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Abstract: In this paper, we considered seeking interaction exact solutions with variable coeflicients
for fractional partial differential equations involving the conformable fractional derivative. Combining
with the properties of the conformable fractional calculus, and using a new ansatz structure, we
proposed a new coupled sub-equations method for seeking interaction exact solutions of nonlinear

fractional partial differential equations, that is, the coupled extended (%) equation-Riccati equation
method. In the process of the method, based on conformable fractional calculus, unknown transformed
functions of a fractional system were expressed in certain polynomials with respect to some variables,
which satisfied two known coupled sub-equations, and the homogeneous balance principle was used
to determine the degree of the polynomials. The method was applied to solve the time fractional
two-dimensional Boussinesq equation. With the aid of mathematical software Maple, an abundance
of interaction exact solutions with variable coeflicients for the equation were obtained by the ansatz
structure.
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1. Introduction

In recent decades, fractional differential equations, as an emerging field of modern mathematics,
have gradually enriched and improved their theoretical foundations. The core concept is to extend the
traditional integer order derivative to fractional order derivative, thereby making the description of
differential equations more accurate and extensive. The theoretical research of fractional differential
equations involves several aspects, including the definition of fractional derivatives, initial value
problems, boundary value problems, numerical methods, exact solutions seeking, and qualitative
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properties of solutions such as stability, asymptotic behavior, oscillation, and so on.

In terms of applications, many practical problems can be modeled by fractional differential
equations. Fractional differential equation models have advantages such as memory effect, genetic
characteristics, and high accuracy in describing the dynamic behavior of systems. Therefore, research
on the solving methods and the structure of solutions to fractional differential equations is currently a
hot topic in the field of differential equations. Fractional calculus is widely used in anomalous
diffusion, signal processing and control, fluid mechanics, image processing, soft matter research,
seismic analysis, viscoelastic dampers, power fractal networks, fractional order sine oscillators, and
fractal theory. In the field of physics, fractional differential equations are used to describe the dynamic
behavior of various complex systems. For example, in quantum mechanics, fractional differential
equations can describe the dynamic evolution process of particles in potential wells more accurately.
In material science, the formation and fission process of materials under stress can be deeply
understood through fractional differential equations. In the field of engineering, fractional differential
equations provide new ideas for modeling and controlling complex systems. For example, in circuit
design, fractional differential equations can describe the dynamic characteristics of circuits, providing
theoretical support for circuit optimization design. In the field of biology, fractional differential
equations are used to describe complex processes such as signal transduction, neural activity,
population dynamics and so on.

Fractional differential equations are divided into linear fractional differential equations and
nonlinear fractional differential equations. For linear fractional differential equations, due to their
relatively simple structures, the properties of solutions are also relatively easy to analyze. Nonlinear
fractional differential equations, due to their complex structures, have more complicated solving
processes and analysis of properties. So far, there have been many effective methods for solving

fractional differential equations, such as the (%) method [1], the modified Kudryashov method [2—4],
the fractional Nikiforov Uvarov method [5], the exp method [6-8], the exp(-¢(&))-expansion
method [9-11], the Riccati equation method [12-15], the Lie symmetry method [16,17], the project
Riccati equation method [18,19], the Jacobi elliptic equation method [20-24], and so on. For other
research on the theory and applications of fractional differential equations, we refer to [25-27].

Traditional methods for seeking exact solutions, such as the exp method, the (%) method, the
standard Riccati equation based method, and so on, all fix the independent variable as a linear
traveling wave combination ¥ = x — ct. Although this assumption can effectively obtain traveling
wave solutions, it also brings about significant limitations: first, it cannot handle propagation
problems in inhomogeneous media; second, it lacks degrees of freedom for regulating complex
dynamical behaviors such as soliton-periodic wave coupling, resulting in a relatively simple structure
of solutions; third, under a fixed traveling wave combination condition, it is difficult to construct
non-traveling wave solutions for complex systems. To overcome these limitations, we propose an
improved method that transfers the constraints of the Riccati equation from the solution function to
the independent variable level. Specifically, we still adopt the (%) expansion form, but require the
independent variable ¥ itself to explicitly satisfy the Riccati equation, and the independent variable ¢
of ¥ is an undetermined function of all independent variables in the original equation. This
improvement allows for adjustable transformation rules of the independent variable, enabling the
construction of interaction exact solutions and non-traveling wave solutions.

