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algebraic theory for such codes over general finite fields has been lacking. In this paper, we develop
a unified framework by establishing a trace-based F,-linear isomorphism between F’, and Fé”. This
correspondence shows that additive conjucyclic codes of length n correspond bijectively to g-ary linear
cyclic codes of length 2n, translating their structural analysis to the well-understood setting of cyclic
codes. Using this isomorphism, we determine the enumeration of such codes and give explicit forms
of their generator matrices. We then introduce an alternating inner product on ]FZZ’ which is shown

to be compatible with the symplectic inner product on Fé” under the trace isomorphism. Based on
this inner product, we characterize the dual-containing condition for additive conjucyclic codes and
derive explicit parity-check matrices. Finally, we construct g-ary QECCs from dual-containing additive
conjucyclic codes. Our results unify and generalize previous studies on quaternary additive conjucyclic
codes and present a construction method for g-ary QECCs from additive conjucyclic codes, together
with an illustrative example.
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F,. finite field with ¢ elements, g a prime power p

a=al conjugation in F

Tr:Fp, —>F, trace map, Tr(x) = x + x7

B a fixed primitive element of

Cte,CH,CHe Euclidean, symplectic and alternating dual codes of C

o right cyclic shift operator, o(cy, ..., 1) = (Ca=1,Cos - - - » Cn—2)

T right conjucyclic shift operator, T (cy, ..., Ccn—1) = (Co1,Cos - - - » Cn—2)

gp:Fp = F,  gp@) = (Tr(Ba), Tr(Ba))
g F, — F2  componentwise extension of ¢z

¢ e Euclidean inner product

¢y )s symplectic inner product on IF?I’"

(s Vap alternating inner product on IFZZ

Divg, (x> — 1) set of divisors of x** — 1 over F,

g(x) generator polynomial of a cyclic code (divisor of x** — 1)
h(x) (x*" = 1)/g(x)

h*(x) reciprocal polynomial of A(x)

f coeflicient vector of polynomial f(x)

T linear transformation 7(vo, ..., V2,—1) = (=Vas oo s =V2uc 1, V0s « « « s Vi)
G generator matrix of an additive conjucyclic code C

H, generator matrix of C*+# (also parity-check matrix of C)

1. Introduction

Additive codes were first introduced by Delsarte and Levenshtein in 1973 [1]. A seminal
contribution by Calderbank et al. [2] established a direct connection between quaternary additive codes
and binary quantum error-correcting codes (QECCs). The latter play a crucial role in mitigating
environmental and operational decoherence in quantum information, thereby underpinning both
quantum communication and quantum computation. In recent years, additive codes have gained
increasing interest, as reflected by advances in their structural properties, optimal parameters, among
others [3-5].

Additive cyclic codes constitute a distinguished subclass of additive codes, characterized by
invariance under cyclic shifts (see Definition 2.1). This structural property facilitates efficient encoding
and decoding via shift registers. The algebraic structure of quaternary additive cyclic codes was first
investigated by Huffman [6], who established a canonical decomposition for codes of odd length.
Subsequently, Bierbrauer [7] extended the theory to additive cyclic codes over arbitrary finite fields.
Giineri et al. [8] derived a sufficient condition under which a particular family of additive cyclic
codes are complementary dual. The existence of asymptotically good additive cyclic codes was later
demonstrated by Shi et al. [9]. More recently, Dastbasteh and Shivji [10] introduced a polynomial
representation for additive cyclic codes over F . and derived new binary quantum codes from this
framework. Very recently, further developments include the characterization of trace duality and
additive complementary pairs for additive cyclic codes over finite chain rings [4].

Similar to additive cyclic codes, additive conjucyclic codes are closed under the conjugated cyclic
shift (see Definition 2.2) and can also be utilized to construct QECCs [2]. However, in contrast to the
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extensive study of additive cyclic codes, research on additive conjucyclic codes remains remarkably
limited. A major obstacle is that these codes do not admit a canonical polynomial representation,
which complicates their structural analysis. The additive case was first systematically addressed by
Abualrub et al. [11, 12], who developed an algebraic description over F, using a linear algebraic
approach. Nevertheless, their method relies heavily on the specific properties of F, and does not readily
generalize to arbitrary g*-ary alphabets. To date, the literature on additive conjucyclic codes remains
sparse, with no unified framework applicable to general finite fields F .. This gap motivates the present
work, in which we aim to develop a systematic algebraic theory for additive conjucyclic codes over
IF,» by establishing a trace-based isomorphism with g-ary linear cyclic codes. This approach not only
reveals the underlying cyclic structure but also facilitates the construction of QECCs via the alternating
inner product.

