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Abstract: This investigation focuses on a class of double free boundary problems pertaining to
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immature and mature stages, where immature individuals are incapable of reproduction and diffusion.
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1. Introduction

The life histories of plants, insects, and animals exhibit enormous diversity. Most species progress
through multiple developmental stages throughout their life cycle, including immature and mature
phases; some may also exhibit more specialized stages for dispersal or dormancy. Key demographic
rates, such as survival, development, and reproduction, are almost invariably influenced by an
individual’s developmental stage, alongside a multitude of other factors. Such stage structures have
been largely ignored in early population modeling, but have received much attention in recent years.
Generally speaking, population growth models that include the stage structure predict more complex
population dynamics than those that do not take this factor into account.

To discuss the impact of stage structure on species models, many prey-predator models with stage
structure have been studied, including those with stage structure for predators [1-3] and those with
stage structure for prey [4-6], and the references therein. The ODE version of the Lotka-Volterra
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stage-structured prey-predator model [1] is given by

u = bv—6iu— b,
V' = ajuw — 6,y — bv, (1.1)
W = cw — baw? — auw.

Here, u and v are the densities of mature and immature predators, respectively, while w denotes the
prey density, b, c, 0y, 60,, by, by,a,, a, are given positive constants in which 6, and 6, are the death rates
of the mature and immature predators respectively, b denotes the maturation rate of immature predators
into mature ones, b; and b, are the intra-specific competition rates of the mature predator and the prey
respectively, c is the prey intrinsic growth rate, and a,/a, is the conversion rate of prey into newborn
immature predators. System (1.1) admits a trivial equilibrium (0, 0,0) and a semi-trivial equilibrium
(0,0, c/b,). Moreover, if a;bc > b,6,(6, + b), then there exists a unique positive equilibrium (u*, v*, w*)
for (1.1) where

N Cl]bC — bzgl (02 + b) (blc + 61291)(02 + b) N alu*w*
u = , W= , V= )
ajarb + blbz(gz + b) aab + b1b2(02 + b) 6, +b

*

(1.2)

It was shown in [1] that if a;bc < b,6,(6, + b), then the equilibrium (0, 0, ¢/b,) of (1.1) is globally
stable. If ajbc > b,0,(6, + b) and a,a,b < b1by(6, + b), then (u*,v*,w") is globally asymptotically
stable.

We know that, in the real world, the following phenomenon is quite natural: A kind of prey species
initially occupies the entire spatial domain, and to achieve control of this prey species, a kind of
predator species is introduced into a bounded spatial region. Considering that the predator species
has two developmental stages (immature and mature), in its immature stage it has no reproductive
predation ability and cannot migrate, and in its mature stage it can expand its habitat range beyond the
boundary and undergo free diffusion. Thus, we establish double free boundary problems associated
with a degenerate diffusive Lotka-Volterra predator-prey model as follows:

U, — dyttyy = bv — 01u — byu?, t>0,r() < x<s(),

Vv, = ajuw — 6,v — by, t>0,r(t) < x < s(r),

u=v=_0, t>0,x<r()orx=>s@),

W, — dowy = cW — baw? — aruw, t>0,—00 < x < +00, (1.3)
r'(t) = —pu,(t, r(0)), s'(1) = =Buy(t, s(t)), =0,

u(0, x) = up(x), v(0, x) = vo(x), x € [=s0, S0l

r(0) = —s9, 5(0) = 59, w(0, x) = wy(x), —00 < X < +00.

Here, x = r(t) and x = s(¢) denote free boundaries to be determined; d;, d>, sy, u, 8 are given positive
constants, [—so, So] is the initial habitat of the predator, u, S are, respectively, the ratios of expansion
speed to population gradient at the left and right free expansion fronts, and initial functions satisfy

uo € W>([—50, s0]) o > 0 x € (=50, 50), uo(£50) = 0, u'(=50) > 0, '(s0) <0,

vo € C'([=50, Sol), Vo > 0 x € (=50, 80), Vo(%sp) = 0,

wo € CH(R), wy > 0, x € R,
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where C'~([-s, so]) is the Lipschitz continuous function space in [—so, so], and Ly is the Lipschitz
constant of vy.

We mainly concern the dynamics of (1.3). First, We apply the contraction mapping principle to
establish the local existence and uniqueness of solutions, derive regularity and uniform estimates, and
further prove the global existence and uniqueness of solutions. Then, we construct appropriate upper
and lower solutions and apply the comparison principle to derive a spreading-vanishing dichotomy,
i.e., either:

(i) Spreading: the introduced predator successfully establishes itself in the new environment in the
sense that

lim s(r) = — lim r(z) = oo
1—00 —00
and

tlim(u(t, x),v(t, x),w(t, x)) = (u", v, w")

locally uniformly on R for the case aya,b < b1b,(6, + b), where (u*, v*, w*) satisfies (1.2).
(i1) Vanishing: the predator spreads within a bounded area and vanishes eventually, i.e.,

—oo < lim r(¢) < lim s(¢) < o0
—0o0 —00

and
limy o0 (2, lleqro.sen = Mo [V, lleqra.son = 0,

lim,_,, w(t, x) = ¢/b, locally uniformly on (—co, +00).

Moreover,

diby (6, + D) def
aibc — b,0,(6, +b)

lim s(¢) — lim r(¢) < ﬂ\/
t—00 t—00

if Llle > bz@](@z + b)

In this paper, the magnitude relationship between a;bc and b,0,(6, + b) plays a different role,
comparing this with the corresponding ODE. When a,bc < b,6,(6, + b), vanishing always happens.
On the other hand, we have a criterion for spreading and vanishing as follows: If the initial occupying
area [—so, So] 1s beyond a critical size, namely 2s, > A, then spreading always happens regardless of
moving parameters u, S and the initial population density (i, vy, wo). On the other hand, if 25y < A,
then whether spreading or vanishing occurs is determined by moving parameters yu, 8 and the initial
population density (ug, vo).

In the case in which we do not consider the stage structures, the Lotka-Volterra diffusive prey-
predator model with free boundaries was studied by Wang and Zhao [7], and the corresponding higher-
dimensional system was investigated by Zhao and Wang [8]. Following the pioneering work [9],
researchers have increasingly adopted free boundary problems coupled with reaction-diffusion systems
to describe the dynamical behaviors of species in recent years. For additional relevant references, apart
from the studies cited earlier, interested readers may consult [10-13] regarding competition models
and [14—17] with respect to predator-prey models.
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In the absence of a native prey w, the problem (1.3) is reduced to partially degenerate reaction-
diffusion systems with stage-structure and free boundaries

u, — dyuty, = bv — 6yu — byu?, t>0,r(f) < x < s(2),

Vv, = au — 6,y — bv, t>0,r() < x < s(),
u=v=_0, t>0,x<r@orx=s),
r'(t) = —uu(t, r(1)), s'(1) = =Buy(t, s(t)), =0,

u(0, x) = up(x), v(0, x) = vo(x), x € [=s0, S0l

r(0) = =50, s(0) = 50,

which was studied in a concrete form by Liu and Wang [18]. The corresponding model with a fixed
left boundary and a free right boundary was investigated by Wang and Cao [19], who proved global
existence and uniqueness of solutions and analyzed their long-time behavior. Partially-degenerate
diffusion complicates the analysis of corresponding problem, especially as the proof of existence and
uniqueness of local solutions becomes relatively complex. However, the introduction of partially-
degenerate diffusion is more consistent with practical situations.

The paper is organized as follows. In Section 2, we overcome the difficulties caused by partial
degeneracy and prove the local and global existence, uniqueness, and uniform estimates of solutions
to the coupled parabolic-ODE system. Section 3 first concerns some known results and a comparison
principle, and is then devoted to the long-time behavior of the solution (u,v,w). In Section 4, we
establish sharp sufficient criteria for spreading or vanishing in terms of the initial domain and ecological
parameters. A short concluding discussion is presented in the final section.