Motivated by the analysis above, in this paper, we mainly explore the methods of seeking exact
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solutions with interaction forms for nonlinear fractional partial differential equations (NFPDEs)
involving the conformable fractional derivative [28,29]. We will use the combination of two types of
sub-equations to construct a new ansatz structure, and furthermore construct interaction exact
solutions, where the solutions of certain NFPDEs are expressed in polynomials in the

variable [%((g))))] and the following two types of known sub-equations are satisfied

Fi(R,R,,R},...) =0, (1)
Fy(9,9},97,..) = 0. 2)

If F, F, are selected for different forms, then different coupled sub-equations methods can be
constructed.

According to [28, Definition 2.1], the conformable fractional derivative of order y for a
differentiable function u is defined as

v(x 4+ 6x17) = v(x)
5 )

By the definition above, one can verify that the following properties are satisfied:

D’ = li
() 51—r»%

Diplg(x)] = p(;[)q();)](l)%q(x)(, DYt
124 _ gx)D"p(x) — p(x)D"g(x
D)) = 7) ’ 3)
Di[p(x)q(x)] = p(x)D?q(x) + g(x)D” p(x),
Dip(x) = p'(x)x'7.

The remaining parts of this article will be arranged as follows. In Section II, we illustrate the proposed
method, named the coupled extended (%) equation-Riccati equation method, for seeking interaction
exact solutions of NFPDEs. In Section III, we apply the method to seek various types of interaction
exact solutions with variable coeflicients for the time fractional two-dimensional Boussinesq equation.
Finally, we provide some summary comments.

2. The coupled extended (%) equation-Riccati equation method

In this section, we illustrate the coupled extended (%) equation-Riccati equation method for seeking
interaction exact solutions of NFPDEs.

Consider the following system of NFPDEs, in which vy, ...v; are unknown differentiable functions
involving variables ¢, xi, ..., x;, ..., and without loss of generality, suppose the fractional derivative acts
on variables t and x;. A;, A, ..., A, are polynomials with respect to each argument.

ﬂl(V], Vs D?Vla seey D?VS, (Vl)xl’ ceesy (vs)xl 9 eeey Di.Vh ceesy Di.VS, .

) =0,
ﬂZ(vb <V D?V], ooy D;lvs’ (vl)xla vees (vs)xla ceey D‘;,'vla ceey Dg,'vs’ ) 0

’ “4)
A1, .Vs, DIV, oy DIV, (V) xys ooy Vo) s ...,Dfivl, ...,Di.vs, ..)=0.
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Remark 1. The treatment of fractional derivatives in Eq (4) will follow the following approach. For
example, for a differentiable function v(x, y, z, 1), if we set X = k; %, and v(x,y,z,t) = V(X,y,z,1), then
according to the first property of (3), one has D{v = V{(X, y, z, )D{X. On the other hand, by the fourth

a—1
property of (3), one can deduce that DYX = k; % —x'"" = k. So it holds that D}y = k; Vi(X, y, 2, 1.
We give the main steps of the coupled extended (%) equation-Riccati equation method for
solving (4).
Y B
(1) Setting T = ,u%, X, = kiFl’ vi(t, x1, X2, ooy Xiy ) = Vi(T, x1, %2, ..., X, ...), then (4) can be
transformed to the following form:

‘-Fﬂﬂzl(vh "'VS’ (VI)T’ eey (VS)T7 (Vl)xl LIRS (Vs))q LIRS (VI)XN ceey (VS)X,'O "') = 0’
ﬂZ(Vh "'VS’ (VI)T’ eey (VS)T7 (Vl)xl’ ceey (Vs)xl, ceey (Vl)Xi’ ceey (VS)X," "') = 0’ (5)
ﬁm(vb "'VS5 (VI)T5 ceey (VS)T9 (Vl)xp cey (VS))C]’ ceey (VI)XI" ceey (VS)X," "') = O'
(2) Suppose the solutions of (5) can be expressed in the following forms
S R,
Vi= Y alT, x1, ... X, ...) [ﬂ—] Li=1,2,..,s5, (6)
ZO ‘ R(@(0))
where { = {(T, xy, ..., Xi, ...), a;, i = 0, 1, ..., m are unknown functions, and the following two equations
are satisfied:
aRR}) — bRR);, — c(R},)* — dR* = 0, (7
¥, =p+ 9. 3

