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1. Introduction

Recall that an analytic function f (z) =
∞∑

k=1
akznk is called a lacunary series if

λ = inf
k

nk+1

nk
> 1.

Such series are often used to construct examples of analytic functions in various function spaces. It
is known that a lacunary series belongs to the Bloch space if, and only if, its Taylor coefficients are
bounded [15], and belongs to BMOA, the space of analytic functions in the unit disk D of bounded

mean oscillation (see [9]) if, and only if,
∞∑

n=1
|an|

2 < ∞ [5]. Also, if 0 ≤ p ≤ 1, a lacunary series

f (z) =
∞∑

k=1
akznk is in Qp if, and only if,

∞∑
k=1

n1−p
k |ak|

2 < ∞. Moreover, f is actually in Qp,0 (see [4]).

Let {ϵn}∞n=0 be a sequence of independent, identically distributed (i.i.d.) Rademacher random
variables on a probability space (Ω,F , P), that is, P(ϵn = 1) = P(ϵn = −1) = 1

2 for all n ≥ 0. For
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each f (z) =
∞∑

n=0
anzn ∈ H(D), we define the random power series

(R f )(z) =
∞∑

n=0

anϵnzn,

where H(D) is the space of all analytic functions on the unit disk D.
Let X be a certain analytic function space onD. We say that R f almost surely belongs to X (denoted

by R f ∈ X a.s.), if there exists E ⊂ Ω with P(E) = 1 such that (R f )(z) ∈ X whenever ϵn ∈ E.
Generally, random power series and lacunary series have many similar characteristics. For example,

they are very well behaved if the coefficients are square-summable and very badly behaved if not

(see [12, 14]). However, the condition
∞∑

n=1
|an|

2 < ∞ implies R f ∈
⋂

p<∞
Hp a.s. ( [14]). Sledd [17]

and Duren [5] have shown that
∞∑

n=1
|an|

2 log n < ∞ implies that R f ∈ BMOA a.s. Furthermore, this

condition actually gives the stronger conclusion that R f ∈ VMOA a.s. Aulaskari, Stegenga, and Zhao

in [3] have shown that for 0 < p < 1,
∞∑

n=1
n1−p|an|

2 < ∞ implies R f ∈ Qp a.s. Recently, we have proved

that R f is actually in Qp,0 a.s. in this condition [13]. However, compared with the known results for Qp

spaces (see [3,13]), the extension to the general QK setting is not trivial because the weight function K
is not necessarily a power function.

For any a ∈ D, let

φa(z) =
a − z
1 − āz

, z ∈ D

be the Möbius transformation of D. Let K : [0,∞) → [0,∞) be a right-continuous and nondecreasing
function. The space QK consists of analytic functions f on D with

∥ f ∥2QK
= sup

a∈D

∫
D

| f ′(z)|2K(1 − |φa(z)|2)dA(z) < ∞.

The space QK,0 is the subspace of QK with

lim
|a|→1−

∫
D

| f ′(z)|2K(1 − |φa(z)|2)dA(z) = 0.

QK is a Banach space with the norm ∥ f ∥ = | f (0)|+ ∥ f ∥QK and is Möbius invariant, that is, ∥ f ◦ φa∥QK =

∥ f ∥QK for all a ∈ D. It is also known that QK is the Qp space and QK,0 is the little Qp space in the case
of K(t) = tp, (0 < p < ∞). Specifically, QK and QK,0 coincide with BMOA and VMOA (the space of
analytic functions in D of vanishing mean oscillation), respectively, if K(t) = t. For more materials
about the Qp and BMOA theory, we refer to [9, 16, 20].

QK spaces were introduced by Essén, Wulan, and Xiao et al. in [7,8,19], and it was proved that QK

is always contained in the Bloch space B and QK,0 is contained in B0 space, where the Bloch space B
consists of all analytic functions f on D satisfying

∥ f ∥B = sup
z∈D

(1 − |z|2)| f ′(z)| < ∞,
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and the subspace B0 consists of all functions f ∈ B satisfying

lim
|z|→1−

(1 − |z|2)| f ′(z)| = 0.

Moreover, QK space is nontrivial, i.e., QK must contain nonconstant functions, if, and only if,∫ 1
e

0
K

(
log

1
r

)
rdr < ∞.

For more results about the space QK , we refer to [19].
In this paper, we always assume that the weight function K satisfies K(0) = 0, and∫ ∞

1
φK(s)

ds
s1+σ < ∞, σ > 0 (1.1)

where

φK(s) = sup
0<t≤1

K(st)
K(t)

< ∞, 0 < s < ∞.