In this paper, we investigate the algebraic structure of additive conjucyclic codes over Fp.. By
employing the trace function from F . down to F,, we establish an isomorphic correspondence between
g*-ary additive conjucyclic codes and g-ary linear cyclic codes. Using this correspondence, we
determine the enumeration of such codes and provide explicit forms of their generator matrices.
Furthermore, by defining an alternating inner product on F*,, we characterize the dual-containing
condition for these codes and derive explicit parity-check matrices, which then yield a construction
method for g-ary quantum error-correcting codes from additive conjucyclic codes.

The remainder of this paper is organized as follows. Section 2 introduces the necessary definitions
and preliminary results on cyclic codes, conjucyclic codes, as well as the Euclidean and symplectic
inner products. A list of the main symbols used throughout the paper is provided at the end of this
section. In Section 3, we establish a trace-based correspondence between g*-ary additive conjucyclic
codes and g-ary linear cyclic codes, and give their enumeration and generator matrices. Section 4
defines the alternating inner product on PZZ’ investigates the dual structure under this inner product,
derives explicit parity-check matrices, and presents a construction method for g-ary QECCs from
additive conjucyclic codes, together with an illustrative example. Section 5 concludes the paper.

2. Preliminaries

Let F» be a finite field with ¢* elements, where ¢ is a prime power p. Denote by char(F,2) = p the
characteristic of F.. For any element @ € Fp, let @ = a“ denote its conjugation. A linear code with
parameters [n, k]2 is a k-dimensional linear subspace of PZZ' An additive code C of length n over F,.
is a subgroup of the additive group of IFZZ; if |C| = M, we refer to it as an (n, M), additive code. In
general, for an arbitrary element k € F > and a codeword ¢ € C, the scalar multiple k¢ need not lie in
C. When C is closed under multiplication by elements of F, (i.e., k¢ € C for all k € F, and ¢ € C), we
call C an F,-linear additive code. In this paper, the term additive code will always refer to an F,-linear
additive code unless stated otherwise.

For a vector u = (ug, uy, . .., u,-1) € Fy, define its Hamming weight as wy,(u) = card{i | u; # 0, 0 <
i < n—1}. For a g-ary linear or additive code C of length n, the minimum Hamming weight is given by

wi(C) = min{w, () |u € C, u # 0}.
If n = 2m, for 0 < j < m — 1, define the symplectic weight of u as w(u) = card{; | (u}, u,+;) # (0,0)}.
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The minimum symplectic weight of C is then defined as
w,(C) = min{w,(u) |u € C, u # 0}.

We now introduce the definition of cyclic codes.

Definition 2.1. Let C be a linear or additive code of length n over FF,. If for every codeword ¢ =
(co,C1s---5Cno1) € C, its right cyclic shift

O-(C) = (Cn—l’ Cos e v v cn—Z) (21)
also belongs to C, then C is called a g-ary cyclic code of length n.
Let R = Fy[x]/{x" — 1) be the quotient ring. Define an F;-module isomorphism ¢ : Fj — R by

B(COsClynn s Cat) = Co+ CLX+ -+ + Cp XL
It is easy to see that C is a g-ary linear cyclic code of length n if and only if ¢(C) is an ideal of R.
Since R is a principal ideal ring, there exists a one-to-one correspondence between monic divisors of
x" —1in F,[x] and g-ary linear cyclic codes of length n. Thus, the factorization of x" — 1 is essential
for classifying such codes. If a linear cyclic code C is generated by a monic divisor g(x) of x" — 1, we
call g(x) the generator polynomial of C; for convenience, we denote C by (g(x)) throughout.
The definition of conjucyclic codes is analogous.

Definition 2.2. Let C be a g*-ary linear or additive code of length n. For any codeword ¢ =
(co,C1y...,Cuo1) € C, 1f its right conjucyclic shift

T(C) = (En—l, COyvves Cn_z) (22)

lies in C, then C is called a g*>-ary conjucyclic code of length n.

We now introduce several inner products and their associated dual codes, which will be used
throughout this paper.

