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Abstract: This investigation focuses on a class of double free boundary problems pertaining to
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immature and mature stages, where immature individuals are incapable of reproduction and diffusion.
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1. Introduction

The life histories of plants, insects, and animals exhibit enormous diversity. Most species progress
through multiple developmental stages throughout their life cycle, including immature and mature
phases; some may also exhibit more specialized stages for dispersal or dormancy. Key demographic
rates, such as survival, development, and reproduction, are almost invariably influenced by an
individual’s developmental stage, alongside a multitude of other factors. Such stage structures have
been largely ignored in early population modeling, but have received much attention in recent years.
Generally speaking, population growth models that include the stage structure predict more complex
population dynamics than those that do not take this factor into account.

To discuss the impact of stage structure on species models, many prey-predator models with stage
structure have been studied, including those with stage structure for predators [1–3] and those with
stage structure for prey [4–6], and the references therein. The ODE version of the Lotka-Volterra
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stage-structured prey-predator model [1] is given by
u′ = bv − θ1u − b1u2,

v′ = a1uw − θ2v − bv,
w′ = cw − b2w2 − a2uw.

(1.1)

Here, u and v are the densities of mature and immature predators, respectively, while w denotes the
prey density, b, c, θ1, θ2, b1, b2,a1, a2 are given positive constants in which θ1 and θ2 are the death rates
of the mature and immature predators respectively, b denotes the maturation rate of immature predators
into mature ones, b1 and b2 are the intra-specific competition rates of the mature predator and the prey
respectively, c is the prey intrinsic growth rate, and a1/a2 is the conversion rate of prey into newborn
immature predators. System (1.1) admits a trivial equilibrium (0, 0, 0) and a semi-trivial equilibrium
(0, 0, c/b2). Moreover, if a1bc > b2θ1(θ2+b), then there exists a unique positive equilibrium (u∗, v∗,w∗)
for (1.1) where

u∗ =
a1bc − b2θ1(θ2 + b)
a1a2b + b1b2(θ2 + b)

, w∗ =
(b1c + a2θ1)(θ2 + b)
a1a2b + b1b2(θ2 + b)

, v∗ =
a1u∗w∗

θ2 + b
. (1.2)

It was shown in [1] that if a1bc < b2θ1(θ2 + b), then the equilibrium (0, 0, c/b2) of (1.1) is globally
stable. If a1bc > b2θ1(θ2 + b) and a1a2b < b1b2(θ2 + b), then (u∗, v∗,w∗) is globally asymptotically
stable.

We know that, in the real world, the following phenomenon is quite natural: A kind of prey species
initially occupies the entire spatial domain, and to achieve control of this prey species, a kind of
predator species is introduced into a bounded spatial region. Considering that the predator species
has two developmental stages (immature and mature), in its immature stage it has no reproductive
predation ability and cannot migrate, and in its mature stage it can expand its habitat range beyond the
boundary and undergo free diffusion. Thus, we establish double free boundary problems associated
with a degenerate diffusive Lotka-Volterra predator-prey model as follows:

ut − d1uxx = bv − θ1u − b1u2, t > 0, r(t) < x < s(t),
vt = a1uw − θ2v − bv, t > 0, r(t) < x < s(t),
u = v = 0, t > 0, x ≤ r(t) or x ≥ s(t),
wt − d2wxx = cw − b2w2 − a2uw, t > 0,−∞ < x < +∞,
r′(t) = −µux(t, r(t)), s′(t) = −βux(t, s(t)), t ≥ 0,
u(0, x) = u0(x), v(0, x) = v0(x), x ∈ [−s0, s0],
r(0) = −s0, s(0) = s0,w(0, x) = w0(x), −∞ < x < +∞.

(1.3)

Here, x = r(t) and x = s(t) denote free boundaries to be determined; d1, d2, s0, µ, β are given positive
constants, [−s0, s0] is the initial habitat of the predator, µ, β are, respectively, the ratios of expansion
speed to population gradient at the left and right free expansion fronts, and initial functions satisfy

u0 ∈ W2
p([−s0, s0]), u0 > 0 x ∈ (−s0, s0), u0(±s0) = 0, u′(−s0) > 0, u′(s0) < 0,

v0 ∈ C1−([−s0, s0]), v0 > 0 x ∈ (−s0, s0), v0(±s0) = 0,

w0 ∈ C2+α(R),w0 > 0, x ∈ R,
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where C1−([−s0, s0]) is the Lipschitz continuous function space in [−s0, s0], and L0 is the Lipschitz
constant of v0.

We mainly concern the dynamics of (1.3). First, We apply the contraction mapping principle to
establish the local existence and uniqueness of solutions, derive regularity and uniform estimates, and
further prove the global existence and uniqueness of solutions. Then, we construct appropriate upper
and lower solutions and apply the comparison principle to derive a spreading-vanishing dichotomy,
i.e., either:

(i) Spreading: the introduced predator successfully establishes itself in the new environment in the
sense that

lim
t→∞

s(t) = − lim
t→∞

r(t) = ∞

and

lim
t→∞

(u(t, x), v(t, x),w(t, x)) = (u∗, v∗,w∗)

locally uniformly on R for the case a1a2b < b1b2(θ2 + b), where (u∗, v∗,w∗) satisfies (1.2).
(ii) Vanishing: the predator spreads within a bounded area and vanishes eventually, i.e.,

−∞ < lim
t→∞

r(t) < lim
t→∞

s(t) < ∞

and
limt→∞ ∥u(t, ·)∥C([r(t),s(t)]) = limt→∞ ∥v(t, ·)∥C([r(t),s(t)]) = 0,

limt→∞ w(t, x) = c/b2 locally uniformly on (−∞,+∞).

Moreover,

lim
t→∞

s(t) − lim
t→∞

r(t) ≤ π

√
d1b2(θ2 + b)

a1bc − b2θ1(θ2 + b)
def
= ∧,

if a1bc > b2θ1(θ2 + b).
In this paper, the magnitude relationship between a1bc and b2θ1(θ2 + b) plays a different role,

comparing this with the corresponding ODE. When a1bc ≤ b2θ1(θ2 + b), vanishing always happens.
On the other hand, we have a criterion for spreading and vanishing as follows: If the initial occupying
area [−s0, s0] is beyond a critical size, namely 2s0 ≥ ∧, then spreading always happens regardless of
moving parameters µ, β and the initial population density (u0, v0,w0). On the other hand, if 2s0 < ∧,
then whether spreading or vanishing occurs is determined by moving parameters µ, β and the initial
population density (u0, v0).

In the case in which we do not consider the stage structures, the Lotka-Volterra diffusive prey-
predator model with free boundaries was studied by Wang and Zhao [7], and the corresponding higher-
dimensional system was investigated by Zhao and Wang [8]. Following the pioneering work [9],
researchers have increasingly adopted free boundary problems coupled with reaction-diffusion systems
to describe the dynamical behaviors of species in recent years. For additional relevant references, apart
from the studies cited earlier, interested readers may consult [10–13] regarding competition models
and [14–17] with respect to predator-prey models.
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In the absence of a native prey w, the problem (1.3) is reduced to partially degenerate reaction-
diffusion systems with stage-structure and free boundaries

ut − d1uxx = bv − θ1u − b1u2, t > 0, r(t) < x < s(t),
vt = au − θ2v − bv, t > 0, r(t) < x < s(t),
u = v = 0, t > 0, x ≤ r(t) or x ≥ s(t),
r′(t) = −µux(t, r(t)), s′(t) = −βux(t, s(t)), t ≥ 0,
u(0, x) = u0(x), v(0, x) = v0(x), x ∈ [−s0, s0],
r(0) = −s0, s(0) = s0,

which was studied in a concrete form by Liu and Wang [18]. The corresponding model with a fixed
left boundary and a free right boundary was investigated by Wang and Cao [19], who proved global
existence and uniqueness of solutions and analyzed their long-time behavior. Partially-degenerate
diffusion complicates the analysis of corresponding problem, especially as the proof of existence and
uniqueness of local solutions becomes relatively complex. However, the introduction of partially-
degenerate diffusion is more consistent with practical situations.

The paper is organized as follows. In Section 2, we overcome the difficulties caused by partial
degeneracy and prove the local and global existence, uniqueness, and uniform estimates of solutions
to the coupled parabolic-ODE system. Section 3 first concerns some known results and a comparison
principle, and is then devoted to the long-time behavior of the solution (u, v,w). In Section 4, we
establish sharp sufficient criteria for spreading or vanishing in terms of the initial domain and ecological
parameters. A short concluding discussion is presented in the final section.

2. Existence and uniqueness

For simplicity, we define

A1 = max
[−s0,s0]

(u0 + 1), A2 = max
[−s0,s0]

(v0 + 1), B = max
R

(w0 + 1),

Λ = {b, c, θ1, θ2, b1, b2, a1, a2, d1, d2, s0, µ, β, A1, A2, B, ∥u0∥W2
p((−s0,s0)), u′0(±s0)},

∆T = [0,T ] × [−1, 1], ΩT = [0,T ] × [−2s0, 2s0], Dr,s
T = {0 < t ≤ T, r(t) < x < s(t)} ,

and

C1,1−(ΩT ) =
{
φ ∈ C1,0(ΩT )

∣∣∣∣∣∣ ∃L(φ,T ) s.t. |φ(t, x1) − φ(t, x2)| ≤ L(φ,T )|x1 − x2|

(t, x1), (t, x2) ∈ ΩT

}
,

C(Dr,s
T ) = W1,2

p (Dr,s
T ) ∩C

1+α
2 ,1+α(D

r,s
T ).

Theorem 2.1. For any fixed α ∈ (0, 1) and p > 3/(1−α), there exists a T > 0 such that (1.3) admits a
unique solution (u, v,w, r, s) ∈ C(Dr,s

T ) ×C1,1−(D
r,s
T ) ×C1+ α2 ,2+α([0,T ] × R) × [C1+ α2 ([0,T ])]2. Moreover

u, v > 0 on Dr,s
T , w > 0 on [0,T ] × R, r′(t) < 0, s′(t) > 0 on [0,T ].

