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complex graph families. In this paper, we investigated subdivided hexagonal cage networks and
derived exact analytical expressions for several important graphical invariants, including the general
Randi¢ index, the first Zagreb index, the second Zagreb index, the third Zagreb index, the atom-bond
connectivity index, and the hyper-Zagreb index. By employing graph-theoretical techniques together
with edge partition methods, explicit closed-form formulas were obtained in terms of the subdivision
parameter of the underlying network. The derived results demonstrate the impact of subdivision
operations on the structural behavior, branching characteristics, and quantitative complexity of the
considered networks. Moreover, these graphical invariants provide useful insights into the structural
characteristics, connectivity patterns, and complexity of the considered subdivision networks. The
presented framework enriches the study of graphical invariants for nanostructures and complex graph
and network models, while also contributing to applications in mathematical chemistry, materials
science, and graph-based network analysis.
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1. Introduction

Graph theory, with numerous applications in various scientific fields, especially chemistry, is a
rapidly expanding area. It is essential for the study of molecular (structural) graphs, which are often
represented as hydrogen-suppressed graphs [1,2]. The study and representation of chemical structures
using graph-theoretical methods is a key component of cheminformatics, an interdisciplinary field that
integrates information science, mathematics, and chemistry [3].

A graph is a structure consisting of vertices connected by edges, where the vertices represent
discrete points and the edges represent connections between them. The concept of distance-based
entropy extends classical graph-theoretic analysis by incorporating the shortest-path distances among
vertices to quantify the structural complexity and information distribution within a network [4,5]. A
chemical graph is a mathematical representation of a molecule in which vertices correspond to atoms
and edges correspond to chemical bonds [6]. Research in chemical graph theory has important real-
world applications, including toxicity prediction, drug development, and materials science [7]. By
studying the complex relationship between molecular topology and molecular properties, researchers
can design more effective drugs and advanced materials while accurately predicting their behavior in
various scenarios. These investigations provide profound insights into the fundamentals and practical
applications of chemical graph theory [8].

The study of topological indices in relation to molecular structures benefits multiple fields, including
materials science and drug design. These indices offer significant insights into molecular properties
and serve as effective tools for designing safer and more efficient drugs [9]. Such analyses improve
our understanding of molecular behavior [10, 11] and its applications by elucidating the relationship
between molecular topology and intrinsic characteristics; see Figure 1.
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Figure 1. Applications of topological indices in science.
Topological indices allow for the analysis and prediction of physical properties, chemical reactivity,
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and even some biological activities of molecules [12,13]. Thus, they provide an efficient approach that
can reduce time and cost associated with extensive laboratory experiments [14, 15].

Harry Wiener first studied the boiling points of thirty-seven paraffins, ranging from C4H;, to
CsH;s. He applied the least-squares method to analyze these compounds [16, 17] and observed that
their properties depend not only on the chemical composition but also on the shape, size, branching,
and other factors [18, 19]. Numerous studies on topological indices [20, 21], including degree-
based, distance-based [22, 23], atom-bond connectivity, and geometric-arithmetic indices, have been
conducted to analyze chemical molecules [24,25].

Randic [26] introduced a degree-based topological index known as the Randi€ index, R, »(G), which
exhibits good correlation with many physical and biochemical properties: The ordinary Randi¢ index
of a graph G is defined as

1
R_.1(G) = Er——— (1.1)
’ W;‘G) Vd(u)d(v)

The generalized Randi¢ index (also known as the connectivity index) of a graph G is defined by

R.(G) = Z [dw)d()]%, (1.2)

uveE(G)

where « is a real number. In particular, R_ 1 (G) 1s the ordinary Randi€ index [27].
Another well-known topological index is the first Zagreb index, denoted by M,(G), introduced by
Gutman and Trinajsti¢:

M\(G) = Z [d(u) + d(v)]. (1.3)

uveE(G)

Estrada et al. [28] introduced the atom—bond connectivity (ABC) index:

~ du) +d(v) -2
ABC(G) = MV;G) \/ Todoy (1.4)

The geometric—arithmetic (GA) index is another important degree-based topological index [29,30]:

GA(G) = Z 2 Vd(u)d(v)

dw)+dv)’ (1.5)

weE(G)

