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1. Introduction

This note complements the line of work initiated in [6]. Specifically, we study the limiting behavior
of the solutions of a sequence of Dirichlet problems involving the p(-)-Laplacian operator, in the spirit
of [18]. The fundamental difference between our work and [18] is that we allow for the involved

variable exponents to be unbounded in Q, that is, we include the case sup p(x) = oo.
xeQ)
Specifically, let Q c R" be a bounded, Lipschitz domain (that is, the boundary of €, denoted

henceforth by 0€, is locally the graph of a Lipschitz function) and p : Q — R be a continuous function

such that 1 < p_ := in£ p(x) < p, :=sup p(x). Let ¢ € WIPO(Q) satisfy pr(x)_lchp(x)lp(x)dx < oo.
X€ xeQ
The Dirichlet problem

{Ap(.)(w) = div |V 2Vw) = 0 inQ, 0

Wlsa = @,
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calls for a p(x)-harmonic function w € W'*"(Q) such that w — ¢ vanishes on the boundary 9Q; this
statement will be written shortly as u|3q = ¢, and its meaning will be precised later.

On the other hand, the limiting case of the p-Laplacian operator A, is well understood and takes
up the form of the so-called infinity Laplacian, namely

At = (D), Vit) - Vi = Dttty (1.2)

ij=1

As usual, (A, a) stands for the standard action of the matrix A on the vector a and - denotes the dot
product on R”. See [18] and the references therein for further details regarding this operator.

Our main contribution is Theorem 6.1, which shows that letting p(x) — oo uniformly in €, the
solution u,, of problem (1.1) converges uniformly to the unique viscosity solution of

(1.3)

Acou =0 1n Q,
ulan = .

Theorem 6.1 improves the results in [18], since it does not rely on the implicit assumption

sup p(x) < oo, which is used in the proof of [18, Theorem 1.1] in a fundamental way.
xeQ
Variable exponent Lebesgue-Sobolev spaces occupy a center stage in mathematical research since

it was realized that they constitute the correct mathematical setting in the study of several phenomena.
For example, in mathematical models of electrorheological fluids, the viscosity depends on an electric
field and is often modeled by a variable exponent p(x). The electric field might become extremely
strong in a region, forcing the material to approach a rigid or nearly rigid behavior. Mathematically,
this can be represented as the limit p(x) — oo, leading naturally to spaces with unbounded exponent. In
dealing with physical examples such as this one, the stability result presented in [18] would not apply.
We overcome this deficiency by allowing exponents to be unbounded in €.

The variability of the exponent p(x) adds at least two levels of difficulty not visible in the constant

case. First, even for p(x) < oo a.e. in Q, it might hold sup p(x) = co. Second, it is known that smooth
xeQ
functions with compact support are in general not dense in the space of compactly supported functions

in W'r0(Q), even when the variable exponent p is bounded [8]. In this context, the idea of a weak
solution of problem (1.1) is ambiguous [1, 8].

More specifically, it was proved in [12, Theorem 7.2] that for variable exponent p(-) with p_ > n,
there exists a unique weak solution u € W'"(Q) of problem (1.1) satisfying the identity

f IV ()PP~ 2Vu(x)Vh(x) dx = 0 (1.4)

Q

for any h € C°(€2). However, it is well known that for a variable exponent p(-) on €2, the norm closure
of C(Q) in W'?1)(Q2) might be strictly contained in the norm closure of the subspace WLEOQ) = v e
WPO(Q) : suppv compact} (see [8]). Thus, the weak solution obtained in [12, Theorem 7.2] might
fail to satisfy (1.4) for h € WiEO(Q).

In more precise terms, let Vé PO(Q) and Ué’p “(Q) be the modular closures in W'*(Q) of C*(2) and
Wclgl,;fg(Q), respectively. In [8, Example 3.9], the author displays a domain €, a variable exponent g(-),
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and a function ¢ € Ué’q(')(Q) \ Vé’q(')(Q). The unique solution v € W0(Q) given by [12, Theorem 7.2]
with boundary value ¢ = i satisfies the equality (1.4) (replacing p(-) with g(-)) for every h € C;(€2)
but not for each h € WJ;‘Z,E')(Q) (see Proposition 4.1 for the details).