Proof. Step 1. We denote Xv0 = {v ∈ C(Ω1) : v(0, x) = v0(x), 0 ≤ v ≤ A2}. For any fixed v ∈
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Xv0

⋂
C1,1−(Ω1), we are concerned with the following problem:

ut − d1uxx = bv − θ1u − b1u2, 0 < t ≤ 1, r(t) < x < s(t),
u = 0, x < (r(t), s(t)),
wt − d2wxx = cw − b2w2 − a2uw, 0 < t ≤ 1,−∞ < x < +∞,
r′(t) = −µux(t, r(t)), s′(t) = −βux(t, s(t)), t ≥ 0,
u(0, x) = u0(x), x ∈ [−s0, s0],
r(0) = −s0, s(0) = s0,w(0, x) = w0(x), −∞ < x < +∞.

(2.1)

By employing similar argument as in [7], Theorem 2.1, one can prove that there exists a sufficiently
small T1 > 0 such that (2.1) has a unique solution (u,w, r, s) ∈ C(Dr,s

T1
) × C1+ α2 ,2+α([0,T1] × R) ×[

C1+ α2 ([0,T1])
]2

and ∥u∥W1,2
p (Dr,s

T1
), ∥u, ux∥C(D

r,s
T1

), ∥w∥C1+ α2 ,2+α([0,T1]×R), ∥r, s∥C1+ α2 ([0,T1]) ≤ M,

−r′(t), s′(t) > 0, |r(t)|, |s(t)| ≤ 2s0, t ∈ [0,T1],
(2.2)

where M depends only on Λ.
Let ṽ0(x) be the zero extension of v0(x) to the interval [r(T1), s(T1)]. By v0 ∈ C1−([−s0, s0]),

therefore ṽ0 ∈ C1−([r(T1), s(T1)]). Obviously, the inverse functions of x = r(t) and x = s(t) both
exist. Defining

tx =


r−1(x), x ∈ [r(T1),−s0),
0, |x| ≤ s0,

s−1(x), x ∈ (s0, s(T1)],
(2.3)

then tx ∈ C1−([r(T1), s(T1)]. For every x ∈ (r(T1), s(T1)), and the solution (u(t, x),w(t, x)) of (2.1), we
consider the problem formulated below:{

ṽt = a1u(t, x)w(t, x) − (θ2 + b)ṽ(t, x), tx < t ≤ T1,

ṽ(tx, x) = ṽ0(x).
(2.4)

It follows from the standard theory of ordinary differential equations that there exists T ∈ (0,T1) with
T depending only on Λ and M, such that ṽ(t, x) is well-defined on [tx,T ] for all x ∈ [r(T ), s(T )].
Consequently, ṽ is defined on the set D

r,s
T . Furthermore, 0 ≤ ṽ ≤ A2. We claim that ṽ ∈ C1,1−(D

r,s
T ),

whose Lipschitz constant will be determined in the subsequent step, and ṽ(t, r(t)) = ṽ(t, s(t)) = 0,
t ∈ [0,T ]. For each x ∈ [r(T ), s(T )], we extend ṽ by zero to the interval [0, tx]. With this extension, ṽ
belongs to C1,1−([0,T ] × [r(T ), s(T )]).

Next, we show that ṽ is Lipschitz continuous in x. Noting that r′(t) < 0 and s′(t) > 0 for all
t ∈ [0,T1], we can see that there exists δ > 0 satisfying

|r′(t)|, |s′(t)| ≥ δ, t ∈ [0,T1]. (2.5)

For any t′ ∈ (tx,T ], we integrate the first equation of (2.4) over [tx, t′]. Then,

ṽ(t′, x) = ṽ(tx, x) +
∫ t′

tx
a1u(τ, x)w(τ, x) − (θ2 + b)ṽ(τ, x)dτ.
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For fixed (t, x′), (t, x′′) in ΩT , the argument can be split into several cases.
Case 1: Assume (t, x′), (t, x′′) ∈ D

r,s
T and x′ < x′′ ≤ s0. Then, it holds that 0 ≤ tx′′ ≤ tx′ ≤ t.

Consequently, for any t′ with tx′ ≤ t′ ≤ t, it follows that

|ṽ(t′, x′) − ṽ(t′, x′′)|

≤ |ṽ(tx′ , x′) − ṽ(tx′′ , x′′)| +
∫ tx′

tx′′ |a1u(τ, x′′)w(τ, x′′) − (θ2 + b)ṽ(τ, x′′)|dτ

+
∫ t′

tx′ a1|w(τ, x′)| · |u(τ, x′) − u(τ, x′′)| + a1|u(τ, x′′)| · |w(τ, x′) − w(τ, x′′)|dτ

+
∫ t′

tx′ (θ2 + b)|ṽ(τ, x′) − ṽ(τ, x′′)|dτ.

Noticing the first inequality of (2.2), we obtain

|ṽ(t′, x′) − ṽ(t′, x′′)| ≤ |ṽ(tx′ , x′) − ṽ(tx′′ , x′′)| + [a1M2 + (θ2 + b)A2]|tx′ − tx′′ |

+2a1M2T |x′ − x′′| + (θ2 + b)T∥ṽ(·, x′) − ṽ(·, x′′)∥C([tx′ ,t′]).
(2.6)

If x′ < x′′ < −s0, then ṽ(tx′ , x′) = ṽ(tx′′ , x′′) = 0 and

|tx′ − tx′′ | = |r−1(x′) − r−1(x′′)| ≤ ||(r−1)′||C([0,T ])|x′ − x′′| ≤ δ−1|x′ − x′′|.

If x′ < −s0 ≤ x′′, then ṽ(tx′ , x′) = 0. Therefore,

|tx′ − tx′′ | = |r−1(x′) − 0| = |r−1(x′) − r−1(−s0)| ≤ δ−1|x′ − (−s0)| ≤ δ−1|x′ − x′′|,

|ṽ(tx′ , x′) − ṽ(tx′′ , x′′)| = |0 − v0(x′′)| = |v0(−s0) − v0(x′′)| ≤ L0| − s0 − x′′| ≤ L0|x′ − x′′|,

where L0 is the Lipschitz constant of v0 in x.
If −s0 ≤ x′ < x′′ ≤ s0, then tx′ = tx′′ = 0 and

|ṽ(tx′ , x′) − ṽ(tx′′ , x′′)| = |v0(x′) − v0(x′′)| ≤ L0|x′ − x′′|.

Inserting the above estimates into (2.6) and noticing that T ≤ 1, we can see that

|ṽ(t′, x′) − ṽ(t′, x′′)| ≤ (θ2 + b)T∥(ṽ(·, x′) − ṽ(·, x′′))∥C([tx′ ,t′]) +
K
4
|x′ − x′′|,

where
K = 4{[a1M2 + (θ2 + b)A2]δ−1 + 2a1M2 + L0}. (2.7)

Maximizing |ṽ(t′, x′) − ṽ(t′, x′′)| over [tx′ , t] gives

||ṽ(·, x′) − ṽ(·, x′′)||C([tx′ ,t]) ≤ (θ2 + b)T ||ṽ(·, x′) − ṽ(·, x′′)||C([tx′ ,t]) +
K
4
|x′ − x′′|.

Let T ≤ min{1, 1
2(θ2+b) }. Then,

|ṽ(t, x′) − ṽ(t, x′′)| ≤ ||ṽ(·, x′) − ṽ(·, x′′)||C([tx′ ,t]) ≤
K
2
|x′ − x′′|. (2.8)

Case 2: Assume (t, x′), (t, x′′) ∈ D
r,s
T and x′ > x′′ ≥ −s0. By a similar argument, (2.8) holds.
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Case 3: Assume (t, x′), (t, x′′) ∈ D
r,s
T and x′′ < −s0 < s0 < x′. We find

|ṽ(t, x′) − ṽ(t, x′′)| ≤ |ṽ(t, x′) − ṽ(t, s0)| + |ṽ(t, s0) − ṽ(t, x′′)| ≤ K|x′ − x′′|.

Case 4: Assume (t, x′), (t, x′′) < D
r,s
T . Obviously, ṽ(t, x′) = ṽ(t, x′′) = 0.

Case 5: Assume (t, x′) < D
r,s
T , (t, x′′) ∈ D

r,s
T . Without loss of generality, let x′ < r(t). Therefore,

ṽ(t, x′) = ṽ(t, r(t)) = 0, and

|ṽ(t, x′) − ṽ(t, x′′)| ≤ |ṽ(t, r(t)) − ṽ(t, x′′)| ≤ K|r(t) − x′′| ≤ K|x′ − x′′|.

In conclusion, the estimate
|ṽ(t, x′) − ṽ(t, x′′)| ≤ K|x′ − x′′|

is valid in all cases.
Step 2. Define

YT
v0
= {φ ∈ C(ΩT ) : φ(0, x) = v0(x), 0 ≤ φ ≤ A2, |φ(t, x′) − φ(t, x′′)| ≤ K|x′ − x′′|},

where K is the positive constant defined in (2.7). Evidently, YT
v0

forms a closed subset of C(ΩT ). Since
C(ΩT ) equipped with the uniform convergence metric is a complete metric space, the space YT

v0
is

complete with respect to the uniform norm. Each v ∈ YT
v0

can be extended to [T, 1] × [−2s0, 2s0] via
v(t, x) = v(T, x). The extension satisfies v ∈ Xv0

⋂
C1,1−

x (Ω1). We introduce a mapping F via

F(v) = ṽ, v ∈ YT
v0
.

From the preceding analysis, it follows that F maps YT
v0

into itself.
In what follows, we prove that F constitutes a contraction mapping on YT

v0
for sufficiently small

T > 0. Denote (ui,wi, ri, si) be the unique local solution to system (2.1) corresponding to v = vi, i = 1, 2
and t ∈ [0,T ]. We define tx

i in accordance with (2.3), where (r, s) is replaced by (ri, si). We denote by
ṽi the unique solution of (2.4) corresponding to tx = tx

i , u = ui, and w = wi. We have

ṽi(t, x) = ṽi(tx
i , x) +

∫ t

tx
i

[a1ui(τ, x)wi(τ, x) − (θ2 + b)ṽi(τ, x)]dτ, x ∈ [ri(T ), si(T )].

Denote
V = v2 − v1, Ṽ = ṽ2 − ṽ1, s = s2 − s1, r = r2 − r1,ΠT = Dr1,s1

T ∪ Dr2,s2
T .

The ensuing reasoning is motivated by the approach developed in [20]. We extend ui and ṽi by zero to
[0,T ] × R \ D

ri,si

T . For any fixed (t, x) ∈ ΠT , we derive a precise estimate for |Ṽ(t, x)| by examining and
treating each of the possible cases individually.