Note that φK(s) is always well defined if it is allowed to take infinite values.

Suppose f (z) =
∞∑

k=1
akznk is a lacunary series and the weight function K satisfies condition (1.1). The

following equivalent relations hold in QK spaces (see [18, 19])

∞∑
k=1

nk|ak|
2K

(
1
nk

)
< ∞ ⇐⇒ f ∈ QK ⇐⇒ f ∈ QK,0. (1.2)

The main purpose of this paper is to establish the sharp condition for the random series R f to belong
to QK (and QK,0) almost surely. This generalizes the previous criteria for Qp spaces (where K(t) = tp)
and also extends the lacunary series characterizations in [18, 19] to the random setting.

Theorem 1.1. Suppose f (z) =
∞∑

n=0
anzn ∈ H(D) and the weight function K satisfies condition (1.1). If

∞∑
n=1

n|an|
2K

(
1
n

)
< ∞, (1.3)

then the random series

(R f )(z) =
∞∑

n=0

anϵnzn ∈ QK a.s.

Furthermore, this condition of Theorem 1.1 actually implies the stronger conclusion that R f ∈ QK,0

a.s. We will obtain this result in Section 3. As an application, the relationship between mean Lipschitz
spaces and QK spaces is shown in Section 4.

In what follows, C always denotes some positive constant which may differ at different situations.
Moreover, A ≲ B means that there exists a positive constant C such that A ≤ CB and A ≈ B means
A ≲ B and B ≲ A.
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2. Preliminaries and basic properties

A sequence of functions {φn(t)}∞n=0 is called the Rademacher functions if

φ1(t) =


1, 0 < t < 1

2 ,

−1, 1
2 < t < 1 ,

0, t = 0, 1
2 , 1,

and
φn(t) = sgn{sin(2nπt)}, 0 ≤ t ≤ 1.

In general, φn(t) vanishes at all multiples of 2−n and takes the values ±1 elsewhere. See [6, 10] for
properties of these functions.

The following Khintchine’s inequality (Appendix A of [6, 11]) for Rademacher functions will be
used later.

Lemma 2.1. (Khintchine’s inequality) Let {an}
∞
n=1 be a sequence of complex numbers with

∞∑
n=1
|an|

2 < ∞.

Then, the series
∞∑

n=1
anφn(t) converges a.s. Furthermore, let 0 < p < ∞, for all integers N ≥ 1,

Ap

 N∑
n=1

|an|
2

1/2

≤

E
∣∣∣∣∣∣∣

N∑
n=1

anφn(t)

∣∣∣∣∣∣∣
p

1/p

≤ Bp

 N∑
n=1

|an|
2

1/2

(2.1)

for some positive constants Ap, Bp depending only on p.

For α ≥ 1 and β ≥ 1, the following inequality holds for the beta function B(α, β).

Lemma 2.2. (Beta function inequality) Let α ≥ 1 and β ≥ 1. Then, there exist two constants C1 and
C2 depending only on β such that

C1

(
1
α

)β
≤ B(α, β) =

∫ 1

0
tα−1(1 − t)β−1dt ≤ C2

(
1
α

)β
.

An important tool to study function spaces is Carleson type measure. Let I be any arc on the unit
circle S 1 and |I| be the normalized length of I, i.e.,

|I| =
1

2π

∫
I
|dζ |.

For any subarc I of S 1, the Carleson sector S (I), based on I, is defined by

S (I) = {z = reiθ : 1 − |I| ≤ r < 1, eiθ ∈ I}.

If µ is a positive Borel measure on the unit disk D and K is a positive weight function, we say µ is a
K-Carleson measure if

∥µ∥K = sup
I⊂S 1

∫
S (I)

K
(
1 − |z|
|I|

)
dµ(z) < ∞.
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We say µ is a vanishing K-Carleson measure if

lim
|I|→0

∫
S (I)

K
(
1 − |z|
|I|

)
dµ(z) = 0.

If K(t) = tp, 0 < p < ∞, then µ is a K−Carleson on D if, and only if, (1 − |z|2)pdµ is a p−Carleson
measure.

It is known in [8] that f ∈ QK if, and only if, dµ(z) = | f ′(z)|2dxdy is a K-Carleson measure on D,
and f ∈ QK,0 if, and only if, dµ(z) = | f ′(z)|2dxdy is a vanishing K-Carleson measure, respectively.

If 0 < r < 1 and f ∈ H(D), we set

Mp(r, f ) =
(

1
2π

∫ 2π

0
| f (reiθ)|pdθ

) 1
p

, 0 < p < ∞

and M∞(r, f ) = sup
|z|=r
| f (z)|.