Shi et al. [31] conducted an in-depth examination of flabellum graphs using different degree-
based topological indices such as the Randi¢ index, atom-bond connectivity index, geometric-
arithmetic index, and Zagreb indices. Lal et al. [32] used the M-polynomial and NM-polynomial
techniques to compute various degree-based and neighborhood-degree-sum-based topological indices
of complex crystal structures in emerging nanomaterials of lead sulfide (PbS). Sharma et al. [33]
computed the second leap hyper-Zagreb coindex and polynomial for certain classes of benzenoid
structures, including zigzag benzenoid, rhombic benzenoid, multiple segment linear hexagon chains,
and hammer-like benzenoid. Lal et al. [34] employed the N Mpolynomial technique to calculate various
neighborhood-degree-sum-based topological indices and graph-based entropies for carbon nanotube
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Y-junction graphs. Sharma et al. [35] investigated the antiviral drugs oseltamivir and zanamivir
by calculating their topological indices and examining their metric and edge metric resolvability,
providing insights into the structural and functional properties of these compounds. Nitrogen’s isolated
hexagon atomic structure demonstrates a special hexagonal configuration where nitrogen atoms form
discrete hexagonal rings that are isolated from one another, indicating a stable and symmetric molecular
configuration as in Figure 2.

A O 71 < &8
r T <0 150 &
Loty 4 &g HE

Figure 2. The atomic structure of nitrogen with isolated hexagons.

Although degree-based topological indices originated in chemical graph theory [36], they are now
extensively investigated for a wide range of generalized graph families and complex networks. In
this work, the subdivided hexagonal cage network is studied as a mathematical graph rather than a
classical molecular graph. Our objective is to derive exact analytical expressions for several degree-
based graph invariants, thereby contributing to the theory of graph invariants and the structural analysis
of subdivision networks.

2. Main results

In this article, we extend the concept of the hexagonal cage network HX(C}) by applying the process
of edge subdivision, resulting in the subdivided graph denoted by G = S (HX(C})) of order p with ¢
copies.

We calculate various topological indices (TIs) for these subdivided networks, including the general
Randi¢ index, the first, second, and third Zagreb indices, the geometric index, the atom-bond
connectivity (ABC) index, and the hyper-Zagreb index. Furthermore, we provide graphical illustrations
in both 2D and 3D for all TIs to facilitate comparison across the family of subdivided hexagonal cage
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networks S (HX(C})). Nitrogen nanotube graphs with wall structures made up of sequences of three
or four hexagonal faces can be used to describe tubular nitrogen clusters with neighboring hexagons
from a graph-theoretical standpoint. These nanotube networks’ terminal ends have caps that represent
subgraphs made up of one or three vertices in the three-hexagon configuration, and two or four vertices
in the four-hexagon configuration, as shown in Figure 3.

Figure 3. Hexagon configuration.

2.1. Hexagonal cage network S(HXC?}): construction algorithm

The construction algorithm for the hexagonal cage network, denoted as S(HXC?}), is described as
follows:

Step 1: Begin with a g-dimensional hexagonal network, denoted by HX(g).

Step 2: Attach the boundary vertices of HX(g) to the corresponding boundary vertices of its mirror
copy. This process generates a cage network composed of two copies of HX(g), joined along their
edges to form a cohesive structure, see Figure 4.

Step 3: To incorporate a third copy of HX(q), first remove the edges connecting the second half
of the second mirror copy. The vertices freed by this removal are then connected to half of the
boundary vertices of the third copy. Subsequently, the remaining boundary vertices of the third copy
are connected to the boundary vertices of the first copy, ensuring structural cohesion and continuity, as
shown in Figure 5.

Step 4: This iterative process can be continued to construct a generalized hexagonal cage network
HXC}, consisting of p copies of HX(g). The resulting structure is illustrated in Figure 6.

AIMS Mathematics Volume 11, Issue 7, 22114-22132.
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Figure 4. Generalized cage network formed by two mirrored copies of HX(g).

q
3

Figure 5. Hexagonal cage network with three copies, HXC3.

q
P+

Figure 6. Generalized hexagonal cage network with p copies, HX
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2.2. Edge partition of S (HXCY)

The edge partition is derived from the structure of the generalized hexagonal cage network HXCj.
In HXC}, the vertices have degrees 4, 5, and 6. During the subdivision process, every edge is replaced
by a path of length two by inserting a new vertex of degree 2, while the degrees of the original vertices
remain unchanged. Consequently, every edge in S (HXC}) joins a subdivision vertex of degree 2 with
an original vertex of degree 4, 5, or 6. Therefore, the edge set naturally partitions into three disjoint
classes according to the degrees of the end vertices.

