAW qEI qUCB qKG
eShotgun – 24/7/5 24/6/6 25/4/7 30/5/1 26/7/3 27/9/0 31/4/1
eCSAW 5/7/24 – 0/30/6 0/31/5 32/4/0 11/6/19 10/10/16 32/4/0
eClusterHC 6/6/24 6/30/0 – 2/34/0 33/3/0 10/6/20 12/8/16 32/4/0
ClusterHC 7/4/25 5/31/0 0/34/2 – 34/2/0 11/7/18 10/10/16 34/2/0
CSAW 1/5/30 0/4/32 0/3/33 0/2/34 – 0/7/29 5/4/27 28/5/3
qEI 3/7/26 19/6/11 20/6/10 18/7/11 29/7/0 – 3/24/9 30/6/0
qUCB 0/9/27 16/10/10 16/8/12 16/10/10 27/4/5 9/24/3 – 30/0/6
qKG 1/4/31 0/4/32 0/4/32 0/2/34 3/5/28 0/6/30 6/0/30 –

Table 1 summarizes the pairwise comparisons over the 36 comparison cases. For each comparison
case, the final best objective values from the 30 independent runs are compared using a Wilcoxon
signed-rank test at the 5% significance level. Each entry reports the numbers of Wins/Ties/Losses
(W/T/L), where a win indicates that the row method significantly outperforms the column method, a
loss indicates the opposite, and a tie indicates no significant difference.

Several clear patterns emerge. First, eShotgun achieves a positive win–loss record against every
competing method. It records 24/7/5, 24/6/6, and 25/4/7 win/tie/loss records against eCSAW,
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eClusterHC, and ClusterHC, respectively, demonstrating clear superiority even over its closest
competitors. Against qEI, qUCB, CSAW, and qKG, the margins become even larger, achieving 26/7/3,
27/9/0, 30/5/1, and 31/4/1 records, respectively. These results provide strong statistical evidence that
eShotgun consistently delivers the best overall optimization performance across the benchmark suite.

The remaining Pareto-based solution selection methods exhibit mixed pairwise results. ClusterHC,
eClusterHC, and eCSAW consistently outperform CSAW and qKG, while producing many ties and
balanced win–loss records when compared with one another. This indicates that their performance
differences are generally modest.

Among the acquisition-function baselines, qEI and qUCB perform more competitively than
suggested by the convergence curves alone. Both achieve positive win–loss records against several
Pareto-based solution selection methods, although they are consistently outperformed by eShotgun. In
contrast, qKG records negative win–loss balances against nearly every competing method, confirming
its comparatively weak performance.

4.4. Critical-difference comparison

To complement the pairwise Wilcoxon comparisons, we compare the eight solution selection
methods simultaneously using the Friedman ranking procedure followed by the Nemenyi post-hoc
test recommended by Demšar [19]. Each method is ranked on every CEC2022 benchmark instance
according to its final optimization performance, and the average Friedman ranks are subsequently
compared. In the CD diagram, methods connected by a horizontal bar cannot be distinguished
statistically at the 5% significance level.

Figure 4. Critical-difference diagram of the average Friedman ranks for the eight solution
selection methods, computed over the 36 CEC2022 benchmark instances (12 benchmark
functions × 3 Pareto front approximation strategies). Lower average ranks indicate better
optimization performance. Methods connected by a horizontal bar are not significantly
different according to the Nemenyi post-hoc test at the 5% significance level (CD = 1.75).
The dagger (†) denotes acquisition-function baselines.
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Figure 4 shows that, unlike the pairwise Wilcoxon tests, which compare one pair of methods
at a time, the Nemenyi post-hoc test simultaneously compares all methods and is therefore more
conservative, resulting in broader groups of statistically indistinguishable methods. Nevertheless, the
overall ranking is consistent with the preceding convergence curves, box plots, and pairwise Wilcoxon
analysis: eShotgun achieves the best average rank (2.25), ClusterHC (3.47), qEI (3.69), eClusterHC
(3.94), qUCB (4.17), and eCSAW (4.33) form a competitive middle group, whereas CSAW (6.69) and
qKG (7.44) consistently rank among the weakest methods.

4.5. Batch diversity and exploration analysis

To better understand the search behavior of the Pareto-based solution selection methods, we
examine two complementary diagnostics. The first measures the diversity within each selected batch,
whereas the second measures the novelty of the selected batch relative to the previously evaluated
archive.

Let B = {x1, . . . , xq} denote a selected batch of q = 4 points in the normalized search domain [0, 1]D,
and letH denote the set of points evaluated before the current batch.

The within-batch diversity is measured using the log-determinant determinantal point process (DPP)
score [36, 39],

Ddpp(B) = log det K, Ki j = exp
(
−
∥xi − x j∥

2

2ℓ2

)
, ℓ = 0.3

√
D, (4.3)

where K is the Gaussian kernel matrix. Larger values of Ddpp indicate greater within-batch diversity,
whereas smaller values indicate that the selected points are more concentrated.

To quantify exploration relative to the search history, we compute the average novelty score adapted
from the novelty search framework [41],

Dnov(B) =
1
q

q∑
i=1

min
x′∈H
∥xi − x′∥. (4.4)

Large values of Dnov indicate that the selected batch explores regions far from the previously evaluated
archive, whereas small values correspond to more local exploration.

Figure 5 presents the average diversity and novelty measures over 30 independent runs and all
CEC2022 benchmark functions. The results reveal that the exploration behavior is strongly governed
by the solution selection method.
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(a) Log-det DPP diversity (b) Archive-relative novelty

Figure 5. Mechanistic analysis of the Pareto-based solution selection methods. (a) The log-
determinant DPP score measures within-batch diversity in kernel space, whereas (b) archive-
relative novelty measures the average distance from the selected batch to the previously
evaluated archive. Results are averaged over 30 independent runs and all CEC2022
benchmark functions.

