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Abstract: This paper addresses the optimal recovery of spatial sources in a dynamical problem
governed by a space-time fractional diffusion-wave model. Specifically, we estimate the spatial
component of the source term from final-time observations in a bounded domain. Such inverse source
problems are inherently ill-posed and require additional information here provided by the final-time
measurements to guarantee uniqueness. To this end, we propose a nonlinear optimization formulation
that provides a stable and effective framework for source identification. Given the sensitivity of the
problem to data perturbations, we employ Tikhonov regularization to stabilize the reconstruction. The
proposed methodology minimizes a least-squares cost functional that quantifies the mismatch between
the model output and the measured final-time data, augmented with a regularization term to control
instability and ensure well-posedness. We prove the Fréchet differentiability of the resulting functional
and derive an adjoint-based gradient expression, enabling efficient implementation. The numerical
solution is obtained using a conjugate gradient algorithm, with the Morozov discrepancy principle
used to guide the stopping criterion. A series of one-dimensional numerical experiments is performed
to demonstrate the effectiveness of the proposed method. The results confirm the robustness, accuracy,
and computational efficiency of the proposed strategy for source reconstruction in fractional-order
dynamical systems.
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1. Introduction

The landscape of scientific and engineering modeling has been transformed by the advent of
fractional-order operators, which have proven invaluable for capturing phenomena that lie beyond the
reach of traditional operators. The fractional Laplacian, in particular, has revolutionized the modeling
of diffusion processes. The theoretical foundation of this operator is rooted in probability theory and
emerges naturally as the limiting case of extended-range random walks [1].

The versatility of fractional models has led to their widespread adoption in various scientific
domains. Their applications span multiple disciplines, including the analysis of anomalous diffusion
patterns [2] and the study of geophysical phenomena [3]. In the realm of image processing and
materials science, these models have proven instrumental for denoising applications and phase-field
modeling [4]. Their utility extends further to the analysis of fluid dynamics in porous media [5], the
processing of complex datasets [6], the study of elastic properties in materials [7], and the modeling of
population dynamics in biological systems [8].

This remarkable breadth of applications underscores how fractional operators have evolved from
mathematical curiosities into essential tools for understanding complex natural phenomena that defy
conventional analytical approaches.

In recent years, inverse source problems (ISPs) associated with both integer-order and fractional
partial differential equations have attracted increasing attention due to their wide range of applications
in science and engineering. Several approaches have been proposed to address these problems
under different modeling assumptions. Murio et al. [9] proposed a regularization-based strategy
for estimating unknown source terms from discrete measurement data. The issue of uniqueness
was investigated by Nakagawa et al. [10], who showed that an ISP can be uniquely solved using
observations collected over a restricted space—time domain. Applications to environmental modeling
were considered by Anderle et al. [11], where pollution source identification was studied within the
framework of the heat equation. In a biomedical context, El Badia et al. [12] developed a method
for locating electrostatic dipoles in the human brain. More recently, Bensalah et al. [13] examined an
ISP governed by a space—time fractional diffusion equation, with particular emphasis on identifying
the spatial component of the source term from partial observations. Furthermore, Sidi et al. [14]
investigated a time—space fractional diffusion ISP using final-time data and employed a combination
of nonstationary iterative Tikhonov regularization and classical Tikhonov regularization to enhance
solution stability.

Al et al. [15] investigated two inverse source problems arising from a space—time fractional
differential equation, each involving a different type of unknown source term. In the first setting, the
authors considered the recovery of a spatially varying source, whereas the second problem concerned
the identification of a temporally dependent source function. Their solution methodology relies on
a biorthogonal family of functions constructed from Mittag—Leffler-type functions, derived via the
spectral analysis of the fractional operator and its corresponding adjoint problem. For the inverse
problem with a space-dependent source term, the authors established rigorous results on existence,
uniqueness, and stability. In contrast, the time-dependent source problem was shown to admit a unique
solution under appropriate assumptions. In addition, several illustrative examples were presented to
demonstrate the applicability of the proposed approach.

In this work, we explore the inverse problem of reconstructing an unknown source in a space—
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time fractional diffusion—wave equation. Reconstructing unknown sources is a fundamental challenge
in applied sciences, aimed at extracting precise information about physical phenomena or objects
from observational data and experimental measurements. This problem is of paramount importance
in a wide range of practical applications, including engineering sciences, geophysical prospecting,
electromagnetic theory, and pollutant detection. It also plays a vital role in the development of
medical imaging techniques, the analysis of environmental systems, the monitoring of groundwater
quality, and the evaluation of the dispersion of air and soil pollution. In addition, this inverse problem
has significant implications for monitoring structural health, detecting material defects, and remote
sensing. Understanding and solving such inverse problems contribute substantially to the development
of effective solutions for practical challenges across various scientific and industrial domains.

The complexity of this reconstruction process lies in its ill-posed nature, which requires
sophisticated mathematical techniques and computational methods to obtain stable and meaningful
solutions. The space—time fractional approach provides a more comprehensive framework for
modeling complex diffusion and wave phenomena, capturing memory effects and spatial heterogeneity
that traditional integer-order models may overlook. This enhanced modeling capability is particularly
valuable in applications where classical diffusion theories fail to adequately describe observed physical
behavior.

The main contributions of this work can be summarized as follows:

Theoretical contributions:

1. We establish the existence, uniqueness, and stability of the solution to the inverse source problem
for a space—time fractional diffusion—wave equation.

2. The ill-posed nature of the problem is rigorously addressed through a Tikhonov regularization
framework, for which we prove well-posedness and stability with respect to noisy final-time
measurements.

3. We establish the Fréchet differentiability of the associated cost functional and derive an explicit
adjoint-based expression for its gradient, which allows efficient implementation within iterative
optimization algorithms.

4. A convergence analysis is carried out for the finite element discretization, ensuring that the
numerical approximation inherits the stability and accuracy guarantees of the continuous problem.

Numerical contributions:

1. We design an iterative recovery algorithm using the conjugate gradient method (CGM), coupled
with the adjoint problem, to improve computational efficiency.

2. The method is implemented using a fully discrete scheme that combines finite difference time
stepping with a finite element discretization of the fractional Laplacian.