Eqgs (7) and (8) are named as the extended (%) equation and the Riccati equation, respectively. As one
can see, the ansatz structure used here involves the coupling between the two sub-equations. So the
structure of the solution is essentially different from those obtained by other existing methods, such as
the (%) method, the standard Riccati-based method, and so on. If we denote A; = b*> +4d(a—c), A, =
d(a — c), then the solutions of (7) satisfy the following expressions

01 sinh VA 0, COsS VA
b \/A—l [1 2a-o) 2 2(a C)] b#0,A >0
-0 Xa-0 VA o VAD TT ’
1 cosh + &, sinh
o 2(a —c¢) 2(a—c)
(M) = —5; sin —AY + 05 Ccos A0 ©)
R(®) b, VA T T a0 200y g A <0
Xa-o * a-o V=AD VA T T
1 COS + 0, sin
5 2(a —c) 2(a —c¢)
b 2
2(a_c)+61+6219"b¢0,A1_0’
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VA vV
01 sinh 20 + &, cosh Ar9
VA, (a—c) (a—rc)

(a_c)[ ,_Azﬂ‘ ‘ ,_Az’ﬁ']’b:o, A2>Oa
RI ('19) 51 COSh — + 62 Slnh _
(=22 (a—2o) (a—2o) (10)
R(9) V=20 V=20

—01 sin + 0, CcOS
\/—Az[ (a-c) (a—c)] b=0, Ay<0
(a-c) V=A0 . VAT ’ ’

01 COS + 0, sin

(a=c) (a—c)

where 6, 0, are arbitrary constants.
As is known, the solutions of Eq (8) can be denoted as follows [30,31]:

#91(0) = - y=ptanh(y=p¢ + C), p <0,

92(0) = = y=peoth(y=p¢ + C), p <0,

93(0) = yptan(ypL +C). p >0,

94(0) = = \jpeot(\pL +C), p >0, (D
s, 6(0) = ypltan(2 pZ + C) + sec(2 pl + O)], p > 0,

10 = ~4¢0 P =0.

(3) By balancing the degrees of (%) in (5), one can derive the value of m. After substituting (6) into (5),

together with the help of Eqgs (7) and (8), a system of equations with respect to (%) can be obtained.
(4) After solving the system of equations, one can obtain the values of {, a;. Furthermore, by
combining the results with (9)—(11), one can deduce the interaction exact solutions for Eq (4).

3. Application of the coupled extended (%) equation-Riccati equation method

We consider the following time fractional two-dimensional Boussinesq equation:
D!DJu =ty =ty — (U) gy — Uy =0, 0 < v < 1. (12)

The fractional Boussinesq equation can be used in the analysis of long waves in shallow water, and
also used in the analysis of the percolation of water in a porous subsurface of a horizontal layer of
material. For the Boussinesq equation defined under conformable fractional derivative, its essential
distinction from the classical integer order equation lies in the interpretation of the fractional order
v: it reflects the fractal dimension of the underlying spatial medium, rather than introducing memory
effects. Consequently, the conformable fractional Boussinesq equation effectively maps the integer
order equation from Euclidean space to a fractal space, thereby correcting the scaling relationship
between dispersion and nonlinearity. In [32], Tasbozan etc. solved this equation by use of the Jacobi
elliptic function expansion method.

/
Next we use the coupled extended (%) equation-Riccati equation method to seek interaction exact
solutions for Eq (12).
v

LetT = u%, and u(x,y,t) = U(x,y,T). By Remark 1, Eq (12) is transformed into the equivalent
form:
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/J2 Urr — Uy — Uyy - (Uz)xx —Uprx = 0. (13)
We assume that the solutions of Eq (13) admit the following ansatz structure:
N RyW@O)|
Uy, T) = ) aily, T)[ 9 :

i=0

14
R(3(0)) (1

where ¢ = {(x,y,T), the coefficients a;, i = 0, 1,...,m are unknown functions to be determined, and
R(9({)), ¥ satisty the coupled sub-equations (7) and (8). Substituting (14) into (13), along with Eqs (7)

and (8), yields a polynomial in the variable [%]

We will determine the value of m using the homogeneous balance principle, which has been used
by many authors [1,6-11,18,19]. The core of the homogeneous balance principle is to balance the
degrees of the highest order linear partial derivative term and the dominant nonlinear term in the
nonlinear equation, and then transform the problem of solving the original partial differential equation
into solving a system of nonlinear algebraic equations.