For two vectors u = (ug, uy, ..., u,—1) and v = (v, vy, ..., v,-1) in F?, the Euclidean inner product is
defined as
n—1
u,v), = Z Uivi.
i=0

If n = 2m, the symplectic inner product is given by

m—1
(u,v), = Z(uivmﬂ' = Upm+iVi)- (2.3)
i=0
The corresponding Euclidean and symplectic dual codes of a code C are respectively defined as
Cr=weF | uv),=0,YueC), C*=WpeF"|mv), =0, VueC).
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3. Algebraic correspondence and generator description

In this section, we first show that there exists a bijective correspondence between g*-ary additive
conjucyclic codes of length n and g-ary linear cyclic codes of length 2n.

Let Tr : F» — F, denote the trace map defined by Tr(x) = x + x? for all x € F,. For a fixed
primitive element 8 € F 2, define a mapping ¢ : F,» — Pﬁ by

es(@) = (Tr(Ba), Tr(Ba)). (3.1)
Proposition 3.1. The map ¢z in (3.1) is an F,-linear isomorphism.

Proof. For any ky,k; € F, and a;, a; € F 2, we have

ppkiay + ko) = (Tr(B(k a1 + kay)), Tr(B(kia; + kra2)))
= (leI‘(ﬁa’]) + kgTI'(ﬂa’z), ler(Bal) + szI‘(Ba’z))
= kipg(ay) + kagp(as),

s0 g 1s F,-linear.
To prove injectivity, assume gg(@1) = @g(asz). Then

Tr(B(a; — @) =0, Tr(B(e; — @) =0,

which is equivalent to the system

{ﬁ(m — @) +Blar - a)! =0, (3.2)

Blar — az) + Blay — an)? = 0.

If char(F ) = 2, then (3.2) gives

Blar + az) = Blay + @), Blag + az) = Blag + @),

so both B(a; + a,) and B(a; + @) lie in IF,. Since g is primitive, this forces a; = ax.
Now suppose char(F ) # 2. Adding and subtracting the two equations in (3.2) yields

B +P)(a; — az) + (@ — @2)?) =0,
B-P)(a; — az) — (@ — @)?) = 0.

Note that 8+ # 0 and B — 8 # 0; otherwise %2 = 1 or 87! = 1, contradicting the fact that 3 has
order ¢> — 1 withg— 1 <2 —2 < ¢*> — 1. Hence

(a1 —a2) — (a1 —ar)? =0,

{(m — @) + (@) —ay)? =0,

which implies 2(a; — @,) = 0 and therefore a; = a; (since p # 2). Thus ¢ is injective, and because
both spaces have dimension 2 over F,, it is an isomorphism. O
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Remark 3.2. Notice that the mapping ¢z is an FF,-linear isomorphism. Hence any element a € Fp is
uniquely determined by (Tr(8), Tr(Ba)) € F;. In fact,

g

a=——77—Tr(Ba) - B g

= ﬁzq 1 L Tr(Buw). (3.3)

Example 3.3. Let ¢ = 3 and let 8 be a primitive element of Fy. Then the mapping ¢s : Fg — IF% is
given as follows:

_a | gp(a)
0 [(0,0)
B, 1)
B O1)
B (1,2)
B (1,0

According to (3.3) in Remark 3.2, we compute

1
B-P

:82
B-p

and the identities can be summarized as follows, where (a, b) = gs(@) = (Tr(Ba), Tr(Ba)):

:ﬁ39 :ﬁ5

ﬁ3'a_ﬁ5'

b 3 5
3 5 B -a-p -b\a
paig g | AR
B-0-F-1|p BB 2B
ﬂ3'1—,35'2 ﬂZ IBZ_ﬁl ﬁ
ﬁ3'1_ﬁ5'0 ﬁ3 ,Bgz_ﬁs() ﬁ7

. . . . . 2 .
The map ¢z extends componentwise to an F,-linear isomorphism ¥y : FZZ — F." as follows: for
any vector (@, @y,...,®,_1) € FZ”

W, @y, ..., a,-1) = (o), pglar), . .., oa(an-1)),

where each gg(a;) = (Tr(Ba;), Tr(Ba;)) is regarded as a pair in Fﬁ Expanding the pairs in the order of all
first components followed by all second components, we obtain the explicit coordinate representation

\P'g(a’o, Alyeey 01,,_1) = (Tr(ﬂ(lo), TI'(,BCL’]), ey TI‘(BCYn_l), TI'(BCZ()), ey TI'(BG’,Z_l)). (34)