Case 1: x ∈ (r2(t), s2(t)) \ (r1(t), s1(t)). Either x ∈ (r2(t), r1(t)] or x ∈ [s1(t), s2(t)), and ṽ1(t, x) =
ṽ2(tx

2, x) = 0. Therefore,

|Ṽ(t, x)| = |ṽ2(t, x)| =

∣∣∣∣∣∣
∫ t

tx
2

[a1u2(τ, x)w2(τ, x) − (θ2 + b)ṽ2(τ, x)]dτ

∣∣∣∣∣∣ ≤ C1|t − tx
2|,
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where C1 = a1M2 + (θ2 + b)A2. If x ∈ (r2(t), r1(t)], then 0 < tx
2 < t and r2(t) < r2(tx

2) = x ≤ r1(t). Thus,

|Ṽ(t, x)| ≤ C1|t − tx
2| = C1|r−1

2 (r2(t)) − r−1
2 (r2(tx

2))|

≤ C1||(r−1
2 )′||C([0,T ])|r2(t) − r2(tx

2)|

≤ C1δ
−1|r2(t) − r2(tx

2)|

≤ C1δ
−1|r2(t) − r1(t)|

≤ C1δ
−1||r||C([0,T ]),

where δ > 0 satisfies (2.5). If s1(t) < x ≤ s2(t), we may similarly derive

|Ṽ(t, x)| = |ṽ2(t, x)| ≤ C1δ
−1||s||C([0,T ]).

Case 2: x ∈ (r1(t), s1(t)) \ (r2(t), s2(t)). Proceeding as in Case 1, it follows that

|Ṽ(t, x)| = |ṽ1(t, x)| ≤ C1δ
−1||r, s||C([0,T ]).

Case 3: x ∈ (r1(t), s1(t)) ∩ (r2(t), s2(t)). When x ∈ [−s0, s0], it follows that tx
1 = tx

2 = 0 and
ṽ1(tx

1, x) = ṽ2(tx
2, x) = ṽ0(x). Hence,

|Ṽ(t, x)| ≤
∫ t

0
|a1(u1(τ, x)w1(τ, x) − u2(τ, x)w2(τ, x)) − (θ2 + b)(ṽ1(τ, x) − ṽ2(τ, x))|dτ

≤ T (a1M||u1 − u2||C(ΠT ) + a1M||w1 − w2||C(ΠT ) + (θ2 + b)||Ṽ ||C(ΠT )).

If x ∈ ((r1(t), s1(t)) \ [−s0, s0]) ∩ ((r2(t), s2(t)) \ [−s0, s0]), then tx
1 > 0, tx

2 > 0, ṽ1(tx
1, x) = ṽ2(tx

2, x) = 0.
We may assume without loss of generality that x < −s0 and tx

1 > tx
2 > 0, thus r1(tx

2) > r1(tx
1) = x =

r2(tx
2), x ∈ (r1(τ), s1(τ)) ∩ (r2(τ), s2(τ)) for all t1

x < τ ≤ t and x ∈ (r2(tx
1), s2(tx

1)) \ (r1(tx
1), s1(tx

1)). From
Case 1, we conclude that

|Ṽ(tx
1, x)| = |ṽ2(tx

1, x)| ≤ C1δ
−1||r, s||C([0,T ]).

Integrating both sides of the equation for ṽi over [tx
1, t], we arrive at

ṽ1(t, x) =
∫ t

tx
1

[a1u1w1 − (θ2 + b)ṽ1]dτ,

ṽ2(t, x) = ṽ2(tx
1, x) +

∫ t

tx
1

[a1u2w2 − (θ2 + b)ṽ2]dτ.

A direct computation yields

|Ṽ(t, x)|

≤ |ṽ2(tx
1, x)| +

∣∣∣∣∫ t

tx
1
[a1(u1w1 − u2w2) − (θ2 + b)(ṽ1 − ṽ2)]dτ

∣∣∣∣
≤

∣∣∣Ṽ(tx
1, x)

∣∣∣ + T (θ2 + b)||Ṽ ||C(ΠT ) + Ta1M||u1 − u2||C(ΠT ) + Ta1M||w1 − w2||C(ΠT )

≤ C1δ
−1||r, s||C([0,T ]) + T (θ2 + b)||Ṽ ||C(ΠT ) + Ta1M

(
||u1 − u2||C(ΠT ) + ||w1 − w2||C(ΠT )

)
.

Combining Case 1, Case 2, and Case 3, we conclude that

||Ṽ ||C(ΠT ) ≤ 2C1δ
−1||r, s||C([0,T ]) + 2Ta1M

(
||u1 − u2||C(ΠT ) + ||w1 − w2||C(ΠT )

)
(2.9)
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provided that T (θ2 + b) ≤ 1/2.
In Step 3 below, we prove that for all sufficiently small T > 0, there exists a positive constant C

independent of T satisfying inequalities below:

||r, s||C1([0,T ]) ≤ C||V ||C(ΠT ), ||u1 − u2||C(ΠT ) ≤ C||V ||C(ΠT ), ||w1 − w2||C(ΠT ) ≤ C||V ||C(ΠT ). (2.10)

Together with r(0) = s(0) = 0, we can see

||r, s||C([0,T ]) ≤ T ||r, s||C1([0,T ]) ≤ TC||V ||C(ΠT ). (2.11)

Combining (2.9), (2.10), and (2.11), we arrive at

||Ṽ ||C(ΠT ) ≤
1
3
||V ||C(ΠT )

provided that T is sufficiently small. This confirms that F is contractive in YT
v0

. Accordingly, F admits
a unique fixed point v in YT

v0
. Let (u,w, r, s) stand for the unique solution to system (2.1) corresponding

to the above v. Then, (u, v,w, r, s) solves problem (1.3). In addition, we have u ∈ W1,2
p (Dr,s

T ) and
v ∈ C1,1−(D

r,s
T ). Since p > 3, it follows from the embedding theorem that u ∈ C1+α, 1+α

2 (Dr,s
T ).

Step 3. We shall prove (2.10) in this step. Let

xi(t, y) =
1
2

[si(t) − ri(t)]y +
1
2

[si(t) + ri(t)],

ηi(t) =
2

si(t) − ri(t)
, ζi(t, y) =

s′i(t) + r′i (t)
si(t) − ri(t)

+
s′i(t) − r′i (t)
si(t) − ri(t)

y,

φi(t, y) = ui(t, xi(t, y)), zi(t, y) = vi(t, xi(t, y)), ψi(t, y) = wi(t, xi(t, y))

for i = 1, 2. Then,

φi,t − d1η
2
i φi,yy − ζiφi,y = bzi − θ1φi − b1φ

2
i , 0 < t ≤ 1,−1 < y < 1,

φi(t, y) = 0, 0 < t ≤ 1, y < (−1, 1),

φi(0, y) = u0(s0y), y ∈ [−1, 1],

ψi,t − d2η
2
i ψi,yy − ζiψi,y = cψi − b2ψ

2
i − a2φiψi, 0 < t ≤ 1,−∞ < y < +∞,

ψi(0, y) = w0(s0y), −∞ < y < +∞.

It is easy to verify that the above system is uniformly parabolic. The standard partial differential
equation theory guarantees ∥φi∥W1,2

p (∆T ), ∥ψi∥C2+α,1+ α2 ([0,T ]×R) ≤ C2, where C2 depends only on Λ. By the
embedding theorem,

[φi]C
α
2 ,α(∆T ), [φi,y]C

α
2 ,α(∆T ) ≤ C3∥φi∥W1,2

p (∆T ), (2.12)

where C3 is independent of T−1, and we can see that

[φi]C
α
2 ,α(∆T ), [φi,y]C

α
2 ,α(∆T ) ≤ C4.

This implies
∥φi,y∥C(∆T ) ≤ ∥φ

′
i,0(y)∥C[−1,1] +C4T

α
2 ≤ ∥φ′i,0(y)∥C[−1,1] +C4 = C5. (2.13)
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Therefore,

∥ui,x(t, xi)∥C(D
ri ,si
T ) ≤ ∥φi,y(t, y)∥C(∆T )

2
si(t) − ri(t)

≤
C5

s0
. (2.14)

Letting φ = φ1 − φ2, z = z1 − z2, and ψ = ψ1 − ψ2, we can see that they satisfy
φt − d1η

2
1φyy − ζ1φy + (θ1 + b1(φ1 + φ2))φ

= d1(η2
1 − η

2
2)φ2,yy + (ζ1 − ζ2)φ2,y + bz, t > 0,−1 < y < 1,

φ(t,±1) = 0, t ≥ 0; φ(0, y) = 0, −1 ≤ y ≤ 1,

(2.15)


ψt − d2η

2
1ψyy − ζ1ψy + [b2(ψ1 + ψ2) − c + a2φ1]ψ

= d2(η2
1 − η

2
2)ψ2,yy + (ζ1 − ζ2)ψ2,y − a2ψ2φ, t > 0,−∞ < y < +∞,

ψ(0, y) = 0, −∞ < y < +∞,

(2.16)

and r(t), s(t) satisfy
r′(t) = −µη2(t)φy(t,−1) − µ(η2(t) − η1(t))φ1,y(t,−1), 0 < t ≤ T,

s′(t) = −βη2(t)φy(t, 1) − β(η2(t) − η1(t))φ1,y(t, 1), 0 < t ≤ T,

r(0) = s(0) = 0.

Taking advantage of the standard theory and Lp theory, we can obtain

∥φ∥W1,2
p (∆T ) ≤ C6[∥r, s∥C1([0,T ]) + ∥z∥C(∆T )],

and
∥ψ∥C(∆T ) ≤ C7[∥r, s∥C1([0,T ]) + ∥φ∥C(∆T )], (2.17)

where C6 and C7 depend on M and Λ.
Making use of (2.13), we can obtain that

|r′(t)| ≤ µη2(t)|φy(t,−1)| + µ|(η2(t) − η1(t))| · |φ1,y(t,−1)|

≤
µ

s0
∥φy∥C(∆T ) +

µC5

4s2
0
∥r, s∥C([0,T ])

≤
µ

s0
∥φy∥C(∆T ) +

µC5T
4s2

0
∥r′, s′∥C([0,T ])

holds uniformly on (0,T ]. Since r′(0) = 0, it is easy to see that

∥r′∥C([0,T ]) ≤
µ

s0
∥φy∥C(∆T ) +

µC5T
4s2

0

∥r′, s′∥C([0,T ]).