2. Existence and uniqueness

For simplicity, we define

Ay = max (uy+ 1), A, = max (vg + 1), B = max(wgy + 1),
[—s0,50] —50,50 R

A = {b7 C, 91’ 929 bla bZ’ a, dp, dla d27 50, /J’ﬁ’ Al7 A27 Ba ||u0||W;((—S0,S0))’ ué(iso)}a
Ar = [0, T x[-1,1], Q7 =[0,T] X [—2s0, 250], D?S ={0<t<T, rit) <x< s},

and

(t, x1), (t, x2) € Qr

Cl-(Qy) = { o C10(y)| TP T) st Il ) =gt 2)| < Lip. Tl — xl }

1

C(D") = WA (D) N C 3 1+(Dy),

Theorem 2.1. For any fixed @ € (0,1) and p i?)/(l —a), there exists a T > 0 such that (1.3) admits a
unique solution (u,v,w,r, s) € €(D3’) x Cl’l_(D;x) X C'*2.2 ([0, T1 x R) x [C'*2([0, T])]>. Moreover

u,v>00on D}, w>00n[0,TIxR, (1) <0, s'(t) >00n[0,T].
Proof. Step 1. We denote X,, = {v € C(Q;) : v(0,x) = vp(x),0 < v < A,}. For any fixed v €
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X, NC L1=(Q)), we are concerned with the following problem:

u, — dyuy, = bv — 0,u — byu?, O0<t<1,r(t) < x<s(),

u=0, x & (r(9), s(2)),

W, — doWyy = W — baw? — aruw, 0<t<1,—00<x< +00, 2.0
r'(1) = —pu,(t, r(2)), s'(t) = —Bux(t, s(1)), t=0, '
u(0, x) = up(x), x € [=50, Sol,

r(0) = —sp, s(0) = 59, w(0, x) = wy(x), —00 < X < +00,

By employing similar argument as in [7], Theorem 2.1, one can prove that there exists a sufficiently
small 77 > 0 such that (2.1) has a unique solution (u,w,r,s) € (S(D;f) x C*22+([0,T,] X R) X

@ 2
|C'*5(10.7,])|" and
||u||W;,2(D;:i), ||Lt, ux||C(5;;), ||W||C1+%’2+n([0,T1]XR)’ ||I’, s”CH%([O,Tl]) < M, (2 2)
—r'(®), s'(1) >0, |r(@],|s()| < 250, 1 € [0, T1],

where M depends only on A.

Let ¥y(x) be the zero extension of vy(x) to the interval [#(T)), s(T))]. By vo € C=([=s0, So),
therefore ¥, € C'~([r(T)), s(T)]). Obviously, the inverse functions of x = r(f) and x = s(¢) both
exist. Defining

(),  xe[r(T),-s),
=20, |x| < s0, (2.3)
s, x € (so, s(TY)],

then t* € C'=([r(T)), s(T})]. For every x € (r(T,), s(T})), and the solution (u(t, x), w(t, x)) of (2.1), we
consider the problem formulated below:

{ v, = aju(t, )w(t, x) — (6, + b)i(t, x), t*<t<T, 2.4)

(5, x) = Vo(x).

It follows from the standard theory of ordinary differential equations that there exists T € (0, 7) with
T depending only on A and M, such that ¥(¢, x) is well-defined on [¢*, T] for all x € [r+(T), s(T)].
Consequently, ¥ is defined on the set B;S. Furthermore, 0 < ¥ < A,. We claim that v € C 1’“(5?),
whose Lipschitz constant will be determined in the subsequent step, and ¥(z, r(¢)) = ¥(t, s(t)) = O,
t € [0,T]. For each x € [r(T), s(T)], we extend ¥ by zero to the interval [0, #*]. With this extension, ¥
belongs to C'=([0, T'] X [(T), s(T)]).

Next, we show that ¥ is Lipschitz continuous in x. Noting that r(f) < 0 and s’(#) > O for all
t € [0, T,], we can see that there exists ¢ > 0 satisfying

7 @), 15’0 = 06, te[0,T]. (2.5)

For any " € (¢*, T], we integrate the first equation of (2.4) over [¢*, ']. Then,
l,/
v(t', x) = v(t*, x) + f a1 u(t, x)w(t, x) — (6, + b)v(t, x)dT.
tX
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For fixed (z, x’), (¢, x”") in Q7, the argurnent can be split into several cases.
Case 1: Assume (¢, x'),(t,x") € DT and X’ < x” < sp. Then, it holds that 0 < ¥ < ¥ < r.
Consequently, for any ¢ with ¥ < ¢’ < ¢, it follows that

(@, x7) = (7', x")|
< W, x) =9 x| + ff,' layu(z, x")w(z,x") — (6> + b)¥(z, x")ld7
+ ftf: a)w(T, xX")| - lu(r, x’) — u(r, x”")| + ai|u(r, x"”)| - w(t, x') — w(r, x"")ldt
+ 16 + B)F(x, ) - ¥(x, X)dr.
Noticing the first inequality of (2.2), we obtain

[o(t', x) =9, X < o, X)) = 5@, x| + [aiM? + (6, + D)As]Ir — 1]

B _ (2.6)
+2a, M?T|x' = x"| + (6, + b)T||p(-, x') — ¥(-, XMeae -
If X < x” < —sp, then %(¢*, x') = #(+*", x””) = 0 and
= = 1 ) = Y leqorply — X7 < 67— X7,
If X' < —s¢ < x”, then #(¢, x’) = 0. Therefore,
= =1 ) = 0= 1 ) = T (o)l < 671 = (=so)l < 67— X,
D, xX) = 5@, x| = [0 = vo(x)| = vo(=s0) = vo(x”)| < Lol = 59 — x”'| < Lolx’ — x|,
where L is the Lipschitz constant of vy in x.
If —sp < x’ < x” < 59, then ¥ =+ =0 and
5, %) = 5, x| = vo(x) = vo(¥")| < Lol = X
Inserting the above estimates into (2.6) and noticing that 7 < 1, we can see that
~ ’ ’ ~ ’ 7 ~ ’ ~ ’’ K 4 77
(', x7) = v(@', x")| < (62 + DYT|(V(, X") = V., XDl oy + le - X",
where
K = 4{[a;M?* + (6, + b)A,]67" + 2a,M? + Ly}. (2.7)
Maximizing [#(¢, x') — %(¢’, x”")| over [t*, 1] gives
~ ’ ~ 1’ 1’ K / 77
D¢, X7) = VG, XDy < (02 + DTV, x ) =V, x Meqe ay + le - X
Let T < min{l, 0 +h)} Then,
~ / ~ 1’ ~ / ~ 7 K / /7
(2, x) = (@, x| < |V, X7) = VG XDy < Elx - x"|. (2.8)

Case 2: Assume (¢, x'), (¢, x"”) € 5;5 and x" > x” > —sy. By a similar argument, (2.8) holds.
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—7,s
Case 3: Assume (¢, x"), (t,x"") € D; and x” < =59 < 5o < x’. We find
[z, x7) = ¥(t, x")| < [P(2, X") — D(2, so)| + [¥(2, s0) — Pz, x"")| < K|x" — x"|.

Case 4: Assume (¢, x'), (t,x"”) ¢ E;S. Obviously, ¥(t, x') = ¥(t,x") = 0
Case 5: Assume (¢,x') ¢ B;S, (t,x") € B;S. Without loss of generality, let x* < r(¢). Therefore,
v(t, x") = ¥(t, r(t)) = 0, and

[5(2, x") — ¥(t, x”")| < [9(¢, r(£)) = 9(t, X'")| < K|r(t) = x| < K|x" = x"|.

In conclusion, the estimate
[v(z, x') — v(t, x")| < K|x" — x”

is valid in all cases.
Step 2. Define

Yy, = {9 € C(Qr) 1 9(0, %) = vo(x),0 < ¢ < Ay, lop(t, ) — 9z, X)] < KIx' = x|},

where K is the positive constant defined in (2.7). Evidently, YVT0 forms a closed subset of C(Q7). Since
C(€Qr) equipped with the uniform convergence metric is a complete metric space, the space YVT0 is
complete with respect to the uniform norm. Each v € YVT(J can be extended to [T, 1] X [—2s¢, 2s0] Via
v(t, x) = v(T, x). The extension satisfies v € X, " CHM7(Q)). We introduce a mapping & via

FV =9, vey,.

From the preceding analysis, it follows that & maps YVTO into itself.

