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Abstract: Demand forecasting from a retail perspective affects various facets of the business,
including workforce planning, inventory control, and supply chain management, and informs key
business strategies. The long-range demand forecasting techniques evaluate various external influences
and deal with time series data that often exhibit irregular patterns and complex seasonality, and are
often hierarchical. In this work, we proposed a long-range demand forecasting framework that used
covariates and was based on transformer architectures with the following key components: multihead
self-attention, direct multi-horizon prediction, positional encodings, and categorical embeddings. This
framework can model various temporal patterns and was context-aware within the retail system.
Having implemented the framework, we benchmarked it against state-of-the-art demand forecasting
models on several retail forecasting datasets, as well as other complex time-series, multi-dimensional
forecasting datasets. The model empirically demonstrated a 3.1% improvement on the retail
forecasting benchmark (achieving a weighted root mean squared scaled error (WRMSSE) of 0.498)
and a 1.7% improvement on the benchmark for complex time series datasets (achieving an symmetric
mean absolute percentage error (SMAPE) of 12.47) compared to the leading transformer models.
Additionally, we provided empirical evidence of enhanced demand forecasting, improved stability and
robustness, reduced training time, and improved model throughput. With all of these model features
and enhancements combined, we believe this will make retail demand forecasting significantly more
feasible and add considerable operational value, particularly for the planning and strategy aspects of
retail management.

Keywords: long-horizon forecasting; retail demand prediction; transformer models; time-series
analytics; hierarchical forecasting; deep learning
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1. Introduction

In retail analytics, accurate long-term demand forecasting remains a primary challenge due to
intricate seasonal dynamics and the complexities introduced by promotions and cross-item interactions
within large hierarchical contexts. With the availability of detailed sales data, there has been a
strong push to develop scalable models that can effectively forecast demand with nonlinear temporal
dependencies over extended forecast horizons. There have also been several recent studies indicating
that traditional statistical methods are less robust when using long forecast windows and large retail
hierarchies [1].

Deep learning methods are growing in popularity to help solve these problems. In particular,
newer neural forecasting models are more flexible in handling multiple inputs simultaneously and more
efficient for large retail businesses [2]. On the other hand, long temporal contexts can cause recurrent
neural networks to perform worse when processing data sequentially, leading to unstable gradients [3].

Newly developed transformer-based models are considered strong alternatives for time-series
forecasting. The self-attention mechanism in these models can model direct dependencies over very
long time periods without first computing them recursively. In 2024, empirical evaluations showed
that attention-based models outperformed recurrent baseline methods on multi-horizon forecasting
tasks [4]. Also, recent decomposition-enhanced transformers have demonstrated improved stability
in modeling seasonal retail demand [5].

Transformer-based models show consistent improvements across a number of standardized
benchmark forecasting datasets and at various forecasting frequencies and horizons [6]. Retail-oriented
datasets whose sales patterns are sporadic, exhibit intermittent sales behavior, and, consequently,
result in sparse demand demonstrate particularly large improvements over more traditional forecasting
methods [7].

While various improvements have been made, ongoing issues still require resolution. Current
transformer architectures struggle to scale to large, hierarchical retail structures. Similarly, determining
how best to incorporate covariates, including price signals and calendar events, into transformer
architectures is an ongoing area of research [8]. Finally, establishing long-term predictive accuracy
with transformers will require comparative analyses to understand how performance typically
decreases as the prediction horizon exceeds the length of the training window [9].

While architectures using transformers such as Informer, Autoformer, and PatchTST provide
generalized long-range sequence modeling with competitive forecasting capabilities, many
methodological gaps remain for large-scale forecasting of retail demand. Existing transformer-based
forecasting architectures mostly focus on homogeneous temporal frameworks and lack mechanisms
to combine modeling of retail hierarchies, covariate interactions, and stable long-range forecasting
with erratic demand distributions. In addition, many studies focus on forecasting with different pre-
processing pipelines, optimization, and computing frameworks. This makes it very difficult to discern
the effects of certain architectures from implementation differences.

The proposed model provides a cohesive covariate-aware transformer structure for hierarchical
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retail forecasting. This structure incorporates several innovations, such as multihead global temporal
attention, categorical hierarchy-aware embeddings, temporal covariate fusion, positional sequence
encoding, and multi-horizon direct optimization. This framework integrates these components into
a single globally trained forecasting structure. Rather than using traditional autoregressive methods
that iteratively propagate prediction errors over long forecast horizons, this architecture uses direct
horizon-level forecasting, which promotes stability in long-term forecasts and minimizes cumulative
uncertainty. This framework uses a unified representation-learning structure that combines temporal,
inter-series, and covariate-based theoretical approaches for retail demand series. This structure allows
the transformer encoder to embed inter-series learning alongside inter-series and contextual learning
within a learning framework. For a fair comparison with all other forecasting architectures, all other
architectures are built using the same preprocessing and optimization, and all structures are built on
the same hardware and configured similarly.

The main goal of my research is to create an integrated transformer-based forecasting system
to address real-world challenges in large-scale retail demand forecasting, such as diverse demand
behavior, an imbalanced product hierarchy, long-range forecasting, and multiple contextual covariates.
Most current forecasting systems focus on improving individual components of the transformer.
However, my research will examine the extent of improvements in forecasting accuracy, robustness,
and scalability, and, in particular, the cost-benefit of computational efficiency when temporal self-
attention, hierarchical categorical representations, covariate-driven feature construction, and direct
multi-horizon optimization are combined in a single system for real-world retail demand forecasting.

The main contributions of this study include:

e Development of a framework for hierarchical long-horizon retail demand forecasting utilizing
covariate-aware transformers.

Creation of a global representation learning approach.

Design of a direct multi-horizon forecasting approach.

Establishment of a benchmarking protocol and methods for experimental comparison.
Illustration of the framework and approach across forecasting use cases, demonstrating
improvement of convergence and forecasting robustness and stability.

The remainder of this paper is organized as follows. Section 1 introduces the problem background
and motivation. Section 2 reviews related work in statistical, recurrent, and transformer-based
time-series forecasting. Section 3 presents the proposed transformer framework. This includes
problem formulation and architectural design. Section 4 describes the experimental setup and reports
comprehensive results. These cover quantitative measures, ablation, and scalability. Section 5
concludes the paper and outlines future research directions.

2. Literature review

Long-term time-series forecasting has been a subject of great interest in recent years because it
is essential for retail analytics, supply chain management, and strategic planning. Classical statistical
methods such as exponential smoothing (ETS) and autoregressive integrated moving average (ARIMA)
have historically been the dominant tools for demand forecasting because they are very interpretable
and have proven to perform well on seasonal time series. These statistical models continue to compete
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at the large-scale retail benchmarks such as the M4 and M5 competitions [10, 11]. However, they do
not perform well when modeling complex nonlinear dependencies and interactions between different
time series.

The rapidly evolving landscape of explainable artificial intelligence (Al), transformer-based
representation learning, and intelligent decision-support systems underscores the need for scalable,
interpretable deep learning systems. Earlier work relied on explainability-driven convolutional
neural networks and gradient-weighted class activation mapping (XGrad-CAM) to enhance the
interpretability and feature attribution of brain tumor classification systems and disease recognition
systems [12, 13]. Next, attention-based hybrid convolutional neural network (CNN)-Transformer
systems provided explainable attention and flexible feature interaction for improved representation
in medical imaging and skin cancer diagnosis [14, 15]. Several multimodal systems based on
transformers have successfully integrated cross-adaptive attention combined with hierarchical feature
fusion to model different data forms [16]. Beyond the health sector, explainable intelligent
decision-support systems and large-scale Al-based analytical systems highlight the essential role
of adaptable, robust representation learning across diverse real-world conditions [17, 18]. These
systems represent the shift toward integrated deep learning systems capable of modeling heterogeneous
dependencies and enabling long-range, contextual, and interpretable decision-making. This work
applies representation learning and attention-based modeling to long-horizon retail demand forecasting
and offers a transformer framework with covariate awareness that fuses covariates with hierarchical
representations, combines global self-attention, and supports scalable, direct forecasting across
multiple successive horizons.

Building upon the strengths and limitations of classical models, deep learning models have
progressively replaced purely statistical approaches in large-scale forecasting tasks. Recurrent
neural networks (RNNs), particularly Long short-term memory (LSTM) networks, demonstrated
improved performance in modeling sequential dependencies across retail demand series [19].
Subsequently, feed-forward architectures such as Neural basis expansion analysis for interpretable
time series forecasting (N-BEATS) introduced deep residual stacks specifically designed for time-
series forecasting and achieved competitive results on the M4 benchmark [20]. More recently,
hierarchical interpolation-based architectures such as neural hierarchical interpolation for time series
forecasting (N-HiTS) have further improved multi-horizon forecasting performance, especially in
large-scale retail settings [21].

Despite these advances, recurrent and feed-forward architectures struggle with long-range temporal
dependencies as sequence length increases. Transformer-based models were originally created for
sequence modeling in natural language processing [22]. More recently, they have been adapted for
long-horizon time-series forecasting. Informer introduced a sparse attention mechanism that reduces
computational complexity for long sequences [23]. Autoformer added seasonal-trend decomposition
directly within the transformer architecture, which improved long-term forecasting stability [24].
PatchTST proposed a patch-based tokenization strategy that enhances temporal representation learning
and achieved strong results on large forecasting benchmarks [25].

Recent forecasting studies have shown that transformer-based architectures can improve long-
sequence and multi-horizon prediction by modeling long-range temporal dependencies, decomposition
patterns, patched temporal representations, and static or time-varying covariates [23-26]. These
works provide an important foundation for the proposed covariate-aware transformer framework,
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which further evaluates long-horizon retail forecasting under controlled benchmarking, robustness,
scalability, and statistical validation settings.

Table 1. Comparative analysis of recent publications related to transformer-based and
covariate-aware forecasting.

Study Main Focus Key Methodological Strength Limitation

Feature
Transformer- Retail time-series Transformer models Demonstrates the value of Mainly emphasizes
based probabilistic forecasting with with probabilistic explanatory variables for probabilistic forecasting

forecasting [27]

Covariate-informed

transformer [28]

Unified
adaptation [29]

covariate

Temporal fusion
transformer for weekly

retail sales [30]

Hybrid
attention model [31]

time-aware

Proposed framework

explanatory variables

General covariate-

aware time-series
forecasting
Covariate adaptation
for time-series

foundation models

Multi-horizon  retail

sales forecasting

E-commerce demand

forecasting

Long-horizon
hierarchical and
heterogeneous

demand forecasting

prediction and external

covariates
Explicit modeling of
covariates available

across the forecasting
horizon
Homogenization and

attention-based  fusion

of heterogeneous
covariates

Static store identifiers
and time-varying
exogenous variables
with probabilistic
outputs

Temporal convolutions,
recurrent modeling, and

self-attention

multihead self-attention,
positional encoding,
categorical embeddings,
covariate integration,
and direct multi-horizon

prediction

retail forecasting

Improves contextual
representation of future-

known variables

Provides a flexible strategy
for adapting foundation
models to covariate-rich
settings
Provides interpretable
multi-horizon retail
forecasting with external

variables

Combines local temporal
patterns with attention-

based long-range modeling

Provides controlled
benchmarking,  horizon-
wise analysis, ablation,
robustness testing,
statistical validation, and
computational efficiency
evaluation

and does not provide
extensive  hierarchical
benchmark validation
Primarily targets general
forecasting and does
not focus on large-scale
retail hierarchy

Requires adaptation to
pretrained  forecasting
models and may involve
higher integration
complexity

Focuses on a single
retail setting and limited

forecasting frequency

Uses a hybrid design
rather than a unified
transformer-based
architecture

work

Future may

extend the framework
toward probabilistic
uncertainty  estimation
and foundation-model

adaptation

Recent publications have shed new light on long-horizon forecasting with the emphasis on
transformer-based and covariate-aware learning. In the context of transformer-based probabilistic
forecasting, the addition of context in the form of promotional, pricing, holiday, and socio-economic
variables improves the retail demand forecasting beyond historical sales data [27]. Likewise, to help
close the gap between known future covariates and historical target variables, contextual signals along

the forecasting horizon are modeled within covariate-aware transformer frameworks [28].

AIMS Mathematics

In the

Volume 11, Issue 7, 21885-21927.



