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1. Introduction

The study of differential equations with involution has been the subject of numerous works. A
substantial bibliography on the theory of differential equations with involution can be found in [1–3].
Applications of involution transformations in various fields of science are discussed, for example,
in [1, 4–6], and in electrical engineering [7–9]. Apparently, one of the earliest physical problems that
led to the concept of involution was the problem of mutual trajectories, considered by I. Bernoulli and
L. Euler [10, 11]. In classical geometry, the application of involution is associated with the search
for curves possessing symmetry properties [11]. The modeling of nonequilibrium systems in classical
statistical mechanics [12], fluid flow through porous media [13], mathematical models of heat and mass
transfer [14], and other areas of scientific research employ involution transformations.
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Eigenvalue problems for differential equations with involution are of considerable interest. Such
problems arise in solving certain types of partial differential equations with involution by the method
of separation of variables [15, 16].

The use of eigenvalue problems for differential equations with involution requires knowledge of
the asymptotics of eigenvalues and eigenfunctions of the problems under investigation. Among recent
works devoted to the study of the asymptotics of eigenvalues and eigenfunctions of ordinary differential
operators, one may note papers [17–21].

Let us recall [1] that a function f (x), f (x) . x, mapping a set [−1, 1] into itself is called an
involution if f ( f (x)) = x.

Asymptotic formulas for the eigenvalues and eigenfunctions of various boundary value problems
for an equation of the form

−u′′(−x) = λu(x), −1 < x < 1, (1.1)

were studied in works [22, 23]. Here, the equation contains a linear involution transformation f (x) =
−x. Problems for a more general equation with pure involution of the form

−u′′(−x) + q (x) u (x) = λu(x), −1 < x < 1, (1.2)

with a complex-valued potential q (x) were considered in [24,25]. Equation (1.1) will be referred to as
a second-order one-dimensional involutive differential equation.

In recent years, the study of differential equations with involution has advanced in various directions
(see, for example, [26–28]).

Also worth noting is the work [29], devoted to the study of classical solutions of the
multidimensional Schrödinger equation, as well as the work [30], devoted to the study of classical
solutions for a class of coupled Euler–Poisson–Darboux–Tricomi equations.

In the present work, eigenvalue problems for second-order differential equations with
involution (1.2) and non-self-adjoint boundary conditions are investigated. The results on the
asymptotic formulas for eigenvalues and eigenfunctions of the non-self-adjoint spectral problem are
presented.

The following new results have been obtained:

• An integral representation of solutions of the studied equations is derived;
• Asymptotic formulas for the solutions of the equation are obtained for large values of the spectral

parameter;
• Asymptotic formulas for the eigenvalues are obtained for large values of the spectral parameter;
• Asymptotic formulas for the eigenfunctions and their derivatives are obtained for large values of

the spectral parameter;
• Important estimates for the norms of the eigenfunctions are established.

All obtained results are new and can be applied in the theory of differential equations with
involution.

It should be noted that, until now, no works have been devoted to studying the asymptotic
properties of eigenvalues and eigenfunctions of boundary value problems for a differential equation
with involution of the form (1.2).
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Linearly independent solutions of Eq (1.1) are even and odd functions, which can be represented
as the sum and difference of linearly independent solutions of ordinary differential equations (see
Section 3). The structure of solutions to differential equations with involution does not allow one to
directly extend known asymptotic results for solutions of second-order ordinary differential equations
with variable coefficients - equations with involution of the form (1.2). The main features as described
in Remark 1. It is well-known that non-self-adjoint spectral problems are difficult to study, as their
systems of eigenfunctions are nonorthogonal. Therefore, one often has to consider the adjoint spectral
problem (see Section 3), whereas in the self-adjoint case, the original and adjoint problems coincide.
In our case, Eq (1.2) is non-self-adjoint due to a complex-valued this coefficient, and is the boundary
conditions (4.1) are also non-self-adjoint.

This research is conducted with the aim of further applying the results to the study of solvability of
problems for pseudoparabolic equations involving the studied operators, using the method of separation
of variables.