Our chief concern before undertaking the analysis of the limiting behavior of the solutions is thus
to clarify the type of weak solution of the problem (1.1) for which our limiting process is valid. We
undertake this task in Section 4.

The main obstacle in the analysis of Section 4 arises from the lack of boundedness of the
exponents p;(-). This prevents the direct application of standard compactness and regularity results
such as those in, for example, [7], and requires a refined use of modular techniques.

Our presentation is organized as follows. In Section 2 a brief summary of the basic definitions and
modular geometric properties of the variable exponent Lebesgue and Sobolev spaces is introduced.
Since our approach is essentially modular in nature, in Section 3, we summarize the modular concepts
required for the proof of Theorem 4.1 and introduce the spaces Vé’p (')(Q) and U(l)’p (')(Q) defined as the
modular closures of C°(€2) and WJ;,%) (Q), respectively.

In Section 4, we prove Theorem 4.1, which, under the assumption p_ = in£ p(x) > n, asserts
X€

existence and uniqueness of a weak solution w of problem (1.1) such that w € W*0(Q) and that
satisfies (1.4) for all h € Wal(Q).

It must be emphasized that in spite of its similarity with [12, Theorem 7.2], the results in Section 4
are new, since they involve the minimization of the Dirichlet integral (4.4) on a space that is strictly
larger than that considered in [12] and the weak solution emerging in this way might be different
from the one in [12, Theorem 7.2]. We make this statement precise in Proposition 4.1. The theme
in Section 5 is that the weak solution given by Theorem 4.1 is in fact a viscosity solution of the
problem (1.1). Our proof of Proposition 5.1 differs from [18, Proposition 2.3] in that it is not clear to
the authors why the function (® — u)* used in [18, Proposition 2.3] qualifies as a test function for the
weak formulation of [18, Problem (1.1),] (i.e., belongs to the norm closure of C7(£2), see Remark 3.2
below); our function ® introduced in (5.6) is by definition in WLPY(Q) and thus it fits the definition of
weak solution of problem (1.5), as stated in (4.3).

The central result of this work is presented in Section 6. Specifically, let (p;(-)) be a sequence of

functions satisfying the assumptions (1)—(3) in Section 6. In particular, we allow sup p;(x) = oco. Fix
xeQ)

¢ € W'(Q) and for each j, let u; € U(l)’p “(Q) be the unique solution to the Dirichlet problem for
variable exponent p;(-)-Laplacian

{Amx)bt(x) 1= div(Vu()P O Vu)) =0, xe, (1.5)

u(x) = p(x), x € 09),

whose existence and uniqueness is proved in Theorem 4.1. Notice that u; might be different from
the solution in Vé’P ©(Q) obtained in [12], since in general Vé’P Q) ¢ Ué’p “(Q), even for bounded
exponents p;(-), as observed in [8].

Then

u; — u uniformly in Q,
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where u is the unique viscosity solution of

{—Aoou — [Vul* In|Vul(£, Vu) =0 inQ, (1.6)

u=g¢ on 0Q.
Theorem 6.1 was proved in [18, Theorem 1.1] under the additional assumption sup p;(x) = p, < oo,

xeQ
see [18, inequality (2.9)]. The results in [18] require the more restrictive condition

Vinp; — & € C(Q). (1.7)
2. Preliminaries

The main results and definitions in this section have been extensively discussed in [5,12,13,15]. In
the sequel, 2 ¢ R” will stand for a bounded, smooth domain with boundary dQ and p : Q — (1, c0)
denotes a Borel-measurable function subject to the constraints

l<p_= igfp(x) < sup p(x) = py = oo. 2.1
Q

Variable exponent spaces can be traced back to Orlicz’s 1931 paper [21] and since then, especially in
the last few decades, they have found their way into a variety of applications, such as the mathematical
description of the hydrodynamics of electrorheological and non-Newtonian fluid dynamics [22, 23],
image restoration and super resolution [9], elasticity theory [2], and the mathematical setting of
Lavrentiev’s phenomenon [24].