Similarly, we have

∥s′∥C([0,T ]) ≤
β

s0
∥φy∥C(∆T ) +

βC5T
4s2

0

∥r′, s′∥C([0,T ]).

Consequently, ∥r′, s′∥C([0,T ]) ≤
C8
2 ∥φy∥C(∆T ) provided T small enough. Noting that |r′(t)| ≤ T∥r∥C([0,T ])

and |s′(t)| ≤ T∥s∥C([0,T ]) uniformly on [0,T ], we can obtain

∥r, s∥C1([0,T ]) ≤ C8∥φy∥C(∆T ).
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Next, we estimate ∥z∥C(∆T ). We can see that

|z1(t, y) − z2(t, y)| ≤ |v1(t, x1(t, y)) − v1(t, x2(t, y))| + |v1(t, x2(t, y)) − v2(t, x2(t, y))|

≤ K|x1(t, y) − x2(t, y)| + ∥V∥C(ΠT )

≤ K∥r, s∥C([0,T ]) + ∥V∥C(ΠT )

holds uniformly on ∆T . Then,

∥z∥C(∆T ) ≤ K∥r, s∥C([0,T ]) + ∥V∥C(ΠT ).

We easily have
∥φ∥W1,2

p (∆T ) ≤ C9[∥r, s∥C1([0,T ]) + ∥V∥C(ΠT )], (2.18)

where C9 = C6(1 + K).
By the same embedding inequality (2.12), we can see that

∥r, s∥C1([0,T ]) ≤ C8T
α
2 [φy]C

α
2 ,α(∆T ) ≤ C3C8T

α
2 ∥φ∥W1,2

p (∆T ), (2.19)

and
∥φ∥C(∆T ) ≤ T

α
2 [φ]C

α
2 ,α(∆T ) ≤ C3T

α
2 ∥φ∥W1,2

p (∆T ). (2.20)

Combining (2.18), (2.19), (2.20), and (2.17), we obtain

∥r, s∥C1([0,T ]) ≤ C10∥V∥C(ΠT ), ∥φ∥C(∆T ) ≤ C10∥V∥C(ΠT ), ∥ψ∥C(∆T ) ≤ C10∥V∥C(ΠT ) (2.21)

on the condition of 0 < T ≪ 1, where C10 is independent of T . Thus, the first inequality of (2.10) has
been shown. We then show the last two inequalities of (2.10). For any given (t, x) ∈ ΠT , define

yi =
2x − ri(t) − si(t)

si(t) − ri(t)
.

Next, we discuss the position of (t, x) in ΠT by cases.
Case 1: x ∈ [r1(t), s1(t)] ∩ [r2(t), s2(t)]. It follows from (2.11), (2.13), and (2.21) that

|u1(t, x) − u2(t, x)| = |φ1(t, y1) − φ2(t, y2)|

≤ |φ1(t, y1) − φ1(t, y2)| + |φ1(t, y2) − φ2(t, y2)|

≤ ∥φ1,y∥C(∆T )|y1 − y2| + ∥φ∥C(∆T )

≤ 2
s0
∥φ1,y∥C(∆T )∥r, s∥C([0,T ]) + ∥φ∥C(∆T )

≤ C11∥V∥C(ΠT ).

(2.22)

Case 2: x ∈ [r2(t), s2(t)]\[r1(t), s1(t)]. Then, u1(t, x) = 0. We may assume without loss of generality
that x ∈ (r2(t), r1(t)], and by using of (2.11), (2.14), and (2.22), we can see that

|u1(t, x) − u2(t, x)| = |u1(t, r1(t)) − u2(t, x)|

≤ |u1(t, r1(t)) − u2(t, r1(t))| + |u2(t, r1(t)) − u2(t, x)|

≤ C11∥V∥C(ΠT ) + ∥u2,x∥C(D̄r2 ,s2
T )|r1(t) − r2(t)|

≤ C12∥V∥C(ΠT ).
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Case 3: x ∈ [r1(t), s1(t)]\[r2(t), s2(t)]. Proceeding as in Case 2, we derive

|u1(t, x) − u2(t, x)| ≤ C12∥V∥C(ΠT ).

Combining Case 1, Case 2, and Case 3, we can obtain ∥u1 − u2∥C(ΠT ) ≤ C12∥V∥C(ΠT ), which is the
second inequality in (2.10).

Similarly to the computational procedure of Case 1, we can obtain the third inequality of (2.10).
This proof is complete. □

Theorem 2.2. For any fixed α ∈ (0, 1) and p > 3/(1−α), problem (1.3) admits a unique global solution

(u, v,w, r, s) ∈ C(Dr,s
∞ ) ×C1,1−(Dr,s

∞ ) ×C1+ α2 ,2+α([0,∞) × R) × [C1+α/2([0,∞))]2

satisfying

0 < u(t, x), v(t, x) ≤ M1 on Dr,s
∞ , 0 < w(t, x) ≤ M1 on [0,∞) × R, 0 < −r′(t), s′(t) ≤ M2 on [0,∞),

(2.23)
and

∥u(t, ·)∥C1([r(t),s(t)]) + ∥r′, s′∥Cα/2([1,∞)) ≤ M3, t ≥ 1, (2.24)

where M1,M2,M3 > 0 depend on α and Λ.

Proof. By using Theorem 2.1, we obtain that there exists T > 0 such that problem (1.3) admits a unique
local solution (u, v,w, r, s) satisfying u, v > 0 on Dr,s

T , w > 0 on [0,T ] × R, and −r′(t), s′(t) > 0 for all
t ∈ [0,T ].

We can easily derive 0 < w ≤ G in [0,T ] × R, where G = max{∥w0∥∞,
c
b2
}. We recall that the

comparison principle gives (u(t, x), v(t, x)) ≤ (ū(t), v̄(t)) for t ∈ [0,T ], x ∈ R, where (ū(t), v̄(t)) is the
solution of the problem 

ūt = bv̄ − θ1ū − b1ū2, t > 0,
v̄t = a1Gū − θ2v̄ − bv̄, t > 0,
ū(0) = ∥u0∥∞, v̄(0) = ∥v0∥∞.

Letting U(t) = ū(t) + v̄(t), then U satisfies U(0) = ∥u0∥∞ + ∥v0∥∞ and

Ut = a1Gū − θ1ū − b1ū2 − θ2v̄ ≤ −θ2U +
(a1G + θ2 − θ1)2

4b1
.

By using of the comparison principle again, we have

ū(t) + v̄(t) = U(t) ≤ M1 := max
{
∥u0∥∞ + ∥v0∥∞,

(a1G + θ2 − θ1)2

4b1θ2
, G

}
.

Thus,
0 < u, v ≤ M1 on Dr,s

T , 0 < w ≤ M1 on [0,T ] × R.

Next we show that −r′(t), s′(t) ≤ M2 for some positive constant M2. To this end, let L be a positive
constant, and define

ΩT
L := {(t, r) : 0 ≤ t ≤ T, s(t) − 1/L < x < s(t)}

AIMS Mathematics Volume 11, Issue 7, 22069–22096.



22081

and construct an auxiliary function

ū(t, x) = M1[2L(s(t) − x) − L2(s(t) − x)2].

We will choose L so that ū(t, x) ≥ u(t, x) holds over ΩT
L .

Direct calculations show that

ūt − d1ūxx ≥ 2d1M1L2 ≥ bM1 ≥ bv − θ1ū − b1ū2, (t, x) ∈ ΩT
L ,

if L2 ≥ b
2d1

. On the other hand,

ū(t, s(t) − L−1) = M1 ≥ u(t, s(t) − L−1), ū(t, s(t)) = 0 = u(t, s(t)).

If M1L ≥ ∥u′0∥C([0,s0]), then

u0(x) = −
∫ s0

x
u′0(s)ds ≤ (s0 − x)∥u′0∥C([0,s0]) ≤ M1L(s0 − x) ≤ w(0, x) on [s0 − L−1, s0].

Let

L = max


√

b
2d1

,
∥u′0∥C([0,s0])

M1

 .
Applying the maximum principle to ū − u over ΩT

L , we can deduce that u(t, x) ≤ ū(t, x) for (t, x) ∈ ΩT
L .

Thanks to ū(t, s(t)) = 0 = u(t, s(t)), it would then follow that

s′(t) = −µux(t, s(t)) ≤ −µūx(t, s(t)) ≤ 2 max{µ, β}M1L := M2, 0 ≤ t ≤ T.

Similarly, r′(t) ≥ −M2 for 0 ≤ t ≤ T .
Let T0 be the maximal existence time of (u, v,w, r, s). It is sufficient to prove T0 = +∞. On the

contrary, we assume T0 < ∞. Fix δ ∈ [0,T0). Following the proof of Theorem 2.1, we can see that
v(t, ·) ∈ C1−([−2s0, 2s0]), w(t, ·) ∈ C2+α(R), and ∥w(t, ·)∥L∞(R) ≤ M1 for t ∈ [δ,T0), and can find a
positive constant M independent of T0 such that ∥u(t, ·)∥W2

p([g(t),h(t)]) ≤ M for t ∈ [δ,T0). Similar to the
proof of Theorem 2.1, there is a τ > 0 independent of T0 such that the solution of (1.3) with initial
time T0 − τ/2 can be extended uniquely to the time T0 + τ/2. A contradiction is derived, and T0 = +∞.
Therefore

(u, v,w, r, s) ∈ C(Dr,s
∞ ) ×C1,1−(Dr,s

∞ ) ×C1+ α2 ,2+α([0,∞) × R) × [C1+α/2([0,∞))]2.

Inequalities (2.24) can be derived by a proof similar to the one for Theorem 2.3 in [20]. We omit
the details.

The proof is complete.
Noting that r′(t) < 0, s′(t) > 0, and ∥r, s∥C1+α/2([1,∞)) ≤ M3, we can easily see that limits lim

t→∞
r(t) and

lim
t→∞

s(t) exist. We denote

lim
t→∞

r(t) = r∞, lim
t→∞

s(t) = s∞.
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3. Long-time behavior

To analyze the long-time asymptotic behavior of u, v, and w, we begin by presenting several
auxiliary lemmas. Since the proofs of Lemmas 3.1, 3.2, and 3.4 are analogous to those of that of
Proposition 3.1 in [15], Proposition 4.2, and Lemma 3.4 in [20] , respectively, we leave out the details.