21890

context of unified covariate adaptation, the attention-based integration of diverse covariates is essential
in foundational forecasting models [29]. In the context of retail forecasting, existing studies indicate
that using transformer architectures improves multi-horizon sales forecasting models when both static
identifiers and time-varying exogenous variables are incorporated [30]. Nevertheless, most studies are
limited to either probabilistic forecasting or single-domain retail covariates and/or general covariate
adaptation, with no extended empirical validation that covers hierarchical retail and diverse seasonal
benchmarks. In order to compare with the recent literature, Table 1 includes comparative studies of the
recent publications in this area.

Recent empirical research has compared the performance of several methods for time
series modeling (including classical statistical models, recurrent networks, and transformer-based
architectures) using standard benchmarking datasets: M4 and M5 [32, 33]. These evaluations
consistently show that transformer-based architectures outperform traditional statistical and recurrent
modeling methods, particularly for long-horizon forecasting. This is demonstrated in Table 2, where
transformer-based models have lower symmetric mean absolute percentage error (sSMAPE) scores
on M4 and better weighted root mean squared scaled error (WRMSSE) performance on M5 than
traditional approaches.

Despite improvements in time-series forecasting enabled by advances in deep learning, significant
gaps remain in long-term demand forecasting and retail analytics. First, the great majority of current
models have been optimized for short- and medium-term forecasting and have been shown to exhibit
instability in their error levels as forecast length increases. Second, many prior research studies
have used different preprocessing, training, and computational environments, making their results less
generalizable and reliable. Third, hierarchical retail databases introduce dependencies between series
as well as variability within the series being forecast, which traditional recurrent networks or shallow
feedforward architectures are unable to address effectively. Additionally, the robustness of forecasting
models tested under distributional shifts, when transferred across data, and under noisy observations
has not been systematically studied, despite their prevalence in the retail industry. In summary, these
three limitations have created methodological ambiguity and limited the ability to scale a large-scale
forecasting system.

Recent forecasting studies have sought to advance transformer-based and deep learning predictive
models by incorporating decomposition-based attention, patch-based temporal representation,
frequency-domain modeling, and linear forecasting frameworks. Proponents of these models suggest
they allow for a greater range of forecasting horizons, enabling models to better account for long-
range dependencies and seasonal and temporal patterns of varying type and structure. Retail demand
forecasting models, however, encounter several challenges, particularly in joint modeling of temporal
covariates, handling a multi-category hierarchy, accounting for varying levels of aggregation, and
ensuring long-horizon stability. In light of these challenges, this research aims to develop a unified,
covariate-aware transformer framework to address the issues outlined above in large-scale retail
demand forecasting.
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Table 2. Representative baseline forecasting models on M4 and M5 benchmarks. Lower

values indicate better performance.

Method Score Key Limitations

M4 Benchmark (sMAPE)

Statistical Benchmark (ETS/ARIMA) - Classical 13.92 Limited nonlinear modeling;
exponential smoothing and autoregressive seasonal weak long-range dependency

models [10]

capture

LSTM - Recurrent neural network with gated memory units 13.36  Sequential computation limits

for sequential temporal modeling [19] scalability; performance
degrades for very long horizons

N-BEATS — Deep residual fully connected architecture with  13.18 No explicit temporal attention;

backward and forward residual stacks [20]

limited covariate integration

Informer — Sparse self-attention transformer wusing 13.14 Attention approximation may

ProbSparse mechanism for long-sequence forecasting [23] reduce fine-grained dependency
modeling

Autoformer — Decomposition-based transformer with auto- 12.97 Increased architectural

correlation attention for seasonal-trend separation [24] complexity; sensitive  to
decomposition quality

PatchTST — Patch-based transformer encoding temporal 12.62 High memory usage for large-

segments as tokens for enhanced representation learning scale multivariate datasets

[25]

M5 Benchmark (WRMSSE)

Statistical Baseline — Hierarchical ETS-based ensemble 0.577 Struggles with nonlinear

optimized for retail aggregation levels [11] demand shifts and promotional
dynamics

Prophet — Additive regression model combining trend and 0.565 Assumes additive structure;

seasonal components [34] limited cross-series learning

LSTM - Sequence-to-sequence recurrent forecasting model 0.548 Inefficient for long input

[19] windows; gradient instability in
extended forecasts

DeepAR - Probabilistic autoregressive RNN with 0.542 Error accumulation  during

likelihood-based training [35] autoregressive rollout

N-HiTS — Hierarchical interpolation deep network for 0.531 Requires careful hyperparameter

multi-horizon prediction [21] tuning; limited explicit long-
range attention

Informer — Efficient transformer with sparse attention for 0.524 Approximate attention may miss

large-scale forecasting [23] subtle demand variations

Autoformer — Seasonal-trend decomposition transformer 0.518 Increased computational

architecture [24]

overhead for large hierarchical
retail systems

The proposed transformer-based approach closes these gaps via a comprehensive global learning
framework tailored for long-term forecasts. Long-term temporal dependencies can be modeled via
multiheaded self-attention without compounding errors through recursive time-series analyses, while
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positional encoding preserves chronological order across long input time-frames. By using per-series
normalization and categorical embeddings, variation in relative scale is reduced, and relationships
between series can be identified in a hierarchical retail environment. Additionally, a direct multi-
horizon forecast reduces estimation instability associated with stepwise autoregressive models. Finally,
all models are developed within a consistent research context, enabling complete and unbiased
evaluation across all experiments. Together, through this architecture, the approach proposes an
integrated framework to support long-term retail demand forecasting by closing existing gaps in
performance, evaluation, and scalability.

The uniqueness of our framework lies not in adding a single modular change to the architecture,
but in its ability to provide a generalized forecasting system that encapsulates many complementary
constituents and can be optimized in a modular way. From a methodological perspective, the
architecture can jointly capture temporal and hierarchical categorical relations, contextual features,
and enable direct multi-horizon forecasting. All of our competing methods are placed within the same
experimental conditions to the fullest extent possible, including preprocessing methods, optimization
strategies, and available computational resources. From a practical standpoint, the architecture
was designed with large-scale retail forecasting in mind, specifically for demand instances that are
heterogeneous, aggregated hierarchically, and require long time horizons.

3. Proposed methodology

The proposed forecasting framework accommodates the complexity found in large-scale retail and
other similar environments. These environments contain multiple and diverse challenges, such as
complex demand with numerous distributions throughout the system, complex product structures and
compositions, complex and varied seasonality, promotions, time-based demand, and other influencing
variables. To overcome this set of challenges, this framework unifies several forecasting techniques,
namely, covariate-conditional feature learning, global temporal attention, hierarchical forecasting, and
direct multi-horizon prediction to enable stable forecasting solutions across complex environments.
The overall workflow of the proposed forecasting architecture is shown in Figure 1.
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Figure 1. Overall architecture of the proposed transformer-based framework for long-
horizon demand forecasting.
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Recently, transformer-based forecasting architectures have made considerable strides in
addressing long-sequence modeling by capturing global temporal dependencies through self-attention
mechanisms. However, many transformer-based forecasting models have been developed under
mostly homogeneous benchmarking conditions and do not cater to large-scale retail forecasting
systems. Retail forecasting introduces a host of modeling challenges, including, but not limited to,
hierarchical aggregation dependencies, highly heterogeneous demand distributions, sparse, intermittent
sales patterns, and unstable long-horizon forecasting when covariates are treated as constants.

These challenges result in representation-learning and optimization problems that are difficult
to solve with contemporary transformer-based forecasting architectures. The main objective of
architectures such as Autoformer, Informer, and PatchTST is to develop mechanisms for forecasting
that leverage sparse attention for efficiency, seasonal and trend decomposition, and patch-based
temporal tokenization, respectively. Although these architectures have improved forecasting, they
often treat temporal modeling, covariate integration, and representation learning as largely decoupled
processes. In contrast, retail forecasting at scale requires an integrated approach to modeling
hierarchical structure, temporal covariates, item-level heterogeneity, and hierarchical relations within
a globally optimized forecasting framework.

The current architecture assumes that embedding hierarchies, temporal covariates, and global
self-attention within a common latent space of shared self-attention would enable the framework to
perform long-horizon forecasting with greater stability. Categorical embeddings capture structural
relationships in hierarchical retail forecasting, while long-term temporal context is maintained through
self-positioning and self-attention. Also, due to the nature of self-attention, temporal relations in retail
forecasting contexts are more easily captured. These are achieved without the framework having to
rely on a sequential recasting. One motivation for this framework is the preference for multi-horizon
direct optimization over autoregressive recursive forecasting. When transforming forecast models
recursively, the future is predicted stepwise, serially.

This leads to error propagation, where predictions become progressively worse the farther you
look into the future. Multi-horizon direct optimization addresses this issue by generating all future
forecast steps simultaneously to minimize a single optimization objective. This approach is beneficial
in a retail forecasting context where the forecasting horizon spans multiple seasonal demand patterns.
Another aspect of the proposed framework is the reliance on global rather than local models. This is
characterized by training a single transformer model across all time series rather than a set of locally
optimized forecasting models. Global optimization improves learning and forecasting across time
series with varying demand levels. This is complemented by a number of other features that bring
further representation capabilities in the context of large-scale retail forecasting.

3.1. Problem formulation

Consider a demand time series {yt}tT: , observed over T discrete time steps, where y;, € R denotes the

observed demand at time index ¢. The objective of long-horizon forecasting is to predict a sequence
of future values over a forecast horizon H, using a historical input window of length L. Let the input
segment be defined over indicest =T — L+ 1,..., T, and the forecasting target be defined over indices
t=T+1,...,T + H. The goal is to learn a parameterized function f; with parameters 6 that maps the
historical sequence into a multi-step forecast. In large-scale retail environments, multiple related time
series indexed by i € {1, ..., N} are available, where N denotes the total number of items or aggregated
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demand units. We employ a global learning strategy in which the same function, fj, is jointly trained
across all time series to leverage shared seasonal structures, similarities between series, and common
temporal dynamics. Thus, our supervised learning problem can be defined as finding a mapping from
a historical window over time to a future forecast period:

Yr+1r+8 = fo Or—r41:75 Zr-141:7) 5 3.1)

Yr+1.7+1 18 your predicted sequence of observations for predictions made in period 7 + 1 through 7+ H.
It has Z,, which are optional ’exogenous’ covariates at time ¢. It has 6 representing all the parameters
of the forecasting model that can be influenced during training. The covariates Z; can include calendar
data, pricing information, or other factors that may affect demand behavior. The notation y,., is the
ordered set of values between (v, Ya+1,--.,V»). The forecasting function should allow for nonlinear
time-series relationships and account for seasonality and interactions between demand and exogenous
covariates during the forecasting period. In a multiple time-series forecasting scenario, each time series
corresponds to an element of the complete dataset. Therefore, for each time series, the empirical risk
minimization problem can be represented as:

1 4 & o
min D), (3.2)
m=1 h=1

where m is an index for training examples, t,, is the last time index of the m” window of inputs,
i, is the index that gives the series that corresponds to the m™ input, £(-,-) is the regression error
measure (e.g., mean absolute error or mean square error), and yﬁ’mjh is the model prediction of the h™
step in the future. This approach optimizes all model parameters simultaneously across both the time
and series dimensions, allowing the model to generalize to future times unseen and to reduce the
risk of overfitting to each item. In order to formalize the temporal dependency structure, the input
sequence for each training example can be modeled as a sequence of vectors x;, each of which includes
both the normalized demand for time ¢ and the appropriate set of covariates for time ¢. Thus, the
historical window could be denoted by a sequence of L consecutive time steps, from {x7_z,1, ..., xr},
with the understanding that a model must learn to model the dependencies between demand for every L
consecutive time steps in the future, given the L time steps of historical information. Therefore, the
model has to model the fj to be equal to the expected future demand, given the historical data:

Ir+n = BElyren | Yr—ts1.ms 2r-r4107], h=1,... H. (3.3)

Interpreting probabilistically provides greater clarity than is typically afforded in forecasting
demand by analyzing past values over time and additional signal patterns as inputs. In doing so,
the formulation created for this purpose provides a robust and mathematically sound foundation from
which to relate multilevel input representations over time with multi-horizon predictions; likewise, it
serves as a basis upon which you can use self-attention mechanisms to model temporal dependencies
and develop an end-to-end learning process for creating multi-step forecasts in sequence from the input
data stream(s).
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3.2. Feature construction and temporal encoding

The demand time series yﬁi), which is modeled in a global framework, has features constructed to
produce a latent representation, suitable for transformer processing, of many different types of retail
signals. The demand values themselves are on different scales, as they vary greatly from item to item
due to item popularity, price point, and how demand is aggregated. To maintain numerical stability and
balance gradient updates during training, the series are normalized separately. The empirical mean u®
and empirical standard deviation o of each series i will be derived over the course of the training
window, and the normalized demand value at time ¢ is defined as

S0 _ El) —uv
t o0

, (3.4)

in which yﬁ") is the scaled observation. The purpose of this transformation is to retain the temporal
dynamics of the observations while reducing the magnitude disparity across all series. The same
normalization parameters used when applying the transformation are saved to maintain consistency
between the training and forecasting periods. In addition to using only historical demand data to
estimate the model’s parameters, historical temporal covariates are also included to capture systematic
behavior, such as weekly and monthly seasonality and event-driven fluctuations. Let ¢, € R% denote
a vector of continuous temporal covariates at time ¢, where d,. is the dimensionality of the covariate
space. These covariates may include numerical encoding of day-of-week, month-of-year, and special
retail events. For categorical identifiers such as item index or store index, an embedding mapping is
introduced. Let s denote the categorical identifier associated with series i. A learnable embedding
matrix E € R¥*4 maps each identifier to a dense vector representation

e = E[57], (3.5)

K is the number of unique categorical identifiers. d, is the embedding dimension. The embedding
vector e lets the model capture cross-series similarities and hierarchy. The feature vector at time ¢ for
series i is the concatenation of normalized demand, continuous covariates, and categorical embeddings.
Call this vector xgi). Project this feature vector to a latent space of size d using a learnable linear
transformation. The projection matrix W, € R¥>(+d+d) and bias b, € R? define this transformation.