Let V(G) and E(G) denote the vertex and edge sets of a graph G, respectively, and let deg(v)
represent the degree of a vertex v € V(G). The edge classes of S (HXC}) are defined as

E((S(HXCY))) = {uv € E(S(HXC?)) : deg(u) = 2, deg(v) =4},

ER(S(HXCY)) = {uv € E(S(HXCY)) : deg(u) =2, deg(v) =5},
E3(S(HXCY))) = {uv € E(S(HXCY)) : deg(u) = 2, deg(v) =61}.

The cardinalities of these edge classes are obtained by direct counting from the structure of
S (HXCZ) and are summarized in Table 1.

Table 1. Edge partition of S (HXC}) according to the degrees of the end vertices.

Edge class Degree pair (deg(u), deg(v)) Number of edges
E, (2,4) 20 +4q

E, (2,5) =70 + 52p + 564
E; (2,6) —30 + 40p + 40q

Clearly,
E(S(HXCZ)):El UE2UE3, EiﬂEj:(Z), l?f_]

The above edge partition serves as the foundation for computing all degree-based topological
indices investigated in this paper.

Theorem 2.1. Let S(HXC}) be the subdivided hexagonal cage network with p copies and order q.
Then, the general Randic¢ index

R(S(HXCO) = > (dwdw)",

uveE(S (HXCY))

fora e {1, %, —%, —1}, is given by

~900 + 1000p + 1072¢, a=1,
—268.714 + 303.711p + 326.941q, «a = %,
Ro(S (HXCY) = 1
~23.73 +28.00p + 30.67¢, @=-3.
-7 + ﬁp + @q a=-1
15 30 7
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Proof. Using the edge partition of S(HXC}) given in Table 1, we compute the general Randi¢ index
for different values of a.
For @ = 1, we have

RUSHXCO) = > d(wd(v)

uveE(S (HXCY))

8|E1| + 10|E,| + 12| E;5|

=820+ 4g) + 10(-=70 + 52p + 56q) + 12(-30 + 40p + 40q)
=160 + 32¢g — 700 + 520p + 560¢g — 360 + 480p + 480¢g

= 900 + 1000p + 10724.

1 .
For @ = —, we obtain

RySHXC) = ) (dwd():

uveE(S (HXC))
= VBIE|| + VI0|E| + VI2|E;]
= V8(20 + 4¢) + V10(=70 + 52p + 56¢) + V12(-30 + 40p + 40q)
=40V2-70V10 - 60 V3 + (52 V10 + 80 V3) p + (8 V2 + 56 V10 + 80 V3) ¢
~ —268.714 + 303.711p + 326.9414.

1
For a = —5 we have

R,(SHXCH) = > (dwdv)

uveE(S (HXC}))

1 1
= —|E| + |E>| + |E5|

wrr

1
= L 004 4g) + —(=70 + 52p + 56g) + ——(~30 + 40p + 40q)
V8 V10 V2

~ —23.73 + 28.00p + 30.67¢.

Finally, for @ = —1, we obtain

R (S(HXCY)) = Z (dydv))™

uveE(S (HXC}))

—1|E|+1|E|+1|E|
BT i i

1 1 1
= §(20 +4q) + 1—0(—70 + 52p + 56q) + E(_3O +40p + 40q)
128 @
1577301

This completes the proof. O

=7+

AIMS Mathematics Volume 11, Issue 7, 22114-22132.



22122

Table 2 presents the values of R(S (HXC})), R%(S (HXC})), R_%(S (HXC})), and R_;(S(HXC}))
for the subdivided hexagonal cage networks with p = g and 2 < p,q < 10. Figure 7 illustrates the
variation of these four Randi¢ indices with respect to the parameter p.

Table 2. Randi¢ topological indices of S (HXC}) for 2 < p,q < 10 with p = g.