Proposition 3.4. For any vector a € P’;z and any integer i > 0, we have ‘I’,;(Ti(a)) = o-i(‘I’/g(a)), where
o and T are the cyclic shift and conjucyclic shift operators defined in (2.1) and (2.2), respectively. In
other words, the following diagram commutes for all i:

i

F, — F,
q q
¥ LY

2n o 2n
Fq — Fq .
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Proof. We first prove the case i = 1. For any @ = (g, ...,@,-1) € FZZ’ we compute

V(T (@) = Yp(@p-1, a0, ..., @42)
= (Tr(B&,-1), Tr(Bey), . . ., Te(Ba,—2), Tr(Bd,-1), Tr(Bey), . . ., Tr(Ba,-2)),

o(Tr(Bay), . .., Tr(Ba,_1), Tr(Bay), . . ., Tr(Ba,_1))
(Tr(Ba,—1), Tr(Bay), - . ., Tr(Ba,—»), Tr(Ba,—1), Tr(Bay), . . . , Tr(Ba,—»)).

Using the identities Tr(8&,_,) = Tr(Ba,-;) and Tr(Ba,_,) = Tr(Ba,_;) (which follow directly from the
definition of the trace), we see that the first component of Ws(T'(a)) coincides with the first component
of o(¥s()), and the (n + 1)-th component of Ws(T'(a)) coincides with the (n + 1)-th component of
o(¥s(a)). All remaining components are identical by construction. Hence ¥s(T'(a)) = o(¥s(a)),
which establishes the case i = 1.

Now assume that W3(T"!(@)) = o' (¥4(@)) holds for some i > 2. Then

o(Yp(@))

Wu(T'(@) = Yo(T(T™ (@) = o(¥p(T"™ (@) = o (0™ (¥p(@)) = o (¥g(a)).

Thus the statement holds for all i > 0 by induction. O

Consequently, we obtain a bijective correspondence between additive conjucyclic codes and linear
cyclic codes.

Theorem 3.5. A code C C IFZZ is an additive conjucyclic code if and only if D = Yg(C) is a g-ary
linear cyclic code of length 2n. Moreover, the minimum Hamming weight of C equals the minimum
symplectic weight of D, i.e., w,(C) = ws(D).

Proof. Suppose C is an additive conjucyclic code of length n over F 2. Then O = W4(C) is an FF-linear
subspace of F?", i.e., a g-ary linear code of length 2n. By Proposition 3.4, we have o-(D) = o(Ps(C)) =
Ys(T(C)) = Y5(C) = D, so Dis cyclic.

Conversely, assume D is a g-ary linear cyclic code of length 2n. Since ¥z is an F,-linear
isomorphism, C = ‘P[;I(Z)) is an additive subgroup of PZZ' Moreover, W4(T(C)) = o (¥5(C)) = 0(D) =
D = ¥4(C), which implies 7(C) = C. Hence C is an additive conjucyclic code.

For any codeword ¢ = (co,cy,...,c,-1) € C, it follows from the definition of ¥y that ¢; = 0 if and
only if (Tr(Bc;), Tr(Bc;)) = (0,0). Consequently, w;,(C) = w(D). m]

Remark 3.6. By the theory of cyclic codes [13], the binary cyclic codes derived from additive
conjucyclic codes over F, in [11] are necessarily repeated-root, since gcd(2n,2) = 2. It is known
that repeated-root cyclic codes are asymptotically inferior to simple-root cyclic codes [14]. In contrast,
the construction presented in this work yields g-ary cyclic codes that can be either repeated-root or
simple-root, depending on the factorization of x*" — 1 over F,. This flexibility allows us to avoid the
asymptotic limitations of repeated-root codes and opens the possibility of constructing quantum codes
with better asymptotic parameters.

Let 2n = p‘ng, where p = char(FF,) and £ > 0, ny > 0 are integers such that gcd(ng, p) = 1. Assume
that x™ — 1 factorizes into distinct irreducible polynomials in F,[x] as

X =1 = g1(0)g2(x) - - - g1(x),

AIMS Mathematics Volume 11, Issue 7, 22097-22113.



22104

where each g;(x) is irreducible and g;(x) # g;(x) for i # j. Then
= l= -1 = g0 (0" g0 (3.5)
The set of divisors of x*" — 1 over F, is therefore
Dive, (" = 1) = {g1(x)" 82(x)™ -+ ()" | 0 < 81,82, 5 < p'}.

Consequently, x*" — 1 has (p’ + 1)’ distinct monic divisors in F,[x]. By the isomorphism ¥ defined
in (3.4), this immediately yields the number of ¢>-ary additive conjucyclic codes of length .

