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1. Introduction

Spline approximation is an important tool in numerical analysis and approximation theory
because of its flexibility, smoothness, and good approximation performance. In recent years, many
approximation methods based on splines and iterative techniques have been developed. For example,
Guo and Liu [1] studied knot optimization in B-spline curve approximation. Liu et al. [2–4]
investigated spline-based numerical schemes and progressive iterative approximation methods. Tan
et al. [5] and Wu et al. [6] further developed accelerated iterative methods for approximation problems.

Classical spline interpolation is usually constructed from function values at knots. However, in
many practical problems, the pointwise values of the target function are not directly available, while
only the integral values or average values over successive subintervals can be measured. Such problems
arise in mechanics, statistics, climatology, oceanography, electricity, and numerical analysis. This
need is also consistent with the broader role of numerical approximation techniques in scientific and
engineering problems, including fractional differential models and circuit analysis [7], where effective
approximation tools are required when only limited information is available. Therefore, reconstructing
an approximating function from integral values over successive intervals has become an important
topic in spline approximation.
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The study of integro splines was initiated by Behforooz [8], who constructed integro cubic splines
by using integral values instead of function values at knots and analyzed approximation problems under
several end conditions. Later, different types of integro spline interpolation methods were developed.
Lang and Xu [9] studied integro quartic spline interpolation based on quartic B-splines, and further
proposed a quintic B-spline method for integro interpolation in [10]. Zhanlav and Mijiddorj [11]
investigated integro quintic splines and their approximation properties. Wu and Zhang [12] considered
integro sextic spline interpolation and its superconvergence. Moreover, Wu et al. [13] analyzed
even-degree spline interpolation from integral values of successive intervals and showed that the
quartic spline has favorable smoothness properties. Boujraf et al. [14] proposed a simple method
for constructing integro spline quasi-interpolants. These studies demonstrate that integro spline
interpolation is an effective approach for reconstructing functions from integral data.

In addition to global integro spline constructions, local integro splines have attracted attention
because they are easy to implement and usually avoid solving large systems of linear equations.
Zhanlav and Mijiddorj [15] constructed local integro cubic splines and studied their approximation
properties. They later proposed a local construction of integro quartic splines [16], deriving explicit
formulae for the spline values and derivative values at the knots. Guo et al. [17] studied local integro
splines with optimized knots, and Mijiddorj and Zhanlav [18] developed an algorithm for constructing
local integro splines. More recently, integro cubic splines on non-uniform grids were investigated
in [19]. These works provide useful theoretical and computational foundations for local integro spline
approximation.

Besides approximation accuracy, shape preservation is also an important issue in spline
approximation. In many applications, the reconstructed curve is expected to preserve qualitative
properties such as positivity, monotonicity, and convexity. For classical spline approximation,
shape-preserving problems have been widely studied; for example, Han [20] investigated convexity-
preserving approximation by univariate cubic splines, and Zhu and Han [21] studied rational quartic
interpolation splines with local shape-preserving properties. For integro splines, however, the
corresponding shape-preserving theory is less developed. Zhanlav and Mijiddorj [22] discussed
the convexity and monotonicity properties of the local integro cubic spline and provided sufficient
conditions for shape preservation.

Compared with the local integro cubic spline, the local integro quartic spline has higher smoothness
and better approximation performance [9–11]. Although the construction and approximation properties
of local integro quartic splines were studied in [16], their shape-preserving properties have not been
sufficiently investigated. In particular, sufficient conditions that guarantee convexity, monotonicity,
and positivity preservation for the local integro quartic spline remain to be established. These factors
inspire us to investigate the local integro quartic spline.

The main contributions of this paper are summarized as follows:

• The shape-preserving properties of the local integro quartic spline are investigated.
• Sufficient conditions for convexity and monotonicity preservation are established.
• A positivity-preserving condition is derived based on the B-spline coefficients.
• Numerical examples are provided to verify the theoretical results and illustrate the approximation

performance.

The rest of this paper is organized as follows. Section 2 introduces preliminary results on the
local integro quartic spline and its B-spline representation. Section 3 derives sufficient conditions
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for convexity, monotonicity, and positivity preservation. Section 4 presents numerical examples to
verify the theoretical results and compare the approximation behavior of local integro cubic and quartic
splines. Section 5 concludes the paper.