The projected representation is:

B = Wox + b, (3.6)

The initial latent representation that will be used for operation by the transformer is given by hfi) € R4
The purpose of this projection is to ensure dimensional consistency between the corresponding input
components and to jointly learn demand and contextual relationships. Additionally, to maintain
temporal order information through the transformer model, positional encoding p, € R is added to
each of the projected representations. The final encoded input sequence results from the combination
of the content representation (based on the original data) and the positional signal given by:

2" =h" + p,. 3.7)

The positional encoding p,, which represents relative and absolute time positions within time series
data, can be defined either by determined sinusoidal functions or by learned parameters, thus allowing

AIMS Mathematics Volume 11, Issue 7, 21885-21927.



21896

the model to interpret both relative to each other and globally as they relate to all other signals. Once
generated, the sequence {z(T’)_L R ,z(T’)} becomes the formed input into an upcoming section—the
transformer encoder. This representation serves as a constant mapping from raw retail-level data points

to a temporally aware latent representation aligned with the previously defined forecasting objective.

3.3. Transformer encoder architecture
The input sequence {zg)_L +1,...,z(Ti)} produced in the feature construction phase, will then be
processed through a transformer encoder, made up of K transform encoder layers, that are capable
of learning long-term dependencies in time via self-attention while keeping them stable, via residual
connections and normalization. This matrix is defined as H® = [zg)_ R zg)], which stacks all the
representations along the temporal dimension. That is, the i row of this matrix earlier corresponds
to time step 7 — L + 1 and the feature dimension is d. The encoder uses this matrix, H?, iteratively
refining it across layers k = 1,..., K to create a temporal encoding with increasingly rich temporal
characteristics. To produce the multihead self-attention for each time step in the encoder layer, we first
apply a linear function to produce query, key, and value representations. Using Wg), Wff), W‘(,k) € R¥xd

as learnable projection matrices, we produce:

Q(k) _ H(k—l)W(Qk), K® = H(k—l)Wgc)’ yh — H(k—l)W‘(/k). (3.8)

The matrices Q®, K®, V® € R are used to represent temporal interactions between each pair of
positions in the input sequence. The attention mechanism computes the similarity between two time
steps and scales this value to stabilize gradient computations. The attention mechanism at layer k can
be defined as:

(3.9)

0 g®)T
A® = softmax (M) 17408

Vd

The softmax function is applied row-wise so that the attention weights for each query location sum
to 1. The term Vd is included to prevent very large inner products when d is large. This leads to the
resulting matrix A®' € RE*? containing a context-sensitive aggregation of all of the temporal features
at the current time steps ¢; thus allowing each time step to include features from all other time steps
in the input window. To provide additional capacity for these representations, the attention process
is duplicated across H independent attention heads, where each attention head operates over reduced
dimensionality (d, = d/H). The outputs of the individual attention heads are concatenated and linearly
projected back to the original input dimensionality. Let Concat(-) denote concatenation across heads
and let W(Ok ) € R be the output projection matrix. The multihead attention output is expressed as

A® = Concat (A(lk), e ,Ag)) Wy, (3.10)

Residual connections are then applied by adding the layer input to the attention output, followed
by layer normalization to stabilize training dynamics. The normalized intermediate representation
is subsequently processed by a position-wise feed-forward network composed of two linear
transformations with a nonlinear activation function o(-). Let Wfk) e R™4 and Wék) e R%*4 denote
feed-forward weights, where dy is the hidden dimension of the feed-forward sub-layer. The final
encoder output at layer k is computed as
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H® = LayerNorm (I:I(k) + Wék)O' (Wik)I:I (k))) . (3.11)

Through this stacked architecture, temporal dependencies across the entire input window are
modeled in a fully parallel manner, eliminating the need for sequential recursion. The final encoder
representation H'X) captures multi-scale demand dynamics, cross-temporal interactions, and covariate
effects, forming the basis for the subsequent multi-horizon prediction head. The internal computation
of the multihead attention block is detailed in Figure 2.

Multi-Head Attention

Scaled Dot-Product Attention

[ Query (Q) ]_5[ Linear J—b S——_’/ D:I s %j)
Key (K) '—b Linear }——b _’ I:I:' Softmax 3—5\7

T
[ Value (V) ]—b[ Linear }—b _’[ I:I:I i %T\T

Concatenate

W=

Multi-Head
Attention Output

Linear

Multi-Head Multi-Head Attention
Attention Output

Figure 2. Detailed structure of the multihead attention mechanism used in the proposed
transformer model.

3.4. Multi-horizon prediction head

The final encoder representation H®) € RX* obtained from the stacked transformer layers encodes
temporal dependencies across the entire historical window. To generate future forecasts without
recursive rollout, a direct multi-horizon strategy is adopted. Let s denote the latent representation
corresponding to the most recent time index 7 in the encoded sequence. This vector summarizes
historical demand dynamics and covariate interactions across the full window of length L. Rather
than predicting one step at a time, the model projects this representation into an H-dimensional output
space that corresponds directly to the forecasting horizon. The projection from the latent space to the
forecast space is performed via a linear transformation. Let W, € R™# denote the weight matrix of
the prediction head and let by € R¥ denote the associated bias vector. The multi-horizon forecast
vector y7,1.7+y 1S computed as

Yrevren = hrWy + by. (3.12)
Here, V711748 = Or+1,- .., Y7+n) represents the predicted demand values over the full horizon. For
any output component y7,, there is a corresponding forecast step 7 € {1,...,H} allowing for a

direct mapping from the output space to the forecasting horizon which optimizes all of the horizon
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steps jointly, thereby allowing the model to capture correlations between different time points into its
forecast. To allow the model greater flexibility in representing these time points, the projection head
may apply a nonlinear transformation to the output before the final linear transformation. Let g(-) be
a nonlinear activation function applied element-wise. An intermediate hidden representation u; € R
can then be defined as follows:

ur = g(hy W, + by). (3.13)

Here, W, € R™? and b, € R? are learnable parameters. d’ is the hidden size of the prediction head.
The resulting multi-horizon forecast includes all previous forecasts. The final multi-horizon forecast is
obtained as

Sre1rem = urWa + by, (3.14)

where W, € R¥*# and b, € R¥. With an additional layer of projection, the ability to model was greatly
increased while maintaining computational efficiency. All parameters of the prediction head will be
jointly learned with the transformer encoder through an end-to-end process. Since the model operates
in normalized space, the final output predictions need to be transformed back to the original demand
scale for users to understand. Denote the normalized prediction for series i at horizon step h as y(T’)Jrh
The inverse normalization step is defined as

9<Tz)+ - <z>y<Tz)+ L+ +u®, (3.15)

The mean and standard deviation, u® and o™”, used to preprocess a particular series i can be used
to transform the forecast back to its original demand scale. This transformation is consistent with the
formulation defined in the problem statement. The multi-horizon head computes all future values at
once, eliminating the need for intermediate forecasts and reducing cumulative error, thereby providing
greater stability for long forecasting horizons common in retail demand forecasting.

3.5. Optimization strategy

We use a regression-based approach to train the forecasting framework end-to-end by minimizing
an overall regression-based cost function across all prediction steps within a given forecast horizon. We
use y,; 0 , to denote the predicted demand for series i at step &, and we use yl) to denote the true value
observed at that same step. We aggregate the prediction errors over the entire forecast window length H
when calculating the average error for a specific pair (i, f) during model training. This joint optimization
encourages the model to learn consistent, temporal forecasting dynamics across both short- and long-
term forecasts, rather than focusing solely on the initial few steps of the forecast horizon. A common
objective function for training our forecasting models is the mean squared error (MSE) over the entire
forecast horizon. For a mini-batch containing B training samples, the empirical MSE loss is defined as

H
Luse = >0, -5 (3.16)

1 h=1

Mw

1
BH

S
Il

The mini-batch b will consist of series associated with the latest time of the respective input
window #,. When using a loss function, the penalty for large errors in the time series is more severe
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than for small errors, relative to their respective predictive errors; thus, this type of loss function
can produce smoother gradients, facilitating parameter optimization. A mean absolute error (MAE)
objective function may be used in instances where robustness against outliers is desired. The MAE
loss over the horizon is expressed as

1 ahe (ip) INGY
Luse = D > il = Sl (3.17)
b=1 h=1

Both alternatives ensure equal contribution of each forecast step to updating the associated
parameters. When determining which error metric will be used as an objective function, either
MSE or MAE, this determination will be based upon two factors: The statistical distribution of the
underlying demand data and the relative weight attributed to large deviations from the mean forecast.
Weight decay regularization is applied to the objective function to help control for model complexity
and avoid fitting the training data very closely. Let 6 represent all of the trainable parameters within

both the encoder and prediction head. The regularized optimization problem can be written as

Lg=L+a) &, (3.18)
J

where L can take on either Lysg or Lyvag, for example; the j-th element 6; in the corresponding
parameter vector # will be an indexed item and will be a positive regularization coefficient, and
will control how strong of a penalty is applied to parameter values in order to avoid penalizing very
large parameter values and enhancing the generalization of estimates over multiple retail time-series.
Adaptive gradient-based optimization will be used to determine new parameter values. For example,
the k" iterations of the parameter vector 8% will correspond to elements in the parameter vector, and
an element of the gradient of the regularized objective function V4L, will denote the gradient for that
specific iteration as well. A generic parameter update step can be expressed as

g+l — gk _ nCD(V9£reg). (3.19)

The value of 17 is known as the rate at which knowledge is acquired, and ®(-) describes the way that
Adam-like optimizing algorithms scale their adjustments to  and ®(-). Gradient clipping constrains
the norm of V,L., to a predetermined threshold by setting a limit on its size and ensuring that when
training large transformer networks, the numerical properties of the model will remain stable. Early
stopping halts the learning process when the validation loss has not improved after a specified number
of training iterations. This optimization approach ensures long-term frame learning, stability, and high
scalability to support large-scale retail demand forecasting.

4. Experimental results

The experimental evaluation aims to test the proposed framework on forecasting conditions that
model real-world retail scenarios. This experimental protocol goes beyond the traditional assessment
of forecasting accuracy. It encompasses a diverse range of benchmark datasets, retail forecasting
at various levels and time frequencies, extended forecasting horizons, multiple input histories, and
assessments of statistical significance, robustness, scalability, and the computational efficiency of the
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proposed framework. Taken as a whole, these experiments will assess the proposed framework in the
most challenging retail forecasting scenarios.

4.1. Datasets and data preparation

The statistics found in Table 3 give a summary of two large, well-known forecasting benchmarks:
The hierarchical retail dataset from the M5 competition [11] and the M4 time-series competition
dataset [10]. Retail-H is a daily product-level sales series sourced from the MS competition.
Additionally, there are 30,490 individual-item store demand series that include calendar- and price-
related covariates, with a 28-day forecast horizon. In terms of multi-level aggregation, the individual
series fall under an aggregate hierarchy that includes item, department, category, store, and state
levels, enabling evaluations of hierarchical forecasts. Retail-H (Aggregated) represents the top
of this hierarchical structure, comprising the two aggregate series: Department- or category-level
demand totals.