The next definition concerns the variable exponent Lebesgue and Sobolev spaces and their
corresponding Luxemburg norm.

Definition 2.1. [5, 15] In the notation of Section 1, let p : Q — [1, 00) be Borel measurable. Notice

that we include the case p, = sup p(x) = co. We set
xeQ

0@ =15+ [ dr < o for some 4> 0f.
Q
It is well known that when endowed with the Luxemburg norm defined by

1flly = inf 12> 0 f @) dx < 1
Q

LPO(Q) becomes a Banach space, which is uniformly convex if and only if 1 < p_ = in£ p(x) < p, =
X€E!

sup p(x) < oo. In particular, if p, = oo, the Luxemburg norm || - || ., on LPOQ) is not (UC) [17].
xeQ

It is a routine exercise to show that when p is constant on €, the above defined spaces coincide with
the usual Lebesgue spaces.

If p(-) < g(-) are measurable in Q, the embedding LI"(Q) — L"(Q) is continuous, i.e., there exists
a positive constant C(p, ¢, Q) such that ||ull,., < C(p, g, Q)llull,. for any u € L1O(Q) [15].
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Definition 2.2. [5,15]
WhO@Q) = {f : f € L'O(Q)and |Vf| € L'O(Q)},
where |V f| stands for the Euclidean norm of V f and the Sobolev norm is defined as

1A lepey = 11 llpey + IV Flllpe- (2.2)

2.1. Modulars and their geometry

In this section, we briefly summarize some facts on the theory of modulars that are essential for the
rest of the presentation. We refer the reader to [11, 12, 19] for a detailed treatment of the ideas merely
sketched in this section.

Definition 2.3. [19,20] A convex modular on a real vector space X is a function o : X — [0, o] that
satisfies the following conditions:

(1) o(x) = 0ifand only if x = O;

(2) olax) = o(x), ifle| = 1;
(3) olax + (1 —@)y) < ao(x) + (1 — a)o(y), for any a € [0, 1] and any x,y € X.

Moreover, o is said to be left-continuous if, for all x € X,
lim o(rx) = o(x).
Remark 2.1. If the condition (1) is replaced with

0(0) =0,
o 1s said to be a pseudo-modular (see [19]).

Finally, a pseudomodular p on a vector space X is said to be (UC) if for every € > 0 there exists
0 =d(e) > 0 (i.e., ¢ is independent of u, v) such that for every u € X and v € X:

(M - V) pu) + p(v) p) + p(v)

P > & _
2 2 2

Theorem 2.1 addresses the (UC) statement needed in the sequel. Notice that the result is valid even

in the case the variable exponent p(x) is unbounded in €2, that is even if p, = co. We refer the interested
reader to [12] for the details of the proof.

+v

implies p(” )3(1—5) 2.3)

Theorem 2.1. Let Q C R" be a domain, p : Q — [1, ) (here for u € W'""O(Q),u; = g—;‘/_ and || stands
for the Euclidean norm in R"). Consider the functional o : W'"PO(Q) — [0, oo] defined by

26
n

1 2 1
Op(y (W) = ppy(IVul) = L m (Z M?] dx = L IEWM(X)V)(X) dx.

1

Then, if p_ > 1, 0 is a convex pseudomodular on W'"P(Q) and is (UC); in fact, for every € > 0 there
is 0 = 0(€, p~) > 0 such that (2.3) is satisfied. In particular, o is uniformly convex even if p, = .