P g RSEXCH)  RSHEXCH)  R(SHXCD)  R(SHXCH)
2 2 3244 992.590 93.61 28.9333
3 3 5316 1623.242 152.28 46.9000
4 4 7388 2253.894 210.95 64.8667
5 5 9460 2884.546 269.62 82.8333
6 6 11532 3515.198 328.29 100.8000
7 7 13604 4145.850 386.96 118.7667
8 8 15676 4776.502 445.63 136.7333
9 9 17748 5407.154 504.30 154.7000
10 10 19820 6037.806 562.97 172.6667
Geometrical INustration of TIs of SHCX], 10 <pg<2andp=gq
20000 1 —a~ Ru(G)
Riz(G)
17500 1 —a— R-12(G)
~»= R-1(G)
15000 +
& 12500
g 10000 -
E" 7500 A
5000 4

2500 1

Figure 7. Graphical comparison of the Randi¢ topological indices of S (HXC}) for2 < p,q <
10 with p = g. The plot illustrates the linear growth trends of the Ry, R LRy, and R_; indices

as the network size increases.

The x-axis represents the parameter p.
The y-axis represents the corresponding Randi¢ index value.
Four distinct curves corresponding to Ry, Ry/2, R4/, and R_; are plotted with markers indicating

the computed values.

R—I/Z’ and R_l.

AIMS Mathematics

The curve of Ry exhibits the largest magnitude and the steepest linear growth, followed by Ry,
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e The plot includes descriptive axis labels, a legend, and the title “Randic¢ Indices of S(HXC}) for
p =¢q”, as shown in Figure 7.

Theorem 2.2. Let S(HXC}) be the subdivided hexagonal cage network with p copies and order q.
Then, the Zagreb indices of S(HXC}) are given by

~610 + 684p +736q, =1,
Mi(S (HXC?)) = { =900 + 1000p + 1072q, i =2,
~290 +316p +336q,  i=3.

Proof. Using the edge partition of S (HXC?}) given in Table 1, we compute the three Zagreb indices as
follows.
For the first Zagreb index,

M(SHXCD) = > [dw) +dW)]
uveE(S (HXC}))
= O|E,| + 7|E;| + 8|E;|
=620 +4q) +7(=70 + 52p + 56q) + 8(=30 + 40p + 40q)
=120 + 249 — 490 + 364p + 392q — 240 + 320p + 320¢g
= —610 + 684p + 736q.

For the second Zagreb index,
MyS(HXCD) = Y dwd(v)
uveE(S (HXCY))
= 8|E;| + 10|E,| + 12|E5]
= 8(20 + 4q) + 10(=70 + 52p + 56q) + 12(-30 + 40p + 40q)
=160 + 32¢g — 700 + 520p + 560q — 360 + 480p + 480¢
= -900 + 1000p + 10724.

Finally, for the third Zagreb index,
MySHXCH) = > ld@w) - dW)

uveE(S (HXCY))
= 2|E\[ + 3|E5| + 4{E;|
=2(20+4q) +3(=70+ 52p + 56q) + 4(=30 + 40p + 40q)
=40+ 8g — 210+ 156p + 168q — 120 + 160p + 160qg
= -290 + 316p + 3364.

Hence,
—-610 + 684p + 7364, i=1,

M(S (HXC?)) = {900 + 1000p + 1072g, i =2,
~290 +316p +336q,  i=3.

AIMS Mathematics Volume 11, Issue 7, 22114-22132.
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This completes the proof. O

Theorem 2.3. Let S(HXC}) be the subdivided hexagonal cage network with p copies and order q.
Then, the geometric—arithmetic (GA) index of S(HXC}) is given by

GA(S(HXCY)) = (4 3\/_ 20V10 - 15V3 )
+[1047‘/1_ 20x/_)p+(8;/_ 16\/_+20\/_)

Proof. Using the edge partition of S (HXC}) given in Table 1, the geometric—arithmetic (GA) index is

Z 2 vVdw)dw)

GA(S (HXC?)) = .
(5 (HXC)) L d() +d(v)
uveE(S(HXCI,))
Therefore,
2 \/5 2 \/_ V3
GA(S(HXCY))) = |E;| + |E>| + —|E3|
2 2
- i(zo +4g)+ ‘/_( 70 + 52p + 56) + i( 30 + 40p + 404)
40 104
( 3\/_ 20\/_—15\/_) [ 7‘/_ 20\/_]
82
+(T\/_ + 16\/ﬁ+20\/§)q.
This completes the proof. O

Finally, we derive the ABC index, which is one of the most important degree-based topological
indices for the subdivided hexagonal cage network.

Theorem 2.4. Let S(HXC}) be the subdivided hexagonal cage network with p copies and order q.
Then, the ABC index of S(HXC?}) is given by

ABC(S (HXC9)) = 46 V2 p + 50 V2 g — 40 V2.