The most distinctive behavior is observed for eShotgun, which consistently exhibits the lowest Ddpp

and Dnov throughout the optimization process. This indicates that its selected batches are both internally
concentrated and remain close to the previously evaluated archive. This behavior follows directly from
its selection mechanism: only the first point is selected using the ε-greedy rule, whereas the remaining
batch points are generated by local Gaussian sampling around this anchor point. Consequently,
eShotgun deliberately emphasizes local exploitation over global exploration.

Interestingly, eShotgun also exhibits substantially greater variability across independent runs than
the other Pareto-based solution selection methods, as reflected by the much wider shaded region in
Figure 5. This behavior follows directly from the ε-greedy selection mechanism. With probability
1 − ε, the anchor point is selected greedily by minimizing the predictive mean, producing tightly
clustered batches with low diversity and novelty. With probability ε, however, the anchor point is
selected from the Pareto set, after which the remaining batch points are generated by local Gaussian
sampling around this exploratory anchor. These occasional exploratory batches exhibit substantially
higher diversity and novelty, resulting in low average diversity together with greater variability across
independent runs.

In contrast, the remaining methods exhibit more exploratory behavior, but with different degrees
of diversity. In terms of within-batch diversity, CSAW consistently achieves the largest Ddpp, whereas
ClusterHC, eClusterHC, and eCSAW produce nearly indistinguishable diversity levels. For archive-
relative novelty, CSAW again explores farthest from the existing archive, followed by eCSAW,
whereas ClusterHC and eClusterHC remain nearly indistinguishable. Together, these complementary
diagnostics provide a mechanistic explanation for the different exploration–exploitation behaviors of
the Pareto-based solution selection methods and help explain the superior optimization performance of
eShotgun observed in the previous sections.
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4.6. Sensitivity analysis of the candidate set size

Having examined the optimization performance and search behavior of the selection methods, we
now investigate the effect of the candidate set size used for Pareto front approximation.

We compare four candidate set sizes,

N = {100D, 1000D, 10000D, 100000D},

where D denotes the problem dimension. Approximation quality is evaluated using the average Pareto
front cardinality (|P|) and hypervolume (HV), while computational cost is measured by the Pareto front
approximation runtime, from candidate set generation through Pareto front construction, including
Gaussian process prediction and non-dominated sorting, but excluding Gaussian process training.

Table 2 summarizes the results averaged over five Gaussian process training set sizes (nobs =

100, . . . , 500), three Pareto front approximation strategies, twelve CEC2022 benchmark functions, and
30 independent runs.

Table 2. Average Pareto front cardinality, hypervolume, and Pareto front approximation
runtimes for different candidate set sizes, averaged over five Gaussian process training set
sizes and the three Pareto front approximation strategies.

Candidate size Avg. |P| Avg. HV Avg. Runtime (s)
100D 11.5 0.816 0.024
1000D 17.2 0.944 0.221
10000D 25.0 0.983 2.16
100000D 40.0 0.998 21.9

As expected, increasing the candidate set size consistently improves the Pareto front approximation.
The average Pareto front cardinality increases from 11.5 to 40.0 and the average hypervolume from
0.816 to 0.998 as N increases from 100D to 100000D. However, these gains are accompanied by a
substantial increase in computational cost, with the average runtime rising from 0.024 to 21.9 seconds.

The largest improvement is obtained by increasing the candidate set size from 100D to 1000D,
where the average hypervolume increases from 0.816 to 0.944 while the runtime remains below 0.25
seconds. Beyond 1000D, each ten-fold increase in candidate set size yields only modest improvements
in hypervolume (0.944 to 0.983 and then 0.998), whereas the runtime increases by approximately an
order of magnitude.

For comparison, NSGA-II with a population size of 100 evolved for 100 generations achieves an
average hypervolume of 1.0711 under the same experimental setting. Consequently, N = 1000D
provides the best trade-off between approximation quality and computational efficiency and is therefore
used throughout this paper.

Detailed results for each Gaussian process training set size and Pareto front approximation strategy
are provided in Appendix C (Tables C1 and C2), where all three approximation strategies exhibit
consistent trends.

4.7. Real-world optimization benchmark

To further evaluate the practical applicability of the BOPS framework, we consider the push4
robotic manipulation benchmark [16, 68], a widely used expensive black-box optimization problem
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for Bayesian optimization, where a robot pushes an object toward a target location. The four decision
variables specify the robot’s initial position and pushing direction, and the objective is to minimize the
Euclidean distance between the final object position and the target.

The same experimental protocol described in Section 4.1 is adopted. Each method is allocated a
budget of 800 function evaluations and repeated over 30 independent runs, with the candidate set size
fixed at N = 1000D. The complete numerical results are reported in Tables D1–D3, where the last
rows correspond to the push4 benchmark.

Figures 6 and 7 compare the convergence behavior and final optimization performance of the
five Pareto-based solution selection methods and the three acquisition-function baselines on the
push4 robotic pushing benchmark. The Pareto-based approaches remain competitive on this practical
expensive optimization problem, demonstrating that the observations from the synthetic benchmark
suite also extend to a real-world application.

Figure 6. Convergence curves of the five Pareto-based solution selection methods under
different Pareto front approximation strategies, together with the three acquisition-function
baselines, on the push4 benchmark. The curves show the mean best objective value over 30
independent runs.
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Figure 7. Distribution of the final best objective values over 30 independent runs on the
push4 benchmark.

Again, eShotgun achieves the best performance, exhibiting both the fastest convergence and
the lowest final objective values. Among the Pareto-based solution selection methods, ClusterHC,
eClusterHC, and eCSAW exhibit similar performance, with all three consistently outperforming
CSAW. The boxplots further indicate that these methods exhibit relatively small variability across
independent runs, suggesting stable optimization behavior. In contrast, all three acquisition-function
baselines converge more slowly and terminate at higher objective values, exhibiting performance
comparable to or worse than CSAW.

5. Conclusions

In this paper, we presented a unified framework for studying Pareto-based batch Bayesian
optimization by explicitly separating Pareto front approximation from solution selection. This
framework enabled a systematic comparison of five Pareto-based solution selection methods under a
common experimental setting, together with three sampling strategies for Pareto front approximation.