Proof. See [12] for the proof. O
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3. Modular topologies and subspaces

On the set M of extended-real-valued Borel-measurable functions defined on Q, consider the
functional p,, : M — [0, co] defined by

()P
Ppiott) = Q”;de. (3.1)

Then, p,, is a left-continuous modular on the vector space L’(Q) and in fact, the following
holds (see [12]):

Lemma 3.1. [I2] Let Q CR" and p : Q — [1, ) be measurable. Then
PO ={ve M: Pp(Av) < oo for some A > 0}

={ve M: fl/lv(x)lp(x> dx < oo for some A > 0}.
Q

Remark 3.1. In fact, it can be shown (see [12]) that the Luxemburg norm given in Definition 2.1 is
equivalent to the norm

A1 oy = inf{/l >0: !lﬁ (f QI dx < 1}.

(x)
In other words, the modulars u — f [u(x)|Pdx and u — f %dx define the exact same normed
Q Q

space L”(Q) and generate equivalent Luxemburg norms.

Likewise, W!'*©(Q) will stand for the vector subspace of L”(Q) consisting of those functions
whose weak derivatives also belong to L7V(Q) and it will be endowed with the modular

Prpe = WHP(Q) — [0, 0], (3.2)
P1pe W) 2= Ppey () + ppey (Vul) .

The modulars p,), p1, introduced above define Hausdorff topologies in LF*(Q) and W'P9(Q),
respectively.

Specifically, a set O € W'P0(Q) is declared to be p; ., open iff for any u € O there is r > 0 such
that the modular ball {v € W'?(Q) : py ,,(v —u) < r} is contained in O. This is equivalent to defining
a set A to be closed iff for any sequence (u;) € A such that p; ,y(u; — u) — 0, it must hold u € A. The
topology induced on LP"(Q) by the modular p,. is defined analogously.

These topologies will be from now on referred to as the (o)) p1,p() topology, respectively, or the
modular topology if there is no room for confusion, and denoted by (7,,,) 7,,,,- We refer the reader
to [12] for a detailed treatment of the modular topology and simply state the following theorems that
will be used in the sequel. In what follows, the 7, . -closure of a set § ¢ W'?(Q) will be written
as 7. Tt is worth noticing that modular balls are generally not open in the modular topology.

Theorems 3.1-3.5 were proved in [12] and will be essential in the sequel.
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Theorem 3.1. [12, Section 4] The following properties hold:

1. If U is a p yy-open subset of W'P(Q), then, for any v € W'"PN(Q), the set U +v = {u+v,u € U}
is also pj py-open. Hence, U + V is py ,)-open provided either U or V is p; p.-open.

2. If U is p1 py-open and 0 > 1, OU is also p, p\-open.

3. Foranyv € A" and any p p.-open set U such thatv € U, then U N A # 0.

4. If A is convex, then A" is convex.

Theorem 3.2. [I2, Proposition 4.10] Let A be a vector subspace of W'"*O(Q). Then A s a P1.p()"
closed vector subspace of WO (Q).

Moreover, the modular topology is complete. =~ We make this statement precise in the
following theorems.
Theorem 3.3. [19] LP(Q) is p,.-complete, that is, if (u;) C LFY(Q) and py(u; — w) — 0 as
j.k — oo, then there exists u € LP/(Q) such that p,.,(u; —u) — 0 as j — .
Theorem 3.4. [12, Theorem 4.22] If (u;) € WPO(Q) and p; p\(u; — w) = 0 as j,k — co, then there

exists u € WHO(Q) such that Pipo —u;) = 0as j — oo. Thus, the Sobolev space WHPO(Q) is
P1.p(-)-complete.

Theorem 3.5. [12, Theorem 4.20] For a bounded domain Q C R" and Borel measurable functions

p,qon Qwithl < g < pa.e. and such that f %dx < oo, the following statements hold:
Q

(i) If (u;) converges to u in WPO(Q), then necessarily Jl_i_}rgpl,q(,)(uj —u) =0, i.e., (uj) converges to u

in WH0(Q).
(ii) The inclusions
Jroraer  (POQ), p00) — (L7OQ), 740
and
b (WOQ), 71 p0)) — (WHOQ), 7140

are continuous.