For 1 ≤ q ≤ ∞, 0 ≤ α ≤ 1, the mean Lipschitz space Λ(q, α) consists of those functions f ∈ H(D)
for which

∥ f ∥Λ(q,α) = | f (0)| + sup
0<r<1

(1 − r)1−αMq(r, f ′) < ∞.

Note that the size of Λ(q, 1/q) increases with q ∈ (1,∞). It is clear that the space Λ(∞, 0) coincides
with the Bloch space B and is contained in Λ(q, 0) for every q < ∞.

Lemma 2.3. ( [19]) Suppose f ∈ H(D) and 2 < q ≤ ∞. Let K satisfy condition (1.1) for σ = 1 − 2
q ,

namely,

Bq =

∫ ∞

1

φK(s)

s2− 2
q

ds < ∞.

Then,

∥ f ∥2QK
≤ Bq

∫ 1

0
K(1 − r)M2

q(r, f ′)dr.

3. Proof of Theorem 1.1

If K satisfies condition (1.1) for some σ > 0, define the auxiliary function

K∗(t) = σtσ
∫ ∞

t
K(s)

ds
s1+σ , 0 < t < ∞. (3.1)

We shall use the following standard properties of the auxiliary function K∗ , whose proof can be found
in Lemma 3.1 of Chapter 3 of [19]. K∗ has the following properties:

(i) K∗(t) is nondecreasing on (0,∞).
(ii) K∗(t)/tσ is decreasing on (0,∞).
(iii) K∗(t) ≥ K(t) for all t ∈ (0,∞).
(iv) K∗(t) ≤ K(t) on (0, 1], so K∗(t) ≈ K(t) on t ∈ (0, 1].

In order to prove Theorem 1.1, we need the following inequality.
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Proposition 3.1. Suppose the weight function K satisfies condition (1.1) and α ≥ 1. Then,∫ 1

0
rα−1K(1 − r)dr ≲

1
α

K
(

1
α

)
. (3.2)

Proof. Split the integral as∫ 1

0
rα−1K(1 − r)dr =

∫ 1− 1
α

0
rα−1K(1 − r)dr +

∫ 1

1− 1
α

rα−1K(1 − r)dr =: I1 + I2.

For I2, since r ≤ 1 and K is nondecreasing,

I2 ≤ K
(

1
α

) ∫ 1

1− 1
α

rα−1dr ≤
1
α

K
(

1
α

)
.

For I1, substitute 1 − t to obtain

I1 =

∫ 1

1
α

(1 − t)α−1K(t) dt.

By properties (ii) and (iii) of K∗, we have K(t) ≤ K∗(t) and K∗(t)/tσ is decreasing for the σ > 0 in
condition (1.1). Then, for t ∈ [1/α, 1],

K∗(t)
tσ
≤

K∗( 1
α
)

( 1
α
)σ
.

Hence,

I1 ≤

∫ 1

1
α

(1 − t)α−1 K∗(t)
tσ

tσdt ≤
K∗

(
1
α

)
(

1
α

)σ ∫ 1

1
α

tσ(1 − t)α−1dt.

The integral
∫ 1

1
α

tσ(1 − t)α−1dt is bounded by the Beta function B(σ + 1, α) =
∫ 1

0
tσ(1 − t)α−1dt. By

Lemma 2.2,

I1 ≲
K∗

(
1
α

)
(

1
α

)σ (
1
α

)σ+1

=
1
α

K∗
(

1
α

)
.

Since K∗
(

1
α

)
≈ K

(
1
α

)
on (0, 1] (property (iv)), we obtain I1 ≲

1
α

K
(

1
α

)
. Combining with the estimate for

I2 gives the desired inequality.
□

Proof of Theorem 1.1. Assume that
∞∑

n=1

n|an|
2K

(
1
n

)
< ∞

holds. By Fubini’s theorem,

E

(∫ 1

0
M2

q(r, (R f )′)K(1 − r)dr
)
=

∫ 1

0
E

∫ 2π

0

∣∣∣∣∣∣∣
∞∑

n=1

nanϵnr(n−1)ei(n−1)θ

∣∣∣∣∣∣∣
q

dθ
2π


2
q

K(1 − r)dr. (3.3)
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For q > 2, the function x 7→ x
2
q is concave on [0,∞). Jensen’s inequality yields

E

∫ 2π

0

∣∣∣∣∣∣∣
∞∑

n=1

nanϵnr(n−1)ei(n−1)θ

∣∣∣∣∣∣∣
q

dθ
2π


2
q

≤

E∫ 2π

0

∣∣∣∣∣∣∣
∞∑

n=1

nanϵnr(n−1)ei(n−1)θ

∣∣∣∣∣∣∣
q

dθ
2π


2
q

=

∫ 2π

0
E

∣∣∣∣∣∣∣
∞∑

n=1

nanϵnr(n−1)ei(n−1)θ

∣∣∣∣∣∣∣
q

dθ
2π


2
q

.