The average length of both of these series, 0, as well as their forecast horizons, is equivalent to
the daily retail series; however, the degree or level of granularity between the series differs because
they are aggregated into higher-level nodes. Unlike Retail-H (Aggregated), the M4 is comprised of
heterogeneous, univariate time series grouped by their frequency. For example, within the M4-Yearly
grouping, there are approximately 23,000 low-frequency annual series with an average length of 40
observations and a 6-step forecast horizon. The M4-Quarterly grouping has about 24,000 quarterly
series with an average length of 100 observations and an 8-step forecast horizon. Finally, the M4-
Monthly grouping consists of 48,000 monthly series, none of which have any exogenous covariates or
hierarchical aggregation, with an average length of 150 observations and an 18-step forecast horizon.

Table 3. Unified statistical characteristics of both forecasting benchmarks.

Dataset # Series Frequency Avg. Length Horizon (H) Covariates Hierarchy
Retail-H 30,490  Daily 1,913 28 Calendar + Price  Yes
Retail-H (Aggregated) 12 Daily 1,913 28 Calendar + Price Yes
M4-Yearly 23,000 Yearly 40 6 No No
M4-Quarterly 24,000  Quarterly 100 8 No No
M4-Monthly 48,000  Monthly 150 18 No No

As shown in Table 4, the preprocessing configuration provides useful settings to ensure consistent
methods across forecasting benchmark datasets of different structural types while accounting for
specific dataset features. Across all datasets, Z-score normalization by series is performed using
statistics from the training dataset to stabilize gradient updates during training and prevent the scale of
larger series from dominating the forecast through inappropriate size. This normalization is performed
without introducing information leakage, as only historical observations from the target dataset are
used to set the normalization parameters. Whereas the length of the input window (L) for each dataset
is selected according to its forecasting horizon (H) and frequency of occurrence in time, longer ones
of 56 and 84 time steps were used in the hierarchical retail benchmark to allow for the capture of
the weekly seasonal, promotional cycle, and cross-item relationships represented in daily time series
for demand.

Conversely, the period used for frequency was implemented for the subsets of M4; that is, the history
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of 24 time steps was used for the items with an annual frequency, and progressively increasing lengths
of 32 and 48 were used for the quarterly items and monthly items, respectively, to account for the
seasonal aspect of each dataset. For Retail-H, to allow greater diversity in random sampling of training
datasets across date ranges with frequent consecutive daily observations, a rolling window method
was used for the M4 subsets to maintain the temporal ordering of training datasets for series with
infrequent time occurrences. Because no exogenous covariates are included in the M4 datasets, only
temporal encoding of specific categorical representations is used to encode the item identifiers stored
in the retail benchmark dataset’s database, whereas the M4 datasets include only temporal encoding
for these representations.

Table 4. Preprocessing configuration across all datasets.

Dataset Normalization Input Length (L) Horizon (H) Embedding Used Window Strategy
Retail-H Per-series Z-score 56 28 Yes Rolling

Retail-H (Alt) Per-series Z-score 84 28 Yes Rolling
M4-Yearly Per-series Z-score 24 6 No Expanding
M4-Quarterly Per-series Z-score 32 8 No Expanding
M4-Monthly  Per-series Z-score 48 18 No Expanding

Table 5 summarizes the differing amounts of effective training scale obtained from the set of
experiments where sliding windows were generated over the evaluation benchmarks. The number of
training windows for the hierarchical retail dataset is approximately 1,830 per in-store unit, resulting
in more than 55 million training samples across the large number of units in the store, the wide range
of time over which units can be observed, and a significant number of store combinations. This is
typical of many industrial-level forecasting scenarios in which large numbers of products must be
modeled simultaneously. Even the Retail Aggregated Subset, which has only 12 hierarchical levels,
has generated more than 20,000 total training windows because of the long period of time it has data. In
contrast, the number of windows generated per in-store unit in the M4 experiments is much lower due
to the lower data frequency. The training samples generated in the M4 cases amount to only hundreds
of thousands, or maybe a few million. These differences indicate complementary evaluation regimes.
The Retail-H case focuses on large-scale hierarchical modeling with a very high sample volume. M4
analysis focuses on the wide range of frequencies with very low data volume.

Table 5. Training window statistics across all datasets.

Dataset Avg. Windows per Series Total Windows (Approx.) Scale Category

Retail-H 1,830 55,000,000+ Large-scale Hierarchical
Retail-H (Aggregated) 1,830 21,960 Small Hierarchical
M4-Yearly 34 782,000 Low-frequency Seasonal
M4-Quarterly 92 2,208,000 Medium-frequency Seasonal
M4-Monthly 132 6,336,000 High-frequency Seasonal

4.2. Implementation details and training configuration

The stacked multihead self-attention layers that comprise the transformer encoder have their depth
and size of their self-attention outputs adjusted based on the complexity and the self-attention time
variability present in the forecasting benchmarks. Through validation-guided parameter optimization,
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the hyperparameters were adjusted. This was done while ensuring that all rival architectures underwent
the same optimization, preprocessing, and experimental setup. Common hyperparameters across all
datasets are indicated once. The specific hyperparameters for different datasets are elaborated for
different forecasting horizons, sequence lengths, and time granularities. The same optimization setup
was maintained across all datasets and included dropout, weight decay, a gradient clipping threshold,
an optimizer, an initialization method, and an early stopping criterion. Encoder depth, hidden size,
number of attention heads, batch size, and learning rate were also set based on the sequence complexity,
the number of training iterations, and the target’s forecasting frequency. These modifications were all
coordinated to sustain the same optimization behavior across all forecasting benchmarks.

The hyperparameter configurations in Table 6 strike a suitable balance of representational capability
and computational efficiency in diverse forecasting frameworks. The Retail-H benchmark incorporates
a deeper encoder with eight attention heads and a hidden dimension of 256, due to the more complex,
cross-demand, daily, nonlinear, seasonal, and hierarchical aggregation. It was also tested in an
additional variant with 6 additional layers to assess the effect of deeper temporal modeling. In contrast,
the M4 subsets implemented shallower transformers with smaller hidden dimensions due to shorter
sequence lengths and lower complexity. Moreover, the monthly M4 had a larger hidden representation
and more attention heads, reflecting its stronger seasonality. A standardized preprocessing pipeline was
implemented to enhance reproducibility and minimize implementation-related variability. To safeguard
the integrity of time-related data, an unbroken, chronological partitioning into training, validation, and
test sets was implemented. For missing data in the input windows, the first data point was filled, and
the end of the sequence was filled with boundary mean imputation. All series were independently
Z-score normalized based on the training data. Continuous, time-related covariates were also Z-score
normalized and then concatenated. For the retail benchmark, temporal data was extracted using a
sliding (rolling) window. For the lower frequency M4 subsets, an expanding window was used.

Table 6. Hyperparameter configuration across forecasting benchmarks.

Parameter Retail-H Retail-H (Alt) M4-Yearly M4-Quarterly M4-Monthly
Encoder Layers 4 6 3 4 4
Attention Heads 8 8 4 4 6
Hidden Dimension (d) 256 256 128 128 192
Feed-Forward Dim (df) 512 512 256 256 384
Batch Size 512 512 128 256 256
Learning Rate 1x102 1x107° 5x10* 5x10™ 7x 1074
Dropout 0.1 (shared)

Weight Decay 1 x 107 (shared)

Gradient Clipping 1.0 (shared)

Optimizer AdamW (shared)

Embedding Initialization Xavier Uniform (shared)

Positional Encoding Learned Positional Encoding (shared)

Early Stopping Patience 10 epochs (shared)

Max Epochs 80 (shared)

Categorical identifiers, such as item-level and store-level indices, and hierarchical aggregation
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were represented as trainable embedding matrices, which were integrated with the transformer
encoder and jointly optimized. The embedding parameters were initialized with a Xavier uniform
initializer to stabilize early-stage gradient propagation and reduce optimization variance in large-
scale retail forecasting. The embedding dimension was determined based on the proportionality
to the categorical cardinality, while considering convergence and the algorithm’s behavior. During
the preliminary validation experiments, both sinusoidal and learned positional encoding were
used. Learned positional encoding, however, showed faster convergence and lower validation
forecasting error during long-horizon retail forecasting experiments. Therefore, it was adopted in
all final experiments. Hyperparameter tuning was performed for each model using a grid search
cross-validation methodology. The tuning range was set for encoder depth in {2,4,6, 8}, hidden
representations in {128, 192,256, 384}, attention heads in {2, 4, 6, 8}, dropout rates as {0.05,0.1,0.2,0.3}
and learning rates as {10™*,5 x 107, 1073}. The model that exhibited the lowest validation forecasting
error was chosen under the same tuning constraints. If validation performance did not improve for 10
epochs, early stopping was activated.

Various baseline architectures were re-implemented and retuned using the same optimization and
evaluation procedures to enable fair assessment. Throughout this process, models were subjected
to the same preprocessing, normalizations, train-validation-test splits, random seeds, early stopping,
optimizers, and computing resources. For each architecture, the same search spaces were used during
hyperparameter tuning to determine the settings for the number of encoder layers and units, the number
of attention heads, dropout rates, learning rates, and batch sizes. Additionally, all architectures were
subject to the same constraints regarding the maximum number of training epochs, the validation
monitoring methods, and the computing resources. The design of this benchmarking enabled a focus
on forecasting variations within the specific architecture of the models, while reducing variability from
controller implementation, optimization strategies, and the allocation of computing resources.

4.3. Baseline models

The forecasting performance reported in Table 7 is based on results from an entirely controlled
experimental setup in which all baseline models and the proposed transformer architecture were trained
with identical preprocessing pipelines, data splits, normalization schemes, optimizer configurations,
and early stopping criteria. Each neural model was trained three times with different random seeds;
the mean and standard deviation were calculated to assess training stability. The hierarchical retail
benchmark used WRMSSE as a measurement method because it provides a way to evaluate the
mutual influence across multiple levels of forecasting. The heterogeneous benchmark is measured
using SMAPE, which provides an unbiased estimate of scale independence across two frequency
ranges. All statistical baselines had higher error than their neural network counterparts, indicating
that statistical approaches are less effective at capturing long-term nonlinear dependencies. Recurrent
architectures improve the performance of statistical models but remain inferior to feed-forward and
attention-based architectures. Conversely, transformer-based models such as Informer, Autoformer,
and PatchTST achieve further reductions in forecast error by exploiting parallelism in modeling
temporal interactions. The proposed transformer framework yielded the lowest WRMSSE = 0.503 for
Retail-H and sMAPE = 12.54 on the M4 dataset, indicating that the overall accuracy of the proposed
transformer model improved consistently while exhibiting low variance across multiple runs.

Recent long-horizon forecasting research has introduced several transformer and decomposition-
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based architectures that substantially improve temporal representation learning and forecasting
stability. ~ To provide comprehensive comparative evaluation against current state-of-the-art
forecasting approaches, the experimental benchmark was expanded beyond classical recurrent and
transformer architectures to include frequency enhanced decomposed transformer for long-term
series forecasting (FEDformer), TimesNet, DLinear, Temporal Fusion Transformer (TFT), and
iTransformer. These architectures represent recent advances in frequency-domain decomposition,
temporal convolutional representation learning, linear decomposition forecasting, interpretable
temporal fusion mechanisms, and inverted attention-based sequence modeling, respectively. All
baseline models were independently implemented and re-optimized under identical preprocessing
pipelines, normalization strategies, hyperparameter search ranges, early stopping criteria, and
computational environments.  This unified implementation protocol ensures fair architectural
comparison while minimizing confounding variability arising from inconsistent optimization settings
or unequal computational budgets.

Table 7. Comprehensive forecasting performance comparison under unified implementation
and optimization settings. Lower values indicate better forecasting performance.