Theorem 3.7. Assume that the polynomial x*"* — 1 is factorized as Eq (3.5), then there exist (p* + 1)
distinct g*-ary additive conjucyclic codes of length n.

Let g(x) = g1(x)* -+ - g,(x)* € DiVFq(xZ" — 1) with deg(g;(x)) = d;. Then the cyclic code (g(x)) has
dimension 2n — Y}, sid;, so [{(g(x))| = g*~2 %4 which is also the size of the corresponding additive
conjucyclic code.

We now turn to the description of generator matrices for additive conjucyclic codes. To this end,
we first recall the notion of a generator matrix for F,-linear additive codes over F .

Definition 3.8. A generator matrix of an F,-linear additive code C over F,. is a matrix whose rows
form an F,-basis of C.

For a polynomial f(x) = fy + fix + -+ + fo1x*! € F,[x]/(x*" — 1), we denote by f =
(fo, fisve» fone1) € Fi" its coefficient vector. This notation will be used to relate cyclic codes and
their associated additive conjucyclic codes via the isomorphism ¥s introduced in (3.4).

Theorem 3.9. Let C be an additive conjucyclic code over Fp of length n and let D = Wg(C) = (g(x)) be
the corresponding g-ary linear cyclic code of length 2n, where g(x) € Divg, (x*"—1) and deg(g(x)) = k.
Denote by g = (g0, &1, - - -, 8m-1) the coefficient vector of g(x). Then a generator matrix of C is given
by
¥;'(®)
6| T'@
T2n—k—l(\11;1(g))
where T is the right conjucyclic shift operator defined in (2.2).

Proof. We first show that every codeword ¢ € C lies in the row space of G. Since D = (g(x)) is a cyclic
code, its generator matrix is given by

8
o(g)
Gp = ) ,
O.Zn—k—l(g)
where g = (g0, &1,-- -, &2n-1) 1S the coeflicient vector of g(x). So there exist scalars ko, &y, ..., ky,—x-1 €
IF, such that
2n—k—1

Yp©) = ) kio'(g).
i=0
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Applying the inverse isomorphism ‘I’ﬁ‘l and using Proposition 3.4 which gives ‘I’;l(o'i(g)) = T"(‘I’;Qg)),
we obtain

2n—k-1
c= > kT'(¥;'@).

i=0

Thus each codeword is a linear combination of the rows of G. Moreover, since |C| = |D| = g*"~* and
the rows of G are linearly independent over F, (as they are images of the basis of O), they form an
IF,-basis of C. Consequently, G is a generator matrix of C. O

Example 3.10. Let ¢ = 4 and n = 11. Over Fy, the complete factorization of x**> — 1 is
1+ 21+ x+ 22+ +wx* + )1+ wx + ¥ + X+ 0*x* + X,

where w is a primitive element of F,. Hence every divisor of x> — 1 is of the form (1 + x)"' (1 + w?x +
2+ + wx + )21 + wx + X2 + X + ?x* + x°)7 with 0 < iy, ip, i3 < 2. By Theorem 3.7, there are
33 = 27 distinct additive conjucyclic codes over Fj4 of length 11.

Consider the code C determined by the divisor

gx)=(1 +x+ 2+ 2+ + 0P = 1+ + x5+ 20+ WP+ X0,
Let g = (go,...,&21) be the coefficient vector of g(x); explicitly,
g=(1,0,0,0,1,0,1,0,%0,1,0,0,0,0,0,0,0,0,0,0, 1) € F3.
Choose a primitive element 8 of F4 and set w = ‘I’[;I(g). Then
w = (3,0,8°,0,5,0,8,0,8'",0,p) € Fi.
According to Theorem 3.9, a generator matrix of C is
w
e=| "™ |

T2n—k—1 (W)

where k = deg(g(x)) = 10 and thus 2n — k = 12. Using Magma [15], we find that C is an (11,4!2,5)4
additive code; its weight distribution is

1 +8257° +1980z° + 6187577 + 3918757 + 20253757° + 60456007 + 82496857
The Singleton bound for additive codes over Fp. (see, e.g., [13]) gives
(d<n-log,(M)+1=11-6+1=6).