Extensive experiments on the CEC2022 benchmark suite and the push4 robotic manipulation
benchmark demonstrated that solution selection plays a more important role than Pareto approximation
once a sufficiently accurate Pareto set has been obtained. Among the deterministic solution selection
methods, ClusterHC consistently achieved better overall performance than CSAW. The results also
showed that incorporating a stochastic component into CSAW substantially improves its performance,
making it competitive with the top-performing deterministic solution selection methods.

More importantly, the empirical results indicated that solution selection remains a critical yet
relatively unexplored component of Pareto-based batch Bayesian optimization. The noticeable
performance differences among the evaluated selection strategies suggest that there remains
considerable opportunity for developing more effective Pareto-based solution selection methods.

One limitation of the present study is the use of Gaussian process surrogate models, whose cubic
computational complexity limits their scalability as the number of observations increases. Extending
the BOPS framework to scalable surrogate models [4, 65], such as sparse Gaussian processes,
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constitutes an important direction for future research. Furthermore, the present study focused on
unconstrained deterministic optimization problems of moderate dimensionality. Future work will
investigate the BOPS framework in noisy and constrained Bayesian optimization settings, on higher-
dimensional and more computationally demanding real-world optimization problems, and through
the development of adaptive Pareto front approximation and solution selection strategies. From a
practical perspective, our results suggest that practitioners should place greater emphasis on the design
of Pareto-based solution selection strategies than on the particular Pareto approximation method
once a sufficiently accurate Pareto set has been obtained. We hope that the unified framework and
comprehensive empirical study presented in this work will facilitate future research on Pareto-based
batch Bayesian optimization and contribute to the development of more effective solution selection
strategies.
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Appendix

The appendices provide supplementary information to support the reproducibility and completeness
of this study. Appendix A summarizes the CEC2022 benchmark functions. Appendix B describes the
software implementation. Appendix C presents additional results for the candidate-set-size sensitivity
analysis. Appendix D reports the complete numerical results for all experiments. Appendix E lists
the experimental parameter settings for all methods evaluated in this study, including the baseline
algorithms.

A. CEC2022 test problems

The CEC2022 benchmark suite consists of one unimodal function (F1), four basic multimodal
functions (F2–F5), three hybrid functions (F6–F8), and four composition functions (F9–F12). The
search domain is X = [−100, 100]D. The corresponding global optimum value for each test function is
reported in the last column.

Table A1. Summary of the CEC2022 test functions [40].

Category No. Functions f∗

Unimodal
Function

1 Shifted and full rotated Zakharov function 300

Basic
Functions

2 Shifted and full rotated Rosenbrock’s function 400
3 Shifted and full rotated Expanded Schaffer’s f6 function 600
4 Shifted and full rotated Non-Continuous Rastrigin’s function 800
5 Shifted and full rotated Levy function 900

Hybrid
Functions

6 Hybrid Function 1 (N = 3) 1800
7 Hybrid Function 2 (N = 6) 2000
8 Hybrid Function 3 (N = 5) 2200

Composition
Functions

9 Composition Function 1 (N = 5) 2300
10 Composition Function 2 (N = 4) 2400
11 Composition Function 3 (N = 5) 2600
12 Composition Function 4 (N = 6) 2700

B. Software environment

All experiments were implemented in Python using the following software packages.
Batch Bayesian optimization. The implementation builds upon the eshotgun package [16], which
provides the core batch BO loop, including ε-greedy selection and greedy batch construction. The
Pareto-based selection variants are implemented within this framework.
Gaussian process modeling. Surrogate models are constructed using GPy [26], with a Matérn 5/2
kernel.
Pareto approximation. Non-dominated sorting is performed using pymoo [5].
Sampling. Sobol and Latin hypercube designs are generated via scipy.stats.qmc [62], with
additional support from pyDOE2 [49].
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Clustering and preprocessing. DBSCAN clustering and min–max normalization are implemented
using scikit-learn [45].
Benchmark suite. The CEC2022 benchmark functions are implemented using the opfunu
package [58].
qEI. This jointly optimizes the q-point expected improvement acquisition function using Monte Carlo
estimation together with the reparameterization trick [70].
qUCB. This extends the classical GP-UCB acquisition function to the batch setting by maximizing a
sample-average approximation of the joint upper confidence bound over the q candidate points [57,70].
qKG. This selects a batch of q points by maximizing the expected increase in the optimal posterior
mean after observing the batch, where the expectation is approximated by averaging over hypothetical
batch outcomes and the corresponding posterior updates [71].
ε-Shotgun. This selects the first batch point using an ε-greedy rule and then generates the remaining
q − 1 points by Gaussian sampling around it using an adaptive sampling radius determined by the
surrogate model [16].

C. Additional results for candidate-set-size sensitivity analysis

D. Complete numerical results

Table C1. Average cardinality and hypervolume per strategy, separated by Nlabel and nobs.
Cardinality (|P|) Hypervolume (HV)

Nlabel nobs LHD Random Sobol LHD Random Sobol

100D

100 11.80 11.86 11.83 0.8130 0.8190 0.8185
200 11.55 11.49 11.71 0.8205 0.8220 0.8244
300 11.31 11.44 11.26 0.8156 0.8117 0.8206
400 11.20 11.43 11.42 0.8068 0.8006 0.8109
500 11.22 11.35 11.25 0.8218 0.8129 0.8188

1000D

100 19.31 18.79 18.90 0.9413 0.9404 0.9408
200 17.56 17.80 17.48 0.9460 0.9465 0.9466
300 17.04 17.27 17.00 0.9444 0.9455 0.9454
400 17.05 17.14 17.02 0.9346 0.9360 0.9421
500 16.84 16.55 16.63 0.9425 0.9459 0.9447

10000D

100 30.78 30.47 30.32 0.9818 0.9834 0.9844
200 26.73 26.60 26.14 0.9864 0.9864 0.9871
300 25.16 24.81 25.10 0.9811 0.9886 0.9769
400 24.52 24.31 24.29 0.9761 0.9741 0.9782
500 24.22 23.87 23.88 0.9831 0.9802 0.9853

100000D

100 51.23 50.73 50.72 0.9975 1.0002 0.9976
200 41.89 42.03 42.05 0.9988 0.9983 0.9988
300 38.46 38.41 37.94 1.0029 0.9973 0.9988
400 36.74 36.62 36.69 0.9917 0.9980 0.9925
500 35.33 35.32 35.38 0.9998 0.9934 1.0020
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Table C2. Average Pareto selection runtime in seconds per strategy.