3. Extensive numerical experiments, including smooth, nonsmooth, and piecewise-defined source
terms, are performed under various noise levels. The results demonstrate robustness, accuracy,
and stability, even for highly perturbed data, and confirm the practical applicability of the
proposed approach.

These contributions extend and complement previous works such as [13—15], particularly by providing
stronger stability guarantees and practical reconstruction strategies in noisy environments.
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The rest of the article is organized as follows. Section 2 introduces the notation and presents
the main preliminary results needed for the analysis. Section 3 is devoted to the uniqueness of the
inverse problem and its reformulation as an optimization problem. Section 4 describes the conjugate
gradient algorithm, developed from the corresponding adjoint problems. In Section 5, we apply
the finite element method to approximate the variational problem and establish convergence of the
proposed numerical scheme. Finally, Section 6 presents a series of numerical experiments illustrating
the effectiveness and accuracy of the proposed approach.

2. Basic concepts

This section introduces the fundamental definitions required for the remainder of the paper.

Definition 2.1. [16,17] Let v > 0. The Riemann-Liouville fractional integral of order v of a function
Y is defined as

1 !
ITY(r) = —f(t— Y () d 2.1
0 o) J, ¢ $ds
Definition 2.2. [16,17] Letn — 1 < v < n. The Caputo fractional derivative of order v is given by
1 t
DY() = TP (@) = f (t =) de. (2.2)
I'(n—-v) Jo

Definition 2.3. [16,17] For an order 3, the Riemann-Liouville derivative is defined withm—1 <8 <m

as follows: . | gn
_ % m-B _ i _ \m-1-p
DO = 20 = o —p o fo (t = q)""'P¥(g) dg. (2.3)

Given T > 0 and a bounded domain Q C R”™, we consider the following system governed by a
Caputo fractional derivative of order v € (1, 2):

“Djo(x,1) = (=A)’o(x, 1) + g(Oh(r)  (x,1) € Qx(0,T),

0
o(x,0) = 0o(x), a—f(x, 0)=0(x), xeQ.

For (s € (0, 1)), we define the fractional Laplacian operator by

(=A)'0(x,1) = Cps P.V. f otx.0) 00 1)

g |x =y

dy, (2.5)

where g € L*(Q), h € L*(0,T), and C,n.s 1s a normalization constant given by

45 F(s + %)
" AT =)
The Cauchy principal value (P.V.) is
t) — t t) — t
PV f o(x, 1) Q(Zy? ) Jv = lim o(x, 1) Q(ny )
g |x =y 520 Jyyerm py-xiso) X — Y™
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Next, we introduce some notations and recall the standard functional spaces used throughout the
paper. The space L*(Q) is equipped with the usual inner product (-, -), while H'(Q), Hy(Q), H*(0, T),
and related spaces denote Sobolev spaces (see Adams [18]).

The fractional Sobolev space is given by

Hy(Q) :={oe W?R" :0=0ae. inR"\Q}, s€(0,1)

1/2
lo(x) — oI
g = [ [ 20— axas)
Rn Rm |x_y|

Using the Fourier transform F, the Sobolev space W**(R™) is defined by

and the associated norm is

W R™) := {o € LAR™) : (1 + ) Fo € LXR™)}.
We define the space H*({2) by
H'(Q) := {0 € LX(Q) : lolm@ < .

where the Gagliardo seminorm is given by

B 5 12
Ol = ( f o) - e - dy) |
Q

|X — y|m+25
The corresponding norm in H*(Q) is
1/2
llollzr @ := (lol2q, + lolie) -
Furthermore, for s € (0, 1), we introduce the fractional space
H'(Q) := {0 € H'R™) : supp(o) € Q.

The bilinear form related to the space H*(Q2) is given by

biew = . f (00) ~0N@W =B |\
(RMxR™)\ (Q€xQC)

|.X _ y|m+2s

Proposition 2.1. (see [19]). Let o, ® : R™ — R be infinitely differentiable functions. Then,

B,(o, @)

5 f ‘ O(x)No(x)dx.

f Q(x)(-A) o(x)dx =
Q
Here, the nonlocal Neumann operator N related to the fractional Laplacian (—A)* is

Noo(x) = C f o) — o(y)

o lx =y
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The link between the fractional Riemann-Liouville derivative and the fractional Caputo derivative
is established using a fractional integration-by-parts formula. This fundamental result provides a direct
connection between these two notions and plays a central role in the analysis of fractional differential
equations.

Proposition 2.2. Let v € (1,2) and let 0, and o, be absolutely integrable functions. Then, we have

T T
f 0:() ‘D01 () dt = f 01(0) *'DY o () dt
0 0

t=T t=T

+

0 0,
gl(t)alf‘wr)] —[I?‘ng(t)g(r)]

=0 t=0

Definition 2.4. [20] A collection of bounded linear operators {C(¢)},cr acting on H*(Q) is called a
strongly continuous cosine operator family if it satisfies the following conditions: C(0) coincides with
the identity operator on H*(€2); the functional relation

Ct+s5)+C(t—s5)=2C(C(s) forallt,seR
holds; and for every o € H*(Q), the mapping ¢ — C(¢)o is continuous with respect to the norm of
H(Q).

Associated with the cosine operator family {C(¢#)},cr, we define the strongly continuous sine family
{S(D}ier by

S(Z)QZZLC(g)ng, o€ H(Q), teR.

Moreover, the operator A = (—A)° is referred to as the infinitesimal generator of the cosine operator
family {C(?)},er 1f the second derivative of C(f)o at t = 0 exists for all o € D(A) and satisfies

2

Ao = —
@ dr?

Ce

t=0

The domain D(A) c H*(Q) consists of all elements o for which the above limit is well defined in
H(Q).
D(A) = {o € H'(Q) : C(t)o € C*(R, H'(Q))}.

Definition 2.5. We say that o € C((0,T); Hy(Q)) n C'([0, T]; L*()) provides a mild solution to
problem (2.4) if the initial conditions

0
0(0) = oo, 8—5(()) = o1,

are satisfied and the following integral representation holds:

o(x, 1) = §,(1oo(x) + Py(1)01(x) + g(x) j(; (t = )" K(t = r) h(r) dr, (2.6)
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where
S,(1) = f ) M, (O)C(F'0)do, P,(t) = f S,(rdr, and K, (¢) = f ) vOM.,(0)S (£'0) d6.
0 0 0

The M, (0) function is given by
1 1 1 < T(nv+1
M,0) = -7, (67), W,(0) = - Z(—l)"-‘e-"v-‘M sin(nzv).
% m n!