Since the code attains d = 5, it is a near maximum distance separable (MDS) additive code [16, 17],
i.e., it misses the Singleton bound by only one.
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4. Alternating duality and quantum code construction

For a ¢*-ary additive code C, both C*< and C** are F2-linear because the Euclidean and symplectic
inner products satisfy (u,av) = au,v) for any a € F_». Thus, if v is orthogonal to C, so is any scalar
multiple av. This makes these conventional inner products ill-suited for studying the dual structure of
additive codes.

To remedy this, we introduce an alternating inner product on IF‘Z2 that is more suitable for additive
codes. We then show that the mapping ¥4 defined in (3.4) preserves orthogonality between the
symplectic inner product on Fi" and the alternating inner product on IF"ZZ.

Proposition 4.1. Let 8 be a primitive element of Fp.. Foru = (uo, ..., u,—1) and v = (vo,...,V,_1) in
FZZ’ we define
n—1

U, V)ap = B> = %) Z(Mi\_/i — U;v;). 4.1)
i=0

Then {-,-)ap is a nondegenerate alternating inner product on ng- In other words, it satisfies the
following properties:

(1) (u,v).p € F, forallu,v;

(2) (u,v).pis Fy-bilinear;

(3) (u,v)ap = —(v,u),p (alternating);

(4) (u,u),pg = 0 for all u;

(5) If (u,v)op =0 forallv € FZ” then u = 0 (nondegeneracy).

Proof. (1) Sety = B* — B*. Observe that y # 0 because 8 ¢ F,. For any u,v € F.,, define (u, v)45 =
0% Z?:_] (u;v;—i;v;). We first show that (u, v),; € F,. LetS = 7:_01 (u;v;—u;v;). A direct computation
gives 7 = Y.(#t;v; —u;v;) = —S . Moreover, y4 = (52— %) = B4’ — g% = B2 — B2 = —y. Therefore,

(y$)! =187 = (=9)(=S) = ¥S,

which implies yS € F,. Hence (u, v),4 takes values in IF,.

(2) The map v — (u,v),p 1s a linear combination of the coordinates of v with coefficients in F,,
hence F,-linear. By symmetry (up to sign), the same holds for the first argument, so the form is
IF,-bilinear.

(3) Direct computation gives

WV, u)up = YZ(ViL_ii —Viu;) = =y Z(ui‘_/i —uv) = —U,v)qp.

(4) Taking v = u in the previous property yields (u,u),s = 0.
(5) Assume (u,v),p = O forallv € F22~ For a fixed coordinate j, choose v with v; = 1 and all other
entries 0. Then

’y(l/lji - ljll . 1) = ’)/(M] - L_t]) = O,
souj = ij,i.e., u; € F,. Next, choose v with v; = B and 0 elsewhere. We obtain
Y —a;8) = y(u;B' — u;B) = yu;(8’ - p) = 0.
Since y # O and 87— # 0 (as 5 ¢ IF,), it follows that u; = 0. This holds for every j, hence u = 0.
O
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Remark 4.2. In the special case ¢ = 2, we have 8° = 1 and the alternating inner product (-, -), s defined

in (4.1) reduces to
WU, v)op = Z(ui\_/i + ;) = TY(Z Mi\_’i]-
i=1

i=1
Hence, the alternating inner product can be viewed as a generalization of the classical trace-Hermitian
inner product introduced in [2].

Proposition 4.3. For any u,v € IFZQ, we have

(Ps(u), Ys(v)), = (0, V)up,

where (-,-); and (-, ), g are the symplectic inner product on Fﬁ" (see (2.3)) and the alternating inner
product on ]F’Z2 (see (4.1)), respectively.

Proof. Write u = (ug,...,u,—1)and v= (vy,...,v,_1). Then
\Ijﬁ(ll) = (Tr(ﬁuo), ey Tr(ﬁun_l), TI'(BM()), ey Tr(,Bun_l)),

and similarly for Ws(v). Using the definition of the symplectic inner product,

n—1

(Wpw), (V)5 = > (Tr(Bu) Tr(Bv;) — Tr(Bu) Tr(Bvy))

i=0
n—1

g

(Bus + B (Bv; + BP:) — (Bu; + B Bv: + Bv,))

1=

—_ O

e
n2.. = 2 — 2 - =2 —
= (B uiv; + B v — Buiv; — vy

i=

]

n—1
=B -p) Z(ui\_’i — ;) =W, V)up,
i=0
which completes the proof. O
Definition 4.4. The alternating dual code of C is defined as
Cti={ve Fl, | (,v)ep = 0 forallu € C}.