Lemma 3.1. Let D, η, σ, and h0 be positive constants and C be any real number. Suppose h ∈
C1([0,+∞)), z ∈ W2

p(DT ) for any T > 0 and p > 3, where DT = {(t, x) : 0 < t < T, x0 < x < h(t)}.
Assume that h(t) ∈ C1([0,∞)), h(t) > x0 f or 0 < t < ∞, limt→∞ h(t) = h∞ < ∞, limt→∞ h′(t) = 0;
z0 ∈ W2

p([x0, h0]), z0(x) ≥ 0, z0(x) . 0 for x ∈ [x0, h0]; and ∥z(t, ·)∥C1[0, h(t)] ≤ M for any t ≥ 1 and some
M > 0. If (z, h) satisfies

zt − Dzxx ≥ Cz, t > 0, x0 < x < h(t),
z ≥ 0, t > 0, x = x0,

z = 0, h′(t) ≥ −ηzx, t > 0, x = h(t),
z(0, x) = z0(x), h0 = h(0), x0 ≤ x ≤ h0,

then limt→∞ maxx0≤x≤h(t) z(t, x) = 0.

Lemma 3.2. Let k,m > 0 be constants. If a1mb
θ2+b > θ1 and k > π

2

√
d1(θ2+b)

a1mb−θ1(θ2+b) , then for the problem
−d1uxx = bv − θ1u − b1u2, −k < x < k,

0 = a1mu − θ2v − bv, −k < x < k,

u(−k) = u(k) = 0,

(3.1)

there exists a unique solution (uk, vk). Moreover,

lim
k→∞

(uk, vk) = (û, v̂) locally uni f ormly on (−∞,+∞),

where (û, v̂) is the positive solution to  bv − θ1u − b1u2 = 0,

a1mu − θ2v − bv = 0.
(3.2)

Lemma 3.3. ( [7], Proposition 8.1) Let ϱ be a non-negative constant. For any given δ,N > 0, there
exist Tδ > 0 and lδ > max

{
N, π2
√

d/λ
}
, such that when the continuous and non-negative function z(t, x)

satisfies {
zt − dzxx ≥ (≤) z(λ − θz), t > 0, −lδ < x < lδ,
z(0, x) > 0, −lδ < x < lδ,

and for t > 0, z(t,±lδ) ≥ (≤) ϱ if ϱ > 0, while z(t,±lδ) ≥ (=) 0 if ϱ = 0, then we have

z(t, x) > λ/θ − δ
(
z(t, x) < λ/θ + δ

)
, ∀ t ≥ Tδ, x ∈ [−N,N].

This implies

lim inf
t→∞

z(t, x) ≥ λ/θ − δ
(
lim sup

t→∞
z(t, x) < λ/θ + δ

)
uniformly on [−N,N].
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Lemma 3.4. (Comparison principle) Assume ū ∈ C(D
r̄,s̄
T )∩C1,2(Dr̄,s̄

T ), v̄ ∈ C1,0(D
r̄,s̄
T ), w̄ ∈ C1,2((0,T ]×

R), and r̄, s̄ ∈ C1([0,T ]). If (ū, v̄, w̄, r̄, s̄) satisfies

ūt − d1ūxx ≥ bv̄ − θ1ū − b1ū2, 0 < t ≤ T, r̄(t) < x < s̄(t),
v̄t ≥ a1ūw̄ − θ2v̄ − bv̄, 0 < t ≤ T, r̄(t) < x < s̄(t),
w̄t − d2w̄xx ≥ cw̄ − b2w̄2, 0 < t ≤ T, x ∈ R,
ū(t, x) = v̄(t, x) = 0, 0 < t ≤ T, x < (r̄(t), s̄(t)),
r̄′(t) ≤ −µūx(t, r̄(t)), s̄′(t) ≥ −βūx(t, s̄(t)), 0 < t ≤ T,
ū(0, x) ≥ 0, v̄(0, x) ≥ 0, r̄(0) ≤ x ≤ s̄(0),
ū(0, x) ≥ u0(x), v̄(0, x) ≥ v0(x), −s0 ≤ x ≤ s̄0,

r̄(0) ≤ −s0, s̄(0) ≥ s0, w̄0(x) ≥ w(0, x), x ∈ R,

then the solution (u, v,w, r, s) to problem (1.3) fulfills

u ≤ ū, v ≤ v̄ on D
r,s
T ; w ≤ w̄ on [0,T ] × R; r ≥ r̄, s ≤ s̄ on [0,T ].

Theorem 3.1. Assume that (u, v,w, r, s) solves problem (1.3). If s∞ − r∞ < ∞, then

limt→∞ ∥u(t, ·)∥C([r(t),s(t)]) = limt→∞ ∥v(t, ·)∥C([r(t),s(t)]) = 0,

limt→∞ w(t, x) = c/b2 uni f ormly on any bounded subset o f (−∞,+∞).

Proof. From (2.24), it follows that both r and s are uniformly continuous functions in [1,∞). Noting
that s∞ − r∞ < ∞, we deduce r′(t) → 0 and s′(t) → 0 as t → ∞. By using Theorem 2.2, we see that
u, v > 0 for t > 0, r(t) < x < s(t) and ∥ux(t, ·)∥C([r(t),s(t)]) ≤ M3 for t ≥ 1. By applying Lemma 3.1 on
[0, s(t)) and an analogous form of Lemma 3.1 on (r(t), 0], we obtain limt→∞ ∥u(t, ·)∥C([r(t),s(t)]) = 0.

For any ε > 0, there is T > 0 such that a1u(t, x)w(t, x) < ε for t > T and x ∈ [r(t), s(t)]. Hence, v
satisfies 

vt ≤ ε − (θ2 + b)v, t > T, r(t) < x < s(t),
v(t, r(t)) = v(t, s(t)) = 0, t ≥ T, x < (r(t), s(t)),
v(T, x) > 0, r(T ) < x < s(T ).

Applying the comparison principle, we can obtain limt→∞ maxr(t)≤x≤s(t) v(t, x) ≤ ε
θ2+b . Since ε is

arbitrary, limt→∞ ∥v(t, ·)∥C([r(t),s(t)]) = 0 holds.
Consider the solution w̄(t) of the following problem:

w̄′(t) = w̄(c − b2w̄), t > 0; w̄(0) = ∥w0∥∞.

We can easily see that w(t, x) ≤ w̄(t) for t ∈ [0,∞), x ∈ R. Then,

lim sup
t→∞

w(t, x) ≤ lim
t→∞

w̄(t) = c/b2

uniformly on R.
Notice that u(t, x) ≡ 0 for t > 0, x < (r(t), s(t)), and limt→∞ ∥u(t, ·)∥C([r(t),s(t)]) = 0. For any fixed

δ > 0, one can find Tδ > 0 such that u(t, x) < δ for t > Tδ, x ∈ R. Fix 0 < ε ≪ 1, N ≫ 1, and define lε
as in Lemma 3.3. Then, w satisfies

wt − d2wxx ≥ w(c − b2w − a2δ), t > Tδ, −lε < x < lε,
w(t,±lε) > 0, t ≥ Tδ,

w(Tσ, x) > 0, −lε ≤ x ≤ lε.
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Thanks to Lemma 3.3, lim inft→∞ w(t, x) ≥ c−a2σ
b2
− ε uniformly on [−N,N]. Since ε, δ, and N are

arbitrary, we derive that lim inft→∞ w(t, x) ≥ c/b2 uniformly on a compact subset of R.
This proof is complete. □
Next, we consider the spreading case s∞ − r∞ = ∞. For convenience, we denote

q =
a1a2b

b1b2(θ2 + b)
.

Theorem 3.2. Assume s∞ − r∞ = ∞. If q < 1, then we have

lim
t→∞

(u(t, x), v(t, x),w(t, x)) = (u∗, v∗,w∗) (3.3)

locally uniformly on R, where (u∗, v∗,w∗) is given by (1.2).

Proof. The condition s∞ − r∞ = ∞ implies a1bc > b2θ1(θ2 + b) (see Theorem 4.1) and s∞ = ∞, r∞ =
−∞ (see Theorem 4.3). Then, ODE system (1.1) has the positive equilibrium (u∗, v∗,w∗). In what
follows, we construct an appropriate iterative sequence, whose conception is derived from the method
adopted [7, 17].

Step 1. From the proof of Theorem 3.1, it follows that

lim sup
t→∞

w(t, x) ≤ lim
t→∞

w̄(t) =
c
b2

def
= w̄1 uniformly on R.

For any ε > 0, one can find T > 0 such that w(t, x) ≤ w̄1 + ε for t ≥ T and x ∈ R. Thus, (u, v) fulfills
ut − d1uxx = bv − θ1u − b1u2, t > T, r(t) < x < s(t),
vt ≤ a1u(w̄1 + ε) − θ2v − bv, t > T, r(t) < x < s(t),
u(t, x) = v(t, x) = 0, t > T, x < (r(t), s(t)),
u(T, x) ≥ 0, v(T, x) ≥ 0, x ∈ [r(T ), s(T )].

Noting that a1bc > b2θ1(θ2 + b), the unique positive equilibrium state (ūε1, v̄
ε
1) corresponding to the

following problem 
ūt = bv̄ − θ1ū − b1ū2, t > T,
v̄t = a1ū(w̄1 + ε) − θ2v̄ − bv̄, t > T,
ū(T ) = M1, v̄(T ) = M1,

is globally asymptotically stable. An application of the comparison principle yields

(u(t, x), v(t, x)) ≤ (ū(t), v̄(t))

for t ≥ T and x ∈ R. Therefore, lim supt→∞(u(t, x), v(t, x) ≤ (ūε1, v̄
ε
1) uniformly on R. Since ε is arbitrary,

we obtain
lim sup

t→∞
u(t, x) ≤ ū1, lim sup

t→∞
v(t, x) ≤ v̄1 uniformly on R, (3.4)

where (ū1, v̄1) represents the unique positive solution to (3.2) when m is taken as w̄1.
Step 2. For any 0 < ε ≪ 1, it follows from (3.4) that there is T > 0 such that u ≤ ū1 + ε holds in

[T,∞) × R. Thus, w fulfills{
wt − d2wxx ≥ cw − b2w2 − a2w(ū1 + ε), t ≥ T, x ∈ R,
w(T, x) > 0, x ∈ R.
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We obtain lim inft→∞ w(t, x) ≥ c−a2(ū1+ε)
b2

locally uniformly on R. Since ε is arbitrary, we derive that

lim inf
t→∞

w(t, x) ≥
c − a2ū1

b2

def
= w1 locally uniformly onR. (3.5)

On the condition of q < 1, we can easily see that w1 > 0.
Recalling Lemma 3.2, for any large k, we denote by (uk(x), vk(x)) and (uε, vε) the unique positive

solutions of (3.1) and (3.2) corresponding to m = w1 − ε, respectively. Therefore,

lim
k→∞

(uk(x), vk(x)) = (uε, vε)

locally uniformly on (−∞,∞). For any fixed L ≫ 1, we can find a sufficiently large k > L such that

uk(x) > uε − ε/2, vk(x) > vε − ε/2, x ∈ [−L, L]. (3.6)

For the above fixed k > L, consider the principal eigenpair (λ1, ϕ) of problem{
−d1ϕxx = λϕ, x ∈ [−k, k],
ϕ(−k) = ϕ(k) = 0.