In what follows, we prove that ¥ constitutes a contraction mapping on YVT0 for sufficiently small
T > 0. Denote (u;, w;, r;, s;) be the unique local solution to system (2.1) corresponding tov = v;,i = 1,2
and 7 € [0, T]. We define ¢’ in accordance with (2.3), where (r, s) is replaced by (r;, s;). We denote by
¥; the unique solution of (2.4) corresponding to * = r!, u = u;, and w = w;. We have

Vit x) = Vit x) + f [aiu;i(T, X)wi(T, x) — (62 + b)Vi(T, x)ldT, x € [r(T), si{(T)].

[’—V _V,[’—V — Vi, 8§ =8 — S, =1 _’,H —Drl’SIUDrZ’SZ.
2 1 2 1 2 1 2 1 T T T

The ensuing 1¢ reasomng is motivated by the approach developed in [20]. We extend u; and V; by zero to
[0, T] xR\ D . For any fixed (¢, x) € I, we derive a precise estimate for |V (¢, x)| by examining and
treating each of the possible cases individually.

Case 1: x € (r(t), s2(0)) \ (r1(2), 51(¢)). Either x € (r,(2), r1(¢)] or x € [s:(8), s2(¢)), and V;(¢, x) =
V,(t5, x) = 0. Therefore,

V(t, 0| = [92(1, x)| =

!
f [aiux (T, X)W (T, X) — (62 + b)Vo(7, x)]d7| < Cilt = 1],
5
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where C, = a;M? + (6, + b)A,. If x € (r2(t), r1(£)], then 0 < t; <tand ry(t) < r(t5) = x < ri(2). Thus,
WV, 0l < Cilt =gl = Cilr3' (n@) — r;y ()]
< Cl”(rz_])’”C([O,T])er(t) — n(5)
< Ci67Y (1) — ra())|
< Ci167Yra(0) = ri(0)
< Ci67YIrleqo.rs
where 6 > 0 satisfies (2.5). If s,(f) < x < s,(¢), we may similarly derive
V(t, 0)| = [92(t, )] < C16 Islleqo.ry-
Case 2: x € (r((1), 51()) \ (r2(2), 52(2)). Proceeding as in Case 1, it follows that
[V, 0| = [91(2, 0| < C167 17 sllco.ry-

Case 3: x € (r1(1),51()) N (r2(1), 52(2)). When x € [—s9, So], it follows that #{ = 5 = 0 and
Vi(t], x) = ¥a(83, x) = Vo(x). Hence,

V0l < [ lai(m 0w (T, x) — w(r, )wa(r, x) = (0 + b)(Fi (7, X) = Fa(T, x)ld7

T(aM||lu; — wallcaryy + arMllwy = walleqiyy + (62 + D)V leary))-

A

If x € ((r1(9), s1(0) \ [=50, s0]) N ((r2(2), 52(1)) \ [—50, So]), then 77 > 0,25 > 0, V1(¢], x) = V2(83,x) = 0.
We may assume without loss of generality that x < —sg and #; > 7 > 0, thus r((5) > r(f]) = x =
r(85), x € (ri(1), s1(1)) N (r2(7), 52(7)) for all t}c <t < tand x € (rp(f]), s2(27)) \ (r1(#)), s1(£7)). From
Case 1, we conclude that

V(01 = [92(55, 0l < C167 I, slicqo,ry-

Integrating both sides of the equation for ¥; over [t7, f], we arrive at

A
Vit x) = f [ajuyw; — (62 + b))V, ]dT,
t

1
!
Pa(t, x) = Vo(t), x) + f [aiuawy — (6, + D)V, ]dT.
;

A direct computation yields

V(2 x)l
< W01+ | folaruws = ww2) = (62 + b)(F) = T)ldr
< |V, )| + TO + DIVliear,) + TarMlluy — walley) + TarMllwy = walleqry)
< Ci67YIn slleqory + T(62 + DIV lleary) + TarM (luy — walleany) + Iwy = walleary)) -

Combining Case 1, Case 2, and Case 3, we conclude that

- 1
WVlleay < 2C167 In sllcqory + 2TairM (|luy — ualleary) + [wi = walleary)) (2.9)
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provided that 7(6, + b) < 1/2.
In Step 3 below, we prove that for all sufficiently small 77 > 0, there exists a positive constant C
independent of T satisfying inequalities below:

I, sllcrqo.rpy < CliVIicaryy, ur — wallearyy < CliVIiearyy, 1w = walleaiyy £ ClIVIleay)- (2.10)
Together with r(0) = s(0) = 0, we can see
7, sllcqo,ry < Tlir, sllergory < TCNV ley)- (2.11)

Combining (2.9), (2.10), and (2.11), we arrive at

~ 1
WVllca,) < §”V”C(H7)

provided that 7 is sufficiently small. This confirms that ¥ is contractive in YVT0 . Accordingly, ¥ admits
a unique fixed point v in YVT0 . Let (4, w, r, 5) stand for the unique solution to system (2.1) corresponding

to the above v. Then, (u,v,w,r,s) solves problem (1.3). In addition, we have u € WI],’Z(D;S) and

1+

y e CM=(DY’). Since p > 3, it follows from the embedding theorem that u € Clr 2 (DY).
Step 3. We shall prove (2.10) in this step. Let

1 1
xi(t,y) = E[Si(t) —ri(®]y + E[Si(t) + ri(D)],

2 ) = s;(0) + ri(1) N s;(0) — r{(l)y’
si(t) — ri(?) si(®) = ri(®)  s{(t) — ri(0)
wit,y) = ui(t, x(t,y)), zi(t,y) = vit, xi(2,y)), Yi(t,y) = wi(t, xi(t,y))
fori =1,2. Then,

ni(t) =

@is = AT} Qiyy — Liiy = bZi — 010 — b1, O<r<s1,-l<y<l],
@i(t,y) =0, O<r<lyé¢ (1,1,
%i(0,y) = uo(soy), yel[-1,1],

Wis = oWy — LWiy = i = oy} — axpithi, 0 <1< 1,—00 <y < +o0,
¥i(0,y) = wo(soy), —00 <y < +00.

It is easy to verify that the above system is uniformly parabolic. The standard partial differential
equation theory guarantees IIgDiIIWPn,z(AT), ([ I (0 TIR) S C,, where C; depends only on A. By the
embedding theorem,

[

[9Di]c%’“(AT)’ [(’Di’y]C%’“(Ar) < C3||‘pi||W;¢Z(AT), (2.12)

where Cj is independent of T-', and we can see that

[‘)Di]c%ﬂ(AT)a [‘pi,y]c%,a(AT) S C4.

This implies
liyllcarn < lleioOller-1.11 + CaT2 < Ml olle-1.11 + C4 = Cs. (2.13)
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Therefore,
Cs

— = < —.
si®) —ri(t) — So
Letting ¢ = ¢ — ¢, 2 =271 — 22, and ¥ = Y| — Y, we can see that they satisfy

”ui,x(ta xi)”c(ﬁ;f’ji) < ”‘pi,y(ta y)”C(AT)

@ — Ay, — L1y + (01 + bi(p1 + ©2))g
= d\(7} = nDpayy + ({1 — L)y + bz, t>0,-1<y<l,
et,x1)=0,1t>0; ¢0,y)=0, -1<y<1,

Yy — oy — Gy + (b2 + ) — ¢ + axpr 1Y
= (1 — Wy + (1 — OWay — ariaep, t>0,—00 <y< +oo,
¥(0,y) =0, —oo <y < +oo,
and r(z), s(¢) satisfy

r'(t) = —um(e,(t, 1) — p((t) — m@)e1,(t, —1), 0<1<T,
s'(t) = =B D¢y (t, 1) = B(n2(1) — 11 (D))1,,(1, 1), 0<r<T,
r(0) = s(0) = 0.