2. Preliminaries

Let I = [a, b] be divided into n subintervals by the equidistant knots xi = a+ ih, where h = (b−a)/n.
Let S (x) be a local integro quartic spline belonging to C3[a, b]. The spline S (x) is constructed to satisfy
the integral interpolation conditions

∫ xi+1

xi

S (x)dx = Ii =

∫ xi+1

xi

y(x)dx, i = 0, 1, ..., n − 1, (2.1)

and

S (x0) = y(x0), S (x1) = y(x1), S (xn−1) = y(xn−1), S (xn) = y(xn).

Where Ii denotes the given integral value of y(x) over the interval [xi, xi+1].
The B-spline representation of S (x) is given by [23]

S (x) =
n+1∑
j=−2

c jB j(x), (2.2)

where B j(x)( j = −2,−1, ..., n + 1) are linearly independent and form the basis for S (I). For the sake
of convenience in writing, we use the following notation: yi = y(xi), S i = S (xi), mi = S ′(xi), Mi =

S ′′(xi), Ti = S ′′′(xi), i = 0, 1, ..., n.
From [16], we obtained the explicit and approximate formulae as follows

ci =
13Ii−3 − 39Ii−2 − 94Ii−1 + 746Ii − 159Ii+1 + 13Ii+2

480h
, i = 3, 4, ..., n − 3, (2.3)

ci = S i +
h
2

mi −
h2

12
Mi −

h3

12
Ti, i = 0, 1, .., n, (2.4)

ci−2 + 26ci−1 + 66ci + 26ci+1 + ci+2 =
120Ii

h
, i = 0, 1, ..., n − 1, (2.5)

in which we neglect the small term, and where

S 0 = (147I0 − 213I1 + 237I2 − 163I3 + 62I4 − 10I5)/(60h),
S 1 = (10I0 + 87I1 − 63I2 + 37I3 − 13I4 + 2I5)/(60h),
S 2 = (−2I0 + 22I1 + 57I2 − 23I3 + 7I4 − I5)/(60h),
S i = (Ii−3 − 8Ii−2 + 37Ii−1 + 37Ii − 8Ii+1 + Ii+2)/(60h), i = 3, 4, ..., n − 3,
S n−2 = (−In−6 + 7In−5 − 23In−4 + 57In−3 + 22In−2 − 2In−1)/(60h),
S n−1 = (2In−6 − 13In−5 + 37In−4 − 63In−3 + 87In−2 + 10In−1)/(60h),
S n = (−10In−6 + 62In−5 − 163In−4 + 237In−3 − 213In−2 + 147In−1)/(60h),

(2.6)
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m0 = (−45I0 + 109I1 − 105I2 + 51I3 − 10I4)/(12h2),
m1 = (−10I0 + 5I1 + 9I2 − 5I3 + I4)/(12h2),
mi = (Ii−2 − 15Ii−1 + 15Ii − Ii+1)/(12h2), i = 2, 3, ..., n − 2,
mn−1 = (−In−5 + 5In−4 − 9In−3 − 5In−2 + 10In−1)/(12h2),
mn = (10In−5 − 51In−4 + 105In−3 − 109In−2 + 45In−1)/(12h2),

(2.7)

M0 = (49I0 − 183I1 + 278I2 − 218I3 + 89I4 − 15I5)/(8h3),
M1 = (15I0 − 41I1 + 42I2 − 22I3 + 7I4 − I5)/(8h3),
M2 = (I0 + 9I1 − 26I2 + 22I3 − 7I4 + I5)/(8h3),
Mi = (−Ii−3 + 7Ii−2 − 6Ii−1 − 6Ii + 7Ii+1 − Ii+2)/(8h3), i = 3, 4, ..., n − 3,
Mn−2 = (In−6 − 7In−5 + 22In−4 − 26In−3 + 9In−2 + In−1)/(8h3),
Mn−1 = (−In−6 + 7In−5 − 22In−4 + 42In−3 − 41In−2 + 15In−1)/(8h3),
Mn = (−15In−6 + 89In−5 − 218In−4 + 278In−3 − 183In−2 + 49In−1)/(8h3),

(2.8)

and
T0 = (−3I0 + 11I1 − 15I2 + 9I3 − 2I4)/h4,

T1 = (−2I0 + 7I1 − 9I2 + 5I3 − I4)/h4,

Ti = (−Ii−2 + 3Ii−1 − 3Ii + Ii+1)/h4, i = 2, 3, ..., n − 2,
Tn−1 = (In−5 − 5In−4 + 9In−3 − 7In−2 + 2In−1)/h4,

Tn = (2In−5 − 9In−4 + 15In−3 − 11In−2 + 3In−1)/h4.