The paper is organized as follows. In Section 2, the necessary preliminary information is presented,
and lemmas on the asymptotic form of the solutions of the equation for large values of the spectral
parameter are proved. Asymptotic formulas for the first derivative of the solutions are also given. In
Section 3, asymptotic formulas for the eigenvalues and eigenfunctions of the studied problems are
established. The obtained asymptotic formulas for eigenfunctions and their derivatives allow one to
estimate the norms of the derivatives of the eigenfunctions in terms of the norms of the eigenfunctions
themselves. Such estimates can be used when solving partial differential equation problems by the
method of separation of variables.

2. Structure of solutions of a second-order differential equation with involution

In this section, we construct an integral representation of the solution of Eq (1.2). Then, we derive
asymptotic formulas for the even and odd parts of the solutions of Eq (1.2). Using these formulas, the
main results of the work are Eq obtained.

A function u (x) ∈ C2 [−1, 1] that satisfies Eq (1.2) is called a regular solution of the equation.
The following two important theorems have not yet been established in the theory of differential

equations with involution [1–3]. Therefore, we present them here with Eq complete proofs. We prove
the theorems on linearly independent solutions and on the general solution of Eq (1.2).
Theorem 1. The homogeneous linear second-order differential equation with involution (1.2) with a
continuous coefficient q (x) ∈ C [−1, 1] possesses two linearly independent solutions.
Proof. Consider the Cauchy problem at zero for Eq (1.2). Note that the linear second-order differential
equation with involution (1.2) with Cauchy data u (0) = a1, u′ (0) = a2 at the point x = 0 has a
unique solution. Let us denote this solution by u1 (x). Equation (1.2) with different initial data u (0) =
a3, u′ (0) = a4 also has a unique solution, which we denote by u2 (x). These solutions are linearly

independent if the determinant

∣∣∣∣∣∣ a1 a2

a3 a4

∣∣∣∣∣∣ , 0 (see Theorem 2.1, p. 32 in [31]). By appropriately

choosing the initial a1, a2, a3, a4, we obtain two linearly independent solutions. The theorem is proved.
A solution of the linear second-order differential equation with involution (1.2) containing two

arbitrary constants will be called a general solution if any particular solution can be obtained from it
by assigning specific values to the constants.
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Theorem 2. The general solution of the linear second-order differential equation with involution (1.2)
has the form

u (x) = C1u1 (x) +C2u2 (x) ,

where u1 (x) and u2 (x) are linearly independent solutions of Eq (1.2).
Proof. An arbitrary particular solution of Eq (1.2) is determined using the Cauchy problem at zero with
u (0) = u0, u′ (0) = u01. Then, at x = 0, we have

u (0) = C1u1 (0) +C2u2 (0) .

Similarly, we obtain the corresponding expression for the derivative u′ (x) of the function u (x).

u′ (0) = C1u′1 (0) +C2u′2 (0) .

Because u (0) = u0, u′ (0) = u01, we obtain a system of two equations:

C1u1 (0) +C2u2 (0) = u0,

C1u′1 (0) +C2u′2 (0) = u01.

Because the determinant of the system is nonzero, the system has a unique solution, which
corresponds to a particular solution of Eq (1.2). The theorem is proved.

Note that any function u (x) ∈ L2 (−1, 1) can be represented as the sum of an even and an odd
function. Then, Eq (1.2) splits into two ordinary second-order differential equations, one corresponding
to the even part and the other to the odd part. New representations of the solutions of the considered
equations have been obtained.

3. Asymptotics of linearly independent solutions of Eq (1.2)

Consider Eq (1.2). Let us represent the function u (x) in the form

u (x) = y (x) + z (x) , u (−x) = y (x) − z (x) ,

where y (x) is an even function, and z (x) is an odd function. Substituting these functions into Eq (1.2)
and assuming that q (x) is an even function, we obtain two equations:

−y′′(x) + q (x) y (x) = λy(x), −1 < x < 1, (3.1)

z′′(x) + q (x) z (x) = λz(x), −1 < x < 1, (3.2)

where y (x) is an even function, and z (x) is an odd function. Let us denote ρ2 = λ, λ = |λ| eiφ,
√
λ =

√
|λ|e

iφ
2 , −π2 < φ <

3π
2 . The linearly independent solutions of the homogeneous equation (3.1) −y′′(x) =

λy(x) are denoted by y1 (x) = eiρx + e−iρx, y2 (x) = eiρx − e−iρx. Similarly, the linearly independent
solutions of the corresponding homogeneous equation (3.2) are denoted by z1 (x) = eρx + e−ρx, z2 (x) =
eρx − e−ρx.