Definition 3.1. In the sequel, we will write

WLPOQ) .= (v € WP(Q) : vis compactly supported) (3.3)

comp

———P1p0)
and denote the p; p.-closure of WL!,’,Z(I',) (Q), that is WCI;,’;,(') ’ (Q), by U(l)’p (')(Q).

Remark 3.2. In [12], the authors introduced the space VS”’ ) (€2) as the modular p, ,, closure of C;’(€2)
in W'?(Q). On account of the specific counterexamples in [8, 10] (see [8, Example 3.9]), in general
there holds the strict inclusion

V7@ ¢ U (@), (3:4)

even under the assumption p, = sup p(x) < oo.
xeQ

Proposition 3.1. Assume, as in the previous section that the variable exponent p € C(Q) satisfies
p- > 1. Then it holds the inclusion

Lp() 1,p-
Uy"0(Q) = Wy (Q).
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Proof. Obviously, we have the norm inclusion
WO(Q) — W-(Q)

and by virtue of Theorem 3.5, the inclusion iy, : WPO(Q) — W'P-(Q) is modularly continuous.
Consequently, if K is a norm-closed subset of W!7-(Q) (or equivalently, p;, -closed, since p_ is

constant) that contains Wby, (€), it follows that i;(‘,)’p_ (K) is pi1 p)-closed and W h(Q) C i;(l,),p_(l().

Since by definition U,”"(Q) € K n W'*O(Q) C K, it follows that U}””(Q) is contained in any
norm-closed subset of W!?-(Q) that contains Wclg,’,’n(g (Q). Therefore, since p_ is constant,

Uy"O(Q) € Wy (€. (3.5)
O

In the interest of readability we summarize the symbols introduced in this section.

()P
o pX)

Ppey(u) =

b

P () = Ppy (1) + ppiy(|Vul),
7p,, = modular topology on LPY(Q),
Tp1, = modular topology on WhO(Q),
WP Q) = fu € WO(Q) : supp(u) compact),

Te1p0)

Uy (@) = W@ ",
V(;,P(')(Q) — WTPW(-)’
Apl,p(‘) o ZTPI-P(')

2

Uy " (Q) = Wy” (),

Vol’p Q) ¢ Ué’p Q) (in general).

4. The Dirichlet integral on Ué’p Q)

In this section it assumed that Q C R” is bounded and that p : Q — (1, o) is continuous and satisfies
p- = inf p(x) > n.
xeQ
Lemma 4.1. Any sequence (v;) C Ué’p (')(Q), with (Vv;) ppy-Cauchy in (L”(')(Q))n, Must p,.,-converge
in LPO(Q) to a function v € Ué’p(')(Q). Therefore, (v;) must p p., converge tov € Ué’p(')(Q) in WHPO(Q).

Proof. Let the sequence (vj) C U(])’p (')(Q) be chosen in such a way that (Vv;) is p,.-Cauchy

in (LP(')(Q))n. On account of the modular continuity of the inclusion LF(Q) € LP-(Q), (Vv;)) is
pp_-Cauchy in (L7-(€2))" and by virtue of (3.5), the continuity of the Sobolev embedding

Whr-(Q) — C(Q)

AIMS Mathematics Volume 11, Issue 7, 21799-21818.
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and the Poincaré inequality on Wé”’ “(Q), (vj) i1s a Cauchy sequence in Wé’p () and for any
subindices i, j, one has (for some constant C;(p_,Q) > 0,i=1,2)

v =ville@ < Ci(p- D Iv; = vllwir-@) < Co(p-, DIV = vi)lller- (-

It follows then that

: |(v; = v ()P
lim p,(v;—v) = lim f—dx:O.
gl ProVj e N p(x)

By assumption, one then has

— p(x) \vJ _ p(x)
lim (f I(v; V)(X)I dx+f| (vj = vi)(x)| dx] =0,
Ljime \Ja Q p(x)

and taking into account the fact that Ué’p (')(Q) is a modularly closed subspace of W'0(Q), it follows
that the sequence (v;) converges modularly in W'*©)(Q) to a function v in U(l)’p Q). O