(2.9)

3. Shape-preserving properties of local integro quartic spline

3.1. Convexity-preserving and monotonicity-preserving conditions for the local integro quartic spline

Suppose that we have the data

Ii, i = 0, 1, . . . , n − 1, (3.1)

where Ii satisfy (2.1). The integral data sequence (3.1), or equivalently the corresponding cell-average
sequence, is called monotonically increasing in the discrete sense if

ai =
Ii+1 − Ii

h
> 0, i = 0, 1, . . . , n − 2. (3.2)

It is called convex in the discrete sense if

ai ≥ ai−1, i = 1, 2, . . . , n − 2. (3.3)

It should be emphasized that the above definitions describe only the discrete behavior of the given
integral data sequence. Since the partition is uniform, Ii/h can be regarded as the cell average of y(x)
on [xi, xi+1]. Thus, the quantity (3.2) represents the finite difference of the cell-average data. These
definitions are not intended to characterize the pointwise monotonicity or convexity of the underlying
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function y(x), since the integral values do not uniquely determine y(x). In this paper, the shape-
preserving results concern the constructed local integro quartic spline S (x).

We first discuss sufficient conditions for convexity preservation. The following Lemma 3.1 provides
algebraic conditions on the integral data that ensure the nonnegativity of the second derivatives of the
spline at the knots in Theorem 3.1.

The following lemma gives a set of additional algebraic sufficient conditions on the integral data
sequence to ensure Mi ≥ 0 at all knots.

Lemma 3.1. If data (3.1) satisfies the inequalities

ai−3 − 6ai−2 + 6ai − ai+1 ≥ 0, i = 3, 4, ..., n − 3,
− 49a0 + 134a1 − 144a2 + 74a3 − 15a4 ≥ 0,
− 15a0 + 26a1 − 16a2 + 6a3 − a4 ≥ 0,
− a0 − 10a1 + 16a2 − 6a3 + a4 ≥ 0,
− an−6 + 6an−5 − 16an−4 + 10an−3 + an−2 ≥ 0,
an−6 − 6an−5 + 16an−4 − 26an−3 + 15an−2 ≥ 0,
15an−6 − 74an−5 + 144an−4 − 134an−3 + 49an−2 ≥ 0,

(3.4)

then for i = 0, 1, . . . , n, we have Mi ≥ 0.

Proof. According to (2.8) and (3.2), the second-order derivatives of S (x) at the equidistant knots are
expressed as

Mi =
ai−3 − 6ai−2 + 6ai − ai+1

8h2 , i = 3, 4, ..., n − 3.

Similarly, M0,M1,M2,Mn−2,Mn−1, and Mn are expressed as

M0 =
−49a0 + 134a1 − 144a2 + 74a3 − 15a4

8h2 ,

M1 =
−15a0 + 26a1 − 16a2 + 6a3 − a4

8h2 ,

M2 =
−a0 − 10a1 + 16a2 − 6a3 + a4

8h2 ,

Mn−2 =
−an−6 + 6an−5 − 16an−4 + 10an−3 + an−2

8h2 ,

Mn−1 =
an−6 − 6an−5 + 16an−4 − 26an−3 + 15an−2

8h2 ,

Mn =
15an−6 − 74an−5 + 144an−4 − 134an−3 + 49an−2

8h2 .

If condition (3.4) is satisfied, then for i = 0, 1, . . . , n, we have Mi ≥ 0. □

Theorem 3.1. Assume that the integral data sequence satisfies the additional sufficient conditions in
Lemma 3.1. If the following condition is also satisfied, then S ′′(x) ≥ 0 on [a, b], and hence S (x) is
convex on [a, b].
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(i) Mi ≥ 0.
(ii) If, in addition, there exists interval (xi, xi+1) such that Ti < 0 and Ti+1 > 0, then it is required that

Mi +
h
2Ti ≥ 0.

Then, S ′′(x) ≥ 0 on [a, b], and S (x) is convex on [a, b].

Proof. We represent the function S ′′(x) in the form of a piecewise polynomial, where for x ∈
[xi, xi+1], i = 0, 1, ..., n − 1, it can be represented as

S ′′(x) = Mi + Tiht +
Ti+1 − Ti

2
ht2, t =

x − xi

h
.

The critical point for S ′′(x) is located at

t∗ =
Ti

Ti − Ti+1
.

It is straightforward to show that t∗ < (0, 1) when TiTi+1 > 0. Therefore, we have 0 ≤
min(Mi,Mi+1) < S ′′(x) ≤ max(Mi,Mi+1).