Thus, the linear second-order differential equation with involution (1.2) splits into two ordinary
differential equations.
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Lemma 1. Let q (x) ∈ C [−1, 1] be an even function. If y (x) is the even part of a solution of Eq (1.2),
that is, if the function y (x) is a solution of the ordinary differential Eq (3.1), then the function y (x) is
also a solution of the integral equation

y (x) = cos ρx −
1
ρ

x∫
0

sin ρ (x − τ) q (τ) y (τ) dτ. (3.3)

If z (x) is the odd part of a solution of Eq (1.2), that is, if the function z (x) is a solution of the
ordinary differential equation (3.2), then the function z (x) is also a solution of the integral equation

z (x) = eρx − e−ρx +
1

4ρ

x∫
0

[(
eρx + e−ρx

) (
eρτ − e−ρτ

)
−

(
eρτ + e−ρτ

) (
eρx − e−ρx

)]
q (τ) z (τ) dτ, (3.4)

where z1 (x) = eρx + e−ρx, z2 (x) = eρx − e−ρx.
Proof. In the theory of differential equations [32], a more general form of Formula (3.3) is well-known.
If the function under consideration is even, then from [32] we obtain Formula (3.3). Formula (3.4) is
proved by the variation method. By simple calculations, we obtain Formula (3.4) for the odd function
z (x) . The lemma is proved.

Let us write the asymptotic formulas for the solutions y (x) of Eq (1.2) for large values of the
parameter ρ = θ1 + iθ2. It is assumed that q (x) ∈ C [−1, 1].

As can be seen, the linearly independent solutions of the homogeneous equation with involution
consist of even and odd functions. Therefore, in our considerations, even and odd solutions dominate.
The asymptotic formulas for the solutions of the second-order linear differential equation with
involution (1.2) are given in the following two lemmas.
Lemma 2. Let q (x) ∈ C [−1, 1] be an even function. For sufficiently large |ρ| , ρ = θ1 + iθ2, and for
all x ∈ [−1, 1] , the even part y (x) and the odd part z (x) of a solution of Eq (1.2) have the following
asymptotic forms:

y (x) =
(
eiρx + e−iρx

)
+ O

(
1
ρ

)
, z (x) =

(
eρx − e−ρx

)
+ O

(
1
ρ

)
.

Proof. Let us consider Formula (3.3), corresponding to an even solution. Let y (x) = e|θ2 |xF (x). Then,
from (3.3), we obtain the equality

F (x) = e−|θ2 |x cos ρx +
1
ρ

x∫
0

sin ρ (x − τ) q (τ) e−|θ2 |(x−τ)F (τ) dτ.

The last equality implies the inequality

|F (x)| ≤ |cos ρx| +
1
|ρ|

x∫
0

|q (τ)| |F (τ)| dτ.
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Let us denote m = max
−1≤x≤1

|F (x)|. Then, from the inequality

m ≤ |cos ρx| +
m
|ρ|

1∫
−1

|q (τ)| dτ,

we obtain the estimate

m ≤ |cos ρx|

1 − 1
|ρ|

1∫
−1

|q (τ)| dτ


−1

.

For sufficiently large |ρ| , ρ = θ1 + iθ2, the quantity 1 − 1
|ρ|

1∫
−1
|q (τ)| dτ is positive. It follows that for

sufficiently large |ρ| , ρ = θ1 + iθ2, there exists a number M0 such that

m = max
−1≤x≤1

|F (x)| ≤ M0.

Using the last estimate, from Formula (3.3), we obtain the asymptotic formula

y (x) = O
(
e|θ2 ||x|

)
. (3.5)

Now, we substitute this value into the right-hand side of Formula (3.3). Then,

y (x) = cos ρx +
1
ρ

x∫
0

sin ρ (x − τ) q (τ) O
(
e|θ2 |τ

)
dτ.

After the transformation, we have

y (x) =
(
eiρx + e−iρx

)
+ O

(
e2|θ2 |

ρ

)
.