We have λ1 = d1(π/2k)2 <
a1(w1−ε)
θ2+b − θ1. Direct computation gives that (δϕ, a1(w1−ε)δϕ

θ2+b ) is a positive lower
solution for (3.1) with m = w1 − ε when δ small enough. Furthermore, it is possible to select T ≫ 1,
0 < δ ≪ 1 such that [−k, k] ⊂ (r(t), s(t)) for t ≥ T , w(t, x) ≥ w1 − ε for (t, x) ∈ [T,∞) × [−k, k], and
(δϕ, a1(w1−ε)δϕ

θ2+b ) ≤ (u(T, ·), v(T, ·)) for x ∈ [−k, k] . Thus, (u, v) fulfills
ut − d1uxx = bv − θ1u − b1u2, t > T,−k < x < k,
vt ≥ a1u(w1 − ε) − θ2v − bv, t > T,−k < x < k,
u(t,±k) > 0, v(t,±k) > 0, t > T,

u(T, x) ≥ δϕ(x), v(T, x) ≥ a1(w1−ε)δϕ(x)
θ2+b , −k ≤ x ≤ k.

It follows from the comparison principle that (u(t, x), v(t, x)) ≥ (u(t, x), v(t, x)) for all (t, x) ∈ [T,∞)×
[−k, k], where (u, v) is a positive solution to the following problem:

ut − d1uxx = bv − θ1u − b1u2, t > T,−k < x < k,
vt = a1u(w1 − ε) − θ2v − bv, t > T,−k < x < k,
u(t,±k) = 0, v(t,±k) = 0, t > T,

u(T, x) = δϕ(x), v(T, x) = a1(w1−ε)δϕ(x)
θ2+b , −k ≤ x ≤ k.

Obviously, u and v are nondecreasing with respect to t. Applying the standard parabolic regularity, we
obtain

lim
t→∞

(u(t, x), v(t, x)) = (uk(x), vk(x))

uniformly on [−k, k]. So, we can find T1 > T such that u(t, x) > uk(x) − ε/2 and v(t, x) > vk(x) − ε/2
for (t, x) ∈ [T1,∞) × [−k, k]. Combining with (3.6) yields u(t, x) > uε − ε and v(t, x) > vε − ε on
[T1,∞) × [−L, L]. Since ε and L are arbitrary, we have

lim inf
t→∞

u(t, x) ≥ u1, lim inf
t→∞

v(t, x) ≥ v1 locally uniformly onR, (3.7)
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where (u1, v1) is the positive solution of (3.2) with m = w1.
Step 3. Fix N ≫ 1 and 0 < δ, ε ≪ 1. The quantity lδ is determined by Lemma 3.3 with d = d2,

λ = c − a2

(
u1 − ε

)
, and θ = b2, ρ = 0. According to (3.7), there is T > 0 such that u ≥ u1 − ε on

[T,∞) × [−lδ, lδ]. Consequently, w fulfills wt − d2wxx ≤ cw − b2w2 − a2w(u1 − ε), t ≥ T, x ∈ [−lδ, lδ],
w(t,±lδ) ≥ 0, t ≥ T.

As w(T, x) > 0 in (−lδ, lδ), we obtain lim supt→∞ w(t, x) ≤ c−a2(u1−ε)
b2

uniformly on [−N,N] by
Lemma 3.3. Since N, δ, and ε are arbitrary, we derive that

lim sup
t→∞

w(t, x) ≤
c − a2u1

b2

def
= w̄2 locally uniformly onR. (3.8)

Direct computation gives a1bw̄2
θ2+b − θ1 > 0. For any fixed 0 < ε ≪ 1 and large enough k, let ūk(x)

denote the unique positive solution to the boundary value problem −d1uxx =
a1b(w̄2+ε)
θ2+b u − θ1u − b1u2, x ∈ [−k, k],

u(−k) = u(k) = M̄,
(3.9)

where M̄ = max{M1,
1
b1

[a1b(w̄2+ε)
θ2+b − θ1]}. In addition, 0 < ūk(x) < M̄. Let (ūε2, v̄

ε
2) be the unique positive

root of (3.2) with m = w̄2 + ε. By using the comparison principle, we can see that ūk(x) is decreasing
in k and limk→∞ ūk(x) = ūε2 locally uniformly on R. Taking v̄k(x) = a(w̄2+ε)uk(x)

θ2+b , then limk→∞ v̄k(x) = v̄ε2
locally uniformly on R.

For any fixed L ≫ 1, we can find a sufficiently large k > L such that ūk(x) < ūε2 + ε/2 and
v̄k(x) < v̄ε2 + ε/2 on [−L, L]. Noting that (3.8), we can find T > 0 such that w(t, x) ≤ w̄2 + ε on
[T,∞) × [−k, k] and (−k, k) ⊂ [r(t), s(t)]. By virtue of the equation of v, it is possible to find T1 > T
such that v(t, x) ≤ a1(w̄2+ε)M̄

θ2+b on [T1,∞) × [−k, k]. Hence, (u, v) fulfills
ut − d1uxx = bv − θ1u − b1u2, t > T1,−k < x < k,
vt ≤ a1u(w̄2 + ε) − θ2v − bv, t > T1,−k < x < k,

u(t,±k) ≤ M̄, v(t,±k) ≤ a1(w̄2+ε)M̄
θ2+b , t > T1,

u(T1, x) ≤ M̄, v(T1, x) ≤ a1(w̄2+ε)M̄
θ2+b , −k ≤ x ≤ k.

Let (ū, v̄) denote the positive solution corresponding to the following problem:
ūt − d1ūxx = bv̄ − θ1ū − b1ū2, t > T1,−k < x < k,
v̄t = a1ū(w̄2 + ε) − θ2v̄ − bv̄, t > T1,−k < x < k,

ū(t,±k) = M̄, v̄(t,±k) = a(w̄2+ε)M̄
θ2+b , t > T1,

ū(T1, x) = M̄, v̄(T1, x) = a1(w̄2+ε)M̄
θ2+b , −k ≤ x ≤ k.

Then, we have
lim
t→∞

(ū(t, x), v̄(t, x)) = (ūk(x), v̄k(x))
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uniformly on [−k, k]. So, we can find T2 > T1 such that u(t, x) ≤ ūk(x) + ε/2 and v(t, x) ≤ v̄k(x) + ε/2
for t > T2 and x ∈ [−k, k]. Therefore, it follows that u(t, x) ≤ ūε2 + ε and v(t, x) ≤ vε2 + ε for t > T2 and
x ∈ [−L, L]. Since ε and L are arbitrary, we obtain

lim sup
t→∞

u(t, x) ≤ ū2, lim sup
t→∞

v(t, x) ≤ v̄2 locally uniformly onR,

where (ū2, v̄2) is the positive root of (3.2) with m = w̄2.
By arguing in a manner analogous to Step 2, we obtain the conclusion that

lim inf
t→∞

w(t, x) ≥ w2, lim inf
t→∞

u(t, x) ≥ u2, lim inf
t→∞

v(t, x) ≥ v2

uniformly on the compact subset of R, where w2 =
c2−a2ū2

b , (u2, v2) is the unique positive root of (3.2)
with m = w2.

Step 4. From the above steps and careful calculations, we have

w̄1 =
c
b2
, ū1 =

c
a2

q −
θ1

b1
, v̄1 =

a1w̄1ū1

θ2 + b
,

w1 =
c
b2

(1 − q) +
a2θ1

b1b2
, u1 =

(
c
a2

q −
θ1

b1

)
(1 − q), v1 =

a1w1u1

θ2 + b
,

w̄2 =
c
b2

(1 − q + q2) +
a2θ1

b1b2
(1 − q), ū2 =

(
c
a2

q −
θ1

b1

)
(1 − q + q2), v̄2 =

a1w̄2ū2

θ2 + b
,

w2 =
c
b2

(1 − q + q2 − q3) +
a2θ1

b1b2
(1 − q + q2), u2 =

(
c
a2

q −
θ1

b1

)
(1 − q + q2 − q3), v2 =

a1w2u2

θ2 + b
.

So, we know that

u1 < u2 < u2 < u1, v1 < v2 < v2 < v1, w1 < w2 < w2 < w1.

By following the above procedures repeatedly, we can obtain three monotonically increasing
sequences {un}, {vn}, and {wn} and three monotonically decreasing sequences {ūn}, {v̄n}, and {w̄n}, which
satisfy

u1 < · · · < un < · · · < un < · · · < u1,

v1 < · · · < vn < · · · < vn < · · · < v1,

w1 < · · · < wn < · · · < wn < · · · < w1.

Moreover, the solution (u, v,w) of (1.3) satisfies

un ≤ lim inf
t→∞

u(t, x) ≤ lim sup
t→∞

u(t, x) ≤ un,

vn ≤ lim inf
t→∞

v(t, x) ≤ lim sup
t→∞

v(t, x) ≤ vn,

wn ≤ lim inf
t→∞

w(t, x) ≤ lim sup
t→∞

w(t, x) ≤ wn,
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locally uniformly on R. We obtain the following iteration format:

w̄1 =
c
b2
, ūi =

a1b
b1(θ2 + b)

w̄i −
θ1

b1
, v̄i =

a1w̄iūi

θ2 + b
,

wi =
c
b2
−

a2

b2
ūi, ui =

a1b
b1(θ2 + b)

wi −
θ1

b1
, vi =

a1wiui

θ2 + b
,

wi+1 =
c
b2
−

a2

b2
ui, i = 1, 2, ...