For each fixed r and θ, Khintchine’s inequality gives

E

∣∣∣∣∣∣∣
∞∑

n=1

nanϵnr(n−1)ei(n−1)θ

∣∣∣∣∣∣∣
q

≲

 ∞∑
n=1

n2|an|
2r2n−2


q
2

.

Since the righthand side is independent of θ, substituting these into the previous formula (3.3) gives

E

(∫ 1

0
M2

q(r, (R f )′)K(1 − r)dr
)
≲

∫ 1

0

∞∑
n=1

n2|an|
2r2n−2K(1 − r)dr =

∞∑
n=1

n2|an|
2
∫ 1

0
r2n−2K(1 − r)dr.

From Proposition 3.1, ∫ 1

0
r2n−2K(1 − r)dr ≲

1
n

K(
1
n

)

for n ≥ 1. So we get

E

(∫ 1

0
M2

q(r, (R f )′)K(1 − r)dr
)
≲
∞∑

n=1

n|an|
2K(

1
n

) < ∞,

which implies that ∫ 1

0
M2

q(r, (R f )′)K(1 − r)dr < ∞.

By Lemma 2.3, we have R f ∈ QK a.s. This theorem is proved.
□

The condition of Lemma 2.3 implies the stronger conclusion that f actually belongs to the QK,0

space.

Proposition 3.2. Suppose f ∈ H(D) and 2 < q ≤ ∞. Let K satisfy condition (1.1) for σ = 1 − 2
q ,

namely,

Bq =

∫ ∞

1

φK(s)

s2− 2
q

ds < ∞.

If ∫ 1

0
K(1 − r)M2

q(r, f ′)dr < ∞,

then f ∈ QK,0.

AIMS Mathematics Volume 11, Issue 7, 21961–21972.
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Proof. For any I ⊂ S 1, we first consider the case q = ∞. Since∫
I
| f ′(reiθ)|2dθ ≤ M2

∞(r, f ′) |I|,

we have ∫
S (I)

K
(
1 − |z|
|I|

)
| f ′(z)|2dxdy ≤

∫ 1

1−|I|
|I|K

(
1 − |z|
|I|

)
M2
∞(r, f ′)dr

≤

∫ 1

1−|I|
|I|φK

(
1
|I|

)
K(1 − r)M2

∞(r, f ′)dr

≤

∫ 1

1−|I|

∫ ∞

1
|I|

φK(s)
s2 ds

 K(1 − r)M2
∞(r, f ′)dr

≤ B∞

∫ 1

1−|I|
K(1 − r)M2

∞(r, f ′)dr.

The integral ∫ 1

0
K(1 − r)M2

∞(r, f ′)dr < ∞

implies that for any ϵ > 0, there exists a δ, 0 < δ < 1, such that∫ 1

1−δ
K(1 − r)M2

∞(r, f ′)dr < ϵ.

Thus ∫
S (I)

K
(
1 − |z|
|I|

)
| f ′(z)|2dxdy ≤ B∞ϵ (3.4)

holds for any subarc I on S 1 with |I| < δ.
For the case 2 < q < ∞, by Hölder’s inequality, we have∫

I
| f ′(reiθ)|2dθ ≤

(∫
I
| f ′(reiθ)|qdθ

) 2
q
(∫

I
dθ

) q−2
q

≤ M2
q(r, f ′)|I|1−

2
q .

It follows that ∫
S (I)

K
(
1 − |z|
|I|

)
| f ′(z)|2dxdy ≤

∫ 1

1−|I|

∫
I
φK

(
1
|I|

)
K(1 − r)| f ′(reiθ)|2drdθ

≤

∫ 1

1−|I|
φK

(
1
|I|

)
K(1 − r)M2

q(r, f ′)|I|1−
2
q dr.

By condition (1.1),

AIMS Mathematics Volume 11, Issue 7, 21961–21972.
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φK

(
1
|I|

)
|I|1−

2
q =

(
1 −

2
q

)
φK

(
1
|I|

) ∫ ∞

1
|I|

ds

s2− 2
q

≤

(
1 −

2
q

) ∫ ∞

1
|I|

φK(s)

s2− 2
q

ds

≤ Bq.