Selection time (s)

Nlabel nobs LHD Random Sobol

100D

100 0.0090 0.0078 0.0131
200 0.0149 0.0137 0.0186
300 0.0224 0.0212 0.0263
400 0.0295 0.0288 0.0331
500 0.0392 0.0376 0.0429

1000D

100 0.0840 0.0753 0.0759
200 0.1450 0.1363 0.1358
300 0.2216 0.2148 0.2096
400 0.2935 0.2837 0.2804
500 0.3971 0.3856 0.3799

10000D

100 0.7461 0.6705 0.7402
200 1.3456 1.2791 1.3879
300 2.0735 2.0748 2.1348
400 2.7977 2.8013 2.9249
500 3.7292 3.6881 3.8200

100000D

100 7.7919 6.9525 6.8401
200 14.1748 13.5458 13.3001
300 21.9962 21.1686 20.9117
400 28.7789 28.3499 28.3507
500 38.8540 38.1818 37.6456
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Table D1. Results of the BOPS framework on the CEC2022 benchmark suite and the real-
world push4 benchmark using the Sobol Pareto front approximation strategy with a budget
of 800 function evaluations. All results are based on 30 independent runs. Smaller values are
better, and the best result for each performance measure is shown in bold.

Function Measures eShotgun eCSAW eClusterHC ClusterHC CSAW qEI qUCB qKG
F1 Best 2.7022e+04 3.3741e+04 2.0686e+04 2.0747e+04 4.1847e+04 4.0625e+04 3.8067e+04 3.0797e+04

Mean 4.2433e+04 4.6462e+04 4.4489e+04 4.3526e+04 5.5294e+04 5.4671e+04 6.3118e+04 5.0986e+04
Sd 6.9237e+03 6.5026e+03 6.8573e+03 7.6127e+03 8.0486e+03 9.4912e+03 1.3668e+04 8.7607e+03
Median 4.2459e+04 4.4852e+04 4.5592e+04 4.5198e+04 5.3358e+04 5.3672e+04 6.3187e+04 5.2342e+04

F2 Best 4.9587e+02 9.8459e+02 1.0135e+03 8.2626e+02 1.3908e+03 7.0659e+02 7.0101e+02 1.8893e+03
Mean 5.5259e+02 1.3208e+03 1.2812e+03 1.2946e+03 1.7960e+03 9.7951e+02 1.0163e+03 2.9608e+03
Sd 7.2188e+01 1.4450e+02 1.2880e+02 1.8018e+02 3.2006e+02 1.7379e+02 1.6607e+02 6.1233e+02
Median 5.3641e+02 1.3266e+03 1.3049e+03 1.2958e+03 1.7260e+03 9.0698e+02 1.0085e+03 2.9872e+03

F3 Best 6.0000e+02 6.0056e+02 6.0032e+02 6.0043e+02 6.0064e+02 6.0021e+02 6.0002e+02 6.0132e+02
Mean 6.0000e+02 6.0073e+02 6.0069e+02 6.0067e+02 6.0093e+02 6.0057e+02 6.0003e+02 6.0172e+02
Sd 1.8226e-04 7.1748e-02 9.8843e-02 1.0062e-01 1.3179e-01 1.5339e-01 7.5118e-03 2.0335e-01
Median 6.0000e+02 6.0075e+02 6.0071e+02 6.0069e+02 6.0093e+02 6.0059e+02 6.0003e+02 6.0171e+02

F4 Best 8.3986e+02 1.0248e+03 1.0549e+03 1.0621e+03 1.0747e+03 1.0374e+03 9.9687e+02 1.1132e+03
Mean 8.9856e+02 1.1084e+03 1.1064e+03 1.1097e+03 1.1489e+03 1.0963e+03 1.1092e+03 1.1832e+03
Sd 3.1679e+01 3.4344e+01 2.4696e+01 2.8167e+01 4.1341e+01 2.8906e+01 4.1378e+01 3.2324e+01
Median 9.0011e+02 1.1168e+03 1.1068e+03 1.1133e+03 1.1535e+03 1.0952e+03 1.1245e+03 1.1838e+03

F5 Best 9.0027e+02 9.0555e+02 9.0605e+02 9.0499e+02 9.0516e+02 9.0211e+02 9.0105e+02 9.0547e+02
Mean 9.0144e+02 9.0758e+02 9.0748e+02 9.0704e+02 9.0960e+02 9.0318e+02 9.0193e+02 9.1319e+02
Sd 1.4760e+00 1.0164e+00 8.7673e-01 9.8425e-01 2.0793e+00 5.9971e-01 5.9758e-01 3.3818e+00
Median 9.0107e+02 9.0730e+02 9.0736e+02 9.0719e+02 9.0993e+02 9.0319e+02 9.0185e+02 9.1361e+02

F6 Best 1.4144e+05 1.6552e+08 1.8998e+08 1.5231e+08 1.9708e+08 9.9413e+06 2.0229e+07 2.5031e+09
Mean 6.0429e+05 4.0114e+08 4.1809e+08 3.9049e+08 5.5409e+08 1.4709e+08 4.9653e+07 4.2345e+09
Sd 2.4741e+05 1.2675e+08 1.3977e+08 1.1487e+08 1.9402e+08 1.1070e+08 1.5813e+07 8.4562e+08
Median 5.7908e+05 4.0427e+08 3.8723e+08 3.7781e+08 5.4395e+08 1.1599e+08 4.7070e+07 4.3427e+09