From the property of the function y (x) being even on an interval [−1, 1], we obtain the following.
Because

y (x) =
(
eiρx + e−iρx

)
+ O

(
e|θ2 |x

ρ

)
;

y (−x) =
(
eiρx + e−iρx

)
+ O

(
e−|θ2 |x

ρ

)
,

evenness holds if

O
(
e|θ2 |x

ρ

)
= O

(
e−|θ2 |x

ρ

)
,

that is, if θ2 = 0. This implies the assertion of the lemma.
Now let us consider Formula (3.4), corresponding to the odd solution. Because

z2 (x) z1 (τ) =
(
eρx − e−ρx

) (
eρτ + e−ρτ

)
= eρ(x+τ) + eρ(x−τ) − e−ρ(x−τ) − e−ρ(x+τ),

z2 (τ) z1 (x) =
(
eρτ − e−ρτ

) (
eρx + e−ρx

)
= eρ(x+τ) + e−ρ(x−τ) − eρ(x−τ) − e−ρ(x+τ),
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z2 (τ) z1 (x) − z2 (x) z1 (τ) = 2
(
e−ρ(x−τ) − eρ(x−τ)

)
∼ e|θ1 |(x−τ), 0 ≤ τ ≤ x,

from Formula (3.4), we obtain the equality

z (x) = z2 (x) +
1

4ρ

x∫
0

[
e−ρ(x−τ) − eρ(x−τ)

]
q (τ) z (τ) dτ. (3.6)

Let z (x) = e|θ1 |xF (x). Then,

e|θ1 |xF (x) = z2 (x) +
1

4ρ

x∫
0

[
e−ρ(x−τ) − eρ(x−τ)

]
q (τ) e|θ1 |τF (τ) dτ.

From the last equality, we obtain

F (x) = z2 (x) e−|θ1 |x +
1

4ρ

x∫
0

[
e−ρ(x−τ) − eρ(x−τ)

]
q (τ) e−|θ1 |xe|θ1 |τF (τ) dτ.

By straightforward transformations, we obtain the inequality

|F (x)| ≤ |z2 (x)| e−|θ1 |x +
1

2ρ

x∫
0

e|θ1 |(x−τ)q (τ) e−|θ1 |(x−τ)F (τ) dτ,

which can be written in the form

|F (x)| ≤ |z2 (x)| e−|θ1 |x +
1

2 |ρ|

x∫
−x

|q (τ)| |F (τ)| dτ.

Let us denote m = max
−1≤x≤1

|F (x)| again. Then,

m ≤

1 − 1
2 |ρ|

1∫
−1

|q (τ)| dτ


−1

.

For sufficiently large |ρ| , ρ = θ1 + iθ2, there exists a number M1 such that

m = max
−1≤x≤1

|F (x)| ≤ M1.

Consequently,
z (x) = O

(
e|θ1 |x

)
. (3.7)

We substitute the obtained value into the right-hand side of (3.4).
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z (x) = z2 (x) +
1

4ρ

x∫
0

[
e−ρ(x−τ) − eρ(x−τ)

]
O

(
e|θ1 |τ

)
q (τ) dτ (3.8)

= z2 (x) +
1

4ρ

x∫
0

O
(
e|θ|1(x−τ)

)
O

(
e|θ1 |τ

)
q (τ) dτ. (3.9)

After the transformation, we obtain

z (x) =
(
eρx − e−ρx

)
+ O

(
e|θ1 ||x|

ρ

)
.

From the oddness property of the function z (x), we obtain that the spectral parameter in the odd
equation satisfies the condition θ1 = 0. Thus, the second statement of the lemma is proved. The lemma
is then fully proved.
Remark 1. In the case of ordinary differential equations of order n, the asymptotic formulas for linearly
independent solutions are well-known (see, for example, [33]). In the case of a second-order equation,
the asymptotic formulas for the sum and difference of linearly independent solutions

y1 (x) = eiρx

[
1 + O

(
1
ρ

)]
, y2 (x) = e−iρx

[
1 + O

(
1
ρ

)]
have the form

y1 (x) + y2 (x)
2

= cos ρx + O
(
1
ρ

)
,

y1 (x) − y2 (x)
2

= sin ρx + O
(
1
ρ

)
,

if the parameter ρ is real and positive [33]. Regarding the conditions of the parameter being real and
positive, we note that the asymptotic formulas we obtained have the form

y (x) =
(
eiρx + e−iρx

)
+ O

(
e|θ2 |x

ρ

)
;

y (−x) =
(
eiρx + e−iρx

)
+ O

(
e−|θ2 |x

ρ

)
.