The integral ∫ 1

0
K(1 − r)M2

q(r, f ′)dr < ∞

implies that for any ϵ > 0, there exists a δ, 0 < δ < 1, such that∫ 1

1−δ
K(1 − r)M2

q(r, f ′)dr < ϵ.

Thus, we have ∫
S (I)

K
(
1 − |z|
|I|

)
| f ′(z)|2dxdy ≤ Bq

∫ 1

1−|I|
K(1 − r)M2

q(r, f ′)dr < Bqϵ (3.5)

holds for any subarc I on S 1 with |I| < δ. (3.4) and (3.5) show that the measure dµ(z) = | f ′(z)|2dxdy is
a vanishing K−Carleson measure, hence f ∈ QK,0. □

The following result characterizing random power series in the QK,0 space can be obtained
immediately from Theorem 1.1 and Proposition 3.2.

Theorem 3.3. Suppose f (z) =
∞∑

n=0
anzn ∈ H(D) and the weight function K satisfies condition (1.1). If

∞∑
n=1

n|an|
2K

(
1
n

)
< ∞,

then the random series

(R f )(z) =
∞∑

n=0

anϵnzn ∈ QK,0 a.s.

4. Mean Lipschitz spaces and QK

Let q ≥ 1 and 0 < α ≤ 1. The mean Lipschitz spaces Λ(q, α) can be depicted by (see [6])

Mq(r, f ′) = O
(
(1 − r)a−1

)
, r ∈ (0, 1).

Furthermore, if
Mq(r, f ′) = o

(
(1 − r)a−1

)
, as r → 1,

we say that f ∈ λ(q, α).
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Under certain conditions, the mean Lipschitz spaces can be embedded in Qp spaces and QK spaces.
It is proved in [1, 2] that Λ(q, 1

q ) ⫋ Qp if 0 < p < 1, 2 < q < ∞, and 1 − 2
q < p. It is known in [19] that

the condition

Aq =

∫ 1

0

φK(s)

s2− 2
q

< ∞

means Λ(q, 1
q ) ⫋ QK for 2 ≤ q < ∞.

For the random series, we can get the converse result.

Theorem 4.1. Let f (z) =
∞∑

n=1
anzn ∈ H(D). If the weight function K satisfies condition (1.1) and the

random series

(R f )(z) =
∞∑

n=0

anϵnzn ∈ QK a.s.

then R f ∈ Λ(q, 1
q ) a.s. where q > 2. Furthermore, R f ∈ λ(q, 1

q ) a.s.

Proof. From the proof of Theorem 1.1 and Proposition 3.2 , the condition R f (z) ∈ QK a.s. implies∫ 1

0
M2

q(r, (R f )′)K(1 − r)dr < ∞.

Furthermore, for any ϵ > 0, there exists a δ, 0 < δ < 1, such that∫ 1

1−δ
M2

q(r, (R f )′)K(1 − r)dr < ϵ.

Since K satisfies (1.1) with σ = 1 − 2/q, the associated function K∗ has the property that K∗(t)/tσ

is decreasing. Consequently, for 0 < t ≤ 1,

K∗(t)
tσ
≥ K∗(1) and K(t) ≈ K∗(t).

Hence, we have

∫ 1

1−δ
M2

q(r, (R f )′)K(1 − r)dr =
∫ 1

1−δ
M2

q(r, (R f )′)(1 − r)1− 2
q

K(1 − r)

(1 − r)1− 2
q

dr

≈

∫ 1

1−δ
M2

q(r, (R f )′)(1 − r)1− 2
q

K∗(1 − r)

(1 − r)1− 2
q

dr

≥ K∗(1)
∫ 1

1−δ
M2

q(r, (R f )′)(1 − r)1− 2
q dr

which implies that

Mq(r, (R f )′) = o

 1

(1 − r)1− 1
q

 , as r → 1.

So R f actually belongs to λ(q, 1
q ) a.s., and this proof is complete. □
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5. Conclusions

In this paper, we have studied the almost sure behavior of random power series R f in the general
QK and QK,0 spaces. Under a mild regularity condition on the weight function K, we proved that the
coefficient condition

∞∑
n=1

n|an|
2K

(
1
n

)
< ∞

is sufficient forR f to belong to QK almost surely. Moreover, this condition actually implies the stronger
conclusion R f ∈ QK,0 almost surely. These results extend the classical characterizations for lacunary
series and for random series in Qp spaces to the more general QK spaces. As an application, we showed
that if R f ∈ QK a.s., then it belongs to the mean Lipschitz space Λ(q, 1/q) a.s., and even to its little
counterpart λ(q, 1/q) a.s. for q > 2.
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