When i ≥ 2, we can see that

w̄i =
c
b2

(1 − q + q2 − · · · + q2i−2) +
a2θ1

b1b2
(1 − q + · · · − q2i−3),

ūi =

(
c
a2

q −
θ1

b1

)
(1 − q + q2 − · · · + q2i−2),

v̄i =
a1

θ2 + b
w̄iūi,

wi =
c
b2

(1 − q + q2 − · · · − q2i−1) +
a2θ1

b1b2
(1 − q + q2 − · · · + q2i−2),

ui =

(
c
a2

q −
θ1

b1

)
(1 − q + q2 − · · · − q2i−1),

vi =
a1

θ2 + b
wiui.

Note that q < 1, so all six sequences mentioned above possess well-defined limits, and

lim
i→∞

wi = lim
i→∞

wi =
b1c + a2θ1

b1b2(1 + q)
=

(b1c + a2θ1)(θ2 + b)
a1a2b + b1b2(θ2 + b)

= w∗,

lim
i→∞

ui = lim
i→∞

ui =
b1cq − a2θ1

b1a2(1 + q)
=

a1bc − b2θ1(θ2 + b)
a1a2b + b1b2(θ2 + b)

= u∗,

lim
i→∞

vi = lim
i→∞

vi =
a1

θ2 + b
u∗w∗ = v∗.

Thus, (3.3) holds. The proof is complete.

4. Criteria for spreading and vanishing

This section focuses on discussing the criteria for spreading(s∞ − r∞ = ∞) and vanishing (s∞ −
r∞ < ∞), which are divided into two cases: q ≤ a2θ1

b1c and q > a2θ1
b1c , namely a1bc ≤ b2θ1(θ2 + b) and

a1bc > b2θ1(θ2 + b).

4.1. The case a1bc ≤ b2θ1(θ2 + b)

Theorem 4.1. Denote (u, v,w, r, s) as the solution to (1.3). If a1bc ≤ b2θ1(θ2 + b), then s∞ − r∞ < ∞.

Proof. We denote by ŵ the solution of the problem

ŵt = cŵ − b2ŵ2, ŵ(0) = max{||w0||L∞ ,
c
b2
}. (4.1)
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Then, we have

ŵ(t) =
c
b2
+

b2cŵ(0) − c2

b2
2ŵ(0)ect − b2

2ŵ(0) + b2c
.

It follows from the comparison principle that ŵ(t) ≥ w(t, x) on [0,∞) × R and v satisfies
vt ≤ a1uŵ − (θ2 + b)v, t > 0, r(t) < x < s(t),
v(t, r(t)) = v(t, s(t)) = 0, t > 0,
v(0, x) = v0(x), −s0 ≤ x ≤ s0.

Denote ρ = max{µ, β} and

f (t) =
∫ s(t)

r(t)
[(θ2 + b)u + bv]dx, h(t) = s(t) − r(t), φ(t) =

ba1(b2cŵ(0) − c2)M1

b2
2ŵ(0)ect − b2

2ŵ(0) + b2c
.

We can easily see that
∫ t

0
φ(τ)dτ is uniformly bounded with respect to t on [0,+∞). Noting that a1bc ≤

b2θ1(θ2 + b), by simple calculations, we can obtain

f ′(t) =
∫ s(t)

r(t)
[(θ2 + b)ut + bvt]dx

≤

∫ s(t)

r(t)

[
(θ2 + b)d1uxx +

ba1(b2cŵ(0) − c2)u
b2

2ŵ(0)ect − b2
2ŵ(0) + b2c

+

(
a1bc
b2
− (θ2 + b)θ1

)
u
]

dx

≤ −
d1(θ2+b)

ρ
(s′(t) − r′(t)) +

ba1(b2cŵ(0) − c2)M1

b2
2ŵ(0)ect − b2

2ŵ(0) + b2c
(s(t) − r(t))

= −
d1(θ2+b)

ρ
h′(t) + φ(t)h(t).

Then,
h′(t) ≤ −

ρ

d1(θ2 + b)
f ′(t) +

ρ

d1(θ2 + b)
φ(t)h(t).

Integration of the above inequality over the interval [0, t] leads to

h(t) ≤ h(0) +
ρ

d1(θ2 + b)
f (0) +

ρ

d1(θ2 + b)

∫ t

0
φ(τ)h(τ)dτ.

By using the Gronwall inequality, we have

h(t) ≤
[
h(0) +

ρ

d1(θ2 + b)
f (0)

]
exp

{
ρ

d1(θ2 + b)

∫ t

0
φ(τ)dτ

}
< ∞.

Hence, s∞ − r∞ < ∞. The proof is complete.
In light of Theorem 3.1, the introduced predator faces ultimate extinction when the condition a1bc ≤

b2θ1(θ2 + b) holds true.

4.2. The case a1bc > b2θ1(θ2 + b)

In this subsection, we always assume a1bc > b2θ1(θ2 + b).
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Theorem 4.2. Denote (u,v,w,r,s) as the solution of (1.3). If s∞ − r∞ < ∞, then

s∞ − r∞ ≤ π
√

d1b2(θ2 + b)
a1bc − b2θ1(θ2 + b)

def
= ∧. (4.2)

Thus, if s0 ≥
∧

2 , noticing r′(t) < 0, s′(t) > 0, then we obtain s∞ − r∞ = ∞. Equivalently, successful
invasion of the predator occurs provided that its initial habitat domain exceeds the critical threshold
range.
Proof. Taking advantage of (s∞ − r∞ < ∞) and Theorem 3.1, we have

limt→∞ ∥u(t, ·)∥C([r(t),s(t)]) = limt→∞ ∥v(t, ·)∥C([r(t),s(t)]) = 0,

limt→∞ w(t, x) = c/b2 locally uniformly onR.

By contradiction, we suppose that s∞ − r∞ > ∧. Therefore, for any ε > 0, there exists T ≥ 1 such that

s(t) − r(t) > max
{

2s0, π

√
d1b2(θ2 + b)

ba1(c − ε) − b2θ1(θ2 + b)

}
,

and w(t, x) ≥
c − ε

b2
for all (t, x) ∈ [T,∞) × [r(T ), s(T )]. Letting r(T ) = k1, s(T ) = k2, then k2 − k1 >

π
√

d1b2(θ2+b)
ba1(c−ε)−b2θ1(θ2+b) , and u, v satisfy

ut − d1uxx = bv − θ1u − b1u2, t > T, k1 < x < k2,

vt ≥
a1(c−ε)

b2
u − (θ2 + b)v, t > T, k1 < x < k2,

u(t, x) > 0, v(t, x) > 0, t > T, x = ki, i = 1, 2,
u(T, x) > 0, v(T, x) > 0, k1 ≤ x ≤ k2.

(4.3)

We claim that (δϕ, a1(c−ε)δϕ
b2(θ2+b) ) is a lower solution of the following problem:

ut − d1uxx = bv − θ1u − b1u2, t > T, k1 < x < k2,

vt =
a1(c−ε)

b2
u − (θ2 + b)v, t > T, k1 < x < k2,

u(t, x) = u(t, x), v(t, x) = v(t, x), t > T, x = ki, i = 1, 2,
u(T, x) = u(T, x), v(T, x) = v(T, x), k1 ≤ x ≤ k2,

when δ is sufficiently small, where ϕ is the principle eigen-function of −d1ϕxx = λϕ, ||ϕ||L∞ = 1,
ϕ(k1) = ϕ(k2) = 0.

Denoting λ1 as the principle eigenvalue, then λ1 = d1
π2

(k2−k1)2 <
ba1(c−ε)
b2(θ2+b) −θ1. When δ is sufficiently small,

we have

−d1(δϕ)xx = δλ1ϕ

=
ba1(c − ε)δϕ

b2(θ2 + b)
− θ1δϕ − b1δ

2ϕ2 + δϕ

(
λ1 −

ba1(c − ε)
b2(θ2 + b)

+ θ1 + b1δϕ

)
<

ba1(c − ε)δϕ
b2(θ2 + b)

− θ1δϕ − b1δ
2ϕ2,
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and
0 =

a1(c − ε)
b2

δϕ − (θ2 + b)
a1(c − ε)δϕ
b2(θ2 + b)

.

It follows from the comparison principle that

u(t, x) ≥ δϕ, v(t, x) ≥
a1(c − ε)δϕ
b2(θ2 + b)

, t > T, k1 < x < k2, (4.4)

which contradicts with limt→∞ ∥u(t, ·)∥C([r(t),s(t)]) = limt→∞ ∥v(t, ·)∥C([r(t),s(t)]) = 0. Therefore, (4.2) holds.

Theorem 4.3. If s∞ − r∞ = ∞, then s∞ = ∞ and r∞ = −∞.

Proof. We proceed by contradiction. Without loss of generality, we assume that s∞ < ∞ and r∞ = −∞.
Let k > ∧ + 2 with ∧ given in (4.2). We can find T1 > 0 such that r(T1) < −k and u fulfills

ut − d1uxx = bv − θ1u − b1u2, t > T1,−k < x < s(t),
u(t,−k) > 0, u(t, s(t)) = 0, t > T1,

s′(t) = −βux(t, s(t)), t > T1,

u(T1, x) ≥ 0, −k ≤ x ≤ s(T1).

It follows from s∞ < ∞ that limt→∞ s′(t) = 0. Applying Lemma 3.1, we can easily see that

lim
t→∞
||u(t, ·)||C([−k,s(t)]) = 0. (4.5)

Then, following a similar argument as in Theorem 3.1 with slight modifications, we derive that

lim
t→∞
||v(t, ·)||C([−k,s(t)]) = 0, lim

t→∞
w(t, x) =

c
b2

uniformly on [1 − k, s(t)].

One can find T2 > T1 such that w(t, x) ≥ c−ε
b2

on [T2,∞) × [1 − k, s(T1)]. Let ε > 0 be sufficiently small
and take an interval [k1, k2] ⊂ (1 − k, s(T1)) such that

k2 − k1 > π

√
d1b2(θ2 + b)

ba1(c − ε) − b2θ1(θ2 + b)
.

We can easily see that (u, v) satisfies (4.3) with T = T2. Following a similar argument as in the proof
of Theorem 4.2, we can derive (4.4), which contradicts (4.5).

The proof is complete.
Theorem 4.2 and Theorem 4.3 show that if s0 ≥

∧

2 , then r∞ = −∞ and s∞ = ∞, equivalently, the
introduced predator achieves full spatial spread over the entire domain as time tends to infinity.

The following result addresses the case where s0 <
∧

2 .