F7 Best 2.1350e+03 2.6192e+03 2.8252e+03 2.7219e+03 2.6119e+03 2.5569e+03 2.3539e+03 3.6736e+03
Mean 2.3124e+03 3.2268e+03 3.1752e+03 3.1681e+03 3.7284e+03 2.9706e+03 3.0289e+03 5.5424e+03
Sd 1.0712e+02 3.3410e+02 2.2560e+02 2.4184e+02 4.8354e+02 2.2157e+02 3.2195e+02 8.9685e+02
Median 2.2881e+03 3.1935e+03 3.1253e+03 3.1659e+03 3.7128e+03 2.9432e+03 3.1365e+03 5.4306e+03

F8 Best 1.5712e+07 7.5049e+06 1.0256e+05 8.0025e+03 4.5883e+07 5.2276e+04 3.0795e+07 1.5952e+07
Mean 1.3704e+11 6.8828e+10 4.3876e+10 3.5882e+10 2.3943e+11 5.8534e+10 7.4086e+10 3.5425e+11
Sd 1.9856e+11 1.4188e+11 1.0810e+11 4.6612e+10 3.4324e+11 9.9258e+10 1.0155e+11 5.7719e+11
Median 7.2599e+10 2.4301e+10 6.2156e+09 1.3183e+10 9.2594e+10 1.4498e+10 2.6237e+10 1.3853e+11

F9 Best 2.4393e+03 3.2285e+03 3.0139e+03 3.1310e+03 3.5382e+03 3.2721e+03 3.3567e+03 3.8741e+03
Mean 2.8973e+03 3.5375e+03 3.4479e+03 3.4569e+03 3.9828e+03 3.6032e+03 3.5653e+03 5.7409e+03
Sd 1.8447e+02 1.6646e+02 1.6551e+02 1.8926e+02 2.6072e+02 1.9097e+02 1.3892e+02 8.7618e+02
Median 2.9319e+03 3.5299e+03 3.4368e+03 3.4834e+03 4.0099e+03 3.6035e+03 3.5687e+03 5.5617e+03

F10 Best 3.1415e+03 2.9477e+03 2.9490e+03 2.9163e+03 2.9632e+03 3.3573e+03 3.1676e+03 2.9463e+03
Mean 5.2520e+03 3.9464e+03 4.1701e+03 4.0157e+03 4.1632e+03 4.6573e+03 4.8738e+03 4.2756e+03
Sd 1.1314e+03 1.4517e+03 1.5164e+03 1.4166e+03 1.4745e+03 6.4570e+02 8.2154e+02 9.1346e+02
Median 5.5682e+03 3.0113e+03 3.1999e+03 3.0149e+03 3.0888e+03 4.6074e+03 4.9589e+03 4.4192e+03

F11 Best 2.9254e+03 2.9088e+03 2.9370e+03 2.8959e+03 3.1147e+03 2.9342e+03 3.1783e+03 4.2223e+03
Mean 3.7798e+03 3.7026e+03 3.2742e+03 3.4545e+03 5.5002e+03 4.2320e+03 4.4168e+03 8.3394e+03
Sd 6.5872e+02 6.2632e+02 2.1585e+02 3.5663e+02 1.3978e+03 9.2478e+02 8.5546e+02 1.3909e+03
Median 3.6121e+03 3.5931e+03 3.2504e+03 3.3861e+03 5.0790e+03 4.1255e+03 4.3373e+03 8.3775e+03

F12 Best 2.9696e+03 3.1876e+03 3.1441e+03 3.1678e+03 3.1925e+03 3.0151e+03 2.9842e+03 3.4144e+03
Mean 3.0476e+03 3.2462e+03 3.2435e+03 3.2435e+03 3.2934e+03 3.0586e+03 3.0502e+03 3.7493e+03
Sd 3.1615e+01 3.6985e+01 4.3729e+01 3.9072e+01 4.2830e+01 2.3836e+01 2.9975e+01 1.3950e+02
Median 3.0417e+03 3.2535e+03 3.2495e+03 3.2442e+03 3.2956e+03 3.0575e+03 3.0553e+03 3.7272e+03

push4 Best 1.1146e-03 7.3136e-03 4.6943e-03 1.1628e-03 2.5160e-02 9.5357e-03 3.8704e-02 1.7051e-02
Mean 9.9158e-03 2.5184e-02 3.0141e-02 2.7644e-02 1.0404e-01 9.6135e-02 1.6630e-01 1.0679e-01
Sd 6.6291e-03 1.3631e-02 1.6189e-02 1.4965e-02 4.7123e-02 5.8469e-02 8.4102e-02 1.2207e-01
Median 7.9295e-03 2.2115e-02 2.8662e-02 2.5603e-02 1.0480e-01 7.7393e-02 1.6384e-01 8.0304e-02
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Table D2. Results of the BOPS framework on the CEC2022 benchmark suite and the real-
world push4 benchmark using the LHD Pareto front approximation strategy with a budget of
800 function evaluations. All results are based on 30 independent runs. Smaller values are
better, and the best result for each performance measure is shown in bold.

Function Measures eShotgun eCSAW eClusterHC ClusterHC CSAW qEI qUCB qKG
F1 Best 2.5232e+04 3.4578e+04 2.6274e+04 2.6336e+04 4.4881e+04 4.0625e+04 3.8067e+04 3.0797e+04

Mean 4.3762e+04 4.6959e+04 4.3611e+04 4.2746e+04 5.7724e+04 5.4671e+04 6.3118e+04 5.0986e+04
Sd 8.5438e+03 6.3983e+03 7.6131e+03 7.7229e+03 8.5147e+03 9.4912e+03 1.3668e+04 8.7607e+03
Median 4.5200e+04 4.7316e+04 4.4082e+04 4.3956e+04 5.6091e+04 5.3672e+04 6.3187e+04 5.2342e+04

F2 Best 4.8338e+02 8.9943e+02 9.3827e+02 8.4410e+02 9.3027e+02 7.0659e+02 7.0101e+02 1.8893e+03
Mean 5.2798e+02 1.3176e+03 1.2845e+03 1.2395e+03 1.8437e+03 9.7951e+02 1.0163e+03 2.9608e+03
Sd 3.8808e+01 2.0520e+02 1.7426e+02 1.5647e+02 4.2034e+02 1.7379e+02 1.6607e+02 6.1233e+02
Median 5.2795e+02 1.3361e+03 1.2900e+03 1.2736e+03 1.8514e+03 9.0698e+02 1.0085e+03 2.9872e+03