As one can see from (14) and (7), the k-th partial derivative of U increases the degree of the ansatz

Ry ()
R(9(2))

linear partial derivatives U, and the nonlinear terms (U?),, in Eq (13), one can deduce m+4 = 2m+2,
which implies m = 2. Therefore, the ansatz reduces to:

Ry(9(0)) R;W))r
— | ——1 .
ROQ) ] et [ ROQ)

by k compared with U itself. So, by balancing the degrees of [ ] between the highest order

U, y,T) = ao(y,T) + a1 (y, T)[ (15)

’ J
Substituting (15), (7), and (8) into (13), and equating the coefficients of [1%((5)))] to zero, we derive

a system of under-determined partial differential equations for the unknown functions
L(x,y,T), a;(Y,T), i =0,1,2. After solving these equations with the aid of the mathematical software
Maple, one can obtain the following three groups of results. Among these expressions, we mean
fi» i =1,2,...,7 to denote arbitrary functions.

Group 1.
6CH(a — c)*(p + )
((x, 9, T)=Cix+ Cry+ C3T + Cy, ax(y, T) = — > ,
6C2b _ 192 2 C4 8(aq — _ b2 192 2 _ 2C2 2 C2 2 C2
a(y,T) = — “ Cz)(p+ ),ao(y,T): i[8(a—c)e = b7lp + )22a | ta (G z).
a 2Cla
Group 2.
6/2(T + py)(a — c)*(p + %)
Ly, T) = filT £ py) + fo(T £ py), ax(y, T) = — - ’
6bfi (T  uy)(a = )p + &)’ [8(a — c)e = b1(p + P (T + py) — o
a(y,T) = 3 , ag(y, T) = > '
a 2a
Group 3.

{y,T) = AT £ wy), ax(y, T) = foT £ py),
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bHh(T +
a1y = LI 0,7 = f(-T = )+ T )

Combining with (9)—(11), (15), and T = ,u%, one can deduce an abundance of interaction exact
solutions for the time fractional two-dimensional Boussinesq Eq (12). Next we only take Groupl for
example.

Iftb+0, Ay >0, p <0, then from the first equality of (9) and the first two equalities of (11) we
obtain the following two interaction soliton-soliton solutions:

C1[8(a — c)e — b*]p*sech*(\—p¢ + C) — a*C + a*(C3u* — C3)

u(x,y,t) =

2Ca?
200 N2 4
+6C1b(a c)p sezch (V=p¢ + C){E1 ‘5
a
5 sinp YANTPIh(VTRL+O) V) yptanh( YL +C)
[ 2(c —a) 2(c—a) I
VA y=ptanh(y=p{ +C) VA, y=ptanh(y=p{ + C)
0; cosh + 0, sinh
2(c —a) 2(c —a)
6C3(a — c)*p*sech*(N—pl +C) _
— a2 {0'1 + 0
s siny YALVTPUIR(VTRL4C) V) y=ptanh(y=pE + C)
[ 2(c —a) 2(c —a) Ik (16)
5 VA y=ptanh(v=p{ +C) . VAjy=ptanh(y=p{+C)
| cosh + &, sinh
2(c—a) 2(c—a)
C|[8(a — c)e — b*]p*csch*(\=p¢ + C) — a*C; + a*(C5u* — C3)
uZ(x’ Y, t) = 2 2
2Cla
6C2b(a — c)p*csch* (\=pl +C) _
+ 5 {o1 + 02
a
5, sinh VA vJ=p coth(/=p + C) +6, cosh VA y=p coth(y/=pZ + C)
[ 2(c —a) 2(c—a) I
5 cosh YBVTPCOMVTL+O) VA y=peoth( Y5 +C)
2(c —a) 2(c—a)
6C3(a — c)*p*csch*(N=pl +C) _
— az {0'1 + 0
VA y=pcoth(y=p{ +C) VA; y=p coth(y=p¢ + C)
01 sinh + 0, cosh
[ 2(c —a) 2(c —a) Ik a7
5 VA y=p coth(y/=p{ + C) VA y=pcoth(v=p, +C)
1 cosh + 0, sinh
2(c—a) 2(c —a)

v — —_ A
where{:C1x+C2y+C3,ut7+C4, (o8] :ﬁ’ ‘72:2(51—\/?@'
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In Figure 1, we illustrate the interaction soliton-soliton solution u;(x,y, ) under some certain
parameters.

-0.499997

-0.499998—

-0.499999—

Figure 1. The interaction soliton-soliton solution u; undera=d =2, b=c=e=u=C, =
C2:C3=C4=1,p=—1, C=0,6,=1,6,=2,v=0.5,t=2.