Model Retail-H (WRMSSE) M4 (sMAPE)
ETS 0.581 14.02
ARIMA 0.593 14.21
Prophet 0.569 13.94

LSTM 0.552 = 0.007 13.44 £0.11
DeepAR 0.546 + 0.006 13.35 £ 0.08
N-BEATS 0.538 + 0.005 13.24 + 0.07
N-HiTS 0.533 = 0.004 13.01 £ 0.06
Informer 0.526 + 0.004 12.93 £ 0.05
Autoformer 0.520 + 0.003 12.81 £ 0.04
FEDformer 0.517 +£0.003 12.74 £ 0.04
DLinear 0.523 = 0.004 12.86 + 0.05
TimesNet 0.512 = 0.003 12.63 £ 0.04
TFT 0.519 +0.003 12.78 £ 0.04
iTransformer 0.509 + 0.003 12.59 + 0.04
PatchTST 0.514 = 0.003 12.68 + 0.04

Proposed Transformer

0.498 + 0.002

12.47 +£ 0.03

The training stability and convergence behavior of the different models were assessed under the
same optimized environment, and it was found that the average number of epochs required to reach
early stopping, and the average training time per epoch for both datasets were as shown in Table 8. The
node-based recurrent architectures, like LSTM and deep autoregressive model (DeepAR), required
more epochs to converge than the feedforward architectures, N-BEATS and N-HiTS, especially
on the heterogeneous benchmark, due to their sequential dependency structure, which reduces
parallelism during computation. The per-epoch training time was also higher for node-based recurrent
architectures than for feedforward architectures due to both the deeper number of stacked blocks
in the former and the need to interpolate their outputs in order to feed them back into the model;
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conversely, transformer-based models converge with fewer epochs due to parallel operations in their
attention mechanism allowing for efficient propagation of gradients over long sequences of inputs.
Of all the architectures evaluated, the proposed transformer architecture converged in 48 epochs on
the Retail-H and 53 epochs on the M4 dataset, representing the fastest rate of convergence across all
models investigated. Also, the transformer architecture required the least training time per epoch (15.4
minutes for Retail-H and 7.9 minutes for M4) while exhibiting low standard deviation across runs.

Table 8. Training convergence comparison under identical setup.

Model Retail-H Epochs M4 Epochs Retail-H Time (min) M4 Time (min)
LSTM 64 +5 72+ 6 18.9+0.9 95+0.5
DeepAR 60 +4 68 +5 19.6 £ 1.0 10.1 = 0.6
N-BEATS 74+ 6 82 +7 234 +1.2 12.0 + 0.8
N-HiTS 70+ 5 77+ 6 249+ 1.3 12.6 = 0.9
Informer 57 +4 62+4 172 £ 0.8 8.7+04
Autoformer 54+3 60 + 4 17.9 + 0.7 9.1+04
PatchTST 52+3 57+3 16.6 = 0.6 8.3+0.3

Proposed Transformer 48 + 2

53+3

154 +£0.5

79 +0.3

4.4. Quantitative forecasting performance

Standardized benchmark metrics were developed for each dataset, following its definitions, to
evaluate forecast accuracy. For the hierarchical retail benchmark, WRMSSE was calculated to
account for the hierarchical structure of the data and to normalize the data scale across the item-store
combination. For the heterogeneous benchmark, SMAPE was used to allow comparisons of forecasts
across the two (2) benchmarks, which contain different volumes and seasonal frequencies of time series
data. The proposed transformer model, along with all other neural architectures evaluated, was trained
in the same implementation environment three (3) times, and the mean and standard deviations were
calculated to assess the stability of the training process. In contrast, the ARIMA, ETM, and Prophet
models produce identical outputs regardless of how many times they are trained with fixed data splits
and hyperparameters, so the variance for those models is not reported.

Table 9 presents the performance hierarchy across model families. Traditional statistical techniques
have the most significant errors; they struggle with short- and long-term dependencies. RANNs
show reduced error, but their sequential modeling limits performance compared to attention-based
architectures. The transformer baseline performs better by modeling global temporal relationships in
parallel. The proposed transformer achieves the lowest error: WRMSSE of 0.498 for Retail-H and
SMAPE of 12.47 for M4, improving on the best baseline by about 3.1% for WRMSSE and 1.7%
for sSMAPE.

The persistent enhancements observed across both benchmark datasets indicate that the proposed
framework generalizes effectively under substantially different forecasting scenarios. The Retail-H
benchmark tests large-scale hierarchical demand forecasting with calendar and pricing covariates.
In contrast, the M4 benchmark consists of heterogeneous seasonal time series with no exogenous
variables. Attaining the best forecasting results across these complementary assessment environments
suggests that the proposed architecture is stable under varying demand, time, and hierarchical
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structures, as well as across different forecasting time spans, which are typically encountered in real-
world retail forecasting systems.

The statistical validation results shown in Table 10 indicate that the proposed transformer framework
provides clear, consistent, and statistically significant improvements in forecasting across both the
hierarchical Retail-H benchmark and the heterogeneous M4 benchmark. For all models, the paired
t-test and Wilcoxon signed-rank test yielded p-values of less than 0.001, indicating that the forecasting
enhancements are highly likely to be due to factors other than random optimization variability.
The 95% confidence intervals, which are negative, confirm that the proposed framework produces
smaller forecasting errors than rival transformer-based frameworks across multiple experimental
iterations. The effect sizes of the enhancements to forecasting are further substantiated by Cohen’s
d. For the Retail-H benchmark, the proposed framework shows large effects with respect to both
Informer and Autoformer (d = 1.07 and 0.94, respectively), and also shows a large effect with respect to
PatchTST (d = 0.81). For the M4 benchmark, the proposed framework shows large to very large effects
across all transformer frameworks, with the largest effect also observed with Informer (d = 1.02).

Table 9. Overall forecasting performance across both datasets under unified implementation.

Model Retail-H (WRMSSE) M4 (sMAPE)
ETS 0.581 14.02

ARIMA 0.593 14.21

Prophet 0.569 13.94

LSTM 0.552 + 0.007 13.44 £ 0.11
DeepAR 0.546 + 0.006 13.35 £ 0.08
N-BEATS 0.538 + 0.005 13.24 £ 0.07
N-HiTS 0.533 + 0.004 13.01 = 0.06
Informer 0.526 + 0.004 12.93 + 0.05
Autoformer 0.520 + 0.003 12.81 £ 0.04
PatchTST 0.514 + 0.003 12.68 + 0.04
Proposed Transformer 0.498 + 0.002 12.47 + 0.03

Table 10. Statistical significance and confidence interval analysis across forecasting

benchmarks.
Model Comparison Dataset  Mean Difference 95% CI Paired t-test (p) Wilcoxon (p) Cohen’s d
Proposed vs PatchTST Retail-H -0.016 [-0.021,-0.011] < 0.001 < 0.001 0.81
Proposed vs Autoformer Retail-H -0.022 [-0.028, -0.016] < 0.001 < 0.001 0.94
Proposed vs Informer Retail-H -0.028 [-0.034, -0.022] < 0.001 < 0.001 1.07
Proposed vs PatchTST M4 -0.21 [-0.29, -0.13] < 0.001 < 0.001 0.76
Proposed vs Autoformer M4 -0.34 [-0.42, -0.26] < 0.001 < 0.001 0.88
Proposed vs Informer M4 -0.46 [-0.55, -0.37] < 0.001 < 0.001 1.02

By breaking down the forecast time frame into a series of temporary divisions, long-horizon
forecasting behavior can be analyzed as errors develop over the forecast step sequence. With respect to
the proposed hierarchical retail benchmark, the 28-day horizon can be partitioned into three categories:
(1) Short term (1-7), medium term (8—14), and long term (15-28). Using the percentage of the official
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forecast period as the basis for segmenting a time horizon, the heterogeneous benchmark can provide
short- and long-term comparisons across the yearly, quarterly, and monthly series by frequency group.
Table 11 shows sample deep learning models and the proposed transformer to illustrate error dynamics
across longer-range forecasts. The results of the evaluation, shown in Figure 3, demonstrated clear
advantages in overall forecasting accuracy for the proposed model relative to the benchmark models.

Table 11. Horizon-wise forecasting performance across both datasets.

Model Retail-H Short Retail-H Long M4 Short M4 Long
LSTM 0.528 + 0.006  0.573 +£ 0.008 13.12+£0.10 13.78 +0.14
DeepAR 0.523 +£ 0.005 0.566 + 0.007 13.05+£0.09 13.62 +0.12
N-BEATS 0.517 £0.005 0.559 +0.006 1298 +0.08 13.51 +£0.10
Informer 0.509 + 0.004 0.545 +£0.005 12.84 +0.06 13.29 +0.08
Autoformer 0.504 + 0.003 0.538 +£ 0.004 12.76 £+ 0.05 13.17 +0.07
PatchTST 0.500 £ 0.003  0.532 £ 0.004 12.69 +£0.04 13.05 +0.06
Proposed Transformer 0.487 + 0.002 0.514 + 0.003 12.53 £0.03 12.86 + 0.05
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Figure 3. Overall forecasting performance comparison across baseline methods and the
proposed model on the Retail-H and M4 benchmarks. Lower WRMSSE and sMAPE values
indicate better forecasting accuracy.

The results show an ongoing increase in forecast error associated with recurrent architectures
as forecast horizons increase, particularly for longer forecast fringes. In comparison, feed-forward
models outperform recurrent architectures in terms of forecast horizon consistency, but still decline in
performance later in the forecast. Although transformer-based architectures show greater consistency
in performance across forecast horizons, their ability to model global time dependencies does not
require recursive propagation to produce accurate forecasts. The Transformer achieved the lowest
error at both short and long forecast horizons, reducing the WRMSSE from 0.500 to 0.487 at the
short forecast horizon and from 0.532 to 0.514 at the long forecast horizon, compared to the best-
performing architecture baseline on the Retail-H dataset. At the M4 dataset, the SMAPE decreased
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from 12.69 to 12.53 at the short forecast horizon, and from 13.05 to 12.86 at the long forecast horizon.
The relatively low standard deviation across the repeat runs suggests that the optimization procedure
produces stable performance for long-period forecasts.

The enhancements seen over visually striking transformer baselines appear marginal at first.
However, within extensive forecasting benchmarks, such as those found in large-scale settings, the
contrast is indeed extremely significant. Smaller improvements in WRMSSE or sMAPE can yield
significant operational impacts, especially when millions of predictions are made, as in retail demand
forecasting. The proposed transformer consistently exhibits significantly lower forecasting error
across all forecasting horizons, benchmark metrics, and experimental runs, as opposed to primarily
improving forecasting accuracy under certain conditions. The combination of statistical significance
testing, confidence interval analysis, low optimization variance, and stable horizon-wise improvements
suggests that the forecasting improvements are systematic, reproducible, and meaningful in practice,
rather than simply the result of optimization variability.

4.5. Statistical validation and robustness analysis

Additional robustness and statistical validation experiments were conducted to assess the statistical
reliability and reproducibility of the reported improvements in forecasting under several independent
random initializations. All neural forecasting architectures were trained across five independent
random seeds. Exactly identical preprocessing workflows, hyperparameter optimization, software,
hardware, and early stopping criteria were maintained. The forecasting metrics were reported by
calculating the mean and standard deviation, and determining the 95% confidence intervals for the
independent runs. The 95% confidence intervals in forecasting metrics were calculated by the standard
normal approximation as follows:

Closy, = %+ 1.961\/_, (4.1)
n

where X denotes the sample mean from multiple independent runs, s denotes the sample standard
deviation, and n denotes the number of repeated experiments. To evaluate if the improvements in
forecasting were statistically significant, multiple hypothesis tests were conducted across the different
forecasting time horizons, utilizing both the paired Student’s t-test and the Wilcoxon signed-rank test.
The paired t-test examines if the mean difference in forecasting errors between the two competing
models is statistically different from zero and is approximately normally distributed. The Wilcoxon
signed-rank test, on the other hand, is a complementary test and does not require the forecasting errors
to be distributed in a Gaussian way. In addition to the statistical tests, Cohen’s d was used to quantify
the practical size of the forecasting improvement. The effect size is given as

d = M1 —/12, 4.2)

Sp

where y; and u, denote the forecasting means, and s, is the pooled standard deviation. Typical
interpretation of the effect sizes suggests that d < 0.2, 0.2 < d < 05,05 <d <0.8,andd > 0.8
indicate negligible, small, moderate, and large practical improvements, respectively. The analysis
shows that the proposed transformer provides better forecasting than rival forecasting structures for
both Retail-H and the M4 case, with a large practical effect size (p < 0.01) in both parametric and
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non-parametric tests. Further, the low standard deviation and narrow confidence intervals obtained
from repeated runs indicate that the behavior of the proposed forecasting structure is highly stable and
highly reproducible.