The parameter 6 takes values in (0, c0), and M,(-) denotes the Mainardi Wright-type function. This
function is nonnegative on (0, c0) and normalized in the sense that

fooM,,(H)dO: 1.
0

Remark 2.1. The operator (—A)* admits a complete orthonormal basis of eigenfunctions (i%,)
associated with a sequence of eigenvalues (Y,). Consequently, the mild solution to problem (2.4)
can be represented as follows:

+00
Q(-xa t) = Z [Ev,l(_TanXQO, 0n> + tEv,Z (_Tntv) <Ql ’ 19n>] ﬁn (27)
n=0
+00 i
> f |2 = P B E (=0t = 1)), 00)] O d, (2.8)
n=0 ~0
+o00 Zn
where E,4(z) = ———— is the Mittag Lefller function.
; I'(B+nv)

The solution of the direct problem (2.4) can be represented using the properties of this family of
functions.

Lemma 2.1. [I4] Consider v > 0 and Y > 0. Then, we deduce
CD;’EVJ(—TZV) =-YE,;(-Yt), t>0. 2.9

In addition, the following identity is satisfied in the case of integer-order differentiation:

d
EEV,](—‘]er) =T 'E, (-"t), t>0. (2.10)

Lemma 2.2. Let 1 < v < 2. Then, there exists a constant Cy = Cy(v) > 0 such that

C
E,1(0)l € —>—, largz)| < 7, (2.11)
1+ |z
and
En@] < —S0 2] > +o0 2.12)
V,2 Z — 1 + |Z|29 Z . .
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3. Formulation and analysis of an inverse source problem

This section presents a mathematical analysis of the ISP associated with the fractional hyperbolic
space—time equation (2.4). We derive theoretical results ensuring the existence and uniqueness of the
solution.

An initial approximation g € L*(Q) of the unknown source g* is considered, and o[g] denotes the
solution of the corresponding fractional parabolic problem.

“Dyolgl(x,1) = (=A)’olgl(x, 1) + gh(®),  (x,1) € Q% (0,T),
olgl,n =0, 0Q x (0,7), (3.1)

0

gl 0 =0, 28 0)=0 xeQ.
The final observation V(x) = o(x, T) is assumed to be known, where o denotes the potential associated
with the true spatial source g* and satisfies system (2.4). The inverse problem is to identify g € L*(Q)
such that the associated potential p[g](x, T') approximates the experimental data V in Q. To this end, a

bounded linear operator I1 is introduced such that

II: L2(Q) — L*Q)

gx) — olglx,T). (3.2)

Using the final-time data V, one may estimate the true space-dependent component g*. In practical
applications, however, the measured data V are generally not exact, as noise is inherently associated
with any measurement process. Therefore, we introduce V?°, the final-time observation data satisfying

V() = V°W)llze) < 6, (3.3)

where 6 > 0 denotes the noise level.

In general, this problem is ill-posed in the sense of Hadamard. Reconstruction stability is
particularly problematic when noise is present. In this work, we address the numerical instability
of the inverse problem by adopting a least-squares framework combined with Tikhonov regularization.
Specifically, the approach consists in minimizing the following functional:

Find g* € L*(Q) where
(IP) 3.4)

1
Qe = min > {IMg() = V(g + 800N

The parameter n is the Tikhonov regularization parameter. The existence and stability results
for the minimizer of (3.4) can be established by arguments analogous to those used in ( [21],
Theorems 4.3 and 4.4).

Theorem 3.1. For every regularization parameter n > 0, the optimization problem (3.4) admits
a unique minimizer. In particular, the regularized formulation yields a unique solution associated
with (3.4).
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Theorem 3.2. Let {V,} C L*(Q) be a sequence of observation data converging to V° in L*(Q) as
n — oo. For each n, let g, denote the minimizer of the functional Q(g) associated with problem (3.4),
where V° is replaced by V,. Then the sequence {g,} converges to the regularized solution corresponding
to the data V°. This implies continuous dependence of the regularized solution on the data, ensuring
stability under perturbations of V°.

This paragraph is devoted to the analysis of the uniqueness of the inverse problem. In particular,
we show that the space-dependent source g* is uniquely determined from the final-time observation

Theorem 3.3. Let h € C([0,T]) be a non zero non negative function. Let o, with € = 1,2 be the
solutions of the problems

DYo; + (-A)Yg, = gih in Qx(0,T],

0 =0 in 9Qx (0,7, (3.5)
0

0c(x,0) = 0, %(x, 0)=0, xeQ,

with g; € L*(Q) and the condition

Then, we have
g =g in Q). 3.7

Proof. We consider two functions o;(x, t) and o,(x, t). Then, we have
+00 AT
o6 T) =) fo (T = 7y B E, (=YW (T = 1))}, 9)| D dr,
n=0
and
+00 AT
06 T) = fo (T = 7y B E, (=T u(T = 1))g50 )| D dr.
n=0

Since the final measurements satisfy o,(x, T) = 0,(x, T), it follows that
+00 T
> f (T = " B Eso (=0T = 1) )i 9] 0 dr
n=0 Y0

+00 AT
=, fo (T = 1™ VE (=TT =183 )] B
n=0

By the orthonormality of the basis {1},,}, we can equate the coefficients corresponding to each ,. For
each n, this gives

+00 T
> fo (T = 7 B E, (=TT = 1)1, 9)| dr
n=0
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+00
= Z(; fo ' (7 = 1" R E (=0T = 1 X5, 9] dr.
By identifying the Fourier coefficients, and since A(r), (T —r)"~!, and E,,,(=,(T — r)*) are independent
of g} and g5, we can write
(g7, D) =483 %), VYn=0.
It follows that:
81(x) = g (x).
O

This subsection also discusses stability. We study the behavior of the problem under small
deviations in the observed measurements. To this end, let {V,f}kz1 satisfy

Vi— V° inL*(Q)ask — oo, (3.8)
and consider a corresponding family {g*} associated with these perturbed problems.