Taking advantage of the standard theory and L, theory, we can obtain

”‘P”W,}*Z(AT) < Celllr, sller o,y + llzllean]s

and
ey < Calllr, sllergory + llellean]s

where Cg and C7 depend on M and A.
Making use of (2.13), we can obtain that

@O < pmOley(t, =Dl + pl(2(t) = ()] - lo1,(2, = 1)

M HC:s
< 5||90y||C(AT) + Kgllr, Slleqo.rn

CsT
< %”‘Py”C(AT) + ”47%”'”', s'lleqo,rn

holds uniformly on (0, 7']. Since r'(0) = 0, it is easy to see that

H uCsT
17 lleqo,ry < S—O||§0y||C(AT) + 4—s2”rl’ 8 lleqo. -
0

Similarly, we have
BCsT
Is"llcqory < —lgyllcarn + =511, 8" lleqo.ry-
S0 4SO

(2.14)

(2.15)

(2.16)

(2.17)

Y C . . ,
Consequently, |1, s'llcqory < Slleyllcay) provided T small enough. Noting that |/ ()] < T|rllcqory

and [s”(¢)| < T|sll¢o.ry) uniformly on [0, T'], we can obtain

7, sllcrqo.ry < Cslloylleag)-
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Next, we estimate [|z||c(a,). We can see that
|Zl(t’ )’) - ZZ(ta y)' < |Vl(ta xl(t’y)) - Vl(t, XZ(t’ y))l + |V1(t, xZ(t’ )’)) - VZ(t’ x2(t’ y))|
< Klxi(4,y) = x2(6 0+ IVilear

Kl\r, sllcqo,ry + IVlleary)

IA

holds uniformly on A7. Then,

zllciar < K7 slleqo,ry + IV cary)-
We easily have
||$0||W]1;2(AT) < Golllr, sllcr oy + IVIIcar s (2.18)

where Cy = C¢(1 + K).
By the same embedding inequality (2.12), we can see that

17, sllcrory < CsT 2@yl gy, < C3CST Il (2.19)
and
lellcan < T2l gy, < CTE ez, (2.20)
Combining (2.18), (2.19), (2.20), and (2.17), we obtain

7, sllcrqo.rpy < CrollVlleays lellciary < CollVileary, Wllcar < CrollVicar, (2.21)

on the condition of 0 < T < 1, where C) is independent of 7. Thus, the first inequality of (2.10) has
been shown. We then show the last two inequalities of (2.10). For any given (z, x) € Iy, define
_ 2x—ri(0) — si()
YT TS0 )
Next, we discuss the position of (¢, x) in II; by cases.
Case 1: x € [r1(0), s1(0)] N [r2(0), s2(2)]. It follows from (2.11), (2.13), and (2.21) that

lo1(2, y1) — @a(t, y2)I

|1 (2, x) — us(t, )|

< it y1) — o1 y2)l + @1 (2, y2) — @a(2, y2)

< ||901,y||C(AT)|y1 -yl + ||90||C(AT) (2.22)
< %llﬁpl,y”C(AT)Hra S||C([0,T]) + ”SOHC(AT)

< CullVllea)-

Case 2: x € [ra2(1), s2(0)]\[r1(?), s1(2)]. Then, u,(z, x) = 0. We may assume without loss of generality
that x € (r,(¢), r1(¢)], and by using of (2.11), (2.14), and (2.22), we can see that

|1 (2, x) — us(t, )| luay (2, 71(1)) = ua(2, X))

< ug (@, (1) — ua(t, ri(0)] + |ua(t, r1(1) — ua(t, x)|
< CullVlleay) + ||M2,x||c(g;2~f2)|”1(f) = (1)l
< CllVllear)-
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Case 3: x € [r(t), s1(1)]\[2(2), s2(¢)]. Proceeding as in Case 2, we derive
lui (2, x) — ur (2, x)| < CiallVlleary)-

Combining Case 1, Case 2, and Case 3, we can obtain |[u; — usllcqr,y < Cr2llVIear,), which is the
second inequality in (2.10).

Similarly to the computational procedure of Case 1, we can obtain the third inequality of (2.10).

This proof is complete. O

Theorem 2.2. For any fixed a € (0, 1) and p > 3/(1—a), problem (1.3) admits a unique global solution

(v, w, 1, 5) € €D) X CH7(D) x CM*32+([0, 00) X R) X [C'**/2([0, 00))

satisfying
0 < u(t,x),v(t,x) < Myon D> 0<w(t,x)<M;on[0,00)XR, 0<—r(t),s(t) < M,on [0, ),
(2.23)
and
e (2, et (rey.sn + 7', S’||cw/2([1,oo)) <M, t>1, (2.24)

where My, M, M5 > 0 depend on a and A.

Proof. By using Theorem 2.1, we obtain that there exists 7 > 0 such that problem (1.3) admits a unique
local solution (u, v, w, r, s) satisfying u,v > 0 on D}*, w > 0 on [0, T] X R, and —7'(#), s'(t) > 0 for all
tel0,T].

We can easily derive 0 < w < G in [0,T] X R, where G = max{|[wol|c, é}. We recall that the
comparison principle gives (u(t, x), v(t, x)) < (i(z), v(¢)) for t € [0,T], x € R, where (u(r), ¥(¢)) is the
solution of the problem

i, = bv — 6,11 — byit?, t>0,
\_/'t:a]GITt—HQ\_/—b\_/, t>0,
u(0) = |luolleo, ¥(0) = [Ivolleo-

Letting U(r) = i(¢) + v(¢), then U satisfies U(0) = ||ug|le + |[volle and

(a1G + 6, - 91)2

U, = a,Gii — 015 — byii* — 0,7 < —0,U +
4b,

By using of the comparison principle again, we have

G+0,—0)>
B(1) + 7(1) = U(1) < My := max {||Mo||oo +Ivolles, LG HO =0 G}.

4b,6,

Thus,
O<u,v<MyonD}, 0<w< M on[0,T]xR.

Next we show that —r'(t), s'(f) < M, for some positive constant M,. To this end, let L be a positive
constant, and define
Ql :={(t,r):0<t<T, s(t)— 1/L < x < s(t)}
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and construct an auxiliary function
i(t, x) = M[2L(s(t) — x) — L*(s() — x)*1.

We will choose L so that u(z, x) > u(t, x) holds over Q{.
Direct calculations show that

i, — dyity, > 2d\M\L* > bM, > bv — 0,i — byii*, (t,x) € QF,
if L2 > %. On the other hand,
a(r, s(t) = L™ = My > u(r, s(t) = L"), i, s(t)) = 0 = u(z, s(2)).

If MiL > |luf)lcqo.s,))» then

50
uo(x) = —f ul(s)ds < (so — X)uhllcqo.son < MiL(so — x) < w(0,x) on [so— L7, s0].
Let

b luglleqo,son
L= —_— ——— .
max{ 2] i,

Applying the maximum principle to i — u over QF, we can deduce that u(t, x) < u(t, x) for (¢, x) € Q{.
Thanks to u(t, s(t)) = 0 = u(z, s(t)), it would then follow that

§'(t) = —uuy(t, s(t)) < —uit(t, s(t)) < 2max{u, BIM L := M,, 0 <t <T.

Similarly, r'(t) > -M, for0 <t < T.

Let T, be the maximal existence time of (u,v,w,r, s). It is sufficient to prove Typ = +oco. On the
contrary, we assume 7y < oo. Fix ¢ € [0, T)). Following the proof of Theorem 2.1, we can see that
v(t,) € C'"([-250,250]), w(t,-) € C**(R), and |w(t, )|lz=®) < M, for t € [6,Ty), and can find a
positive constant M independent of Ty such that ||u(z, -)||W5([g(t),h(t)]) < M fort € [6,Ty). Similar to the
proof of Theorem 2.1, there is a 7 > 0 independent of T, such that the solution of (1.3) with initial
time T — 7/2 can be extended uniquely to the time T, + 7/2. A contradiction is derived, and T = +co.
Therefore

(u, v, w, 1, 5) € €DE) X CH7(D) x CHE24([0, 00) X R) X [CM72([0, 0))*.

Inequalities (2.24) can be derived by a proof similar to the one for Theorem 2.3 in [20]. We omit
the details.

The proof is complete.

Noting that () < 0, s'(t) > 0, and ||r, sl|c1+er2((1 )y < M3, We can easily see that limits tll)rg r(t) and
lim s(¢) exist. We denote

—0o0

lim r(t) = 7o, lim s(f) = Seo.
t—00

t—00
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3. Long-time behavior

To analyze the long-time asymptotic behavior of u,v, and w, we begin by presenting several
auxiliary lemmas. Since the proofs of Lemmas 3.1, 3.2, and 3.4 are analogous to those of that of
Proposition 3.1 in [15], Proposition 4.2, and Lemma 3.4 in [20] , respectively, we leave out the details.