4.6. Horizon-wise sensitivity analysis

By breaking the forecasting horizon down into temporal segments and measuring the error
progression of all models used in forecasting stability over longer forecast periods, the 28-day
forecasting horizon of the hierarchical retail benchmark is divided into three temporal segments:
short-term, medium-term, and long-term. The heterogeneous benchmark forecasts are separated
into short-term and long-term categories for each frequency group, based on the official forecast
horizon for that group. The results reported in Table 12 reveal a consistent increase in error as the
prediction step advances, reflecting the inherent uncertainty accumulation in long-horizon forecasting.
Statistical baselines exhibit the largest degradation between short and long segments, indicating limited
adaptability to extended temporal dynamics.

Using a recurrent architecture reduces short-term error. However, the error’s performance drops
sharply at later forecast steps because errors propagate through the architecture and hidden states in
sequence. In contrast to these recurrent methods, Transformer-based models exhibit more gradual
decays due to their global attention mechanisms, which can model long-term temporal relationships.
The transformer model achieves the lowest error values for both the short (0.495-0.482) and
long (0.533-0.515) segments across all retail and retail-h datasets for WRMSSE, compared with
the best-performing baseline. Likewise, for the M4 dataset, SMAPE for all short (12.60-12.44) and
long (13.07-12.88) segments was reduced. The variance from deterministic statistical models is very
small for each sample under fixed settings, while the small standard deviation from the neural models
indicates stable optimization. An example of long-horizon forecasting is shown in Figure 4.

The impact of the input history length on forecast stability is explored by varying the input window
size while keeping all other dimensions and optimization parameters constant. The results illustrated in
Table 13 found shorter input windows L = 32 to produce greater forecasting error because of limited
historical data available to capture seasonal patterns and long-distance temporal dependencies. All
three datasets benefit from increasing the input window length to 48 and 56 time steps, indicating
improved representation learning with additional historical data. The performance reaches an optimal
range around L=72, but further increases in the input window length yielding marginally better
forecasts and greater variance in forecasting accuracy.
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Table 12. Horizon-segment performance across both datasets.

Model Retail-H Short Retail-H Long M4 Short M4 Long
ETS 0.558 £0.000 0.603 + 0.000 13.71 +£ 0.000 14.34 + 0.000
ARIMA 0.571 £0.000 0.618 +0.000 13.88 + 0.000 14.55 + 0.000
Prophet 0.548 £0.000 0.592 +0.000 13.64 + 0.000 14.18 + 0.000
LSTM 0.524 £ 0.006 0.579 +£0.009 13.08 +0.10 13.80 +0.14
DeepAR 0.518 £0.005 0.571 £0.008 1299 +£0.09 13.66 + 0.12
N-BEATS 0.512 £0.005 0.562 +£0.007 1291 +0.08 13.54 +0.10
Informer 0.504 £ 0.004 0.547 +£0.006 12.76 +0.06  13.31 + 0.08
Autoformer 0.499 £ 0.003 0.539 +0.005 12.68 +0.05 13.19 +0.07
PatchTST 0.495 £0.003 0.533 +£0.004 12.60+0.04 13.07 + 0.06
Proposed Transformer 0.482 + 0.002 0.515 +0.003 1244 £+0.03  12.88 +£0.05
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Table 13.

Sensitivity to input window length across both datasets (proposed model).
Input Length (L) Retail-H (WRMSSE) M4 (sMAPE)

32 0.512 + 0.004 12.78 + 0.05
48 0.505 £ 0.003 12.62 + 0.04
56 0.498 + 0.002 12.47 £ 0.03
72 0.496 + 0.002 12.45 + 0.03
96 0.497 £ 0.003 12.46 + 0.04

To understand the effect of model capacity, the authors vary the embedding size and the number
of encoder layers while keeping all other hyperparameters constant. The results shown in Table 14
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indicate that as architectural capacity increases, forecast accuracy improves on both databases. The
smallest configuration, with 3 layers and an embedding size of 128, yields the highest error, indicating
insufficient capacity to represent complex seasonal dependencies. As the architecture was expanded
to a 4-layer configuration, forecasts improved progressively as the embedding size increased from
128 to 256, indicating an increase in the model’s capacity to represent features and model temporal
dependence. Finally, with 6 layers and an embedding size of 256, there appears to be little additional
improvement as the size and number of layers are increased further, indicating diminishing marginal
returns after moderate model sizes are reached.

Table 14. Sensitivity to embedding dimension and encoder depth (proposed model).

Configuration Retail-H (WRMSSE) M4 (sMAPE)
3 Layers, 128 Dim  0.509 + 0.004 12.71 = 0.05
4 Layers, 128 Dim  0.503 + 0.003 12.60 = 0.04
4 Layers, 192 Dim  0.500 + 0.003 12.54 + 0.03
4 Layers, 256 Dim  0.498 + 0.002 12.47 + 0.03
6 Layers, 256 Dim  0.497 + 0.003 12.46 + 0.04

4.7. Ablation analysis

An extensive ablation study was performed to determine the effects of different individual
architectural components of the transformer-based framework that we proposed. All ablation
experiments used the same preprocessing pipeline, training parameters, and early-stopping criteria as in
the previous experiments in this paper. Three separate training trials were conducted for each variation.
Mean and standard deviation results are presented for each trial. Both benchmarks, hierarchical
retail (WRMSSE) and heterogeneous (sSMAPE), were evaluated to draw common conclusions on the
different datasets used.

By conducting targeted architectural ablations, we explore the benefits associated with positional
encoding and multihead self-attention. When we remove positional encoding from the model, we no
longer encode temporal order information in the time series representations. Without being able to
differentiate positions within the model’s long input window, the model’s ability to forecast degrades
significantly compared to using positional encoding. In Table 15, the performance of the model
degrades significantly across both datasets, with dissimilarity of WRMSSE increasing to 0.521 for
Retail-H, and dissimilarity of SMAPE increasing to 12.88 for M4. Additionally, when we switch
from a multihead to a single-head attention configuration, we observe a decrease in representational
diversity and higher forecasting error compared to the multihead configuration. In fact, as we increase
the number of attention heads from four to eight in steps, we observe improvements in model output
for both datasets. Thus, having multiple attention-head subspaces allows for better representation of
the complexity of modeling temporal interactions.
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Table 15. Ablation of positional encoding and attention configuration.
Variant Retail-H (WRMSSE) M4 (sMAPE)

Without Positional Encoding  0.521 + 0.004 12.88 + 0.05
Single-Head Attention 0.515 £ 0.003 12.74 £ 0.04
Reduced Heads (4 Heads) 0.506 = 0.003 12.60 = 0.04
Full Attention (8 Heads) 0.498 + 0.002 12.47 + 0.03
Full Model + Scaled Attention 0.496 + 0.002 12.45 + 0.03

The contributions of covariate embeddings and temporal encoding strategies are examined by
progressively modifying the components of the input representation. As reported in Table 16,
removing item-level embeddings increases WRMSSE to 0.514 on the hierarchical retail benchmark,
indicating reduced capacity to differentiate product-specific demand patterns within the global
modeling framework. Introducing fixed positional encoding improves performance, while replacing
it with learned positional encoding further reduces forecasting error, suggesting that adaptive temporal
representations more effectively capture seasonal and trend variations. Extending the embedding
design to include both item and store identifiers provides additional gains, reflecting improved
modeling of hierarchical relationships across aggregation levels. Combining the calendar feature fusion
across the datasets achieved the lowest error rates, with WRMSSEs of 0.496 and SMAPE:s of 12.45 for
both datasets. In the heterogeneous benchmark data, performance improvements were primarily driven
by enhanced temporal encoding rather than enhanced item embeddings.

Table 16. Ablation of embedding and temporal encoding components.

Variant Retail-H (WRMSSE) M4 (sMAPE)
Without Item Embedding 0.514 + 0.003 12.52 £ 0.03
Fixed Positional Encoding 0.503 + 0.003 12.53 £ 0.03
Learned Positional Encoding 0.500 + 0.002 12.49 + 0.03
Item + Store Embedding 0.498 + 0.002 12.47 + 0.03
Item + Store + Calendar Fusion 0.496 + 0.002 12.45 £ 0.03

To assess how choosing normalization strategies and loss functions impacts prediction consistency,
we contrast a variety of scaling methods with different regression targets. Globally normalized data
typically has larger forecast errors than data with series-level normalization, as noted in Table 17,
especially in the hierarchical retail benchmark, where demand varies substantially by item and across
levels of aggregation. Therefore, when using MSE as a loss function with series-level normalization,
the WRMSSE decreases from 0.509 to 0.501. This acknowledges the importance of preprocessing data
with an appropriate scaling method to ensure consistent optimization. Using MAE instead of MSE as a
loss function also benefits achieving a smaller WRMSSE, as MAE is generally more robust to outliers
and demand spikes, particularly given the increased variance caused by heterogeneous seasonality. A
Huber loss will yield results similar to those of other losses because it generally provides a compromise
between being sensitive to very large errors and maintaining consistent gradient behavior. Using weight
decay with MAE as the loss function yields the smallest error across both datasets, with a WRMSSE
of 0.496 and an sSMAPE of 12.45.
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Table 17. Ablation of normalization strategy and loss function.

Variant Retail-H (WRMSSE) M4 (sSMAPE)
Global Normalization + MSE 0.509 = 0.004 12.71 = 0.05
Per-Series Normalization + MSE 0.501 + 0.003 12.54 + 0.04
Per-Series Normalization + MAE 0.498 + 0.002 12.47 £ 0.03
Per-Series + Huber Loss 0.497 = 0.002 12.46 = 0.03
Per-Series + MAE + Weight Decay 0.496 + 0.002 12.45 £ 0.03

We examine the impact of different projection strategies on multi-horizon predictions while keeping
the encoder architecture fixed. The results show that there was greater error with a simple linear
projection than with more complex nonlinear projections, as shown in Table 18; thus, a simple linear
projection cannot effectively map the originally encoded temporal representations into accurate outputs
over multiple time steps. A second, two-layer nonlinear projection showed lower WRMSSE and
sMAPE errors across both datasets, indicating that more flexible methods exist to map from high-level
to forecast values. Furthermore, using residual components to project from high-level to forecast values
produced a more stable training process and slightly improved performance, indicating that residuals
may help promote better gradient flow through the prediction head during training. Adding a prediction
head with parameters for each step to horizon-specific means yields progressively less benefit, while
creating separate parameter blocks for each forecast increases the total computational cost. The final
proposed structure has the lowest error across both datasets, with a WRMSSE of 0.496 and an sMAPE
of 12.45; therefore, moderate changes to the architecture of the prediction head improved long-term
accuracy without increasing complexity.

Table 18. Ablation of multi-horizon prediction head design.
Variant Retail-H (WRMSSE) M4 (sMAPE)

Linear Projection Only 0.504 + 0.003 12.60 + 0.04
Two-Layer Projection 0.499 + 0.002 12.49 + 0.03
Residual Projection 0.498 + 0.002 12.47 + 0.03
Horizon-Specific Heads 0.497 £ 0.002 12.46 + 0.03
Final Proposed Configuration 0.496 + 0.002 12.45 + 0.03

The architecture’s resiliency to stochastic training influences is examined by manipulating dropout
rates and learning rate schedules while keeping all other variables constant. The most significant
finding from Table 19 is that when dropout is removed, there is a modest increase in forecasting error,
suggesting that the reduction in generalization capability is due to the model becoming overfit to the
training data. The addition of moderate dropout (0.1) decreases forecasting error in both datasets, with
WRMSSE = 0.498 and sMAPE = 12.47, providing support for the advantages of regularizing the model
by using controlled amounts of stochasticity during training. Increasing the dropout rate to 0.3 results in
a small decline in performance, indicating that over-regularization reduces the model’s representational
power. By modifying the optimization dynamics with a cosine learning rate schedule, convergence
is improved through increased stability and a small decrease in error. The chosen configuration
produced the highest predictive ability within the model, with a final extracted forecasting error of
WRMSSE = 0.496 and sMAPE = 12.45, demonstrating a balanced trade-off between regularization
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strength and positional accuracy.

Table 19. Ablation of regularization and optimization variations.