Theorem 4.5. Let C be an additive conjucyclic code over F of length n and D = ¥Y4(C) be a g-ary
linear cyclic code of length 2n. Then we have

C* =¥, (D).
Proof. For any ¢ € C and d € C*<, by Proposition 4.3, we have (c,d), = (¥s(c), ¥s(d)); = 0.

Therefore, ¥g(d) € D+, ie., Ys(C*) € D" and C C ‘PIQI(Z)**). Similarly, we can also prove
‘P[;‘(Z)LS) C C*«. This concludes the result. O
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Let g(x) € Div]pq(xz" — 1) with deg(g(x)) = k, and set h(x) = % Define the reciprocal polynomial

h(x) = sz"_kh(l) .

hon—i X
Denote by h* = (hy, h},...,h5 ) € Pg” the coefficient vector of h*(x).

Lemma 4.6. Let D = (g(x)) be a g-ary linear cyclic code of length 2n. Then a generator matrix of the
symplectic dual code D+ is given by

T(h*)
(o (h*))

N B

T(CT"‘.1 (h*))

where o is the cyclic shift operator defined in (2.1) and 7 is the linear transformation defined by

0 I
T(V) = (V(), Viseoos v2n—l) Ul = (_Vn, ey V15 V05 e e vn—l)
-1, 0O
forany v = (vo,Vi,..., V1) € F*" with I, the n X n identity matrix.

Proof. By the theory of cyclic codes [13], the Euclidean dual code D+« is generated by the matrix

h*
~ o(h*)

O'k_l(h*)
For any codewordd € D and any i € {0, ...,k — 1}, we have
(d, (' () = (d, o (h*)). = 0.

0 I,
-1, 0
rank(H,) = k. Therefore, H is a generator matrix of D+, O

Hence, the rows of H, belong to D*:. Moreover, since H, = He( ), we have that rank(H,) =

Theorem 4.7. Let C be a g*-ary additive conjucyclic code of length n corresponding to the g-ary linear
cyclic code D = {(g(x)), where g(x) € DiVFq(x2" — 1) and deg(g(x)) = k. Then a generator matrix of the
alternating dual code C*+# is given by

¥ ()
o | W)

u , 4.2)

¥, l(r(a."—l(h*)))

where h* € Ff]" is the coefficient vector of h*(x), o is the cyclic shift operator, and T is the right
conjucyclic shift operator defined in (2.2).
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Proof. By Theorem 4.5, we have C+# = ‘I’;l(DLS). Lemma 4.6 provides a generator matrix H; of D+
whose rows are 7(o'(h*)) for i = 0,...,k — 1. Since V' is an F-linear isomorphism, applying it to
each row of H; yields a generator matrix of ‘P/? (DY) = C*+#, namely the matrix H, as defined above.
Hence H, is a generator matrix of G« O

Remark 4.8. The generator matrix H, of C*+# can also be regarded as a parity-check matrix for C.
Indeed, C is completely characterized by H, via the condition

Cz{ceFZZII:Ia-cT:O},

where the product is taken with respect to the alternating inner product, i.e., each row of H, is
orthogonal to every codeword under (-, -), .

Corollary 4.9. If char(F) = 2, then the generator matrix H, of C*# in (4.2) can be simplified as

¥ (k)
T(¥; (v(h*))

A

! (\{,;1 (t(h*)))

Proof. By Theorem 4.7, the rows of H, are ‘I’gl(r((f"(h*))) fori = 0,...,k— 1. When char(F,) = 2,
a direct computation shows that T commutes with the cyclic shift o; i.e., 7(o(v)) = o(7(v)) for any
v € F;". Hence 7(c'(h*)) = o'(z(h*)) for all i. Applying Proposition 3.4, we have ‘I’[;I(O'i(T(h*))) =
T"(‘I’/;1 (t(h*))). Therefore

¥ (r(0' (h"))) = T'(Y5' (v(h*))),
and the claimed simplified form follows. O

Corollary 4.10. Let C be a g*-ary additive conjucyclic code. If char(F2) = 2, then the alternating
dual code C*+# is also additive conjucyclic.