Equivalently, 92p + 100g — 80
p+ 100q —
7 .

Proof. Using the edge partition of S (HXC}) given in Table 1, the ABC index is

ABC(S(HXCY)) =

du) +d@v) -2

ABC(S (HXC?)) = Z dw)d(v)

uveE(S (HXCY))

AIMS Mathematics Volume 11, Issue 7, 22114-22132.
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Therefore,

2+4-2 2+5-2 2+6-2
ABC(S(HXC?)) = \/T|E1| + \/T|E2| + \/T|E3|
\[(20+4q)+ \[( 70 + 52p + 569) + \[( 30 + 40p + 40¢)

\/_ [(20 + 4q) + (=70 + 52p + 56) + (=30 + 40p + 40q)]

~ 92p +100g - 80
V2
=46 V2 p+50V2 4 - 40V2.

This completes the proof. O

Theorem 2.5. Let S(HXC}) be the subdivided hexagonal cage network with p copies and order q.
Then, the hyper-Zagreb index of S(HXC?) is given by

HM(S (HXC?)) = 4630 + 5108p + 54484.

Proof. Using the edge partition of S (HXC}) given in Table 1, the hyper-Zagreb index is

HM(S(HXC)) = > (d@w) +d)).

uveE(S (HXC?Y))
Therefore,

HM(S (HXC?)) = 36|Ey| + 49|Es| + 64E;|
= 36(20 + 4g) + 49(=70 + 52p + 56g) + 64(=30 + 40p + 40q)
= 720 + 144q — 3430 + 2548p + 2744q — 1920 + 2560p + 2560q
= —4630 + 5108p + 54484.

This completes the proof. m|
3. Numerical and graphical representation

Computed topological indices of the subdivided hexagonal cage network S(HXC}) for p,q > 2
with p = g. The table lists the first, second, and third Zagreb indices (M, M,, M3), the geometric
index (GA), atom-bond connectivity index (ABC), and hyper-Zagreb index (HM) for different network
orders. Table 3 presents detailed information on S(HXC}), providing insights into structure—activity
correlations and molecular characteristics for 2 < p,g < 10 with p = q.

The graph clearly illustrates the following trends as the parameter p increases from 2 to 10 in
Figure 8.

e The index HM exhibits the steepest growth and consistently has the largest values across the
entire range of p.

AIMS Mathematics Volume 11, Issue 7, 22114-22132.
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e The indices M; and M, grow at a comparable and moderately fast rate, maintaining their position
significantly above M3, GA, and ABC, but well below HM. Moreover, M, is consistently higher
than M.

e The indices M3, GA, and ABC form the lowest-valued group. Their values are clustered together,
though they also show a distinct increasing trend. Among these, M5 generally has the highest
values, followed closely by GA and then ABC.

e All six metrics show a monotonically increasing trend with respect to the parameter p, suggesting
a polynomial or exponential relationship between p and the metric values.

For p = 3 and ¢ = 3, the second Zagreb index (M,) is calculated to be 13,420. Higher values
of M, are often associated with physical properties such as molecular weight and boiling point. This
index reflects a more-complex network with stronger connectivity, which may affect the compound’s
stability, see Figure 9.

For p = 5 and g = 5, the third Zagreb index (M3) is 5994. This index provides insights into the
stability and reactivity of the hexagonal cage network, offering a deeper understanding of the molecular
structure, see Figure 10.

Finally, for p = 7 and g = 7, the hyper-Zagreb index (HM) is 409,264. A higher HM value indicates
a more complex chemical structure, which can significantly impact the stability and reactivity of the
hexagonal cage network.

Comparison of Metrics (M1, M2, M3, GA, ABC, HM) vs. Parameter p Metric
10° 4 - M
M2
- M3
- GA
ABC
HM
105 4
o
[
(8]
wr
o
o
=
©
2
g 104 4
o
°
=
103 4
2 3 4 5 6 7 8 9 10
Parameter p

Figure 8. Graphical comparison among topological indices of S (HXC?}).
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3D Scatter Plot for M2
3D Scatter Plot for M1 3D Scatter Plot for M3

(b) Second Zagreb
index

3D Scatter Flot for ABC 3D Scatter Plot for HM

(a) First Zagreb index (¢) Third Zagreb index

3D Scatter Plot for GA

1000
1400

1200
1000
BOO
600
400

(e) Atom-bond (f) Hyper Zagreb

(d) Geometric index o .
connectivity index index

Figure 9. Topological indices and molecular descriptors for the hexagonal cage network,
graphical scatered diagram.