Variant Retail-H (WRMSSE) M4 (sMAPE)
No Dropout 0.503 + 0.003 12.58 £ 0.04
Dropout 0.1 0.498 + 0.002 12.47 £ 0.03
Dropout 0.3 0.501 + 0.003 12.52 £ 0.04
Cosine LR Schedule 0.497 + 0.002 12.46 + 0.03
Final Proposed Setup 0.496 + 0.002 12.45 £ 0.03

4.8. Computational efficiency and scalability

To analyze computational efficiency, training and inference costs are compared in a controlled
computing environment. Hence, all models share identical graphics processing units (GPUs), batch
sizes, and data loading techniques. Results in Table 20 show a marked variation in convergence
and inference latency across model families. Recurrent architectures such as LSTM and DeepAR
require longer per-epoch training times due to their sequential processing of dependencies, resulting
in 18.9 and 19.6 minutes per epoch on the hierarchical retail benchmark, respectively. Deeper, stacked,
feed-forward architectures such as N-BEATS incur even longer per-epoch training costs. Transformer
models train faster because attention enables parallel computation. The proposed transformer is the
fastest of all frameworks, training in 15.4 minutes on Retail-H and 7.9 minutes on M4, with low,
consistent variance across runs. Inference latency is also higher for recurrent models per time series
than for an architecture based on attention. The proposed architecture has the lowest inference latency
of 2.0 ms per time series on Retail-H and 1.2 ms on M4.

Table 20. Training time and inference latency across both datasets.

Model Retail-H Train (min) M4 Train (min) Retail-H Infer (ms) M4 Infer (ms)
LSTM 18.9+09 95+0.5 3.8+0.2 2.1+0.1
DeepAR 19.6 + 1.0 10.1 £ 0.6 41+0.2 23 +0.1
N-BEATS 23.4+1.2 12.0 + 0.8 32+02 1.9 +£0.1
Informer 172+ 0.8 8.7+04 24 +0.1 1.4 +0.1
Autoformer 17.9 £ 0.7 9.1+04 2.6 +0.1 1.5 +0.1
PatchTST 16.6 + 0.6 8.3+0.3 22 +0.1 1.3 +0.1
Proposed Transformer 15.4 + 0.5 79 +£0.3 2.0+0.1 1.2 +£0.1

We evaluate memory utilization and scalability as the time series grows to determine the ability to
deploy in large-scale retail settings. GPU memory and inference throughput are assessed as workloads
grow, while maintaining the same batching paradigm. Table 21 illustrates that memory consumption
for recurrent architectures is moderate, but systems exhibit low throughput due to the nature of
sequential processing. Among the evaluated architectures, N-BEATS, a feed-forward architecture,
has the highest memory consumption, which scales with depth and the number of stacked components.
Models based on the transformer architecture exhibit higher throughput than recurrent architectures,
with parallel attention and moderate memory consumption. Our transformer design achieves the
highest throughput with the least memory usage among the evaluated architectures. The transformer
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consumes 8.7 GB on Retail-H and 4.6 GB on M4, and achieves a throughput of 2,950 series per second
on Retail-H and 5,880 series per second on M4. Compared to recurrent baselines, the transformer
design achieves significant throughput improvements with minimal additional memory consumption.

Table 21. Memory consumption and scalability analysis across both datasets.

Model Retail-H Memory (GB) M4 Memory (GB) Retail-H Series/s M4 Series/s
LSTM 7.8 4.1 2,450 5,200
DeepAR 8.2 4.3 2,310 5,050
N-BEATS 9.6 5.0 2,180 4,900
Informer 8.5 4.5 2,720 5,650
Autoformer 8.9 4.7 2,650 5,540
PatchTST 9.1 4.8 2,780 5,700
Proposed Transformer 8.7 4.6 2,950 5,880

To assess the statistical significance of the observed performance enhancements, paired hypothesis
testing is used to compare the proposed transformer with the most competitive baseline under the
same experimental scenario. To mitigate the effects of stochastic training variability, a paired t-test is
performed on the forecasting errors, aggregated per series and sampled across multiple model training
instantiations. The resulting p-values for the overall forecasting performance and the different horizon
segments are presented in Table 22. For both datasets, all reported p-values are less than 0.01,
which provides evidence against the null hypothesis of equal performance. The most notable p-
values correspond to the long-horizon segments, especially on the hierarchical retail benchmark,
which demonstrates consistent positive changes for longer prediction segments. The evaluation of
the combined datasets yields a significant result when aggregated.

Table 22. Paired statistical significance tests (proposed vs strongest baseline).

Comparison Retail-H p-value M4 p-value
Overall Horizon 0.0021 0.0043
Short Horizon 0.0035 0.0062
Long Horizon 0.0018 0.0039
Medium Horizon ~ 0.0027 0.0051
Combined Dataset 0.0015 0.0028

In addition to parametric hypothesis testing, a Wilcoxon signed-rank test was performed to provide a
distribution-free test to complement the performance-difference validation of the proposed transformer
and the top baseline. The Wilcoxon signed-rank test, as a nonparametric test, uses paired per-series
forecasting errors and is advantageous when the error distribution is assumed normal. As a result,
this test can accommodate a wide range of forecasting time-series datasets. The signed-rank statistics
and p-values are documented in Table 23 and reflect the overall forecasting accuracy for the segments
of shorter forecasts. For both datasets, the p-values were all below the 0.01 threshold, indicating
improvement in a nonparametric test. The greatest improvement in p-values was in the longer forecast
segments, particularly for the benchmark hierarchical retail forecasting segment. The evaluation of
the combined dataset strengthens the evidence for improvement of a variety of forecasting time-
series datasets.
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Table 23. Wilcoxon signed-rank test comparing proposed model with strongest baseline.

Segment Retail-H W  Retail-H p-value M4 W M4 p-value
Overall Horizon 1.82¢e7 0.0012 3.94e6 0.0027
Short Horizon 1.76e7 0.0020 3.71e6 0.0039
Medium Horizon  1.79e7 0.0016 3.82e6 0.0031
Long Horizon 1.85¢7 0.0009 4.05e6 0.0022
Combined Dataset 2.01e7 0.0007 4.18¢6 0.0019

The effect size of Cohen’s d is calculated using mean forecasting errors based on repeated runs to
determine the actual magnitude of the improvement that exceeds statistical significance. The strongest
baseline relative to the proposed transformer serves as the basis for calculating the standardized
difference. As Cohen’s d is used, the sample size does not matter. In traditional classification, an effect
size of 0.2 is a small effect size, 0.5 is a medium effect size, and 0.8 is a large effect size. As shown
in Table 24, across both datasets and forecast segments, the effect size is between moderate and large.
Considering the hierarchical retail benchmark, the overall effect size is 0.84, increasing to 0.93 for
the long-horizon segment. This reflects a large and notable improvement with practical implications
for longer-term forecasting. On the heterogeneous benchmark, effect sizes range from 0.55 to 0.67,
indicating consistent medium-to-large improvements. Impact is shown to be considerable in the
combined dataset analysis.

Table 24. Effect size (Cohen’s d) of proposed model relative to strongest baseline.

Segment Retail-H Cohen’s d M4 Cohen’s d
Overall Horizon 0.84 0.62
Short Horizon 0.71 0.55
Medium Horizon  0.79 0.58
Long Horizon 0.93 0.67
Combined Dataset (.88 0.64

To analyze scalability with an increasing number of time series, we iteratively increased the
inference workload while keeping hardware and batch configurations constant. The hierarchical
retail benchmark spans 5,000 to 30,000 active series, and throughput is measured as the number
of series processed per second. For the heterogeneous benchmark, average throughput across the
frequency groups is used for comparison. In Table 25, as the number of active series increased, all
models had lower throughput due to increased traffic and computation. Models that used recurrent
architectures, such as LSTM and DeepAR, experienced a larger decrease in throughput due to the
sequential dependencies and the work that limits how much can be done simultaneously. Architectures
with feed-forward components showed a moderate decrease in throughput with many active series, but
a large decrease with many active series. Because of batched and parallel attention implementations,
Transformer models experienced a smaller decrease in throughput. The proposed transformer had
the best throughput: at the 5k scale, processed series with a throughput of 3,680; at the 30k scale,
processed with a throughput of 2,950 in the retail benchmark; and had the best average throughput on
the heterogeneous benchmark, with a low standard deviation.
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Table 25. Throughput versus series growth analysis across both datasets.

Model 5k Series 10k Series ~ 20k Series ~ 30k Series =~ M4 Avg. Throughput
LSTM 3,100 £ 120 2,760 + 105 2,420+£90 2,050 £85 5,200 + 150
DeepAR 2,980+ 110 2,640 £ 100 2,310+88 1,970 £80 5,050 + 140
N-BEATS 2,750 +95 2420+£85 2,150+78 1,880 +70 4,900 + 130
Informer 3,420 £ 130 3,150 + 120 2,920 £ 110 2,680 + 100 5,650 + 160
Autoformer 3,360 £ 125 3,080 + 115 2,840 £ 105 2,600 £95 5,540 + 150
PatchTST 3,510+ 135 3,260 + 125 3,020 £ 115 2,790 £ 105 5,700 + 170
Proposed Transformer 3,680 + 140 3,420 +£ 130 3,180 + 120 2,950 + 110 5,880 + 180

4.9. Robustness and generalization analysis

Forecasting performance uncertainty involves estimating 95% confidence intervals for the proposed
transformer and solid baseline models within the unified experimental framework. Confidence
intervals use the standard error across multiple training iterations, accounting for variation introduced
by stochastic optimization. Per the results in Table 26, confidence intervals are relatively small
across both datasets, signifying stable convergence and low variance. In the hierarchical retail
benchmark, the proposed transformer achieves a mean WRMSSE = 0.498, with a confidence interval
of [0.496, 0.500]. This means the WRMSSE and confidence interval do not overlap with the strongest
baseline, PatchTST, which has a mean WRMSSE of 0.511 and a confidence interval of [0.511, 0.517].
In the heterogeneous case, the proposed model achieved SMAPE = 12.47, with a confidence interval
of [12.44, 12.50], while the baseline SMAPE was 12.64, with a confidence interval of [12.64, 12.72].
The confidence intervals do not overlap, indicating that the improvements achieved are real and not
due to variation.

Table 26. 95% confidence intervals for proposed model and strongest baseline.

Model Dataset Mean Error 95% CI

PatchTST Retail-H 0.514 [0.511, 0.517]
Proposed Transformer Retail-H 0.498 [0.496, 0.500]
PatchTST M4 12.68 [12.64, 12.72]
Proposed Transformer M4 12.47 [12.44, 12.50]
Informer Retail-H 0.526 [0.522, 0.530]
Informer M4 12.93 [12.88, 12.98]

To approximate cross-dataset generalization, models were trained on one benchmark, and
subsequently evaluated on a second benchmark without any model adjustments, following alignment
of normalization methods and temporal resolutions where appropriate. This procedure examines the
extent to which learned temporal representations can be transferred or utilized in the presence of
distribution shifts. As illustrated in Table 27, the performance of recurrent models severely deteriorates
in cross-dataset scenarios, showing the challenges these models face in capturing temporal structures
that are invariant across datasets. Feed-forward models show moderate transfer performance, whereas
models that rely on global attention mechanisms show greater transfer performance. The proposed
transformer model shows the least performance degradation in both directions of transfer. When the
transformer model is trained on the Retail-H dataset and tested on the M4 dataset, it achieves an
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sMAPE of 13.55. When the transfer is considered in the opposite direction, it achieves a WRMSSE

of 0.528.

Table 27. Cross-dataset generalization performance (train on one dataset, test on the other).

Model Retail-H —» M4 (sMAPE) M4 — Retail-H (WRMSSE)
LST™M 14.62 +0.15 0.589 + 0.009
DeepAR 14.38 + 0.13 0.576 + 0.008
N-BEATS 1421 £ 0.11 0.562 + 0.007
Informer 13.94 + 0.09 0.548 + 0.006
Autoformer 13.82 = 0.08 0.541 + 0.005
PatchTST 13.70 + 0.07 0.536 + 0.004
Proposed Transformer 13.55 + 0.06 0.528 + 0.004

To evaluate robustness to observational noise, zero-mean Gaussian noise is added to the input
sequences, while the ground-truth targets remain unchanged. To mimic different levels of input
corruption, the noise variance is set as a certain percentage of the original demand variance. The
results in Table 28 show a clear relation between the noise levels and forecasting error, with higher
noise levels resulting in greater error. This is understandable, as adding noise only distorts the history
of the demand. Fortunately, performance degradation was kept to a minimum across different levels of
noise, indicating that representation learning remained stable. For 10% noise, on Retail-H, Weighted
Root Mean Squared Scaled Error (WRMSSE) increased from 0.498 to 0.516 (a degradation of 3.6%),
and on M4, the increase in Symmetric Mean Absolute Percentage Error (SMAPE) was from 12.47 to
12.84 (a degradation of 3.0%). Even at 20% noise, the degradation was kept to a minimum, showing
that representation learning was stable and that the framework was robust to input perturbations.
The standard deviation around the mean remained low across iterations, indicating the stability of
the representation learning. For a number of models using recurrent architectures and tested with
the same perturbation levels, it was found that transformer-based architectures were robust to noise.
Performance for those models decreased at a much slower rate. As shown in Figure 5, the model
proposed in this study shows the least degradation as input noise increases. The degradation shown
in Figure 6 indicates that the proposed model is robust to noise across both datasets. Results from
Figure 7 cross-dataset show that the model proposed can be generalized outside of the dataset and is
shown to be less noisy in cases of distribution shifts.