. - 5112 2 _
g;rlel(Ig2 ) Qu(g), Qg = llo(®) = Vill2q) + 1lIgll 2y k= 1,2. (3.9)

The following minimization problem has a unique solution for each k > 1, which is g*.
(IP)*  inf Qu(g).
geL(D)

Theorem 3.4. The sequence of minimizers {g*}is1 is strongly convergent in L*(Q). More precisely,
there exists a function g* € L*(Q) such that

g = gl — 0 ask — oo. (3.10)

In conclusion, the limit g* is the unique solution to (I1P). This result shows that the inverse problem is
resilient to inaccuracies in the observed data.

Proof. According to Lemma 3.1 in [13], there exists a sequence of functions {g*};> such that, for every
k > 1, the following property holds:

Qu(g") < Qug), Vg e LX(Q).

Thus, {g"};>; is uniformly bounded. Consequently, there exist g* and a subsequence of {g*};s, still
denoted by {g*}, using Proposition 3.2 (see [13]), such that

g —=g" in Q) as k— oo
The following can be obtained by applying the same method as in the proof of Theorem 3.5 (see [13]):

0(g") = o(g" in X*0,T; LX(Q)) as k — oo,
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where X"5(0, T; LX(Q)) = LX0, T; H(Q) N H*(Q)) N oH'(0, T; L*(Q)), with ¥ = min{s, 1 — &}, for

all 6 > 0 and space
Hy(0,T) :={ue H(,T) | u(0) = u'(0) = 0}.

Using condition (3.8), one can obtain the following:
ky _ o # _ Y90 V,$ .72

o(g) -V, — o) -V in X”(0,T; L7(Q)) as k— oo.

Consequently, we obtain the desired result
loGs™) = VOIiz2 g, < lim inf (lo(¢") = ViI7z(q) -
An application of Proposition 3.4 (see [13]) yields
2
Q" = |loe" = VO 20, + lg" 170, < Qe), Vg € LA(Q).

This result implies that g* coincides with g*.

(3.11)

(3.12)

To prove the strong convergence of the sequence {g“}i=; in L*(Q), we argue by contradiction.

Suppose that the convergence is not strong. Then

k ®
g 2y 7= llg 2y as k — oo.

However, since g¢ — g* weakly in L?(Q) and the norm in L*(Q) is weakly lower semicontinuous, we

have

* R k : k
g™ llz2) < hkm_)glfllg 2y < limsup [|g"(|z2(q)s

k—o0

which implies that the subsequence {g*};>; of {g"}=1 satisfies

. ok
lim sup [Ig"|z2) = ]}1_{2 18" Mlr20)-

m—oo

Using the characterization of the minimizing sequence {g*};>; and Eq (3.12), one may obtain
= liminf (ng(g") ~ VI + nlim sup ||g"||iz(g)) .
—00 k—)OO

By inequality (3.13), one can deduce

lo(") = VAl = liminf llo(g") = Villizq, + 1 ((lim sup 1" ll20)* — IIf*IIiz(D))
2

> liminf llo(g") = V{ll}: g

which leads to a contradiction with (3.11). O

(3.13)

O
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This subsection is devoted to the sensitivity analysis of the cost functional Q with respect to the
control variable g. Establishing the Fréchet differentiability of Q provides the theoretical foundation
required for implementing gradient-based optimization techniques aimed at solving problem (3.4). In
order to efficiently evaluate the gradient of @, an adjoint formulation associated with (2.4) is introduced.
The corresponding adjoint equation is expressed as a backward fractional parabolic problem, which
significantly reduces the computational effort involved in the optimization process.

RLDYP(x,1) = =(=A)*P(x, 1), (x, 1) e Qx(0,T],
P= O, (.x, t) (S 09 X (O, T), (314)

lim 7P =0, lim (%I,z‘VP =lo. D) -V'W)|.  (xneQx(T).

t—>T- t—>T~

In the following theorem, we prove that the functional Q is Fréchet differentiable and obtain a closed-
form representation of its gradient.

Theorem 3.5. The gradient of the function Q to be minimized is

T
VQ(g) = ( f h(P[g](x, 1) dt + ﬂg(x))- (3.15)
0

The adjoint problem (3.14) helps to deduce the value of P[g].

Proof. We consider 6g € L*(Q2) as a small perturbation of g. Then, we have

Qg +68) — Q) = [lelg + 581 T) = V° 120 = [l T) = VPOl

+ 171l + 08Il 20 = 71181720 + 0 (1082

=2 f (olg1(- T) - V°()) 0ldg](.. T) dx (3.16)
Q
+21 f gog dx + o (|10gll ) -
Q
We have p[dg] as the solution to the problem
“Djol6g] + (-A)’ol6g] = 6g(x)h(r) in Qx [0,T],
ologl =0 in 8Q x [0, T1, (3.17)
o5l 0 =0, %80 =0 ino.
Using (3.14) and (3.17), we have
T T T
[ [ coretsewaxars [ satser war= [ [ seconopcnarar
0 Jo 0 0o Jo (3.18)

Yy e L*((0,T); Hi(Q).
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Similarly,

T T
[ [ moiptgiwazar+ [ partel wde= [ (elalt. 1) = v'0)eldilt T,
Yy € L*((0,T); Hy(Q)).

(3.19)

Taking = P[g] in Eq (3.18) and using integration by parts, we have

T T T
f f “Djolsg]Plgldxdt + f B,(ologl, Plgl)dt = f f 0g(OhDPgl(x, ) dxdt.  (3.20)
0 Q 0 Q

0

By replacing ¥ = o[dg] with Eq (3.19), we deduce

T T
fo LRLD[VP[g]Q[ég]ddefO B,(P|g], Q[ég])d[:fg;(g[g](',T)_V&('))Q[é«g](.’T)dx' (3.21)

Hence,

T
f (olg1(.. T) = V°()) ol6g](.. T) dx = f f Sg()h(t)P(x, 1) dx dt. (3.22)
Q 0 Q

Therefore,

T
Qg +69) - Qg) = fo fg Sg(h(t)PIg)(x, 1) dx dt + fQ 2(x)6g(x) dx
+ 0 (|I6gllz) (3.23)

T
= fo fg h(t)Plg(x, 1) dxdt +n fg 2(x)6g(x) dx + o (|16gll>c) -

Consequently, the gradient of Q is

T
VQ(g) = (fo h(t)P[g](x, 1) dt + ng(x)). (3.24)

4. Numerical optimization using the conjugate gradient method

This section presents the computational strategy adopted to approximate the solution of the
minimization problem. The methodology relies on the characterization of the solution through first-
order optimality conditions and on their numerical resolution using a conjugate gradient based scheme.
To compute the minimizer of the functional Q, we employ the CGM. Starting from an initial guess g°,
the iterative process generates {g*}. If the approximation g* is available at the k-th iteration, the update
is performed according to the following iterative scheme.