Theorem 4.1. Let Q C R" be a C?, bounded domain with boundary 6Q, p € C(Q), p_ > n (hence the

possibility p, = oo is admissible). Then for any ¢ € W'PO(Q) such that f 'V“’(x)lp( " dx < oo, there exists

a unique weak solution u € W'*9(Q), of the Dirichlet problem

Ulgo = ¢

that satisfies the condition f (p(x))™" [Vu(x)|P“ dx < oo and such that the inequality
Q

f IVu(x)[P™% Vu(x) Viu +v — @)(x)dx < 0 (4.2)
Q

holds for every v € Ué’p(')(Q) with ‘f(p(x))_l V(v — @)(x)|P™ dx < co. The weak formulation of (4.1)
Q

reads

f IVu(x)[PP 2 Vu(x)Ve(x) dx = 0 (4.3)

forall ¢ € WCI(’,‘,;,(')(Q). The boundary condition is interpreted as u — ¢ € Ué’p (')(Q).
Proof. Consider the Dirichlet integral, i.e., the functional ¥ : Ué’p (')(Q) — [0, oo] defined by

V(u = @)(x)1"™

e

dx. (4.4)

It will be shown that, on account of modular (UC), ¥ has a unique minimizer in Ué”’ (')(Q). Indeed,

the functional # is obviously bounded below by zero on Ué’p “(Q) and the choice of ¢ guarantees
that iln(f) ¥ (v) < oco. Take a minimizing sequence () C Wclg,’,;fg(Q), that is,
VEWeomp ()

lim F(u)= inf Fw=d
Jj—

1,p(-
UEW, ()

AIMS Mathematics Volume 11, Issue 7, 21799-21818.
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n

Vu;
Exploiting the (UC) of the functional ¥, it can be shown that (7]) is 0,)-Cauchy in (LP(-)(Q))

Indeed, if this were not the case then one could extract a sequence (i, j) — oo such that

Vuj—Vui > o 45
Pro\T™ | =& (4.5)

on account of (2.3) and by virtue of the convexity of the modular p,.), this would imply

V(u; + u;) Pp(V(; = ) + ppy (Vi — @)
d < py (’T - ¢) R R . (4.6)
Letting i, j — oo this leads to
1
d < (1=, p))5(2d) < d, 4.7

u.
which is a contradiction. By virtue of Lemma 4.1, (EJ) must p; ,-converge to a function u €

WPO(Q). Since U,y"(Q) is closed in the modular topology of W'?0(Q), it follows that u € Uy""(Q),
which is a vector subspace of W!*"(Q). Hence, 2u € U(])’p (')(Q). On account of [12, Theorem 4.22], it

. . Vu; o
can be assumed, without loss of generality that (TJ) converges pointwise a.e. to Vu. Fatou’s lemma

then yields

f (P VQu = )P dx < lim inf f (P [V, = )™ dx
Q Jj—ooo 0

It is claimed that 2u is a minimizer of ¥ in Ué’p Q). Since (%) converges pointwise a.e. to Vu, a

straightforward application of Fatou’s lemma in conjuction with the convexity of the integral yields

p(x)

IV (¢ = 2u) (0"

[l =)o

d< dx < liminf dx
Q p(x) koo p(x)
p(x)
Vle-(3+4)
< liminf liminf f dx
k—o0 > Q p(x)
1 V(o — p(x) V(o — p(x)
< liminf liminf—( f Vig ~uw) P f Vi — ) ) dx)
koo oo 2\ g p(x) o p(x)

P |
= llillglf 1111*1_1>ionf 3 (T(uk) + T(uz)) =d,

i.e., 2u is a minimizer of  on Ué’p O(Q). Since the minimizing sequence was arbitrarily selected,
the minimizer is unique. The rest of the proof follows from the fact that for any v € Ué’p “(Q) and
¢ € WihU)(Q), it holds that
. F+ip)-F(v)
lim

t—0 t

= f IVv(x)[PP72Vy(x)Ve(x) dx < oo (4.8)
Q

AIMS Mathematics Volume 11, Issue 7, 21799-21818.
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and therefore the right hand side must be zero for when v = 2u.