Proof. When char(F,) = 2, Corollary 4.9 shows that the alternating dual code C++# admits a generating
set consisting of the vectors T/(w) fori = 0,...,k — 1, where w = ‘I’lgl(r(h*)). Since T is the right
conjucyclic shift operator, the IF,-linear span of these vectors is closed under 7. Consequently, C**# is
an additive conjucyclic code. m|

Remark 4.11. In [11], it was shown that for a quaternary additive conjucyclic code C, its trace dual
code
C™ = {v e F} | Tr({u, v),) = O for all u € C}

is also additive conjucyclic. This result can now be seen as a special case of Corollary 4.10. Indeed,
when g = 2, the alternating inner product reduces to the trace-Hermitian form, and one verifies that
C™ = (C*+#)?, where (-)* denotes componentwise squaring. Since Corollary 4.10 guarantees that C+e#
is additive conjucyclic, the same property follows immediately for C*. Thus the present work not only
generalizes the known result to arbitrary g but also places it within a unified algebraic framework.

The connection between classical codes and QECCs is well established via the stabilizer formalism,
where the symplectic inner product serves as the key link [18, 19].
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Lemma 4.12. [I8] If C is a symplectic dual-containing linear code with parameters [2n, kl,, then
there exists an [[n,k — n,> wy(C)]l; QECC that is pure to w(C).

As a direct consequence of the established correspondence and the properties of the alternating
inner product, we obtain the following quantum code construction.

Theorem 4.13. Let C be an (n, M = ¢*, w,(C)), additive conjucyclic code satisfying C**# C C. Then
there exists a pure [[n, k — n,> w,(C)]], QECC.

Proof. By Theorem 3.5, the code C corresponds to a g-ary linear cyclic code D = ¥5(C) of length 2n
with |D| = ¢*. Moreover, Theorem 3.5 also gives w;(C) = wy(D). Since C++ C C, Proposition 4.3
implies O C D. Thus O is a symplectic dual-containing linear code with parameters [2n,k],.
Applying Lemma 4.12 yields a pure [[n, k—n, > w(D)]], = [[n, k—n, > w;,(C)]], QECC, as desired. O

Example 4.14. We continue with the same parameters as in Example 3.10: Let ¢ = 4, n = 11, and let
C be the additive conjucyclic code over F;4 determined by the divisor

g =+ x+ X+ +wx* + ) = 1+ wx? + x* + x5 + ?x® + 119,

where w is a primitive element of F,. With the same primitive element S8 of F¢ as before, we now
examine the dual side.

Set

2
x~ =1
=1+ wx® + wx* + *x® + W20 + x1?),
g(x)

(h(x) =

then
B(x) = 1+ 0 + 0*x* + 0x® + wx'® + x'2,
and its coefficient vector is
h* = (1,0,0%,0,0*,0,0,0,0,0,w,1,0,0,0,0,0,0,0,0,0,0) € F*.
Applying the linear transformation 7 from Lemma 4.6 yields
7(h*) = (0,1,0,0,0,0,0,0,0,0, 1,0, w* 0, w?,0,0,0,w,0,w,0) € F.
Setu = ‘I’;I(T(h‘)); explicitly,

u=(g,5,"0,50,00p,0p5) € F.
Since char(F4) = 2, by Corollary 4.10, a generator matrix of the alternating dual code C*+<# is
u
A T (.u)

T9.(U)

One verifies directly that C*+# C C; thus C is alternating dual-containing. Applying Theorem 4.13
we obtain a pure [[11, 1,5]], QECC. Its weight enumerator is

8257° + 1155z° + 61050z + 361350z° + 91904925z7° + 5664615z + 77347207,
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This code not only exceeds the quantum Gilbert—Varshamov bound [20] and improves upon the
previously known [[19, 1, 5]]4 code listed in [21], but is in fact optimal according to Grassl’s code
tables [22]. Moreover, unlike the optimal stabilizer codes recorded in the tables—whose stabilizer
matrices typically lack algebraic structure and thus require large storage—our construction yields a
generator matrix with a cyclic structure, which significantly reduces the memory requirement.

5. Conclusions

In this paper, we have developed the algebraic theory of additive conjucyclic codes over F.. We
first established a one-to-one correspondence between g*-ary additive conjucyclic codes and g-ary
linear cyclic codes via the trace map, which allows us to determine the enumeration of such codes and
provide explicit forms of their generator matrices. We then introduced an alternating inner product on
FZZ and, under this inner product, derived a necessary and sufficient condition for these codes to be
dual-containing, from which we obtained explicit parity-check matrices and a construction method
for g-ary QECCs. This work provides a systematic treatment of additive conjucyclic codes over
general F and their application to non-binary quantum error correction. We hope that the framework
established herein will inspire further research on constructing QECCs with good parameters from
additive conjucyclic codes.
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