¢ =g" + gy
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with
_[-vah if k=0,
“Tl-vaeh) + wdiy ifk >0,
and
Hie = VQ(HIE.
” (g )||L2(Q)
and

¢ = argmin Q(g" + Zdy).
Then Q(g* + Zd,) is expressed by
2
Qg" + ¢dy) = |[g" + {Tldx = V|| o ) + 1ll8" + Lil oy

Differentiating Q(g* + £d;) with respect to £, we get

0Q(g* + ¢d))
ga—{{k = {HHdkHiz(Q) — (Ild, V‘5>L2(Q) + (Ild,, Hgk>L2(Q) + né‘”dk”iz(g) + n(d,, gk>L2(Q)-
The step size i is determined by
9" +4do) _
o -

which implies
_ (Hdg, Vo2 — (Idy, TIgh)20) — m(dis €920

[EAE AT

& 4.1

On the other hand, we have the following.
di = -VQ(") + mdio1, g =-VQEY), and {qi, di-1)r2) = 0.
Therefore,

2
||Qk||Lz(Q)

”Hdk”iz(g) + 77||dk||i2(g)

k

Furthermore, we consider the following CGM:
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Algorithm 1 Conjugate Gradient Method

. Set k = 0, initiate g°.
. Calculate gy = VQ(g°) and set dy = q.
: Evaluate

W N =

2
||QO||L2(Q)

+ 77||d0||iz(9)

fo =
||Hd0||i2(Q)

~

: Set g1 = gO + g()d().

5: fork=1,2,... do
6: Calculate
g = VA, di = g + pdy_1,
where
2
le _ ||qk||L2(Q)
||qk—1||22(9)
7: Calculate
2
é‘k _ ||Qk||L2(Q)
||Hdk”%2(g) + 77||dk||iz(9)
8: Update
g = g5 + ..
9: end for
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5. Numerical approach using FEM

This section is concerned with the finite element approximation of the nonlinear optimization
problem (3.4). A rigorous analysis of the convergence properties of the resulting numerical method is
also provided. Assuming that Q is a polyhedral domain, we triangulate €2 into a quasi-uniform mesh of
regular shape 7, with mesh size o,. In addition, we consider W, C H{(£2) to be the piecewise linear
finite element space associated with 7, namely,

W, = {g, € C(Q) : g,lx € P\(K), VK €T} (5.1)

Here, P;(K) is the space of linear polynomials in the element K.
Let g7 € L*(Q) be the unique solution of the optimization problem (3.4). Then g” satisfies the
equation:
IT" (I1(g") — V) + ng" = 0, (5.2)

where IT* : L2(Q) — L*(Q) is the adjoint operator of II presented by
9 =P,

where P is the solution of the adjoint problem (3.14).
For complete discretization, we introduce a uniform partition of the interval [0,7]: 0 = 7y < t; <
-+ < ty, where t, = nét, n =0, 1,---, N with the time step size 6t = T/N.
Then, the fully discrete approximation for the fractional parabolic problem (3.4) by the backward
Euler Galerkin method with initial datum Qg[g] = 01is as follows: Find o7 [g] € W, forn=1,2,--- |N
such that

(D)o [gl, V) + By(0ygl, ¥) = (gh", ¥) V¥ eW,, (5.3)

where

-1
[CDZJQ];:;” 1"(3 — ) Z erﬂ on-[g] + er_l [g]] ,n=2,3,---,N,

k=1

n—k?>7-m—-k-1>*

with b,_, = o077 - and 1" = h(t,).
-V
Problem (5.3) in its discrete variational form has a unique solution 0”.[g] € W,. Let o,[gl(x,?)
denote the piecewise linear interpolation in time of o/} [g]. Based on this approximation, we consider

Il,g := 0,81, T) in Q.
Consequently, the approximation of (3.4) is ensured by
Q) = Mg — VI, g, + ligl, — min. (54)
The unique minimizer g of this problem is defined by the following:

IT (T1,8" - V) +ng’ =0, (5.5)
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where II’, denotes the adjoint operator of 11,,.
To obtain a finite element approximation of (3.14), we introduce an approximate adjoint operator
IT;. defined by

M9 =P, 9elXQ). (5.6)

Here, P, € W, stands for the discrete adjoint state uniquely determined by (3.14).
In practice, the exact final-time observation V is not available, and only noisy data V° are given.
Replacing V with V°, we obtain the following discrete variational formulation:

(11,8 — V) + il = 0. (5.7)

Finally, the influence of order s on the rate with respect to the spatial discretization parameter o is
investigated.

Lemma 5.1. (See [22, Theorem 5.3]) Let o[g] and o,[g] be the solutions of problems (3.1) and (5.3),
respectively. Then there exists a constant C > 0, independent of the time and space discretization
parameters, such that

llolg] — os[gllli2) < C M(2, o) lIgll 2 (5.8)
where the function M(t, o) is defined as in [22, Theorem 5.3].

From Lemma 5.1, we deduce the following convergence results.
Theorem 5.1. We have the following estimate.

100, = gll0) = OM(t, ) and  ||(IT;, — IT)gll2q) = OM(E, ).

Proof. Let g € L*(Q) be arbitrary. By definition, the operator IT maps g to the solution p[g] of the
continuous state problem (3.1), while IT, maps g to the fully discrete solution p,[g] of Eq (5.3).
Therefore,

(I, — g = 0,81 - olg]-
Applying Lemma 5.1 directly to g, we obtain the estimate
llos[g] = olglliz) < C M(t, o) llgll2)-

This immediately yields
Iy — IDgllr20) = OM(t, 0)).