Additionally, t∗ ∈ (0, 1) when TiTi+1 < 0. The function S ′′(x) reaches a local extremum at t∗. There
are two possible cases:

(a) If Ti > 0 and Ti+1 < 0, then S ′′(x) has a local maximum at t∗. In this case, by virtue of (i), we
have S ′′(x) ≥ min(Mi,Mi+1) ≥ 0 on [xi, xi+1].

(b) If Ti < 0 and Ti+1 > 0, then S ′′(x) has a local minimum at t∗. In this case, by virtue of (ii), we
have

S ′′(t∗) = Mi +
h
2

Tit∗ > Mi +
h
2

Ti ≥ 0.

Therefore, we have S ′′(x) ≥ S ′′(t∗) ≥ 0 on [xi, xi+1]. This completes the proof of the theorem. □

Next, we consider monotonicity preservation. The following Lemma 3.2 gives sufficient conditions
under which the first derivatives of the local integro quartic spline at the knots are nonnegative in
Theorem 3.2.

The following lemma provides additional sufficient conditions on the integral data sequence under
which the first derivatives of the constructed spline at the knots satisfy mi ≥ 0.

Lemma 3.2. If data (3.1) satisfies the inequalities

− ai−2 + 14ai−1 − ai ≥ 0, i = 2, 3, ..., n − 2,
45a0 − 64a1 + 41a2 − 10a3 ≥ 0,
10a0 + 5a1 − 4a2 + a3 ≥ 0,
an−5 − 4an−4 + 5an−3 + 10an−2 ≥ 0,
− 10an−5 + 41an−4 − 64an−3 + 45an−2 ≥ 0,

(3.5)

then for i = 0, 1, . . . , n, we have mi ≥ 0.

AIMS Mathematics Volume 11, Issue 7, 22034–22051.



22040

Proof. According to (2.7) and (3.2), the first-order derivatives of S (x) are expressed as

mi =
−ai−2 + 14ai−1 − ai

12h
, i = 2, 3, ..., n − 2.

Similarly, m0,m1,mn−1, and mn are expressed as

m0 =
45a0 − 64a1 + 41a2 − 10a3

12h
,

m1 =
10a0 + 5a1 − 4a2 + a3

12h
,

mn−1 =
an−5 − 4an−4 + 5an−3 + 10an−2

12h
,

mn =
−10an−5 + 41an−4 − 64an−3 + 45an−2

12h
.

If these satisfy (3.5), then for i = 0, 1, . . . , n, we have mi ≥ 0. □

Theorem 3.2. Assume that the integral data sequence satisfies the additional sufficient conditions in
Lemma 3.2. If the following condition is also satisfied, then S ′(x) ≥ 0 on [a, b], and hence S (x) is
monotonically increasing on [a, b].

(i) mi ≥ 0.
(ii) In addition, if there exist intervals (xi.xi+1) such that T 2

i h − 2(Ti+1 − Ti)Mi ≥ 0, then, when any of
the following four cases occur, (a)Ti+1 > 0, Mi < 0, (Ti+1 + Ti)h + 2Mi > 0, (b)Ti > 0, Mi < 0,
(Ti+1 + Ti)h + 2Mi > 0, (c)Ti > 0 > Ti+1, Mi < 0, (Ti+1 + Ti)h + 2Mi < 0, (d)Ti > 0, Mi < 0,
(Ti+1 + Ti)h + 2Mi > 0, the following condition must be satisfied:

S ′(xi + ht1) ≥ 0,

where t1 =
−Tih+
√

T 2
i h2−2h(Ti+1−Ti)Mi

(Ti+1−Ti)h
.

Then, S ′(x) > 0 on [a, b], that is, S (x) is monotone increasing on [a, b].

Proof. We represent the function S ′(x) in the form of a piecewise polynomial, where for x ∈
[xi, xi+1], i = 0, 1, ..., n − 1, it can be represented as

S ′(x) =
Ti+1 − Ti

6
h2t3 +

Ti

2
h2t2 + Miht + mi, t =

x − xi

h
.

Thus, we have

S ′′(x) = Mi + Tiht +
Ti+1 − Ti

2
ht2.

If T 2
i h − 2(Ti+1 − Ti)Mi < 0, the inequality S ′′(x) > 0 (or S ′′(x) < 0) is established. Then, S ′(x) is

monotonically increasing (or monotonically decreasing) on [xi, xi+1], and the minimum occurs at x = xi

(or x = xi+1).