Next, we address the question of uniqueness. To this end, let v € Ué”’ (')(Q) such that f (p(x) IV -
Q

©)(X)P™ dx < oo and 2u is the minimizer whose existence was proved in the preceding paragraph.
Then, it holds

f IVQu — )(x)[P 72 VQ2u — ¢)(x) V(v — 2u)(x) dx > 0. (4.9)
Q

Indeed, for any ¢ € [0, 1], convexity yields

f IV Qe (v~ 20) ~ ) (O dx = f V(1= Qu— )+ v — ) (P dx
o p(x) o p(x)

< f L 9u - )0 dx + f L Vo — )P dx
a p(x) Qb

< 00,

Set
1
g = —(IVQu+tv-2u)- o) = VQu - p)I).
pt

It is straightforward to check that
li%l g = IVQu - @)l 2VQu — ©))V(v - 2u) (4.10)
t—0*

pointwise. On the other hand for ¢ € [0, 1], convexity yields
1
8= (VU =0Cu=g) + 10 = @) = V@u = ¢))
1
< S(A=DNQu= @ +1V0 - @ = V2 - ¢))

1
= ;(w(v —ol = IVQu-@)") =: g,

which, by assumption, is integrable. It is well known that under these conditions it follows, via the
application of Fatou’s lemma to the sequence g = g,, that

lim sup f g/(x)dx < f lim sup g,(x)dx. “4.11)
Q Q

1€[0,1] 1€[0,1]

Due to the fact that v — 2u € Ué’p (€, the minimal character of 2u yields

f g(x)dx >0
Q

for any ¢ € R. Coupled with (4.10), this yields fQ g(x)dx > 0, which proves (4.9).
Let w; € W'O(Q), i = 1,2 be solutions of (4.1) satisfying the additional condition (4.2). Then,
substituting v = ¢ — w, and v = ¢ — wy in (4.9) it follows

f Vw1 (X)[PP72Vw, (x)V(wa—w; )(x)dx < 0 and f IVwa (X)[PO2Vw, (x)V(wa—wy ) (X)dx = 0. (4.12)
Q Q
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On the other hand, there holds the pointwise equality (see [16])

[Vwi[P=2 + [V
2

[Vwi[P=2 = [V
2

(IVw1 P21 = [l 2w, ) (Fw = V) = Voo -wf  (413)

(Vw1 = [Vw,f).

The last term is nonnegative; since in our setting p_ > n > 2, the scalar function x — x”~2 is convex.
Using these observations and integrating (4.13) over Q one has

0> f (191 @2 Vw1 (x) = [Vwa (OO 2Vwa(x)) (Twy = Vi) (x) dx (4.14)
Q
> f 22 POV (wy = wy)(x)|Pdx.
Q

Thus, w; —w, € Ué’p (')(Q), is constant in € and vanishes on €2, hence is must be identically zero [12,
Lemma 4.24]. O

Proposition 4.1. Theorem 4.1 is stronger than [ 12, Theorem 7.2]. More precisely, there exists a domain
Q c R”, avariable exponent q(-) and a function € U, é’q(’)(Q)\ V(;’q(')(Q) such that the (unique) solution
to the Dirichlet problem with boundary datum  given by [12, Theorem 7.2] is different from the unique
solution given by Theorem 4.1.

Proof. In [8, Example 3.9], the author displays a domain €, a variable exponent g(-) and a function ¢ €
Uy ™)\ Vy*(Q). By definition, the unique solution v € W'(Q) given by [12, Theorem 7.2] with
boundary value ¢ = ¢ satisfies the equality (1.4) (replacing p(-) with g(-)) for every h € C7°(Q2) (see [12,
Theorem 7.2]). Given that ¢ ¢ V(l’p () it follows from the minimal character of v that v # 0 in Q.
Yet, since ¥ € U(l)’p (€2), the unique solution to the Dirichlet problem (4.1) with ¢ = y yielded by
Theorem 4.1 is w = 0.