To prove the second estimate, we use that IT* and ﬁ(’; are adjoint operators of I1 and I, respectively.
For any ¢ € L*(Q), these adjoint operators are defined by

Mg, Ny = & T Npa, g D = (& LD,

Subtracting both identities gives
(T = g, D)2 = (& ([ = 1Y) 2.
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Using the Cauchy-Schwarz inequality and the first part of the proof, we obtain
|<g, (ﬁ; - H*)ﬁ>’ < ||dL, - H)g||L2(Q)||19||L2(Q) <CM(t, o) ||g||L2(Q)||19||L2(Q)-
Since the above estimate holds for all ¥ € L*(Q), we conclude that

(T2 = gl 2) = OM(t, o).

O
Theorem 5.2. Let n > 0. Then the following error estimate holds:
lg" — g 2 < C M(t,0), (5.9)

where g" and g- are the unique solutions of variational problems (5.2) and (5.7), respectively. The
constant C > 0 can depend on g", V, and n but is independent of the discretization parameter o.

Proof. Taking into account the error g7 — g, we arrive at the estimate (5.9). Equations (5.2) and (5.7)
give us

n(g" —g0) = gl (g — V) - ;g7 (Mgl — V°). (5.10)
Then,
8" = 8 = (T (8% = V) = 11" (TLpg" - V°) 2 - ¢)
= (TI,gY - TV - [T, + IV, g — g")

Il
—

'L, + (I - )1, gl - ITTL,g" + IT'V° — T13V, g% — ¢)

= (IT'TL,(g! — g, gl — &™) (5.11)
+ (M - THI,EL g — ¢")
+{IT(V° - V), gL - g")
+{ar -THV. gL - g").

The first term on the right-hand side of the last identity can be estimated by combining (5.10) with
Theorem 5.1, yielding

<(ﬁ<*r -8y, gk —?]T) = <(ﬁj‘, ~ T, @ - g"), g _g;z)
+ (T, - T),gl. gl -E0)
< H(ﬁ:. - H*)HO.@Z_ — gZ)

+ |, - gz

2@ I _EZ'“LZ(Q)

83 _gz||L2(Q)

L*(Q)
< CM(t,0) ||gt —%’Z”iz(m

+ C3M(t,0) ||V5||L2(Q) ||gZ- _?J'HLZ(Q) :
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Similarly, the second term can be estimated by applying inequality (5.10) together with
Theorem 5.1.

(I'Megy — TETog7, g5 — gy = (Hoge, H(gr —80)) — (Hogl, Mgl — 1))
= (T-(g% — &0, (g — gy + (Mogy, (I —T1,)(g0 —80)
= (I, - @ - g1, T(gk =80 = Mg = T 120,
+ (T80, (I = T, )(gh —g0))
< C3M(t,0)||gh _EZ“;(Q)

+ CaM(, O-)”V”Lz(Q)”gZ _??T”LZ(Q)'
Finally, applying inequality (3.4) together with Theorem 5.1, we obtain the following.

(VO T, g7 =81y = (M =TTV, gl -3y + (VP =V, TI(g". — g1))
+(V0, ([, —TD) — (g". - g1))
< CeM(t,0)Ig? — gl 120)-

Hence,
g5 — ghllz < Co(M(t,0) +6). (5.12)

Using the same arguments as in (5.11), we obtain

7 (8" = 8l < CsM(t ) ||8" = 8220 -

This completes the proof of the theorem. O
6. Numerical experiments and results

Convergence study of the FEM projection. In this experiment, we investigate the spatial
convergence behavior of the finite element approximation obtained by the P; finite element method.
More precisely, we consider the L*-projection of the exact solution to (2.4),

\/7_.[ 2—2s

0ex(x,0) = (L + ) Cs (1 = ) x1p(,  Cs = 1 :
(s +1)T(s+ 1)

onto the finite element space defined on a uniform partition of the interval (-1, 1). The error is evaluated
at the fixed time r = 0.5 forv = 1.6 and s = 0.3.

Table 1 reports the L*-errors between the exact solution and its finite element approximation for
several mesh sizes h. The corresponding convergence rates are computed using successive mesh
refinements. As observed from the table, the L>-error decreases monotonically as the mesh is refined.
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Table 1. Evolution of the L*-error for the FEM P, projection at ¢ = 0.5 with v = 1.6 and
s =0.3.

h L2-error Relative L*-error

8.0000 x 1072 9.205217 x 1072 5.027488 x 107>
4.0000 x 1072 5.280715 x 1072 2.884104 x 102
2.0000 x 1072 3.031206 x 107> 1.655518 x 102
1.0000 x 107> 1.740468 x 102 9.505716 x 1073
6.6667 x 107 1.258205x 107>  6.871797 x 1073
5.0000 x 107 9.994932 x 10~° 5.458817 x 1073

Furthermore, Figure 1 illustrates the evolution of the L?-error as a function of the mesh size 4 on
a logarithmic scale. The numerical results exhibit an experimental convergence rate close to O(h%%),
which is consistent with the reduced regularity of the exact solution near the boundary due to the
fractional power (1 — x?)*. This confirms the theoretical expectation that the convergence order of the
P finite element approximation depends on the fractional exponent s.

107

L2 error

—6—L2 error
- = —ref slope 0.80

107 107!
Figure 1. Evolution of the L*-error with respect to the mesh size h.

Overall, these results demonstrate the reliability and accuracy of the proposed finite element
projection scheme for approximating fractional-type solutions in the L? sense.

Comparison between exact and approximate solutions. To further illustrate the accuracy of the
proposed Nystrom-based discretization, we plot in Figure 2 the exact solution Qex.c(x,?) and its
numerical approximation onm(x,?) at a fixed time r = 0.5. An excellent agreement between the
numerical and exact solutions is observed over the entire domain, confirming the robustness and
accuracy of the forward solver.
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¢ Approximated

0.5 b
Exact
0 . . . 0 | ¢ Approximated .
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
@) (v, 5) = (1.2,0.2) () (v, 5) = (1.4,0.4)
1.4 T T 1 T T

Exact
¢ Approximated

Exact
¢ Approximated

0.8

08 0.6

0.6 0.4

0.4
0.2

0.2

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

(©) v, 5) = (1.6,0.8) @ (v, 5) = (1.8,0.8)

Figure 2. Exact and approximate solutions at time ¢ = 0.5 for different values of the fractional
orders.