F3 Best 6.0000e+02 6.0038e+02 6.0050e+02 6.0049e+02 6.0070e+02 6.0021e+02 6.0002e+02 6.0132e+02
Mean 6.0000e+02 6.0066e+02 6.0069e+02 6.0069e+02 6.0088e+02 6.0057e+02 6.0003e+02 6.0172e+02
Sd 2.2339e-04 9.3183e-02 8.9262e-02 6.7753e-02 9.2289e-02 1.5339e-01 7.5118e-03 2.0335e-01
Median 6.0000e+02 6.0066e+02 6.0072e+02 6.0070e+02 6.0090e+02 6.0059e+02 6.0003e+02 6.0171e+02

F4 Best 8.5324e+02 1.0587e+03 1.0391e+03 1.0216e+03 1.1008e+03 1.0374e+03 9.9687e+02 1.1132e+03
Mean 9.4379e+02 1.1151e+03 1.1077e+03 1.1009e+03 1.1610e+03 1.0963e+03 1.1092e+03 1.1832e+03
Sd 9.8144e+01 2.5007e+01 3.1014e+01 3.5971e+01 3.4787e+01 2.8906e+01 4.1378e+01 3.2324e+01
Median 9.0384e+02 1.1138e+03 1.1099e+03 1.1150e+03 1.1670e+03 1.0952e+03 1.1245e+03 1.1838e+03

F5 Best 9.0034e+02 9.0426e+02 9.0571e+02 9.0554e+02 9.0608e+02 9.0211e+02 9.0105e+02 9.0547e+02
Mean 9.0131e+02 9.0742e+02 9.0753e+02 9.0745e+02 9.0952e+02 9.0318e+02 9.0193e+02 9.1319e+02
Sd 7.6131e-01 1.1852e+00 9.0541e-01 1.0910e+00 1.8624e+00 5.9971e-01 5.9758e-01 3.3818e+00
Median 9.0102e+02 9.0767e+02 9.0750e+02 9.0759e+02 9.0957e+02 9.0319e+02 9.0185e+02 9.1361e+02

F6 Best 2.5211e+05 2.0908e+08 1.1725e+08 1.3995e+08 2.5552e+08 9.9413e+06 2.0229e+07 2.5031e+09
Mean 6.3732e+05 4.3087e+08 4.0497e+08 3.4531e+08 6.2663e+08 1.4709e+08 4.9653e+07 4.2345e+09
Sd 3.2326e+05 1.4696e+08 1.3342e+08 1.1507e+08 2.3548e+08 1.1070e+08 1.5813e+07 8.4562e+08
Median 5.3028e+05 4.4255e+08 4.2670e+08 3.5078e+08 6.8418e+08 1.1599e+08 4.7070e+07 4.3427e+09

F7 Best 1.9826e+03 2.3457e+03 2.5803e+03 2.3447e+03 2.7508e+03 2.5569e+03 2.3539e+03 3.6736e+03
Mean 2.2391e+03 3.2018e+03 3.1912e+03 3.1619e+03 3.7546e+03 2.9706e+03 3.0289e+03 5.5424e+03
Sd 1.3247e+02 3.0754e+02 2.3489e+02 3.4216e+02 3.9964e+02 2.2157e+02 3.2195e+02 8.9685e+02
Median 2.2526e+03 3.2247e+03 3.2300e+03 3.1756e+03 3.7722e+03 2.9432e+03 3.1365e+03 5.4306e+03

F8 Best 4.1086e+06 2.3302e+05 2.9598e+06 2.6561e+08 2.7916e+07 5.2276e+04 3.0795e+07 1.5952e+07
Mean 9.6412e+10 5.1731e+10 4.5583e+10 7.1762e+10 1.4163e+11 5.8534e+10 7.4086e+10 3.5425e+11
Sd 1.5875e+11 6.6684e+10 8.3927e+10 1.5640e+11 1.8929e+11 9.9258e+10 1.0155e+11 5.7719e+11
Median 2.5463e+10 3.0670e+10 7.8039e+09 1.5507e+10 5.1621e+10 1.4498e+10 2.6237e+10 1.3853e+11

F9 Best 2.5525e+03 3.2525e+03 3.2003e+03 3.2533e+03 3.2192e+03 3.2721e+03 3.3567e+03 3.8741e+03
Mean 2.9217e+03 3.4747e+03 3.4892e+03 3.4538e+03 3.9379e+03 3.6032e+03 3.5653e+03 5.7409e+03
Sd 1.2309e+02 1.0574e+02 1.5130e+02 1.3261e+02 2.2941e+02 1.9097e+02 1.3892e+02 8.7618e+02
Median 2.9407e+03 3.4838e+03 3.4922e+03 3.4256e+03 3.9894e+03 3.6035e+03 3.5687e+03 5.5617e+03

F10 Best 3.0983e+03 2.9292e+03 2.9596e+03 2.9433e+03 2.9955e+03 3.3573e+03 3.1676e+03 2.9463e+03
Mean 4.5657e+03 3.9799e+03 4.2412e+03 3.7512e+03 4.1858e+03 4.6573e+03 4.8738e+03 4.2756e+03
Sd 8.4355e+02 1.4656e+03 1.4074e+03 1.3008e+03 1.4044e+03 6.4570e+02 8.2154e+02 9.1346e+02
Median 4.5125e+03 3.0104e+03 3.5915e+03 3.0138e+03 3.0910e+03 4.6074e+03 4.9589e+03 4.4192e+03

F11 Best 3.0108e+03 3.0543e+03 2.7945e+03 2.7509e+03 3.4391e+03 2.9342e+03 3.1783e+03 4.2223e+03
Mean 3.9252e+03 3.5870e+03 3.4720e+03 3.3990e+03 5.4326e+03 4.2320e+03 4.4168e+03 8.3394e+03
Sd 6.7174e+02 3.6062e+02 4.9816e+02 2.8401e+02 1.0852e+03 9.2478e+02 8.5546e+02 1.3909e+03
Median 3.7071e+03 3.5454e+03 3.3891e+03 3.4270e+03 5.2067e+03 4.1255e+03 4.3373e+03 8.3775e+03