As can be seen from Figure 1, the peak intensity values are relatively stable. This indicates that
a stable amplitude-locked bound state has been formed between the two soliton components, with no
energy exchange or periodic oscillation, exhibiting pure soliton molecule behavior and a pure soliton
bound state. This dynamic characteristic can be utilized to simulate the stable bundled transmission of
optical soliton pairs in nonlinear optical fibers or spin solitons in Bose-Einstein condensates [33,34].

Iftb #0, Ay >0, p> 0, then from the first equality of (9) and the results of (11) we obtain the
following interaction soliton-periodic solutions:

C1[8(a — c)e — b*1p* sec*(\fpl + C) — a*Ct + a*(Cap* — C3)
2CTa*

us(x,y,t) =

6Cib(a — c)p*sec*(\pl +C) _
+ 3 {1+ 0
a

VA, yptan(ypL + ) VA, yptan(ypL + )
+ &, cosh
2(a—-c¢) 2(a—c) I
VA Vptan(ypL +C) VAT yptan(ypd +C)

2a—-oc) 025In 2a—-o)

61 sinh

[

0 cosh

6Ci(a—c)’p*sec’(\pl +C) _
- e {o) + 02
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01 sinh VAl vptan(ype + €) + 0, cosh VA VP tan(yp¢ + C)

[ 2(61 - C) 2(61 B C) ]}
W VB (E+O) VA yptan(ypL + )

2(a—c) 2(a —c)

2

(18)
01 COS

Ci[8(a — c)e — b*1p* csc*(\fpl + C) — a*Ct + a*(Cap* — C3)

ug(x,y, 1) =
a5y 2024

6Cib(a — c)p*csc*(\pl +C) . _
+ > {1+ 0,
a

VA ypeot(ypL + ) VA; p cot(ypL + C)
01 sinh + 0, cosh
[ 2(c —a) 2(c —a) I
VALNDCOU(VPE+C) VAT ypeot(ypL +C)

5, sinh
2c—a) 251 2c —a)

01 cosh

6C3(a —c)*p*esc*(Vpl +C)
_ 3 {0'1 + 0
a
5, sinh VA yp cot(ypd + C) 46, cosh VA yp cot(ypd + C)
[ 2(c —a) 2(c —a)
VA o cot(pd + C) ] \/A_I\/ﬁcot(\/;_)zj+C)
h + &, sinh
2(c—a) 2(c—a)

1Y, (19)
01 COS

CiI8(a - e = BJp*(1 + & - a’C + aX(Cip* =€) 6Cibla— (1 + L)

us (X, y,1) =
Y 2Ca* a

A\l AL\l
0 sinhM + 0, cosh M

2(a —c) 2(a—c)
x/AT@Z+ - VA vl

Na—o Toxsimhmo—S

{o + 05

1}
01 cosh

/R4 VA Vol

_6CHa= P D 52[51 T T
> — =
¢ 01 cosh M + 0, sinh M
2(a—c) 2(a——c)

1% (20)

where 7 = tan(2 yp¢ + C) + sec(2 ypL + C), £ = Cix + Coy + Capks + C..

In Figures 2 and 3, we illustrate the interaction soliton-periodic solutions u3(x,y, ) and us(x,y, t)
under some certain parameters.
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Figure 2. The interaction soliton-soliton solution uz undera=d =2, b=c=e=u=C, =
C2=C3=C4=1,p=—1, C=0,6,=1,6,=2,v=0.5, r=2.

9_
1.x10 |

8
8.x10 |

8 |
6.%x10 |

87
4.x10

8_
2.%x10 |

7
0

W Q‘::::::::::z::::::::::" W
IR
<

X

Figure 3. The interaction soliton-soliton solution uy undera=d =2, b=c=e=u=C, =
C,=C3=C4=1,p=-1,C=0,6,=1,0,=2,v=07,t=2.