Therefore, parity holds if

O
(
e|θ2 |x

ρ

)
= O

(
e−|θ2 |x

ρ

)
,

that is, if θ2 = 0. Recall that ρ = θ1 + iθ2. As Example 1 in the next section shows, the parameter
ρ = θ1 + iθ2 can be complex, that is, not positive.

Let us proceed to deriving the asymptotic formulas for the derivatives of the solutions.
Lemma 3. Let q (x) ∈ C [−1, 1] be an even function. For sufficiently large |ρ| , ρ = θ1 + iθ2, and for all
x ∈ [−1, 1] , the derivative of the even part y′ (x) and the derivative of the odd part z′ (x) of the solution
of Eq (1.2) respectively have the following asymptotic form:

y′ (x) =
[
iρ

(
eiρx − e−iρx

)
+ O (1)

]
, z′ (x) = ρ

(
eρx + e−ρx

)
+ O (1) . (3.10)
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Proof. Consider Formula (3.3), corresponding to the even part of the solution of Eq (1.2):

y (x) =
(
eiρx + e−iρx

)
+

1
ρ

x∫
0

sin ρ (x − τ) q (τ) y (τ) dτ.

Let us compute its derivative,

y′ (x) = iρ
(
eiρx − e−iρx

)
+

x∫
0

cos ρ (x − τ) q (τ) y (τ) dτ.

In the right-hand side, instead of y (τ), we substitute the value (3.5) from Lemma 2.

y′ (x) = iρ
(
eiρx − e−iρx

)
+

x∫
0

cos ρ (x − τ) q (τ) O
(
e|θ2 |τ

)
dτ.

From this, we obtain
y′ (x) = iρ

(
eiρx − e−iρx

)
+ O (1) .

The first formula from (3.10) is proved. To prove the second formula from (3.10), we compute the
derivative of function (3.6),

z (x) = z2 (x) +
1

4ρ

x∫
0

[
e−ρ(x−τ) − eρ(x−τ)

]
q (τ) z (τ) dτ.

As in the previous case, we substitute the value (3.7) from Lemma 2 for z (τ) in the right-hand side
of the last equality. Then,

z′ (x) = ρ
(
eρx + e−ρx

)
−

1
4

x∫
0

[
e−ρ(x−τ) + eρ(x−τ)

]
q (τ) O

(
e|θ1 ||τ|

)
dτ.

Because the function z (x) is odd, this implies the equality

z′ (x) = ρ
(
eρx + e−ρx

)
+ O (1) .

The second assertion of the lemma is proven, and the lemma is thus proved.

4. Asymptotic formulas for eigenvalues and eigenfunctions of the non-self-adjoint boundary
value problem for a second-order differential equation with involution

Consider the linear second-order differential equation with involution (1.2), where λ is a
certain parameter, and the second derivative of the unknown function u (x) involves an involution
transformation S u (x) = u (−x). We will study Eq (1.2) with non-self-adjoint boundary conditions

u (−1) = 0, u′ (1) = u′ (−1) . (4.1)
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The function u (x) will be called an eigenfunction of the boundary value problem (1.2), (4.1),
corresponding to the eigenvalue λ, if it is absolutely continuous together with its first derivative on
the interval (−1, 1) and satisfies Eq (1.2) and the boundary conditions (4.1).

Equation (1.1) has linearly independent solutions eiρx + e−iρx , eρx − e−ρx.
Example 1. Note that the non-self-adjoint spectral problem (1.1), (4.1) has two sequences of

eigenvalues
λk1 = −(kπ)2, λk2 = (kπ)2, k = 1, 2, ...

The system of nonorthogonal eigenfunctions of the spectral problem (1.2), (4.1) has the form

u0(x) = x + 1, uk1(x) = sin kπx, uk2(x) = (−1)k ekπx − e−kπx

ekπ − e−kπ + cos kπx.