6.1. Numerical experiments and implementation details for the inverse problem

This section explores the numerical validation of the CGM developed in the previous sections.
A series of numerical experiments is carried out to assess the accuracy, stability, and efficiency of
the proposed reconstruction algorithm. Throughout the experiments, the spatial domain is chosen as
Q = (-1, 1), and the final time 7 > 0 is fixed. Additional input functions and parameters are specified
individually for each test case.

At every iteration of the inverse algorithm, the forward problem (3.1) together with its
corresponding adjoint problem (3.14) must be computed numerically. For this purpose, a fully discrete
formulation is adopted, in which the time variable is approximated using a finite difference scheme,
while the spatial discretization of the fractional Laplacian is performed using the finite element method,
following the approach in [23]. The domain € is uniformly divided into N = 50 subintervals with
mesh size & = 1/N. The time interval (0, T') is discretized using a uniform time step { = 1/M, where
M = 1000.

A primary goal of these experiments is to show the capability of the established algorithm to
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accurately reconstruct the unknown g(x) in problem (3.1) from final-time observation data o(-, T) = V.
To quantify the reconstruction quality, we compute the L*(€2)-error using the source ge and its
numerical approximation g, obtained after k iterations, defined by

Ey = ”gexact - gk”LZ(Q)-

In practical applications, measurement data are inevitably affected by noise. To simulate this
situation, noisy observations are generated by adding

V® =V + eV(2rand(size(V)) — 1), xeQ, (6.1)
where € > 0 controls the noise amplitude. The corresponding noise level is measured by
§=1V° = Vilza.
We define the residual at the k-th iteration by
Ry = ||9(gk) - V6||L2(Q)'
Example 6.1. In the first numerical test, the exact source is assumed to be smooth and is defined by
8exact(X) = sin(mrx),
together with the time-dependent function
h(t) = 10(£* + 1) cos(nt)

and the initial condition
00(x) = cos(2mx)(x* — 1).
The final observation data V(x) = o(x, T') are generated by solving the forward problem (3.1). CGM
is then applied to reconstruct the unknown source term from noisy final-time measurements. Numerical
reconstructions are carried out for different noise levels 6, considering the fractional parameters v = 1.6

and s = 0.8. The corresponding reconstruction results and convergence behavior are illustrated in
Figures 3 and 4.

15 T T T 15 T T T

exact

1 k|—e—e=0. k=100
——¢=0.01, k=4

—b— =005, k=2

0.5 |—e—e=0.1, k=2 T

g(x)
()
g(x)
()

Exact
¢ Approximated
1

-1.5 L L -1.5 ! L .
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X X
(a) Exact and reconstructed solution (b) Numerical results at different noise levels

Figure 3. Numerical results with k = 80 and p = 107>,
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1 T T T T l T T T T

—— =0 —0—c=0
——¢=0.01 ——¢=0.01

0.8 | —A—c=0.05 |7 0.8 —A—¢=(.05 |7
—e—¢=0.1 —6—¢=0.1

————— 70
0.6 - 0.6 -
i v
8a) [a7
0.4 - 04 -

-
0 20 40 60 80 10 0 20 40 60 80 100
Iteration k Iteration k
(a) Error E} (b) Residual R,

Figure 4. Numerical results with k = 100 and n = 107>,
Example 6.2. In this example, we investigate the performance of the proposed method for a non
smooth source function. The exact source term is chosen as

gexact(x) =1- |x|’

while the time-dependent function is given by

h(t) = e,
and the initial condition is
0o(x) = x* — 1.
The final observation data V(x) = o(x,T) are generated by numerically solving the forward

problem (3.1). The reconstruction results obtained for different noise levels are displayed in Figures 5
and 6.

1.2 T T T 1.2 T T T

0.8 0.8 i
Z 0.6 3/00.6
041 0.4r exact ]
—0— =0, k=100
02r 02 —#—c=0.01, k=3

Exact

. —4—¢=0.05, k=2
O Approximated

—6—e=0.1, k=2

0 . - A’ 0
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X X
(a) Exact and reconstructed solution (b) Numerical results at different noise levels

Figure 5. Numerical results with k = 100 and n = 1073,
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1 T T T T l T T T T
—— =0 —0— =0
——=0.01 —#—=0.01
0.8 | —A— =0).05 | 0.8 —A—c=0.05|
——¢=0.1 —0—¢=0.1
————— 70
0.6 | . 0.6 | .
4 -
sl a2
04 . 0.4 —
\
-
0 20 40 60 80 100 0 20 40 60 80 100
Iteration k Iteration k
(a) Error E} (b) Residual Ry

Figure 6. Numerical results with k = 100 and n = 107>,

Example 6.3. In this last example, we seek to identify the non smooth source term given by

0, xe[-1,-0.75)U(0.75,1],
8exact(X) =11, x €[-0.75,-0.25) U (0.25,0.75],
2, x€[-0.25,0.25],

and the rest of the definite input functions are the same as in the previous example. The final data

V(x) = o(x,T) are obtained by solving the forward problem (3.1). The numerical results for this
example are illustrated for various noise levels in Figures 7 and 8.