Lemma 4.1. If s0 <
∧

2 , then one can find µ̄ > 0(β̄ > 0) such that s∞ − r∞ = ∞ whenever µ ≥ µ̄(β ≥ β̄).

The proof of Lemma 4.1 is omitted here, since its procedure and idea are largely identical to those
of Lemma 3.2 in reference [10], with only minor modifications needed. From Lemma 4.1, we see
s∞ − r∞ = ∞ if ρ = max{µ, β} ≥ max{µ̄, β̄}. Intuitively, we expect vanishing to hold under the
conditions a1bc ≥ b2θ1(θ2 + b), s0 < ∧/2, and small µ, β. Our intuition is confirmed by the lemma
presented below.
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Lemma 4.2. If s0 <
∧

2 , then one can find ρ > 0 such that s∞ − r∞ < ∞ whenever ρ = max{µ, β} ≤ ρ.

Proof. For any given k ∈ (s0,
∧

2 ), we introduce the eigenvalue problem below:
d1ϕxx − θ1ϕ + bψ = λϕ, −k < x < k,

a1c
b2
ϕ − (θ2 + b)ψ = λψ, −k < x < k,

ϕ(−k) = ϕ(k) = 0.

By Corollary 3.2 in [20] and 2k < ∧, we obtain that the principle eigenvalue λ1 < 0 with a
corresponding positive eigenvector (ϕ1, ψ1). Therefore, d1ϕ1,xx − θ1ϕ1 + bψ1 = λ1ϕ1, −k < x < k,

a1c
b2
ϕ1 − (θ2 + b)ψ1 = λ1ψ1, −k < x < k.

(4.6)

Denote (η1, φ1) as the eigenpair of the problem

−φxx = ηφ, −k < x < k, φ(−k) = φ(k) = 0.

Obviously, η1 =
π2

4k2 . Multiplying (4.6) by φ1 and integrating over [−k, k], by direct computation, we
obtain that there exists a positive constant ξ such that

a1c
b2
ξ − (θ2 + b) = λ1,

−d1
π2

4k2 ξ − θ1ξ + b = λ1ξ.
(4.7)

Noting that ŵ satisfies (4.1), we have ŵ ≥ c
b2
, lim

t→∞
ŵ(t) = c

b2
, and ŵ(t) ≥ w(t, x) in [0,∞) × R.

Defining ρ = max{µ, β},

g(t) = Kexp
{∫ t

0
[a1ξ(ŵ(τ) − c

b2
) + λ1]dτ

}
, h(t) =

(
s2

0 + ρπξ
∫ t

0
g(τ)dτ

) 1
2
,

û(t, x) = ξg(t) cos
πx

2h(t)
, v̂(t, x) = g(t) cos

πx
2h(t)

, (t, x) ∈ [0,∞) × [−h(t), h(t)],

and, obviously, h′(t) > 0 for t ≥ 0. Choose a sufficiently large constant K satisfying

u0(x) ≤ Kξ cos
πx
2s0
= û(0, x), v0(x) ≤ K cos

πx
2s0
= v̂(0, x), x ∈ [−s0, s0]. (4.8)

As lim
t→∞

ŵ(t) = c
b2

and λ1 < 0,
∫ +∞

0
g(τ)dτ < ∞ is bounded. Let

ρ =
k2 − s2

0

πξ
∫ ∞

0
g(τ)dτ

.

If 0 < ρ ≤ ρ, then h(t) < k for t ≥ 0. Combining with (4.8) and ŵ(t) ≥ c
b2

, it follows from
straightforward calculations that

ût − d1ûxx − bv̂ + θ1û + b1û2

= ξg(t) cos πx
2h(t)

[
a1θ

(
ŵ(t) − c

b2

)
+ λ1 + d1

(
π

2h(t)

)2
− b

ξ
+ θ1 + b1

]
+ g(t) sin πx

2h(t) ·
πxh′(t)
2h2(t)

≥ ξg(t) cos πx
2h(t)

[
d1

(
π

2h(t)

)2
− d1

(
π
2k

)2
]

≥ 0
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and
v̂t − a1ûŵ + (θ2 + b)v̂

≥ g(t) cos πx
2h(t)

[
a1ξ

(
ŵ(t) − c

b2

)
+ λ1 − a1ŵξ + θ2 + b

]
≥ 0

for (t, x) ∈ [0,∞) × (−h(t), h(t)). In addition,

−h′(t) = −ρûx(t,−h(t)), h′(t) = −ρûx(t, h(t)).

Therefore, if 0 < ρ ≤ ρ, then (û, v̂, ŵ,−h(t), h(t)) fulfills

ût − d1ûxx ≥ bv̂ − θ1û − b1û2, t > 0,−h(t) < x < h(t),
v̂t ≥ a1ûŵ − (θ2 + b)v̂, t > 0,−h(t) < x < h(t),
û = v̂ = 0, t > 0, x ≤ −h(t) or x ≥ h(t),
ŵt − d2ŵxx ≥ cŵ − b2ŵ2, t > 0,−∞ < x < +∞,
û(t,±h(t)) = v̂(t,±h(t)) = 0, t > 0,
−h′(t) ≤ −µûx(t,−h(t)), h′(t) ≥ −βûx(t, h(t)), t ≥ 0,
û(0, x) ≥ u0(x), v̂(0, x) ≥ v0(x), −s0 ≤ x ≤ s0,

h(0) = s0, ŵ(0) ≥ w0(x), −∞ < x < +∞.

By virtue of Lemma 3.4, −h(t) ≤ r(t), and s(t) ≤ h(t) holds for all t ≥ 0. It follows that

r∞ ≥ − lim
t→∞

h(t) ≥ −k, s∞ ≤ lim
t→∞

h(t) ≤ k,

and hence s∞ − r∞ < ∞. The proof is complete.
Obviously, it follows from the proof above that ρ does not depend on u0, v0, and is strictly decreasing

with K. Therefore, if µ and β are fixed, then we can find a small enough K > 0 such that ρ ≤ ρ. At the
same time, if u0 and v0 are sufficiently small such that (4.8) holds, then by a simple argument, we can
still obtain s∞ − r∞ < ∞.

Remark 4.1. If s0 <
∧

2 and (u0, v0) are small enough, then s∞ − r∞ < ∞.

Theorem 4.4. If s0 <
∧

2 , then we can find 0 < ρ∗ < ρ∗ such that s∞ − r∞ < ∞ provided that ρ ≤ ρ∗ or
ρ = ρ∗; moreover, s∞ − r∞ = ∞ provided that ρ > ρ∗.

Proof. This proof is similar to that of Theorem 5.2 in [7]. For the convenience of the readers we
shall give the details. Write (uρ, vρ,wρ, rρ, sρ) in place of (u, v,w, r, s) to clarify the dependence of the
solution of (1.3) on ρ. Define

Σ∗ =
{
ρ > 0 : sρ,∞ − rρ,∞ ≤ ∧

}
.

In consideration of Lemma 4.2 and Theorem 4.2, we have (0, ρ] ⊂ Σ∗. According to Lemma 4.1,

Σ∗ ∩ [µ̄,∞) = ∅. Therefore, ρ∗ def
= supΣ∗ ∈ [ρ, µ̄]. By this definition and Theorem 4.2, it follows that

rρ,∞ = −∞, sρ,∞ = ∞ for ρ > ρ∗. Hence, Σ∗ ⊂ (0, ρ∗].
We will show that ρ∗ ∈ Σ∗. Otherwise, rρ∗,∞ = −∞ and sρ∗,∞ = ∞. There exists T > 0 such that

sρ∗(T ) − rρ∗(T ) > ∧. Utilizing the continuous dependence of (uρ, vρ,wρ, rρ, sρ) on ρ, we can find ε > 0
such that sρ(T ) − rρ(T ) > ∧ for ρ ∈ (ρ∗ − ε, ρ∗ + ε). It follows that

lim
t→∞

[
sρ(t) − rρ(t)

]
≥ sρ(T ) − rρ(T ) > ∧, ∀ ρ ∈ (ρ∗ − ε, ρ∗ + ε).
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Therefore, (ρ∗ − ε, ρ∗ + ε) ∩ Σ∗ = ∅, and supΣ∗ ≤ ρ∗ − ε. This contradicts the definition of ρ∗.
Define

Σ∗ =
{
ν : ν ≥ ρ such that sρ,∞ − rρ,∞ ≤ ∧ for all ρ ≤ ν

}
,

where ρ is given by Lemma 4.2. Then, ρ∗
def
= supΣ∗ ≤ ρ∗ and (0, ρ∗) ⊂ Σ∗. Similarly to the above, it

can be obtained that ρ∗ ∈ Σ∗. The proof is complete.
Theorem 4.4 gives that there exist threshold values for boundary moving parameters µ and β, and

gives sufficient conditions for predator spreading or vanishing.

5. Conclusions and discussion

In the present work, we investigate a prey-predator model with stage structure and free boundaries,
which is a degenerate diffusion system consisting of one ordinary differential equation and two partial
differential equations. Considering this new mathematical framework, we overcome the difficulties
caused by partial degeneracy and prove the local and global existence, uniqueness, and uniform
estimates of solutions to the coupled parabolic-ODE system. We also characterize the long-time
behavior of solutions and provide sharp criteria for spreading and vanishing.

For the corresponding ordinary differential systems, it has been shown that if a1bc < b2θ1(θ2 + b),
then the equilibrium (0, 0, c/b2) is globally stable; if a1bc > b2θ1(θ2 + b) and a1a2b < b1b2(θ2 + b), then
the positive equilibrium (u∗, v∗,w∗) is globally asymptotically stable.

Within the framework of the present model, it is shown that when a1bc ≤ b2θ1(θ2+b), the introduced
predator is bound to vanish; when a1bc > b2θ1(θ2 + b), the successful invasion and spread of the
introduced predator are determined by the initial data and variable parameters. Provided that the initial
interval [−s0, s0] is greater than a critical threshold, namely

2s0 ≥ π

√
d1b2(θ2 + b)

a1bc − b2θ1(θ2 + b)
,

then spreading always occurs. On the other hand, if

2s0 < π

√
d1b2(θ2 + b)

a1bc − b2θ1(θ2 + b)
,

the dichotomy between spreading and vanishing depends on the parameters µ, β and the initial
distributions (u0, v0).

Biologically, the proposed model and corresponding theoretical results better reflect realistic
ecological processes. Mathematically, this system exhibits richer and more refined dynamical
behaviors.
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