F12 Best 2.9755e+03 3.1559e+03 3.1954e+03 3.1506e+03 3.1195e+03 3.0151e+03 2.9842e+03 3.4144e+03
Mean 3.0483e+03 3.2475e+03 3.2410e+03 3.2332e+03 3.3013e+03 3.0586e+03 3.0502e+03 3.7493e+03
Sd 3.9311e+01 3.7874e+01 2.9730e+01 3.7729e+01 6.9376e+01 2.3836e+01 2.9975e+01 1.3950e+02
Median 3.0537e+03 3.2471e+03 3.2465e+03 3.2352e+03 3.3245e+03 3.0575e+03 3.0553e+03 3.7272e+03

push4 Best 9.3108e-04 2.4662e-03 8.5663e-03 3.8908e-03 1.7192e-02 9.5357e-03 3.8704e-02 1.7051e-02
Mean 2.1909e-02 2.8574e-02 3.2553e-02 3.7196e-02 8.7919e-02 9.6135e-02 1.6630e-01 1.0679e-01
Sd 4.1159e-02 2.0031e-02 1.7069e-02 2.0412e-02 4.2526e-02 5.8469e-02 8.4102e-02 1.2207e-01
Median 1.1090e-02 2.8939e-02 2.8312e-02 3.4074e-02 8.7153e-02 7.7393e-02 1.6384e-01 8.0304e-02
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Table D3. Results of the BOPS framework on the CEC2022 benchmark suite and the real-
world push4 benchmark using the random Pareto front approximation strategy with a budget
of 800 function evaluations. All results are based on 30 independent runs. Smaller values are
better, and the best result for each performance measure is shown in bold.

Function Measures eShotgun eCSAW eClusterHC ClusterHC CSAW qEI qUCB qKG
F1 Best 2.0844e+04 1.9637e+04 2.3151e+04 2.9190e+04 3.4301e+04 4.0625e+04 3.8067e+04 3.0797e+04

Mean 4.0963e+04 4.5249e+04 4.2074e+04 4.5598e+04 5.5920e+04 5.4671e+04 6.3118e+04 5.0986e+04
Sd 7.4472e+03 8.9143e+03 7.3610e+03 6.3918e+03 1.0587e+04 9.4912e+03 1.3668e+04 8.7607e+03
Median 4.0577e+04 4.7100e+04 4.2279e+04 4.5860e+04 5.5034e+04 5.3672e+04 6.3187e+04 5.2342e+04

F2 Best 4.8079e+02 1.0533e+03 9.6644e+02 9.8548e+02 1.1816e+03 7.0659e+02 7.0101e+02 1.8893e+03
Mean 5.2412e+02 1.3217e+03 1.2895e+03 1.3268e+03 1.8758e+03 9.7951e+02 1.0163e+03 2.9608e+03
Sd 3.3921e+01 1.6598e+02 1.6761e+02 1.6793e+02 3.2979e+02 1.7379e+02 1.6607e+02 6.1233e+02
Median 5.1655e+02 1.3011e+03 1.2806e+03 1.3277e+03 1.8117e+03 9.0698e+02 1.0085e+03 2.9872e+03

F3 Best 6.0000e+02 6.0052e+02 6.0052e+02 6.0049e+02 6.0049e+02 6.0021e+02 6.0002e+02 6.0132e+02
Mean 6.0000e+02 6.0071e+02 6.0070e+02 6.0069e+02 6.0085e+02 6.0057e+02 6.0003e+02 6.0172e+02
Sd 2.1651e-04 9.1475e-02 8.6264e-02 8.8346e-02 1.5298e-01 1.5339e-01 7.5118e-03 2.0335e-01
Median 6.0000e+02 6.0073e+02 6.0070e+02 6.0071e+02 6.0088e+02 6.0059e+02 6.0003e+02 6.0171e+02

F4 Best 8.4400e+02 1.0567e+03 1.0480e+03 1.0598e+03 1.0670e+03 1.0374e+03 9.9687e+02 1.1132e+03
Mean 9.3712e+02 1.1067e+03 1.1105e+03 1.1066e+03 1.1539e+03 1.0963e+03 1.1092e+03 1.1832e+03
Sd 8.1762e+01 2.7906e+01 3.0685e+01 2.4827e+01 3.9041e+01 2.8906e+01 4.1378e+01 3.2324e+01
Median 9.1629e+02 1.1080e+03 1.1152e+03 1.1055e+03 1.1536e+03 1.0952e+03 1.1245e+03 1.1838e+03

F5 Best 9.0015e+02 9.0516e+02 9.0516e+02 9.0580e+02 9.0588e+02 9.0211e+02 9.0105e+02 9.0547e+02
Mean 9.0112e+02 9.0757e+02 9.0724e+02 9.0758e+02 9.0965e+02 9.0318e+02 9.0193e+02 9.1319e+02
Sd 8.2672e-01 1.0415e+00 1.0090e+00 1.0240e+00 1.5440e+00 5.9971e-01 5.9758e-01 3.3818e+00
Median 9.0082e+02 9.0769e+02 9.0742e+02 9.0772e+02 9.0976e+02 9.0319e+02 9.0185e+02 9.1361e+02

F6 Best 1.8578e+05 1.5820e+08 1.5820e+08 1.9898e+08 2.4355e+08 9.9413e+06 2.0229e+07 2.5031e+09
Mean 6.0921e+05 4.4241e+08 4.3541e+08 4.0886e+08 6.1880e+08 1.4709e+08 4.9653e+07 4.2345e+09
Sd 3.2932e+05 1.1241e+08 1.1439e+08 1.0942e+08 1.9556e+08 1.1070e+08 1.5813e+07 8.4562e+08
Median 4.9570e+05 4.3140e+08 4.3140e+08 4.1267e+08 5.8042e+08 1.1599e+08 4.7070e+07 4.3427e+09