Lemma 3.1. Let D, n, o, and hy be positive constants and C be any real number. Suppose h €
CY ([0, +0)),z € W;(DT)for any T > 0 and p > 3, where Dy = {(t,x) : 0 <t < T, xg < x < h(t)}.
Assume that h(t) € C'([0,00)), h(t) > xo for 0 < t < 00, lim;0 A(t) = he < 00, lim,_, h'(¢) = 0;
20 € Wg([xo,ho]), 20(x) > 0, zo(x) Z O for x € [xo, hol; and ||z(t, llcrjo. ey < M for any t > 1 and some
M > 0. If (z, h) satisfies

= Dzy > Cz, t>0, xo<x<h(t),
z>0, t>0, x=xp,
z=0, K () 2 —nz,, t>0, x=h),

2(0, x) = zo(x), hop = h(0),  xo < x < hy,

then lim,_,o, Max <y<pn(p 2(2, x) = 0.

Lemma 3.2. Let k,m > 0 be constants. If 2“2 > 0, and k > 3 4 /%, then for the problem

0+b
—diuy, = bv—0u—bu?, —k<x<k,
0=aymu—6,v—bv, —k < x <k, (3.1
u(=k) = u(k) =0,
there exists a unique solution (uy, vi). Moreover,
]}i_)rrolo(uk, vi) = (@1, V) locally uniformly on (—o0, +00),
where (i1, V) is the positive solution to
bv —6,u—bu* =0,
{ aymu — 6,v —bv = 0.

(3.2)

Lemma 3.3. ( [7], Proposition 8.1) Let o be a non-negative constant. For any given 6, N > 0, there
exist Ts > 0 and l; > max {N, 2 vd/ A}, such that when the continuous and non-negative function z(t, x)
satisfies

Z—diy > (L)z(A-02), t>0, =I5 <x<ly,
z(0,x) > 0, —ls < x < s,

and fort > 0, z(t, £l5) > (L)oo if o > 0, while z(t, +l5) > (=)0 if o = 0, then we have
z2(t,x) > /60 -6 (z(t,x) < A/0+6), Yt>Ts xe[-N,N].

This implies

t—o0

liminf z(z, x) > /6 — 6 (lim supz(t,x) < /0 + 6| uniformly on [-N, N].

—0o0
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Lemma 3.4. (Comparison principle) Assume ii € C(Dy') N C'2(DL%), 5 € C°(Dy), w € C12((0, T] x

i, — dyiig > bV — 6,01 — by ii?, 0<t<T, #t)<x<5@),
V, > ayuw — 6,V — by, O0<t<T, #r)<x<3),
Wy — doWyy > W — byWw?, 0<t<T, xeR,

u(t,x) =v(t,x) =0, 0<t<T, x¢& (@), 5t),
(1) < —ui,(t, (1), §(t) > —Pi(t,5(t), 0<t<T,

(0, x) > 0, ¥(0,x) > 0, 7(0) < x < 5(0),

(0, x) > up(x), v(0, x) > vo(x), —s9 < x < 5o,

7(0) < —s9, 5(0) > 59, wo(x) = w(0, x), x €R,

then the solution (u,v,w,r, s) to problem (1.3) fulfills
u<si, vy onﬁ;s; w<won|[0,T]xXR; r>7 s<§5 on[0,T].
Theorem 3.1. Assume that (u,v,w,r, s) solves problem (1.3). If 5o — 7o < 00, then
Limy oo [, lerm.son = My [V lleqa.son = 0,
lim,_,, w(t, X) = ¢/b, uniformly on any bounded subset of (—oo, +00).

Proof. From (2.24), it follows that both r and s are uniformly continuous functions in [1, c0). Noting
that ., — 7 < 00, we deduce 7'(f) — 0 and s'(f) — 0 as t — co. By using Theorem 2.2, we see that
u,v>0fort > 0,r() < x < s(¢) and [|u,(t, llcqre.seop < Mz fort > 1. By applying Lemma 3.1 on
[0, s(#)) and an analogous form of Lemma 3.1 on (r(¢), 0], we obtain lim,_,. ||u(t, -)llcqr@).s0 = O-

For any € > 0, there is T > 0 such that a u(t, x)w(t, x) < e for t > T and x € [r(t), s(¢)]. Hence, v
satisfies

v, <e— (6, + b, t>T, r(t) < x < s(p),
vit,r(@®) =v(t, s(t)) =0, >T,x¢ (r@),s(t)),
w(T, x) > 0, r(T) <x<s(T).

&
Or+b"*

Applying the comparison principle, we can obtain lim, . max, <x<sp V(t X) < Since ¢ is
arbitrary, lim,_,oo ||V(f, ')”C([r(t),s(t)]) = 0 holds.

Consider the solution w(#) of the following problem:
w(t) = w(c = byw), 1> 0; w(0) = [Iwplle.
We can easily see that w(z, x) < w(¢) for ¢ € [0, ), x € R. Then,
lim sup w(t, x) < tlim w(t) = c¢/b,
0o oo

uniformly on R.

Notice that u(t,x) = 0 for t > 0, x ¢ (r(¢), s(2)), and lim,_,, [[u(?, )llcra s = 0. For any fixed
0 > 0, one can find Ts > O such that u(t,x) < dfort > T5, x € R. Fix 0 < € < 1, N > 1, and define /,
as in Lemma 3.3. Then, w satisfies

W, — dow,e = W(c — byw —ay0), t>Ts5 —l.<x<lI,,
w(t, £l,) > 0, t>Ts,
W(Ta" X) > 0, _ls <x< ls'
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Thanks to Lemma 3.3, liminf,_., w(z, x) > % — £ uniformly on [-N, N]. Since &, 9, and N are
arbitrary, we derive that lim inf,_,., w(z, x) > ¢/b, uniformly on a compact subset of R.
This proof is complete. O

Next, we consider the spreading case s, — 1, = o0. For convenience, we denote

Cl]Clzb

1= bi1by (6, + b)

Theorem 3.2. Assume s, — o, = 00. If ¢ < 1, then we have
lim(u(t, x), (2, x), w(t, x)) = (u", V", w") (3.3)
—o00

locally uniformly on R, where (u*,v*,w*) is given by (1.2).

Proof. The condition s., — ro, = co implies a;bc > b,0,(6, + b) (see Theorem 4.1) and s, = 00,7, =
—oo (see Theorem 4.3). Then, ODE system (1.1) has the positive equilibrium («*,v*, w*). In what
follows, we construct an appropriate iterative sequence, whose conception is derived from the method
adopted [7, 17].

Step 1. From the proof of Theorem 3.1, it follows that

lim sup w(t, x) < limw(¢) = b£ & wy uniformly on R.
—00 k)

>0

For any € > 0, one can find 7 > 0 such that w(z, x) < w; + € fort > T and x € R. Thus, (u, v) fulfills

U, —ditty, = bv—0u—bu?, t>T,r(t) <x<st),

v, < aju(wy + &) — v — by, t>T,r(t) < x < s(b),
u(t,x) =v(t,x) =0, t>T, x ¢ (r(n), s(t)),
u(T,x) > 0,v(T,x) >0, x € [r(T), s(T)].

Noting that a;bc > b,0,(6, + b), the unique positive equilibrium state (if, V) corresponding to the
following problem

it, = bv — 01it — byit?, t>T,

Vvi=aiu(wy +e)—6,v—->bv, t>T,

uT) = M,, w(T) = M,

is globally asymptotically stable. An application of the comparison principle yields

(u(t, x), v(z, X)) < (u(1), V(1))

forz > T and x € R. Therefore, limsup,_, (u(z, x), v(t, x) < (&7, V) uniformly on R. Since & is arbitrary,
we obtain
lim sup u(¢, x) < uy, limsup v(z, x) < v uniformly on R, (3.4)

1—00 t—00
where (i1, V1) represents the unique positive solution to (3.2) when m is taken as w;.
Step 2. For any 0 < & < 1, it follows from (3.4) that there is 7 > 0 such that u < i1; + € holds in
[T, o) x R. Thus, w fulfills

Wy — doWye = cw — bow? —aow(it; +), t>T, x€R,
w(T, x) > 0, x €R.
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We obtain lim inf,_,., w(t, x) > %‘;”8) locally uniformly on R. Since & is arbitrary, we derive that

€~ dalh gf w, locally uniformly onR. (3.5)

liminf w(z, x) >

t—00 D

On the condition of ¢ < 1, we can easily see that w, > 0.
Recalling Lemma 3.2, for any large k, we denote by (u,(x),v,(x)) and (¥°,v®) the unique positive
solutions of (3.1) and (3.2) corresponding to m = w, — &, respectively. Therefore,

lim (4, (x), v, (x)) = (@, v)
locally uniformly on (—oco, 00). For any fixed L > 1, we can find a sufficiently large k > L such that
w,(x) > u" —¢e/2, v (x) >1"-¢/2, xe[-L,L]. (3.6)
For the above fixed k > L, consider the principal eigenpair (4;, ¢) of problem

{ —di¢x = AP, x € [k, k],
¢(=k) = ¢(k) = 0.