S ′(x) ≥ S ′(xi) = mi ≥ 0 (or S ′(x) ≥ S ′(xi+1) = mi+1 ≥ 0).
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If T 2
i h − 2(Ti+1 − Ti)Mi ≥ 0, letting S ′′(x) = 0, we obtain

t1 =
−Tih +

√
T 2

i h2 − 2h(Ti+1 − Ti)Mi

(Ti+1 − Ti)h
, t2 =

−Tih −
√

T 2
i h2 − 2h(Ti+1 − Ti)Mi

(Ti+1 − Ti)h
.

When Ti+1 > Ti, we have t2 < t1. We have the following possible cases.

• If t2 < t1 < 0 or 1 < t2 < t1, then S ′′(x) > 0 for t ∈ (0, 1). Therefore, S ′(x) is monotonically
increasing on [xi, xi+1], and the minimum occurs at x = xi.

S ′(x) ≥ S ′(xi) = mi ≥ 0.

• If t2 < 0 < t1 < 1, i.e., Ti+1 > 0, Mi < 0, (Ti+1 + Ti)h + 2Mi > 0, then S ′′(x) < 0 for t ∈ (0, t1),
and S ′′(x) > 0 for t ∈ (t1, 1). Therefore, S ′(x) is monotonically decreasing on [xi, xi + ht1], and
the minimum occurs at x = xi + ht1. S ′(x) is monotonically increasing on [xi + ht1, xi+1], and the
minimum occurs at x = xi + ht1. In this case, by virtue of (ii), we have

S ′(x) ≥ S ′(xi + ht1) ≥ 0.

• If 0 < t2 < t1 < 1, i.e., Ti < 0, Ti+1 > 0, Mi > 0, (Ti+1 + Ti)h + 2Mi > 0, then S ′′(x) > 0 for
t ∈ (0, t2), S ′′(x) < 0 for t ∈ (t2, t1), and S ′′(x) > 0 for t ∈ (t1, 1). Therefore, S ′(x) is monotonically
increasing on [xi, xi + ht2], and the minimum occurs at x = xi; S ′(x) is monotonically decreasing
on [xi + ht2, xi + ht1], and the minimum occurs at x = xi+1; and S ′(x) is monotonically increasing
on [xi + ht1, 1], and the minimum occurs at x = xi + ht1. In this case, by virtue of (ii), we have

S ′(x) ≥ min(S ′(xi), S ′(xi+1), S ′(xi + ht1)) = min(mi,mi+1, S ′(xi + ht1)) ≥ 0.

• If t2 < 0 < 1 < t1, then S ′′(x) < 0 for t ∈ (0, 1). Therefore, S ′(x) is monotonically decreasing on
[xi, xi+1], and the minimum occurs at x = xi+1.

S ′(x) ≥ S ′(xi+1) = mi+1 ≥ 0.

• If 0 < t2 < 1 < t1, then S ′′(x) > 0 for t ∈ (0, t2), and S ′′(x) < 0 for t ∈ (t2, 1). Therefore,
S ′(x) is monotonically increasing on [xi, xi + ht2], and the minimum occurs at x = xi. S ′(x) is
monotonically decreasing on [xi + ht2, xi+1], and the minimum occurs at x = xi+1.

S ′(x) ≥ min(S ′(xi), S ′(xi+1)) = min(mi,mi+1) ≥ 0.

When Ti+1 < Ti, we have t1 < t2. There are the following possible cases.

• If t1 < t2 < 0 or 1 < t1 < t2, then S ′′(x) < 0 for t ∈ (0, 1). Therefore, S ′(x) is monotonically
decreasing on [xi, xi+1], and the minimum occurs at x = xi+1.

S ′(x) ≥ S ′(xi+1) = mi+1 ≥ 0.

• If t1 < 0 < t2 < 1, then S ′′(x) > 0 for t ∈ (0, t2), and S ′′(x) < 0 for t ∈ (t2, 1). Therefore,
S ′(x) is monotonically increasing on [xi, xi + ht2], and the minimum occurs at x = xi, and S ′(x) is
monotonically decreasing on [xi + ht2, xi+1], and the minimum occurs at x = xi+1.

S ′(x) ≥ min(S ′(xi), S ′(xi+1)) = min(mi,mi+1) ≥ 0.
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• If t1 < 0 < 1 < t2, then S ′′(x) > 0 for t ∈ (0, 1). Therefore, S ′(x) is monotonically increasing on
[xi, xi+1], and the minimum occurs at x = xi.

S ′(x) ≥ S ′(xi) = mi > 0.