According to Theorem 2, the general solution of Eq (1.2) has the form

u (x) = C1y (x) +C2z (x) ,

where the even function y (x) and the odd function z (x) are linearly independent solutions of Eq (1.2),
whose existence is established in Theorem 1. Note that the function y (x) at the ends of the segment
may not be even, and the function z (x) at the ends of the segment may not be odd.
Theorem 3. Let q (x) ∈ C [−1, 1] be even functions. Then, the eigenvalues of the spectral
problem (1.2), (4.1) form two infinite sequences:

λk1 = −

(
kπ + O

(
1
k

))2

, λk2 =

(
kπ + O

(
1
k

))2

.

Proof. Consider the general solution of Eq (1.2)

u (x) = C1y (x) +C2z (x) ,

where

y (x) =
(
eiρx + e−iρx

)
+ O

(
1
ρ

)
, z (x) =

(
eρx − e−ρx

)
+ O

(
1
ρ

)
.

We subject the function u (x) to the boundary conditions (4.1) as follows:

C1y (−1) +C2z (−1) = 0, (4.2)

C1y′ (−1) +C2z′ (−1) = C1y′ (1) +C2z′ (1) . (4.3)

Considering that

y (x) =
(
eiρx + e−iρx

)
+ O

(
1
ρ

)
,

z (x) =
(
eρx − e−ρx

)
+ O

(
1
ρ

)
,

y′ (x) =
[
iρ

(
eiρx − e−iρx

)
+ O (1)

]
,
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z′ (x) = ρ
(
eρx + e−ρx

)
+ O (1) ,

from (4.2) and (4.3), we obtain

C1

[(
eiρ + e−iρ

)
+ O

(
1
ρ

)]
+C2

[
−

(
eρ − e−ρ

)
+ O

(
1
ρ

)]
= 0,

C1

[
−iρ

(
eiρ − e−iρ

)
+ O (1)

]
+C2

[
ρ

(
eρ + e−ρ

)
+ O (1)

]
= C1

[
iρ

(
eiρ − e−iρ

)
+ O (1)

]
+C2

[
ρ

(
eρ + e−ρ

)
+ O (1)

]
.

We obtain a system of algebraic equations,

C1

[(
eiρ + e−iρ

)
+ O

(
1
ρ

)]
+C2

[
−

(
eρ − e−ρ

)
+ O

(
1
ρ

)]
= 0,

C1

[
−2iρ

(
eiρ − e−iρ

)
+ O (1)

]
= 0.

The characteristic determinant is written in the form

∆ = C2

[
−

(
eρ − e−ρ

)
+ O

(
1
ρ

)]
C1

[
−2iρ

(
eiρ − e−iρ

)
+ O (1)

]
= 0.

The equality [
−

(
eρ − e−ρ

)
+ O

(
1
ρ

)] [
−2

(
eiρ − e−iρ

)
+ O

(
1
ρ

)]
= 0

implies the following relations:

(
eρ − e−ρ

)
= O

(
1
ρ

)
;

(
eiρ − e−iρ

)
= O

(
1
ρ

)
or

e−ρ
(
e2ρ − 1

)
= O

(
1
ρ

)
; e−iρ

(
e2iρ − 1

)
= O

(
1
ρ

)
.

We get two relations. The first relation

e2ρ = 1 + O
(
1
ρ

)
⇒ 2ρ = 2kπi

(
1 + O

(
1
k

))
; ρk1 = kπi

(
1 + O

(
1
k

))
,

gives us the asymptotics of the first series of eigenvalues ρk1 = kπi
(
1 + O

(
1
k

))
. The second relation

e2iρ = 1 + O
(
1
ρ

)
gives us the asymptotics of the second series of eigenvalues ρk2 = kπ

(
1 + O

(
1
k

))
. The theorem is

proved.
Using Theorem 3 and Lemma 2, one can find asymptotic expressions for the eigenfunctions.

Theorem 4. Let q (x) ∈ C [−1, 1] be an even function. The asymptotic formulas for the eigenfunctions
of the non-self-adjoint boundary value problem (1.2), (4.1) are given by
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uk1(x) = sin kπx + O
(
1
k

)
, uk2(x) = cos kπx + (−1)k ekπx − e−kπx

ekπ − e−kπ + O
(
1
k

)
.