We have A, = d,(n/2k)* < al;ﬁ‘r;g) — 6,. Direct computation gives that (6¢, al%;zm) is a positive lower

solution for (3.1) with m = w, — & when 6 small enough. Furthermore, it is possible to select T > 1,

0 < 6 < 1 such that [k, k] C (r(2), s(1)) for t > T, w(t,x) > w, — & for (¢, x) € [T, 00) X [k, k], and
ai(w;—€)o¢

(09, s ) < (u(T,-),v(T,")) for x € [—k, k] . Thus, (u, v) fulfills

u, — dyuy, = bv — 0yu — byu?, t>T,-k<x<k,
Ve 2 aju(w, — &) — v — by, t>T,-k<x<k,
u(t,+k) > 0, v(t, k) > 0, t>T,

ay(w; —€)6¢(x)

u(T, x) = o0¢(x), v(T, x) > , —k<x<k

92+b

It follows from the comparison principle that (u(z, x), v(t, x)) > (u(t, x), v(t, x)) for all (¢, x) € [T, c0)X
[—k, k], where (u, v) 1s a positive solution to the following problem:

gt—dlg”:bg—elg—blgz, t>T,-k<x<k,
v, = aiu(w, — &) — 0,y — by, t>T,—-k <x<k,
u(t, k) = 0, v(t, £k) = 0, t>T,

_ _ ai(w;—8)0¢(x)
u(T, x) = 6¢(x), v(T, x) = I'HZT, -k <x<k

Obviously, u and v are nondecreasing with respect to ¢. Applying the standard parabolic regularity, we
obtain

lim(u(z, x), v(t, ) = (@ (%), v, (x))

uniformly on [—k, k]. So, we can find Ty > T such that u(z, x) > u,(x) — €/2 and v(z, x) > v,(x) — &/2
for (t,x) € [T}, ) X [—k,k]. Combining with (3.6) yields u(t,x) > u® — & and v(t,x) > v* — € on
[T}, 0) X [-L, L]. Since € and L are arbitrary, we have

liminf u(z, x) > u,, liminf v(¢, x) > vy, locally uniformly on R, 3.7
— o0

t—00
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where (u,,v,) is the positive solution of (3.2) withm = w,.

Step 3. Fix N > 1 and 0 < 6, < 1. The quantity /s is determined by Lemma 3.3 with d = d,,
A=c—-a (21 - s), and 6 = by, p = 0. According to (3.7), there is T > 0 such that u > u;, — € on
[T, 00) X [—1s, [s]. Consequently, w fulfills

Wy — doWwyy < W — byw? — awu, —¢€), 2T, x€[-ls1s],
w(t, xls) > 0, t>T.

As w(T,x) > 0 in (=ls,15), we obtain limsup,_,  w(t,x) < %f‘_s) uniformly on [-N, N] by
Lemma 3.3. Since N, 9, and & are arbitrary, we derive that
. ¢ — 0221 def _ .
lim sup w(t, x) < = w, locally uniformly onR. (3.8)
t—00 2

Direct computation gives ‘22”—:22 — 6, > 0. For any fixed 0 < € < 1 and large enough k, let i (x)

denote the unique positive solution to the boundary value problem

0,+b

—dyu,, = W22y gy b?, x € [~k k],
_ 3.9
u(=k) = utk) = M,

where M = max{M,, bil % — 6,1} In addition, 0 < itx(x) < M. Let (&5, v5) be the unique positive

root of (3.2) with m = w, + €. By using the comparison principle, we can see that it (x) is decreasing
in k and limy_,, i#;(x) = i locally uniformly on R. Taking v;(x) = %, then limy_,q, Vi(x) = V5
locally uniformly on R.

For any fixed L > 1, we can find a sufficiently large k > L such that #(x) < i + &/2 and
Vi(x) < V5 +&/2 on [-L,L]. Noting that (3.8), we can find T > 0 such that w(z,x) < W, + £ on
[T, 00) X [—k,k] and (=k, k) C [r(2), s(2)]. By virtue of the equation of v, it is possible to find 7'} > T
such that v(z, x) < wmteM ., [T, ) X [—k, k]. Hence, (u, v) fulfills

02+b

u, — dyuy, = bv — 61u — byu?, t>T,-k<x<k,
v < au(wy + &) — v — by, t>T,—k<x<k,
w(t, £k) < M, v(t, +k) < 9008 s T

u(Ty,x) <M, w(T,, x) < ‘”(Z;—:ZW, —k<x<k.

Let (, v) denote the positive solution corresponding to the following problem:

i, — d,ity, = bv — 0,11 — b,ii?, t>T),—k<x<k,
V; = a1i(wy + &) — 6,V — by, t>T,—k<x<k,
i, £k) = M, (1, k) = L2 1> T,

W(Ty, x) = M, W(Ty,x) = WEZ —k < x <k

Then, we have
tli_)lg(ﬁ(t, x), (¢, x)) = (i (x), V(x))
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uniformly on [—k, k]. So, we can find T, > T such that u(t, x) < i (x) + /2 and v(¢, x) < Vi(x) + /2
for r > T, and x € [—k, k]. Therefore, it follows that u(z, x) < i + € and v(, x) < V5 + & fort > T, and
x € [-L, L]. Since ¢ and L are arbitrary, we obtain

lim sup u(¢, x) < iy, limsup v(t, x) < v, locally uniformly onR,
t—00 t—0oo
where (ii,, v,) is the positive root of (3.2) with m = w;.
By arguing in a manner analogous to Step 2, we obtain the conclusion that

liminf w(z, x) > w,, liminf u(, x) > u,, liminf v(z, x) > v,
t—o0 t—o00 —oo
uniformly on the compact subset of R, where w, = %, (u,,v,) is the unique positive root of (3.2)
withm = w,.
Step 4. From the above steps and careful calculations, we have

_ Cc _ c 6, _ awiig
W =—, j=—qg——, V| = ,
! b, ! azq b ! 6, +b
c a0, c 0; ayw,u,
= — 1— +—, =|—qg - — 1— s = ,
w, bz( q) bibs u, (a2q bl)( 9, v, 6+ b
_ c a»o, _ c 6, _ a\wyil
=—(l-qg+¢)+—1-9), =(=g-=|(1 =g+, =—,
W2 bz( q+4q) blbz( q), i (azq bl)( q+q), ¥ Ry

c a0, c @) aw,u
Wy = =g+ g =)+ (=g + ), gzz(a—zq—b—l)(l—q+q2—q3), v, = ezj;_

So, we know that
U, <u, <uy<uy, v, <V, <2<y, w, <w, <wy<wi.

By following the above procedures repeatedly, we can obtain three monotonically increasing
sequences {u,}, {v }, and {w } and three monotonically decreasing sequences {it,}, {V,}, and {w,}, which
satisfy

El<...<zn<...<ﬁn<...<ﬁl,
Y

w

<...<Xn<...<§n<...<‘_;l’

< <W << W, < s < WYL
1 —n n

Moreover, the solution (u, v, w) of (1.3) satisfies

u < 112 ionf u(t,x) < hrtri iup u(t, x) < u,,

v, < liminf v(z, x) < limsup v(z, x) < v,

t—00 t—00

w, < liminf w(z, x) < limsup w(z, x) < w,,

f—00 t—0o
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locally uniformly on R. We obtain the following iteration format:

_ C _ alb _ 91 _ alw,-ﬁ,-
wy=-—, Up= ———Wi—7—, Vi= >
: b2 b1(92 + b) bl 6, + b

c  ap_ ab 0, aiwu;
wWo=———i;, U =—W——, V. = ,
- b, b, - b1(92 + b) - b 6, +b
— C a . 1.2
Wil =———u, i=12,..