• If 0 < t1 < t2 < 1, i.e., Ti > 0 > Ti+1, Mi < 0, (Ti+1 + Ti)h + 2Mi < 0, then S ′′(x) < 0
for t ∈ (0, t1), S ′′(x) > 0 for t ∈ (t1, t2), and S ′′(x) < 0 for t ∈ (t2, 1). Therefore, S ′(x) is
monotonically decreasing on [xi, xi + ht1], and the minimum occurs at x = xi + ht1; S ′(x) is
monotonically increasing on [xi + ht1, xi + ht2], and the minimum occurs at x = xi + ht1; and S ′(x)
is monotonically decreasing on [xi + ht2, xi+1], and the minimum occurs at x = xi+1. In this case,
by virtue of (ii), we have

S ′(x) ≥ min(S ′(xi+1), S ′(xi + ht1)) = min(mi+1, S ′(xi + ht1)) ≥ 0.

• If 0 < t1 < 1 < t2, i.e., Ti > 0, Mi < 0, (Ti+1 + Ti)h + 2Mi > 0, then S ′′(x) < 0 for t ∈ (0, t1), and
S ′′(x) > 0 for t ∈ (t1, 1). Therefore, S

′

(x) is monotonically decreasing on [xi, xi + ht1], and the
minimum occurs at x = xi + ht1; and S ′(x) is monotonically increasing on [xi + ht1, xi+1], and the
minimum occurs at x = xi + ht1. In this case, by virtue of (ii), we have

S ′(x) ≥ S ′(xi + ht1) ≥ 0.

Thereby, we have S ′(x) ≥ 0 on [xi, xi+1]. This completes the proof of the theorem. □

3.2. Positivity-preserving conditions for the local integro quartic spline

The following theorem provides sufficient conditions for the positivity-preserving property of the
local integro quartic spline.

Theorem 3.3. Let S (x) be the local integro quartic spline defined by (2.2), with coefficients determined
by (2.3), (2.4), and (2.5). If the data in (3.1) satisfy the inequalities

13Ii−3 − 39Ii−2 − 94Ii−1 + 746Ii − 159Ii+1 + 13Ii+2 ≥ 0, i = 3(1)n − 3,
151I0 + 951I1 − 994I2 + 446I3 − 69I4 − 5I5 ≥ 0,
− 115I0 + 721I1 − 174I2 + 106I3 − 79I4 + 21I5 ≥ 0,
39I0 − 289I1 + 1006I2 − 354I3 + 91I4 − 13I5 ≥ 0,
− 13In−6 + 91In−5 − 234In−4 + 166In−3 + 551In−2 − 81In−1 ≥ 0,
21In−6 − 199In−5 + 706In−4 − 1254In−3 + 1081In−2 + 125In−1 ≥ 0,
− 5In−6 + 171In−5 − 874In−4 + 2006In−3 − 2529In−2 + 1711In−1 ≥ 0,
2637I0 − 7159I1 + 11266I2 − 10134I3 + 4801I4 − 931I5 ≥ 0,
− 17977I0 + 104911I1 − 223794I2 + 231646I3 − 118309I4 + 24003I5 ≥ 0,
− 931In−6 + 6361In−5 − 17707In−4 + 25546In−3 − 19759In−2 + 6970In−1 ≥ 0,

(3.6)

then S (x) > 0 on [a, b].
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Proof. According to (2.3), it is clear that ci ≥ 0, for i = 3, 4, ..., n−3, under conditions (3.6). From (2.4),
(2.6), (2.7), (2.8), and (2.9), we obtain

c0 =
151I0 + 951I1 − 994I2 + 446I3 − 69I4 − 5I5

480h
,

c1 =
−115I0 + 721I1 − 174I2 + 106I3 − 79I4 + 21I5

480h
,

c2 =
39I0 − 289I1 + 1006I2 − 354I3 + 91I4 − 13I5

480h
,

cn−2 =
−13In−6 + 91In−5 − 234In−4 + 166In−3 + 551In−2 − 81In−1

480h
,

cn−1 =
21In−6 − 199In−5 + 706In−4 − 1254In−3 + 1081In−2 + 125In−1

480h
,

cn =
−5In−6 + 171In−5 − 874In−4 + 2006In−3 − 2529In−2 + 1711In−1

480h
.

From (2.5) and the above ci, i = 0, 1, 2, n − 2, n − 1, n, we have

c−1 =
2637I0 − 7159I1 + 11266I2 − 10134I3 + 4801I4 − 931I5

480h
,

c−2 =
−17977I0 + 104911I1 − 223794I2 + 231646I3 − 118309I4 + 24003I5

480h
,

cn+1 =
−931In−6 + 6361In−5 − 17707In−4 + 25546In−3 − 19759In−2 + 6970In−1

480h
.