Proof. Let us consider the general solution of Eq (1.2)

u (x) = c1

[(
eiρx + e−iρx

)
+ O

(
1
ρ

)]
+ c2

[(
eρx − e−ρx

)
+ O

(
1
ρ

)]
. (4.4)

We substitute the value ρk1 =
(
kπ + O

(
1
k

))
i from Theorem 3 into the asymptotic expression (4.4).

Then, after some transformations, we obtain

uk1 (x) = c1

(
e−kπx + ekπx + O

(
1
k

))
+ c2

(
2i sin kπx + O

(
1
k

))
.

Let us check that the boundary conditions are met:

uk1 (−1) = c1

(
e−kπx + ekπx + O

(
1
k

))
+ c2

(
−2i sin kπ + O

(
1
k

))
= 0.

From the equality, it follows that c1 = 0. Consequently, we have obtained the asymptotics of the first
series of eigenfunctions

uk1 (x) = sin kπx + O
(
1
k

)
.

To derive the asymptotics of the second series of eigenfunctions in (4.4), we substitute ρk2 =(
kπ + O

(
1
k

))
. Then,

uk2 (x) = c1

[
2 cos kπx + O

(
1
k

)]
+ c2

[(
ekπx − e−kπx

)
+ O

(
1
k

)]
.

Satisfaction of the boundary conditions implies the equality

uk2 (−1) = c1

[
2 cos kπ + O

(
1
k

)]
− c2

[(
ekπ − e−kπ

)
+ O

(
1
k

)]
= 0.

We obtain

c1 =
1
2
, c2 =

(−1)k

ekπ − e−kπ .

Hence,

uk2 (x) = cos kπx + (−1)k ekπx − e−kπx

ekπ − e−kπ + O
(
1
k

)
.

We have obtained the asymptotics of the second series of eigenvalues. The theorem is proved.
In the spectral theory of differential operators, various estimates of eigenfunctions and their

derivatives can be used (see, for example, [34]). Using the Formula (3.10), we can similarly obtain
asymptotic formulas for the derivative of eigenfunctions.
Theorem 5. Let q (x) ∈ C [−1, 1] be an even function.The asymptotic formulas for the derivatives of
the eigenfunctions of the non-self-adjoint boundary value problem (1.2), (4.1) are given by

uk1
′ (x) = [kπ cos kπx + O (1)] , u′k2 (x) = kπ

[
sin kπx +

(
ekx + e−kπx

ekπ + e−kπ

)]
+ O (1)].
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Proof. Using Theorem 2, we write the derivative of the general solution of Eq (1.2)

u′ (x) = C1y′ (x) +C2z′ (x) , (4.5)

where
y′ (x) = iρ

(
eiρx − e−iρx

)
+ O (1) ,

z′ (x) = ρ
(
eρx + e−ρx

)
+ O (1) .

Function (4.5) satisfies the second boundary condition. Therefore, for ρk1 =
(
kπ + O

(
1
k

))
i, we have

the equality

u′k1 (−1) = C1

[
iρk1

(
−e(kπ+O( 1

k )) + e−(kπ+O( 1
k ))

)
+ O (1)

]
+C2

[
2ρk1 cos

(
kπ + O

(
1
k

))
+ O (1)

]

= u′k1 (1) = C1

[
iρk1

(
e(kπ+O( 1

k )) − e−(kπ+O( 1
k ))

)
+ O (1)

]
+C2

[
2ρk1 cos

(
kπ + O

(
1
k

))
+ O (1)

]
.

The last equality is satisfied if C1 = 0. Then, from (4.3), we obtain the asymptotics for

ρ = ρk1 =

(
kπ + O

(
1
k

))
i;

u′k1 (x) = kπ cos kπx + O (1) .

At ρ = ρk2 =
(
kπ + O

(
1
k

))
, the second boundary condition gives us equality

C1

[
−ρk12i sin

(
kπ + O

(
1
k

))
+ O (1)

]
+C2

[
ρk1

(
e(kπ+O( 1

k )) + e−(kπ+O( 1
k ))

)
+ O (1)

]
= C1

[
ρk12i sin

(
kπ + O

(
1
k

))
+ O (1)

]
+C2

[
ρk1

(
e(kπ+O( 1

k )) + e−(kπ+O( 1
k ))

)
+ O (1)

]
.