F7 Best 1.9890e+03 2.4107e+03 2.4600e+03 2.7443e+03 2.8461e+03 2.5569e+03 2.3539e+03 3.6736e+03
Mean 2.1976e+03 3.1322e+03 3.2188e+03 3.2074e+03 3.7755e+03 2.9706e+03 3.0289e+03 5.5424e+03
Sd 1.1967e+02 2.8690e+02 3.4253e+02 2.6710e+02 4.7733e+02 2.2157e+02 3.2195e+02 8.9685e+02
Median 2.1961e+03 3.1376e+03 3.2408e+03 3.2482e+03 3.7311e+03 2.9432e+03 3.1365e+03 5.4306e+03

F8 Best 2.6528e+07 1.8911e+06 2.6325e+07 9.9267e+04 5.0595e+07 5.2276e+04 3.0795e+07 1.5952e+07
Mean 1.6859e+11 6.3774e+10 1.1885e+11 5.0938e+10 1.5146e+11 5.8534e+10 7.4086e+10 3.5425e+11
Sd 2.2673e+11 9.2898e+10 1.5672e+11 9.1951e+10 3.1362e+11 9.9258e+10 1.0155e+11 5.7719e+11
Median 6.4161e+10 2.9774e+10 4.5266e+10 9.1080e+09 2.9104e+10 1.4498e+10 2.6237e+10 1.3853e+11

F9 Best 2.4239e+03 3.0085e+03 3.0085e+03 3.0607e+03 3.4714e+03 3.2721e+03 3.3567e+03 3.8741e+03
Mean 2.9209e+03 3.5011e+03 3.4392e+03 3.4775e+03 3.9611e+03 3.6032e+03 3.5653e+03 5.7409e+03
Sd 1.7413e+02 1.7387e+02 1.5958e+02 1.7746e+02 2.7301e+02 1.9097e+02 1.3892e+02 8.7618e+02
Median 2.9402e+03 3.5253e+03 3.4259e+03 3.4852e+03 3.9309e+03 3.6035e+03 3.5687e+03 5.5617e+03

F10 Best 3.1327e+03 2.9310e+03 2.9447e+03 2.9312e+03 2.9808e+03 3.3573e+03 3.1676e+03 2.9463e+03
Mean 4.5719e+03 3.8408e+03 3.8317e+03 4.2985e+03 4.3662e+03 4.6573e+03 4.8738e+03 4.2756e+03
Sd 6.9383e+02 9.6857e+02 1.4336e+03 1.4163e+03 1.4892e+03 6.4570e+02 8.2154e+02 9.1346e+02
Median 4.5705e+03 3.3027e+03 3.0188e+03 3.6284e+03 3.4783e+03 4.6074e+03 4.9589e+03 4.4192e+03

F11 Best 2.9927e+03 2.8990e+03 2.8983e+03 2.8247e+03 3.2660e+03 2.9342e+03 3.1783e+03 4.2223e+03
Mean 3.7506e+03 3.5578e+03 3.4540e+03 3.3925e+03 5.2264e+03 4.2320e+03 4.4168e+03 8.3394e+03
Sd 6.8893e+02 4.0361e+02 3.7236e+02 4.0205e+02 1.3935e+03 9.2478e+02 8.5546e+02 1.3909e+03
Median 3.6873e+03 3.5990e+03 3.3543e+03 3.2152e+03 5.0483e+03 4.1255e+03 4.3373e+03 8.3775e+03

F12 Best 2.9995e+03 3.1499e+03 3.1568e+03 3.1701e+03 3.1744e+03 3.0151e+03 2.9842e+03 3.4144e+03
Mean 3.0560e+03 3.2316e+03 3.2415e+03 3.2343e+03 3.3063e+03 3.0586e+03 3.0502e+03 3.7493e+03
Sd 3.2798e+01 4.1415e+01 3.9930e+01 3.5965e+01 5.6250e+01 2.3836e+01 2.9975e+01 1.3950e+02
Median 3.0516e+03 3.2337e+03 3.2485e+03 3.2375e+03 3.3013e+03 3.0575e+03 3.0553e+03 3.7272e+03

push4 Best 1.7020e-03 6.9684e-03 8.9148e-03 1.1766e-03 1.5447e-02 9.5357e-03 3.8704e-02 1.7051e-02
Mean 1.1124e-02 2.9976e-02 2.8385e-02 2.6762e-02 9.0409e-02 9.6135e-02 1.6630e-01 1.0679e-01
Sd 7.7474e-03 1.7797e-02 1.5571e-02 1.4899e-02 6.0165e-02 5.8469e-02 8.4102e-02 1.2207e-01
Median 8.7975e-03 2.5633e-02 2.3737e-02 2.4461e-02 8.2211e-02 7.7393e-02 1.6384e-01 8.0304e-02
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E. Experimental parameter settings

Table E1. Experimental parameter settings for the Pareto-based solution selection methods.
A check mark (✓) indicates that the corresponding parameter is used by the algorithm.

Parameter ClusterHC CSAW ε-Shotgun ε-ClusterHC ε-CSAW Setting

Batch size (q) ✓ ✓ ✓ ✓ ✓ 4

Initial Latin hypercube design
for the GP

✓ ✓ ✓ ✓ ✓ 5D

DBSCAN neighborhood radius
(β)

✓ ✓ ✓ ✓ 5% of the objective-space range

DBSCAN minimum neighbors
(MinPts)

✓ ✓ ✓ ✓ 1

ε-greedy probability (ε) ✓ ✓ ✓ 0.1

Exploration parameter (γ) ✓ ✓ ✓ 1

Kernel length scale (l) ✓ ✓ ✓ Estimated during GP
hyperparameter optimization

Table E2. Experimental parameter settings for the acquisition-function baselines. A check
mark (✓) indicates that the corresponding parameter is used by the algorithm.

Parameter qEI qUCB qKG Setting
Batch size (q) ✓ ✓ ✓ 4
Initial Latin hypercube design for the GP ✓ ✓ ✓ 5D
Exploration weight (κ) ✓ 2.0
Fantasy samples ✓ 32
Number of optimization restarts ✓ 400
Number of raw initial samples ✓ 1000
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