By virtue of (3.6), we have ci ≥ 0, i = −2,−1, 0, 1, 2, n − 2, n − 1, n, n + 1. □

4. Numerical examples

In this section, numerical examples are presented to verify the shape-preserving properties of the
local integro quartic spline. Different from a simple comparison of approximation errors, we check
whether the sufficient conditions in Theorems 3.1–3.3 are satisfied for each data set. We also compute
the minimum values of S (x), S ′(x), and S ′′(x) on a fine grid to verify positivity, monotonicity, and
convexity preservation, respectively.

The error between the target function f (x) and the spline approximation S (x) on [a, b] is measured
by

d = ∥S (x) − f (x)∥∞, x ∈ [a, b].
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Example 4.1. Let

f (x) = ex, x ∈ [0, 2].

The function f (x) = ex is positive, monotonically increasing, and convex on [0, 2]. The integral data
are generated by

Ii =

∫ xi+1

xi

ex dx = exi+1 − exi , i = 0, 1, . . . , n − 1.

In this example, we take n = 20, and construct both the local integro cubic spline and the local integro
quartic spline.

For this data set, the sufficient conditions in Theorems 3.1–3.3 are satisfied. Therefore, according to
Theorems 3.1–3.3, the constructed local integro quartic spline should preserve convexity, monotonicity,
and positivity. To verify these shape-preserving properties, we compute the minimum values of S (x),
S ′(x), and S ′′(x) on a fine grid of [0, 2]. The numerical results are listed in Table 1. They show that

min
x∈[0,2]

S (x) > 0, min
x∈[0,2]

S ′(x) > 0, min
x∈[0,2]

S ′′(x) > 0.

Hence, the local integro quartic spline is positive, monotonically increasing, and convex on [0, 2]. This
verifies the conclusions of Theorems 3.1–3.3 and shows that the proposed spline preserves the shape
of the data when the sufficient conditions are satisfied (see Table 1).

In addition to the verification of shape-preserving properties, we compare the approximation errors
of the local integro cubic spline and the local integro quartic spline. As shown in Figure 1, both splines
approximate ex well, but the local integro quartic spline gives a smaller approximation error. This
indicates that the local integro quartic spline not only preserves the desired shape properties, but also
improves the approximation accuracy compared with the local integro cubic spline.

Table 1. Shape-preserving verification for f (x) = ex on [0, 2].

n Conditions satisfied min S (x) min S ′(x) min S ′′(x)
20 Theorems 3.1–3.3 0.9999998 0.9999061 0.9997513
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Figure 1. Comparison of local integro cubic and quartic splines for f (x) = ex on [0, 2].

Example 4.2. Let
g(x) = sin x, x ∈ [0, 2.5].

The integral data are generated by

Ii =

∫ xi+1

xi

sin x dx = cos xi − cos xi+1, i = 0, 1, . . . , n − 1.

We take n = 32 and construct both the local integro cubic spline and the local integro quartic spline.
For this data set, the positivity condition in Theorem 3.3 is satisfied, while the sufficient

conditions for convexity and monotonicity in Theorems 3.1 and 3.2 are not satisfied on the whole
interval. Therefore, the local integro quartic spline is expected to preserve positivity, whereas global
monotonicity and convexity are not guaranteed. To verify this, we compute the minimum values of
S (x), S ′(x), and S ′′(x) on a fine grid of [0, 2.5]. The numerical results show that

min
x∈[0,2.5]

S (x) = 6.6046 × 10−9 > 0,

whereas
min

x∈[0,2.5]
S ′(x) = −0.8011269 < 0, min

x∈[0,2.5]
S ′′(x) = −0.9999978 < 0.

Moreover, S ′(x) and S ′′(x) change sign on the interval. This confirms that the constructed local integro
quartic spline preserves positivity, but is not globally monotone or convex, which is consistent with the
theoretical results (see Table 2).

The approximation errors are also shown in Figure 2. The error curves indicate that the local integro
quartic spline provides better approximation accuracy than the local integro cubic spline.

AIMS Mathematics Volume 11, Issue 7, 22034–22051.



22046

Table 2. Shape-preserving verification for g(x) = sin x on [0, 2.5].

n Conditions satisfied min S (x) Sign of S ′(x) Sign of S ′′(x)
32 Theorem 3.3 6.6046 × 10−9 sign-changing sign-changing
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Figure 2. Comparison of local integro cubic and quartic splines for g(x) = sin x on [0, 2.5].

Example 4.3. Let
p(x) = sin(4x), x ∈ [0, 2π].