+1 bz bz_,

When i > 2, we can see that

0 .
i__l_ a2 212_'_‘1211_ boeem gt
(I1-g+4 ) bbz( q q")
0
ﬁi=(£ ——1)(1—q+q— C+ g7,
a b,
_ a,  _ _
i = wild;,
92+b
mi:bi(l—q-qu—... 2i— 1)+ (1_q+q_ 2i—2)’
2
c 0 .
a b,
_1_92+b_l_l

Note that g < 1, so all six sequences mentioned above possess well-defined limits, and

*
9

Limw lim blc + (1201 (blc + (1291)(92 + b)
w; = w. = =
i—0c0 i—o0 ! b1b2(1 + q) alazb + b1b2(92 + b)
- . b]CC[ - Cl291 Cl]bC - b291 (92 + b)
limy;, = limu. = = =

i—00 j—o0 ! b]dz(l + q) h Cl]azb + b]b2(92 + b) -
ai

’

e £ K

uw =v.

limvy; = limv. =
i—00 i—oo ! 62 + b

Thus, (3.3) holds. The proof is complete.
4. Criteria for spreading and vanishing

This section focuses on discussing the criteria for spreading(s. — 7o = ©0) and vanishing (s, —

Feo < 00), which are divided into two cases: g < “bzgl and g > “bzlgl namely a,bc < b,6,(6, + b) and

aibc > b0, (6, + l’))

4.1. The case aibc < b,0,(6, + b)

Theorem 4.1. Denote (u,v,w,r, s) as the solution to (1.3). If aibc < b,6,(6, + b), then so, — roo < 00.

Proof. We denote by w the solution of the problem
W =cw —byi?,  W(0) = max{lwollL.,, 3} (4.1)
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Then, we have
byew(0) — 2
b%W(O)eC’ — b%v?z(()) + bye

c
v = £
w()b+

It follows from the comparison principle that w(¢) > w(t, x) on [0, c0) X R and v satisfies

v, < ajuw — (6, + b)v, t>0,r() < x < s(t),
v(t, r(1) = v(t, s(1)) =0, >0,
v(0, x) = vo(x), —S0 < x < 8p.

Denote p = max{u, 8} and

[(B; + D)u + bvldx, h(t) = s(t) —r(t), ¢(t) =

f@®= f " bay(bycw(0) — )M,
o B2W(0)e” — b2W(0) + by’

We can easily see that fot ¢(7)dt 1s uniformly bounded with respect to 7 on [0, +c0). Noting that a;bc <
b,0,(6, + b), by simple calculations, we can obtain

s(1)

(0 = [(6, + b)u, + bv,]dx
()
0 O — 2
s‘f (62 + b)dyay, + 220290 — +tﬂﬁwﬁmﬂ4m
o B0~ b30) + bac \ o
1 —c )M
Y ) LGS A L R )

b2 (0)e” — b2W(0) + bac
= 2R (1) + @(Dh().

Then,

e, p
a0 O 2,

Integration of the above inequality over the interval [0, 7] leads to

W) < P(Hh(t).

Jo,

t
P
(®+————1f (Dh(t)dr.
/ di(0> + b) Jo v
By using the Gronwall inequality, we have

P P ’
h(r) < |h(0) + —d1(92 " b)f(O)] exp {—d1(92 D) f(; go(‘r)dr} < 00,

Hence, s., — 7o < 0. The proof is complete.
In light of Theorem 3.1, the introduced predator faces ultimate extinction when the condition a;bc <
b,6,(0, + b) holds true.

4.2. The case aibc > b,6,(6, + b)

In this subsection, we always assume a;bc > b,6,(6, + b).
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Theorem 4.2. Denote (u,v,w,1,s) as the solution of (1.3). If Seo — oo < 00, then

dlbz(gz + b) def
o — Feo < = A. 4.2
S 4 d \/ale - b291(62 + b) ( )

Thus, if 59 > %, noticing r'(¢) < 0, s'(¢) > 0, then we obtain s., — r, = c0. Equivalently, successful

invasion of the predator occurs provided that its initial habitat domain exceeds the critical threshold
range.
Proof. Taking advantage of (5. — e < ©0) and Theorem 3.1, we have

Lim, oo (2, lera.son = My [VE lleqrw.son = 0,

lim,_,., w(t, x) = ¢/b, locally uniformly onR.
By contradiction, we suppose that s., — 7 > A. Therefore, for any & > 0, there exists 7 > 1 such that

diby(6, + D)
ba(c — &) — b,6,(6, + b) ’

s(t) — r(t) > max {250, n\/

¢ - ® for all (1,x) € [T, 00) x [1(T), s(T)]. Letting r(T) = ky, s(T) = ky, then ky — k; >
2

diby(62+b) .
T \/m, and u, v satisfy

and w(t, x) >

U, —dittyy =bv—0u—biu?, t>T,k <x<ky,

v > WDy — (6, + by, t> T,k < x <k, @3
u(t, x) > 0, v(t,x) > 0, t>T,x=kyi=12, '
u(T,x) > 0,w(T, x) >0, ki <x <k.
We claim that (6¢, ”blz((cg_z ?2;# ) 1s a lower solution of the following problem:
u —du, =by—0u-bu’ t>T, ki <x<ky,
v, = 42y — (0, + byy, t> T,k < x <k,

u(t, x) = u(t, x), v(t, x) = v(t, x), t>T,x=k,i=1,2,
w(T,x) =u(T,x), v(T,x) =w(T,x), ki <x<ky,

when ¢ is sufficiently small, where ¢ is the principle eigen-function of

_d1¢xx = /l¢7 ||¢||Loo = 1,
¢(k1) = p(kz) = 0.

2 bai(c—e)

Denoting 4, as the principle eigenvalue, then 4, = d, (sz 7 < 5055

we have

—6;. When ¢ is sufficiently small,

—d, (5¢)xx =04, ¢

_ bai(c —&)é¢ B o B ba,(c — &)
= —bbz(QZ n b) 915¢ b15 ¢ + 5¢ (/11 —b2(92 n b) +0,+ b15¢)
a(c - &)o¢ h 242
0O D) 016¢ — b167¢",
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n (c-) (c - £)59
a(c—¢ a(c—¢
0=——0¢p—(6h+b)—————.
b Ot b
It follows from the comparison principle that
a(c —&)og

u(t, x) > 5(]5, v(t, x) > m,

t>T, ki < x <k, 4.4)

which contradicts with lim,_,q, [[u(2, llcqre).sop = 1Moo (VT lleqro.sep = 0. Therefore, (4.2) holds.
Theorem 4.3. [f s, — o, = 00, then s, = 00 and ro, = —00.

Proof. We proceed by contradiction. Without loss of generality, we assume that s., < co and ro, = —oo.
Let k > A + 2 with A given in (4.2). We can find 7'} > 0 such that r(T,) < —k and u fulfills

u, — dytty, = bv — 6u —byu?, t>T),—k < x < s(t),
u(t,—k) > 0, u(t, s()) = 0, t>T,

s'(1) = —Bu(t, 5(2)), t>T,
u(Ty, x) 20, —k < x < s(T)).

It follows from s, < oo that lim,,. s'(#) = 0. Applying Lemma 3.1, we can easily see that
tim [lu?, lleg-rson = 0- (4.5)
Then, following a similar argument as in Theorem 3.1 with slight modifications, we derive that

im (2, lcqorson = 0, lim w(, x) = bi uniformly on [1 — &, s(1)].
—o0 >0 )

One can find T, > T, such that w(¢, x) > f on [T;,00) X [1 —k, s(Ty)]. Let € > 0 be sufficiently small
and take an interval [k, k] C (1 — &, s(T)) such that

dib(6, + b
kz—k1>7r\/ 1b2(60, )

ba(c — &) — br6,(6, + b)

We can easily see that (u, v) satisfies (4.3) with T = T,. Following a similar argument as in the proof
of Theorem 4.2, we can derive (4.4), which contradicts (4.5).

The proof is complete.