The last equality is satisfied for any C1, C2. Therefore, from (4.3), we obtain the asymptotic formula

u′k2 (x) = −2C1

(
kπ + O

(
1
k

))
sin

(
kπ + O

(
1
k

))
x (4.6)

+C2

(
kπ + O

(
1
k

)) (
e(kπ+O( 1

k ))x + e−(kπ+O( 1
k ))x

)
+ O (1) . (4.7)

By choosing constants C1, C2, after simple transformations, we obtain an asymptotic formula for
the derivative of an eigenfunction

u′k2 (x) = kπ
[
sin kπx +

(
ekπx + e−kπx

ekπ + e−kπ

)]
+ O (1)].

The theorem is proved.
The proven theorem shows that the asymptotic behavior of the derivative u′k2 (x) does not coincide

with the derivative of the asymptotic behavior of the eigenfunctions uk2 (x).
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From Theorems 4 and 5 follow estimates of the norms of the derivative of the eigenfunctions.
Theorem 6. Let q (x) ∈ C [−1, 1] be an even function. For the derivatives of the eigenfunctions of the
non-self-adjoint boundary value problem (1.2), (4.1), the following estimates hold:

∥uk1
′ (x)∥C[−1,1] ≤ C3

√
|λk1|∥uk1 (x)∥C[−1,1], ∥uk2

′ (x)∥C[−1,1] ≤ C4

√
|λk2|∥uk2 (x)∥C[−1,1]

for all indices k,where the constants C3, C4 do not depend on the index.
Proof. By Theorem 5, we have

u′k1 (x) = kπ cos kπx + O (1) .

Hence, it follows that

max
−1≤x≤1

|u′k1 (x)| = kπ + O (1) = kπ
(
1 + O

(
1
k

))
.

Because

uk1 (x) = sin kπx + O
(
1
k

)
,

it follows from Theorem 4 that

max
−1≤x≤1

|uk1 (x)| = 1 + O
(
1
k

)
.

Consequently,

max
−1≤x≤1

|u′k1 (x)| = kπ
(

max
−1≤x≤1

|uk1 (x)| + O
(
1
k

))
.

This means that there exists a number C3 such that the first assertion of the theorem holds. Analogously,
the second inequality is proved. The theorem is proved.

The following theorem provides estimates for various norms of the eigenfunctions.
Theorem 7. Let q (x) ∈ C [−1, 1] be an even function. The norms of the eigenfunctions of the non-
self-adjoint boundary value problem (1.2), (4.1) satisfy the following estimates

∥uk1 (x)∥C[−1,1] ≤ C5∥uk1 (x)∥L2(−1,1), ∥uk2 (x)∥C[−1,1] ≤ C6∥uk2 (x)∥L2(−1,1)

for all indices k, where the constants C5, C6 do not depend on the index.
Proof. Let us compute the L2 (−1, 1)-norm of the eigenfunction uk1 (x):

1∫
−1
|uk1 (x)|2dx =

1∫
−1

∣∣∣∣cos kπx + O
(

1
k

)∣∣∣∣2dx =
1∫
−1

(
cos2kπx + O

(
1
k

)
+ O

(
1
k2

))
dx

=
1∫
−1

(
1+cos 2kπx

2 + O
(

1
k

)
+ O

(
1
k2

))
dx = 1 + O

(
1
k

)
+ O

(
1
k2

)
.

The L2 (−1, 1)-norm of the eigenfunction uk1 (x) is equal to

∥uk1 (x)∥L2(−1,1) =

√
1 + O

(
1
ρk1

)
.

Similarly, we compute the L2 (−1, 1)-norm of the eigenfunction uk2 (x). Comparing with Theorem 5,
we obtain the statement of the theorem. The theorem is proved.
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5. Conclusions

In this work, asymptotic formulas for the eigenvalues and eigenfunctions of a non-self-adjoint
boundary value problem for a second-order involutive differential equation with a complex-valued
potential have been obtained.

The results of this study can be applied to the analysis of problems for pseudoparabolic equations
with involution. The developed approaches can also be extended to investigate the asymptotics of
eigenvalues and eigenfunctions of other boundary value problems.

The obtained estimates of the norms of the derivatives of eigenfunctions, as well as the relationships
between different norms of eigenfunctions, may have important applications.
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