The integral data are generated by

Ii =

∫ xi+1

xi

sin(4x) dx =
cos(4xi) − cos(4xi+1)

4
, i = 0, 1, . . . , n − 1.

We take n = 64 and construct both the local integro cubic spline and the local integro quartic spline.
For this oscillatory data set, the sufficient conditions in Theorems 3.1–3.3 are not satisfied on the

whole interval. Therefore, positivity, monotonicity, and convexity are not guaranteed. To verify this,
we compute the minimum and maximum values of S (x), S ′(x), and S ′′(x) on a fine grid of [0, 2π]. The
numerical results show that

min
x∈[0,2π]

S (x) = −1.0001322 < 0, max
x∈[0,2π]

S (x) = 1.0001321 > 0,

min
x∈[0,2π]

S ′(x) = −4.0095224 < 0, max
x∈[0,2π]

S ′(x) = 4.0095224 > 0,

and
min

x∈[0,2π]
S ′′(x) = −15.9784255 < 0, max

x∈[0,2π]
S ′′(x) = 15.9784255 > 0.
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Thus, S (x), S ′(x), and S ′′(x) all change sign on the interval. This confirms that when the sufficient
conditions in Theorems 3.1–3.3 are violated, the corresponding shape-preserving properties may fail,
which is consistent with the theoretical results (see Table 3).

The approximation errors are also shown in Figure 3. The error curves indicate that the local integro
quartic spline provides better approximation accuracy than the local integro cubic spline.

Table 3. Shape-preserving verification for p(x) = sin(4x) on [0, 2π].

n Conditions satisfied Sign of S (x) Sign of S ′(x) Sign of S ′′(x)
64 Not satisfied sign-changing sign-changing sign-changing
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Figure 3. Comparison of local integro cubic and quartic splines for p(x) = sin(4x) on [0, 2π].

Example 4.4. To investigate the behavior of the local integro quartic spline for discontinuous functions,
we consider the piecewise function

q(x) =

1, 0 ≤ x < 1,
2, 1 ≤ x ≤ 2.

The integral data are generated by

Ii =

∫ xi+1

xi

q(x) dx, i = 0, 1, . . . , n − 1.

AIMS Mathematics Volume 11, Issue 7, 22034–22051.



22048

We take n = 20 and construct the local integro quartic spline from these integral values on a uniform
partition of [0, 2].

This example is not intended to verify the convexity- or monotonicity-preserving theorems, because
the target function is discontinuous and the constructed local integro quartic spline belongs to C3[a, b].
Instead, it is used to illustrate the behavior of the method for discontinuous integral data.

The numerical results show that the spline remains positive on [0, 2]:

min
x∈[0,2]

S (x) = 0.8788954 > 0.

At the discontinuity point, the spline gives

S (1) = 1.5000,

which lies between the left and right limits of the discontinuous function. This indicates that the jump
discontinuity is smoothed out. Moreover, small undershoot and overshoot appear near the jump point,
for example,

S (0.9) = 0.8833 < 1, S (1.1) = 2.1167 > 2.

Therefore, the approximation is stable away from the discontinuity, but larger errors occur near the
jump point. This behavior is natural for smooth spline approximations of q(x) (see Table 4).

Table 4. Behavior of the local integro quartic spline for the discontinuous function.

n min S (x) S (1) Shape conclusion
20 0.8788954 1.5000 positivity preserved; jump not preserved

The approximation behavior is also illustrated in Figure 4. The upper two subfigures compare the
discontinuous function with the local integro cubic and quartic splines, respectively. The lower two
subfigures show the corresponding approximation error curves. It can be observed that both splines
give smooth approximations and cannot reproduce the jump exactly. The error curves show that the
largest errors occur near the discontinuity point x = 1, while the approximation is stable away from the
jump.
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5. Conclusions

In this paper, we systematically investigated the shape-preserving properties of the local integro
quartic spline. Sufficient theoretical conditions were derived to guarantee the preservation of convexity,
monotonicity, and positivity of the constructed spline. These results provide a theoretical basis for
applying local integro quartic splines to approximation problems in which only integral data are
available.

Several numerical examples were presented to support the theoretical analysis. The results show
that when the proposed sufficient conditions are satisfied, the local integro quartic spline preserves the
corresponding shape properties. When these conditions are not satisfied, the expected shape-preserving
properties may fail, which further illustrates the role and effectiveness of the derived conditions. The
numerical comparisons also indicate that the local integro quartic spline has good approximation
accuracy and practical applicability.

Future work may include extending the present analysis to nonuniform partitions, higher-degree
local integro splines, and other types of shape-preserving constraints.
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