Theorem 4.2 and Theorem 4.3 show that if 5o > 5, then r, = —c0 and s, = oo, equivalently, the
introduced predator achieves full spatial spread over the entire domain as time tends to infinity.

The following result addresses the case where sy < 5.

Lemmad4.1. If s, < %, then one can find ji > 0(B > 0) such that S., — re = 00 whenever u > ji(s > B).

The proof of Lemma 4.1 is omitted here, since its procedure and idea are largely identical to those
of Lemma 3.2 in reference [10], with only minor modifications needed. From Lemma 4.1, we see
Seo — Feo = 00 if p = max{u,B} > max{i,S}. Intuitively, we expect vanishing to hold under the
conditions a;bc > b,6,(6, + b), so < A/2, and small y, S. Our intuition is confirmed by the lemma
presented below.
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Lemma 4.2. If sy < %, then one can find p > 0 such that s — re < 00 whenever p = max{u, B} < p.

Proof. For any given k € (s, §), we introduce the eigenvalue problem below:
dl¢xx - 01¢+blﬁ = /1(15, —k<x< k,
o= O+ =y, —k<x<k,
P(=k) = p(k) =

By Corollary 3.2 in [20] and 2k < A, we obtain that the principle eigenvalue 4; < 0 with a
corresponding positive eigenvector (¢, ). Therefore,

did1c— 0191 + Y = L1, —k <x <k,
S — O+ by =y, —k<x<k

(4.6)

Denote (77, ¢1) as the eigenpair of the problem

—p =N, —k <x <k, o(=k)= k)=

Obviously, n; = 4k2 Multiplying (4.6) by ¢; and integrating over [k, k], by direct computation, we
obtain that there exists a positive constant £ such that

et — (0 +b) = Ay,
~d\ 5E - 1E+ b= LE,

é, Lim w(t) = i, and w(r) = w(t,x) in [0, 00) X R.
1—o00

4.7)

Noting that W satisfies (4.1), we have w >

Defining p = max{u, 8},

g(t) = Kexp | f(f[alf(wm - £)+ Aildr}, hit) = (53 + pré [ g()dr)’

u(t, x) = €g(t) cos —— 2h( ’ V(t, x) = g(t) cos —— 2h( 5’ (t,x) € [0, 0) X [=h(¢), h(t)],
and, obviously, #’(¢) > 0 for t > 0. Choose a sufficiently large constant K satisfying
uo(x) < K€ cos ;—x = (0, %), vo(x) < K cos ;—x = 9(0,%), x € [-s0, so. (4.8)
S0 S0
As lim () = £ and 4; <0, [ g(r)dt < oo is bounded. Let
1—00

o= ﬁ
- [ sdr

Ifo <p< P then h(t) < k for t > 0. Combining with (4.8) and W(r) > é, it follows from
straightforward calculations that

B — dyfy — bO + 0,0 + by
A C T 2
£8(1) cos £ [a19 (W) - &)+ 4 +di (55) —L+6+b

&£g(1r) cos 3 [dl (Zh(t))2 —di (%)2]
0

| Tl (D)
2h(t) 2h2(1)

\%

\%

AIMS Mathematics Volume 11, Issue 7, 22069-22096.



22093

and
\/}, - Clli\tW + (62 + b)\?'

g(t) cos 25 |aré (W(t) — £) + A1 — ayié + 6 + b
> 0
for (z, x) € [0, 00) X (=h(t), h(t)). In addition,
= (1) = —pit,(t, —h(1)), () = —pit,(t, h(D)).
Therefore, if 0 < p < P> then (i1, b, W, —h(¢), h(t)) fulfills

\%

B, — dyly > bb — 0100 — by i1, t>0,-h() < x < h(),

v, > aiiow — (6, + b)v, t>0,-h) < x < h(),
n=v=0, t>0,x < —h(t) or x > h(?),
W, — doW,, = cW — bzwz, t>0,—00 < x < +00,

i(t, xh(1)) = ¥(t, =h(r)) = 0, t>0,

= (8) < —pit (1, —h(2)), W' () = =Bt h(1), t=0,

(0, x) = uo(x), (0, x) > vo(x), —s0 < x < 50,

h(0) = 59, W(0) > wy(x), —00 < x < +00.

By virtue of Lemma 3.4, —h(t) < r(t), and s(#) < h(¢) holds for all # > 0. It follows that
Feo = —limh(t) > —k, s. < limh(r) <k,
t—o0 t—0o0

and hence s, — 7, < 00. The proof is complete.

Obviously, it follows from the proof above that p does not depend on uy, v, and is strictly decreasing
with K. Therefore, if 4 and 8 are fixed, then we can find a small enough K > 0 such that p < p. At the
same time, if u, and v, are sufficiently small such that (4.8) holds, then by a simple argument_, we can
still obtain s, — 1o < 0.

Remark 4.1. [If sy < % and (ugy, vo) are small enough, then s, — ro, < 0.

Theorem 4.4. If sy < 5, then we can find 0 < p, < p* such that se — 1 < 00 provided that p < p, or
0 = p*; moreover, S, — ro, = 00 provided that p > p*.

Proof. This proof is similar to that of Theorem 5.2 in [7]. For the convenience of the readers we
shall give the details. Write (u,, vy, Wy, 7, 5,) in place of (u, v, w, r, s) to clarify the dependence of the
solution of (1.3) on p. Define

x :{p>0: Spoo = Tpoo S/\}.

In consideration of Lemma 4.2 and Theorem 4.2, we have (0,p] € X*. According to Lemma 4.1,

>* N [f, 00) = 0. Therefore, p* < supX* € [p, i1]. By this definition and Theorem 4.2, it follows that
Fpeo = —09, 5,4 = 00 for p > p*. Hence, X~ C_(O,p*].

We will show that p* € X*. Otherwise, 7o = —00 and s, o = 0. There exists 7 > 0 such that
5y (T) — rp(T) > A. Utilizing the continuous dependence of (u,, v,, Wy, 7, 5,) on p, we can find € > 0
such that s,(T) — r,(T) > A for p € (p* — &,p" + &). It follows that

lim [5,(5) = (0] 2 $,(T) = r(T) > A, ¥ p € (" = &,p” + ).
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Therefore, (p* — &,p" + &) N X" = 0, and sup X* < p* — . This contradicts the definition of p*.
Define
X = {v : v2>psuchthat s, — 7,0 < Aforallp < v} ,

where p is given by Lemma 4.2. Then, p. = supX, < p* and (0,p,) C Z.. Similarly to the above, it
can be obtained that p, € X,. The proof is complete.

Theorem 4.4 gives that there exist threshold values for boundary moving parameters p and S, and
gives sufficient conditions for predator spreading or vanishing.

5. Conclusions and discussion

In the present work, we investigate a prey-predator model with stage structure and free boundaries,
which is a degenerate diffusion system consisting of one ordinary differential equation and two partial
differential equations. Considering this new mathematical framework, we overcome the difficulties
caused by partial degeneracy and prove the local and global existence, uniqueness, and uniform
estimates of solutions to the coupled parabolic-ODE system. We also characterize the long-time
behavior of solutions and provide sharp criteria for spreading and vanishing.

For the corresponding ordinary differential systems, it has been shown that if a,bc < b,0,(6, + b),
then the equilibrium (0, 0, ¢/b,) is globally stable; if a;bc > b,0,(6, + b) and a,a,b < b1b,(6, + b), then
the positive equilibrium (u*, v*, w*) is globally asymptotically stable.

Within the framework of the present model, it is shown that when a,bc < b,6,(6,+b), the introduced
predator is bound to vanish; when a,bc > b,0,(6, + b), the successful invasion and spread of the
introduced predator are determined by the initial data and variable parameters. Provided that the initial
interval [—sy, so] is greater than a critical threshold, namely

Do > 7 diby(0> + b)
0= abc — b291(92 + b)’

then spreading always occurs. On the other hand, if

dib,(0, + b
2s0<7r\/ 1b2(6, + b)

ale - b291(92 + b)’

the dichotomy between spreading and vanishing depends on the parameters u, and the initial
distributions (ug, V).

Biologically, the proposed model and corresponding theoretical results better reflect realistic
ecological processes. Mathematically, this system exhibits richer and more refined dynamical
behaviors.
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