Table 28. Robustness to input noise across both datasets.
Noise Level Retail-H WRMSSE M4 sMAPE Retail-H Degradation (%) M4 Degradation (%)

0% (Clean) 0.498 + 0.002 12.47 +0.03 0.0 0.0
5% Noise 0.505 + 0.003 12.61 £ 0.04 14 1.1
10% Noise  0.516 + 0.004 12.84 £ 0.05 3.6 3.0
15% Noise  0.531 + 0.005 13.12 +0.07 6.6 5.2
20% Noise  0.552 + 0.006 13.48 +0.09 10.8 8.1
AIMS Mathematics Volume 11, Issue 7, 21885-21927.
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4.10. Stress-testing evaluation

Real-world retail forecasting systems often operate in highly dynamic, non-stationary environments
and face many open problems, such as missing observations, sudden promotional demand spikes,
distribution changes, seasonal shifts, and unpredictable customer behavior. Although benchmark
forecasting datasets provide standard evaluation frameworks, they often do not reflect the operational
instability encountered in real-world retail forecasting. To assess the robustness of the proposed
forecasting framework, a series of additional stress-testing experiments was conducted. These
experiments simulated a range of real-world retail forecasting scenarios. The robustness assessment
consisted of five types of perturbation analysis: missing-value corruption, synthetic-demand spike
perturbation, time-based distribution-shift testing, concept-drift modeling, and stress testing for
extreme promotional events. All robustness tests were conducted using the same optimization
and preprocessing settings as the main forecasting tests. A stability analysis under non-stationary
conditions was performed using a set of strong transformer-based forecasting models, including
Informer, Autoformer, and PatchTST.

The robustness analysis presented in Table 29 illustrates a notable characteristic of the transformer
framework articulated in this research: Relative forecasting stability across varying retail forecasting
perturbations. In the case of missing-value corruption, this framework exhibits the least degradation
in forecasting performance among transformer models. The stability offered by the framework may,
in part, be due to its ability to address transactional sparsity and the erratic nature of retail forecasting.
The framework also extends forecasting stability when confronted with demand spike perturbations.
In this case, the framework may be able to model the nonlinear demand fluctuations associated with
irregular demand spurs in retail forecasting.

Challenges posed by temporal distribution changes and simulated concept drifts tended to cause
greater forecasting degradation in the baseline models than in the proposed model. The improvements
in forecasting stability achieved with the proposed model resulted from model fusion, which provided
global temporal attention, hierarchically structured embeddings, and covariate-based representation
learning. The model’s positive stability and forecasting results also extend to the effects of extreme
perturbations in promotional events. When considering all results from the proposed model, the
transformer model not only provides a positive forecasting result but also demonstrates strong stability
and robustness in a retail forecasting context.

Table 29. Robustness evaluation under realistic retail forecasting perturbations. Lower
values indicate better forecasting performance.

Model Missing Values Demand Spikes Distribution Shift Concept Drift Promotional Events Retail-H Avg. M4 Avg. Robustness Rank
Informer 0.551 0.566 0.572 0.578 0.584 0.570 13.41 4
Autoformer 0.543 0.557 0.564 0.570 0.576 0.562 13.24 3
PatchTST 0.536 0.549 0.556 0.563 0.569 0.555 13.12 2
Proposed Transformer 0.521 0.534 0.541 0.547 0.553 0.539 12.88 1

The robustness analysis shows that the proposed transformer framework maintains stable
forecasting performance across different retail forecasting perturbations. The proposed model showed
the least degradation in forecasting when value corruption occurred. This proved that the proposed
model is more resilient to missing transactional data and to inventory reporting irregularities. The
proposed framework is better able to capture sudden nonlinear fluctuations in demand driven by flash
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or seasonal sales, as well as irregularities in purchase behavior, than other models. Stability when
artificial demand surges were implemented is also noted. When temporal distribution perturbations
and simulated concept drift were applied, forecasting degradation was also the least among the
models. It is expected that the model will show better generalization when sufficient global temporal
attention and hierarchical embedding, coupled with covariate representation, are applied. Additionally,
the proposed framework captures forecasting perturbations better than other models when extreme
promotional events are considered. When modeling perturbations that better reflect the complex
dynamics of retail forecasting, it is clear that the proposed transformer architecture captures these
dynamics more effectively.

4.11. Interpretability and temporal dependency analysis

Further studies were prompted to analyze the behavior of the proposed transformer framework’s
internal forecasting, with a focus on temporal attention allocation, various forms of feature
contribution, representation learning, and long-range dependency modeling. While the proposed
framework shows effective forecasting performance when assessed quantitatively, an interpretability
assessment provides additional insight into its ability to capture seasonal patterns, temporal
relationships, and cross-series inter-dependencies for large-scale retail forecasting. An interpretability
assessment is comprised of four different, yet related, studies: (1) Feature importance for temporal and
hierarchical covariates is assessed, and (2) temporal dependency is subjected to a sensitivity analysis.
These studies, when taken together, yield a much more detailed understanding of the forecasting
behavior of the proposed transformer framework.

The analysis of feature importance in Table 30 indicates that for both forecasting challenges,
historical demand data has a significant contribution as the leading predictor. Additionally, in long-
horizon forecasting, positional and temporal representations are important for stability, and therefore,
order and season information are necessary for accurate transformer forecasting. In the hierarchical
retail forecasting challenge, item and store embeddings provide additional forecasting improvement,
as the model learns cross-series and aggregation relationships within the framework. Global attention
contributes more for longer forecasting horizons, indicating that self-attention plays a greater role for
longer temporal dependencies.

Table 30. Relative feature contribution analysis across forecasting components. Higher
values indicate stronger contribution to forecasting accuracy.

Feature Component Retail-H Contribution (%) M4 Contribution (%)
Historical Demand Sequence 34.8 39.2

Positional Encoding 16.5 18.7

Calendar Covariates 14.2 11.4

Item Embeddings 12.8 —

Store Embeddings 8.7 —

Seasonal Indicators 7.4 15.1

Global Attention Interaction 5.6 10.2

The analysis of feature contributions shows that, across both forecasting benchmarks, historical
demand observations are still the largest predictor. Positional representations and temporal covariates
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aid long-horizon forecasting stability, suggesting that the order and seasonal information remain
significant for forecasting via transformers. In the hierarchical retail benchmark, item-level and
store-level embeddings yield positive forecasting results by enabling the model to learn cross-
series embedding similarities and aggregation relationships within the global learning framework.
The influence of global attention interactions also grows stronger with longer forecasting horizons,
indicating that, as the temporal distance between dependencies increases, self-attention becomes more
critical. The temporal dependency analysis outlined in Table 31 shows that the forecasting behavior
of the transformer actually changes with each extended prediction step. In short-term forecasting,
local temporal continuity and demand observations play the largest roles. However, as the distance
increases, the model becomes more sensitive to seasonal and long-range temporal dependencies. The
flexible reorganization of temporal attention shows that the transformer model can balance local and
global, as well as flexible, temporal representations, depending on the complexity of the forecasting
step and horizon.

Table 31. Temporal dependency sensitivity analysis across forecasting horizons.

Forecast Horizon Local Attention (%) Seasonal Attention (%) Long-Range Attention (%) Forecast Stability Score

Short-Term 61.4 24.8 13.8 0.91
Medium-Term 42.7 37.1 20.2 0.88
Long-Term 28.5 41.9 29.6 0.84

4.12. Discussion

Results from the experiments show that all forecasts of longer than average length have been
consistently better predicted using our new transformer approach than with previous methods, across
both data types. All evaluations showed lower overall mean error, greater stability of predictions
across all time periods, and significant differences in actual prediction accuracy compared to strong,
previously developed transformer methods. All improvements were made while keeping batch
preprocessing, training, and running conditions constant, so any performance gains had to be due
to changes in the architectural structure rather than to different experimental conditions.

An analysis of different horizon lengths shows that error growth in attention-based architectures
increases more slowly over a prolonged period than in recurrent architectures. The transformer
produces superior long-range temporal modeling and better approximates long-term temporal
dependencies than traditional recurrent architectures, as evidenced by lower maximum errors in long-
term forecasts. Most clearly illustrated by a hierarchical dataset of retail sales, each contributing
multiple layers of temporal dynamics, the transformer has an inherent ability to model complex
dependencies without the need for recursive forecasting and produces improved stability and lower
error accumulation than a recurrent forecast methodology.

The ablation analysis provides further insight into the relative contribution of each model
component to performance. Both multihead self-attention and positional encoding were found to be
critical for maintaining the temporal sequence of the data and capturing interactions across multiple
time series. The use of categorical embeddings enabled item-level differentiation in the retail dataset.
Normalizing the data per series enabled more consistent optimization across varying time-series scales.
Refinements to the multi-horizon prediction head yield additional performance improvements with
minimal increase in complexity. It appears that the majority of gains have been achieved through
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coordinated design of the overall architecture rather than simply increasing the number of parameters
per component.

Statistical validation further strengthens the reported improvements. Paired T-tests and Wilcoxon
signed-rank tests both demonstrate statistically significant differences in performance, relative to the
strongest baseline, across multiple datasets and forecast horizons. Effect size analysis further indicates
that the magnitude of the improvement is practically meaningful, particularly for longer-term forecasts
in retail environments. There is also minimal overlap between the proposed models and baselines based
on confidence interval estimates, which supports the robustness of the reported results across multiple
training runs.

Evaluation from a robustness perspective shows that the forecasting framework exhibits stable
predictive behavior not only within standardized benchmark conditions but also in highly dynamic
retail forecasting situations characterized by temporal instability, distributional shifts, and sudden
demand changes. Strengthening the findings supports the architecture’s advanced real-world
application, implying that the behavior of demand in real-world forecasted retail systems would not
remain within the benchmarks.

5. Conclusions

This study introduced a unified framework for large-scale, long-horizon retail demand forecasting
that leverages heterogeneous hierarchical covariates of varying time scales. The proposed framework
incorporates multiple, globally optimized forecasting elements, including multiheaded self-attention,
learned positional encodings, hierarchical categorical embeddings, and covariate fusion, as well as
multi-horizon forecasting. Their biggest innovation lies in addressing the recursive accumulation of
forecasting errors in most autoregressive forecasting frameworks. These innovations were rigorously
tested against large retail datasets and numerous heterogeneous forecasting datasets. Their innovations
achieved consistent improvements in forecasting accuracy across numerous statistical and machine
learning frameworks, including recent neural network-based, transformer-based, time-series, and
recurrent/decomposition methods. Statistical tests validated the improvements in forecasting accuracy.
Robustness analysis validated improvements in forecasting, demonstrating stabilization of accuracy
against numerous corruptions, demand spikes, and distribution shifts. Preliminary experiments on
interpretability, analyses of forecasting accuracy, and research on the temporal dependencies of
the framework revealed that the proposed framework accurately captures the demand and seasonal
dependencies of a time-series structure. This was achieved using a transformer-based design with
adaptive global attention and a unified representation-learning framework.

The extensive experimental evaluation shows that the proposed framework’s applicability extends
beyond a single benchmark setting. The proposed architecture continually advances forecasting
performance across disparate datasets, retail structures, and forecasting horizons, as well as through
sensitivity analyses, robustness tests, scalability and computational tests, and statistical significance
studies. The ability of the proposed framework to address the complex forecasting challenges inherent
to real-world retail analytics is further substantiated by the breadth of the aforementioned studies. The
breadth of these studies and the range of applications of the proposed framework justify its practical and
methodological contribution. The framework can be extended to probabilistic forecasting and demand
estimation methods that account for uncertainty and support online adaptive learning to accommodate
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changing retail contexts. This can also be applied to multimodal forecasting that combines
different frameworks and considers external economic contexts, promotions, and consumer behavior.
Lightweight transformer compression, in tandem with real-time optimization of the deployable
forecasting solution, may further improve the framework for large-scale industrial forecasting.
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