2.5 T T T 25 T T T
2 2r .
1.5 1.5F .
E = o -
) )
05 05 B exact N
, —0— =0, k=100
0 0 —+—=0.01, k=5
Exact —4—=0.05, k=3
¢ Approximated —e—¢=0.1, k=2
-0.5 L L ! -0.5 1 I
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X X
(a) Exact and reconstructed solution (b) Numerical results at different noise levels

Figure 7. Numerical results with k = 100 and n = 1073,
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T
—— =0 —0— =0
——=0.01 —#—=0.01
0.8 | —A— =0).05 | 0.8 | —A—=0.05|1
—e—¢=0.1 —6—¢=0.1

0 20 40 60 30 100 0 20 40 60 30 100

Iteration k Iteration k
(a) Exact and reconstructed solution (b) Numerical results at different noise levels

Figure 8. Numerical results with k = 100 and n = 107>,

A.l1. Dependence of the reconstruction accuracy on the fractional orders

To quantify the influence of the fractional parameters on the reconstruction, we identify the source
Zexact = 1—|x] anonsmooth, piecewise-linear source chosen to probe the sensitivity of the reconstruction
from its final-time data while varying the temporal order v € (1,2) and the spatial order s € (0, 1)
independently. All remaining data are fixed: h(f) = ¢/, T = 1, the mesh size (N = 160), the time
step, the regularization parameter n = 1073, and the stopping rule. The reconstruction error is E =
llgex — 8kllz2()-

As seen in Table A.1 and Figure A.1, the error grows substantially with the spatial order s by roughly
an order of magnitude from s = 0.2 to s = 0.8 whereas it varies only mildly, and decreases slightly, as v
approaches the wave regime. This reflects the fact that the smoothing strength of the forward operator,
and hence the degree of ill-posedness of the inverse problem, is governed primarily by s.

Table A.1. Reconstruction error E as a function of the fractional orders.

(a) fixed s = 0.5, varying v (b) fixed v = 1.6, varying s

vV  E =||gexact — &klli2@y Relative L*-error s E =|lgexact — &illi2@) Relative L*-error

1.2 2.097263 x 1072 2.568612 x 1072 0.2 5.281407 x 1073 6.468377 x 1073
1.4 1.947841 x 1072 2.385609 x 1072 0.4 1.044055 x 1072 1.278701 x 1072
1.6 1.844295 x 1072 2.258791 x 1072 0.6 2.882589 x 1072 3.530436 x 1072
1.8 1.674696 x 1072 2.051076 x 1072 0.8 5.863309 x 1072 7.181057 x 1072
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(a) s = 0.5 fixed (b) v = 1.6 fixed

0.02

0.06

0.0205

0.02

0.0195

0.019

Igexact B gk“L2

0.0185

E=|

0.018

0.0175

0.017

0.0165 : : 0 : :
1.2 1.4 1.6 1.8 0.2 0.4 0.6 0.8

v S
Figure A.1. Reconstruction error E versus the temporal order v (left, s = 0.5 fixed) and
versus the spatial order s (right, v = 1.6 fixed).

A.2.  Convergence order of the inverse solver for noise-free data

In Table A.2, we study the convergence of the reconstruction with respect to the mesh size 4 in
the noise-free regime 6 = 0. The source is taken smooth, gex.q = sin(zx), with the orders v = 1.6,
s = 0.3 of Table 1, so that the observed rate reflects the discretization of the operator rather than
the limited regularity of the source (in contrast with the nonsmooth source used in Appendix A.1 to
probe sensitivity). As noted above, for a fixed regularization parameter, the meaningful discretization
quantity is E = [|g" — grll;2q). the error between the discrete reconstruction ge, and the continuous
regularized solution g”7. Since g has no closed form, it is approximated on a fine reference mesh
(N = 1280): The noise-free data are computed on this fine mesh and sampled on each coarse mesh
so that data generation and inversion use different meshes, which rules out an inverse crime and the
coarse reconstruction is then compared with the fine-mesh regularized solution. The experimental
order of convergence is p; = In(E;/E;.1)/ In(h;/his1).

Figure A.2 show that the error decreases monotonically, and the experimental order approaches
O(h), in agreement with the estimate of Theorem 5.2. This confirms that the discrete reconstruction
inherits the convergence predicted by the analysis of Section 5.
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Table A.2. Evolution of the L?-error of the reconstruction under mesh refinement (noise-free

data, v = 1.6, s = 0.3).

h L?-error Relative L*>-error EOC
8.0000 x 1072 1.680653 x 1072 1.7052 x 1072 —
4.0000 x 1072 1.506142 x 1072 1.5221 x 1072 0.158
2.0000 x 1072 9.120209 x 1073 9.2072 x 1073 0.724
1.0000 x 1072 4.449848 x 1073 44911 x 1073 1.035
6.6667 x 1073 3.056955 x 1073 3.0852 x 1073 0.926
5.0000 x 10~ 2.265976 x 1073 2.2868 x 1073 1.041

6 computed eror
— — — reference slope 1.0
10? //
g q .

102 ‘

102 10"

Figure A.2. Convergence of the discretization error of the reconstruction with respect to the
mesh size h (noise-free data), on a logarithmic scale.

6.2. Reconstruction without noise

The results of the reconstruction procedure for the previous three examples without noise are
illustrated in Figures 3(a), 4(a) and 5(a), in which we plot the exact and reconstructed solution for
comparison. As can be seen from these figures, the design provides very close and accurate solutions
without noise, i.e., = 0 for both cases: A regular and non smooth function.

6.3. Reconstruction with noise

Now, we examine the effect of the noise level on the precision of the reconstruction algorithm,
which can be done by considering the exact final measurement and adding some noise level given by
formula (6.1). In Figures 4, 6 and 8, we present the results obtained with different noise levels for
Examples (6.1), (6.2) and (6.3), respectively. The obtained results, for both cases of smooth and non-
smooth solutions, make clear that the CGM is suitable for such kinds of issues, which provides stable
and accurate numerical results in the presence of noise in measurement data. However, it should be
noted that for a high noise level (more than 5%), the accuracy of the solutions can definitely be lost.
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7. Conclusions

In this study, we focused on the optimal recovery of spatial sources for a dynamical problem
characterized by a space—time fractional diffusion—wave model. We addressed the inverse problem of
identifying a space-dependent source term based on noisy final-time observations. Our contributions
included both theoretical insights and numerical solutions. We proved the existence and uniqueness
of solutions to the direct and inverse problems and tackled the ill-posedness of the inverse formulation
by reformulating it as an optimization problem within the Tikhonov regularization framework. We
provided a comprehensive analysis of the well-posedness of the regularized problem, including
stability and uniqueness results. To efliciently compute approximate solutions, we developed
a conjugate gradient algorithm based on the corresponding adjoint problem. The effectiveness
and accuracy of the proposed approach were validated through several one-dimensional numerical
experiments, confirming its robustness and practical applicability to solving inverse source problems
within fractional-order dynamical systems.
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