Figures 2 and 3 correspond to v = 0.5 and 0.7, respectively. A comparison reveals that the
waveform in Figure 2 exhibits compact soliton peaks and a weakly periodic background, with
stronger localization, while the soliton peaks in Figure 3 become wider, and the periodic modulation
amplitude is significantly enhanced, making the overall waveform more dominated by periodic waves.
This difference stems from the regulation of the fractional order v on the system. A smaller v
strengthens energy localization, with soliton components dominating, while a larger v weakens

AIMS Mathematics Volume 11, Issue 7, 21989-22003.
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non-localization, releasing periodic components. Simultaneously, introducing different singularity
distributions through the Riccati equation further affects the localization-periodicity competition. The
traditional (%) method and Riccati equation method, which fix the independent variable as a linear
traveling wave, cannot characterize the properties of such soliton-periodic wave coupled solutions.
However, the method proposed in this paper elevates the Riccati equation constraint to the
independent variable level. By selecting different Riccati parameters and fractional orders, it can
successfully capture and regulate the continuous evolution of the soliton-periodic wave coupled
morphology with varying fractional orders.

Ifb#0, Ay >0, p =0, then from the first equality of (9) and the last equality of (11) we obtain
the following interaction soliton-rational solutions:

Ci[8(a — c)e — b*1(p + 9*)* — a>C} + a*(Cap* — C3)

ur(x,y,t) =
7( y ) 2C%a2
. VA VA
L=+ I [‘51 sinh gy +o2cosh Ac—a),
a 1 2 o) coshﬂ +0 sinhﬂ
: 2(c —a) 2 2(c —a)
. VA VA9
6C3a—cPp+ ooy _ Ovsihgiy torcoshar s
- 5 {o1 + 0o I, (21)
a4 01 cosh 1 + &, sinh VA9
! 2c—a) 2 2(-a)
where ¥ = — 1 > .
C1x+C2y+C3,u— +Cs+C
4

Figure 4. The interaction soliton-soliton solution u; undera=d =2, b=c=e=u=C, =
C2=C3:C4=1,p:—1, C=0,0,=1,6,=2,v=0.7,t=2.
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In Figure 4, we illustrate the interaction soliton-rational solution u;(x,y,?) under some certain
parameters.

As can be seen from Figure 4, the overall waveform exhibits a main soliton peak, but on both sides
or in the background, there are uplifts or plateau structures caused by algebraic decay due to rational
function components, rather than periodic oscillations. Unlike the previous soliton-soliton and soliton-
periodic scenarios in Figures 1-3, the rational function components here do not produce repeating
wave packets, but instead form localized, non-oscillatory modulation distortions. Dynamically, the
main soliton maintains its localization and amplitude stability, but the rational component causes the
wave to retain a slowly decaying tail over a longer distance. This type of coupling can be used to
describe soliton excitation in non-uniform backgrounds, or localized states coupled with the continuum
spectrum in Bose-Einstein condensates.

According to to Group 1, one can also obtain other interaction solutions for b # 0, A} < 0; b =
0, A, > 0;0rb =0, A, < 0by use of (9)—(11). Similarly, by a combination of the results in Groups 2,3
and (9)—(11), (15), one can obtain a series of other interaction exact solutions for the time fractional
two-dimensional Boussinesq Eq (12).

Remark 2. All the solutions obtained above have been verified by the mathematical software Maple.
After substituting the solutions (16)—(21) to Eq (12), one can symbolically verify the equation satisfies
explicitly.

4. Conclusions

We have introduced a new ansatz structure, and used it to construct a new coupled sub-equations
method for seeking interaction exact solutions with variable coefficients for nonlinear fractional
partial differential equations. The homogeneous balance principle is used in the solving process. By
the method, with the aid of mathematical software Maple, some new interaction solutions with
variable coefficients for the time fractional two-dimensional Boussinesq equation have been found.
This method transfers the constraints of the Riccati equation from the solution function to the
independent variable ¢ itself, and allows the independent variable { of ¥} to be an undetermined
function of the original equation’s independent variables. Therefore, it has further application value in
multiple fields. For example, it can be used in variable-coeflicient nonlinear optical fiber systems,
fractional or stochastic wave equations, soliton control in inhomogeneous media, and localized state
design in Bose-Einstein condensates, especially in complex scenarios that require dynamic
adjustment of soliton-period coupling patterns. However, this method also has some significant
shortcomings. First, the assumption that ¢ satisfies the Riccati equation is strong, and not all physical
systems can naturally satisfy or be precisely solved. Second, the introduction of the undetermined
function {(x,y,t) increases the complexity of the algebraic equation system, often requiring the
assistance of symbolic computation or numerical methods to complete. Finally, this method is
currently mainly applicable to models with dimensions below (2+1), and when extended to higher
dimensions or coupled equation systems, the handling of compatibility conditions becomes very
difficult. Therefore, while enhancing flexibility, the new method sacrifices some universality and
computational convenience.
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