3D Bar Flot for M2
3D Bar Plot for M1 3D Bar Plot for M3

(b) Second Zagreb

index (c) Third Zagreb index

(a) First Zagreb index

3D Bar Plot for ABC
3D Bar Plot for GA 3D Bar Plot for HM

1000
800
E00
400
200

(e) Atom-bond

o H Z i
connectivity index (B) Hyper Zagreb index

(d) Geometric index

Figure 10. Comparison of topological indices and molecular descriptors for the hexagonal
cage network, graphical bar diagram.
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Table 3. Computed values of the degree-based topological indices of S(HXC}) for 2 <

p,q < 10 with p = q.

p q M, M, M, GA ABC HM

2 2 2230 3244 1014 576.6756 448.7289 29584
3 3 3650 5316 1666 1346.5856 1039.7087 79960
4 4 5070 7388 2318 2116.4956 1713.0076 145336
5 5 6490 9460 2970  2886.4056 2548.6256 221512
6 6 7910 11532 3622 3656.3156 3466.5627 309488
7 7 9330 13604 4274 44262256  4466.8189 409264
8 8 10750 15676 4926 5196.1356  5549.3942 520840
9 9 12170 17748 5578 5966.0456  6714.2886 644216
10 10 13590 19820 6230  6735.9556  7961.5021 779392

4. Applications and graphical illustration

To further highlight the practical relevance of the obtained results, we present a graphical illustration
summarizing the key structural and analytical insights of the proposed model. Figure 11 provides a
visual interpretation of the theoretical framework developed in this study and helps in understanding
the relationship between graph-theoretical parameters and their corresponding chemical and material
properties. Such visual representation bridges the gap between mathematical formulation and real-
world applicability.

Subdivided Hexagonal Ao Degree-Based Potential Research
Cage Network Edge Partition Topological Indices |l Applications
i ‘2 \ Chemical Graph Theory
(2,4) General Randic Index « Structural graph descriptors
| Ell =20+4q First Zagreb Index + Molecular graph characterization
Second Zagreb Index

Third Zagreb Index

. Nanostructure Analysis
Nanocages

+ Carbon-based materials

(25)
[|E2\ = —70+ 52p + 56q - Geometric-Arithmetic * Graphene-inspired structures
GA) Index Complex Network Analysis
26 Atom-Bond Connectivity + Communication networks
( gl ) (ABC) Index + Biological networks

« Engineering systems

|E3| = —30 + 40p + 40g Hyper-Zagreb Index

Subdivided Hexagonal Future QSAR/QSPR Research
5 * Potential graph descriptors
Cage Net“gork @ Degree-2 vertices: blue Exact analytical closed-form @ <Fiiire prgd\';we modzling
S (HXCP) @ Higher-degree vertices: black expressions in terms of p and g + Mathematical framework only
\ V. e W \ y \

Figure 11. Applications and graphical illustration of indices.

The proposed topological framework is highly significant in the context of chemical graph theory
and material science. In particular, the derived indices and structural descriptors can be effectively
utilized in quantitative structure—property relationship (QSPR) and quantitative structure—activity
relationship (QSAR) studies. These results are useful in modeling molecular stability, predicting
physicochemical properties, and designing novel materials with desired characteristics. The schematic
diagram in the figure encapsulates these applications in a compact and intuitive form.
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5. Conclusions

In this research, we studied the subdivision of the hexagonal cage network of order P with Q
copies by adding a new vertex on each edge, resulting in a subdivided network of order ¢ with p
copies. A class of degree-based topological indices—including the general Randic¢ index, first, second,
and third Zagreb indices; and atom-bond connectivity indices—was analyzed both statistically and
computationally. The study demonstrates that examining these indices provides valuable insights into
the structure-activity relationships and molecular characteristics of the network. These findings have
potential implications in fields such as toxicology, pharmacology, and materials science, potentially
guiding the design of safer pharmaceuticals and novel materials. Further research should explore
molecular descriptors derived from other network constructions, such as corona and modular products,
to enhance the precision of molecular characterization. Overall, the study of topological indices
in relation to molecular structures holds significant promise for advancing materials science and
drug development, offering deeper understanding of molecular properties and guiding rational design
strategies.
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