Therefore, by virtue of uniqueness, it holds that v does not satisfy equality (1.4) for each h €
Wj;‘f,ﬁ')(g). This example shows that the solution obtained in Theorem 4.1 is in general different from
the solution given by [12, Theorem 7.2]. O

Remark 4.1. It is well known that for any constant exponent p it holds that Ué’p Q) = Vé’p Q) =
Wé ?(Q), the latter being the norm closure of Cy(Q)in Whr(Q). It follows that for constant p, the notion
of weak solution obtained in Theorem 4.1 coincides with the standard notion of weak solution for the
classical constant exponent p-Laplacian. [8, Example 3.9] reveals that for p(x) variable, the notion of
weak solution of Theorem 4.1 is different from the notion of weak solution in, for example [7,18], even
under the assumption p, < co.

5. Weak solutions and viscosity solutions
The notion of viscosity solutions is well established. We refer the reader to [4] for details. In this
section we simply state the definitions that are relevant to the present note and an existence theorem,

whose proof is contained in [4].
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Definition 5.1. Let F : Y € R" X R X R" X S(n) — R, where S(N) denotes the set of all n X n
symmetric matrices.
F(x,Vu,D*u) =0 inQ, (5.1)

with boundary condition u = ¢ on 0S).
A lower semicontinuous function u is a viscosity supersolution if u > ¢ on 02 and for every test
function ¢ € C*(Q) such that u — ¢ has a strict minimum at x € Q it holds that

F(x0, Vo (x0), D*¢(x0)) = 0.

Subsolutions are defined in the analogous obvious way. A function u is said to be a viscosity solution
of (5.1) if u is both a viscosity supersolution and a viscosity subsolution.

The next proposition generalizes in [18, Proposition 2.3], since it does not require the variable
exponent g to be bounded.

Remark 5.1. The main idea of the proof of Proposition 5.1 follows the outline of [18, Proposition 2.3].
However, we point out that our definition of the function ® below had to be modified to guarantee that
V(@ - u)t e Wcl,;’,’,,(g(ﬂ) (and hence that it qualifies as an admissible test function in (5.8)). Being zero
on the boundary of B(xy, r) is not a sufficient condition.

Proposition 5.1. Let ¢ € WO(Q), g € C'(Q), n < g_ = in£ g(x) < oo and u, be the weak solution
of problem .

{—Aq(.)u =0, inQ, 52)

upo = ¢
given in Theorem 4.1. Then u, is also a viscosity solution of problem (5.2).

Proof. The main idea of the proof follows [18, Proposition 2.3]. However, we point out that our
definition of the function ® below had to be modified to guarantee that (® — u)* € Wclo",;('p) () (and
hence that it qualifies as an admissible test function in the weak formulation of problem (5.2), see (5.8)
below). Let xy € Q and let ¢ € C*(Q) be a test function such that u(xo) = ¢(xo) and u — ¢ has a strict
minimum at x,. We claim that

- Ap(xo)¢(x0) > 0, (53)

to proceed we recall that (see [18])

—ApyP(X0) = =IVPp)P ™2 Ad(x0) — (p(x0) = 2)IVP(x0)IP ™ Acs p(x0) (5.4)
— [V (x0)IP" 2 In(IV @]} (x0){ V(x0), V p(x0))-

If (5.3) were not true, there would exist » > 0 such that B(x,, 7) € Q and

- Ap(x)¢(x) <0 (55)

on the open ball B(xy, r).
Setm := inf - and let
mi= o (xo’r)(u P)(x)

D(x) = $(x) + % (5.6)
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Then @ satisfies ®(xy) > u(xp) and the inequality

— Apy® = = div([VOPY2VD) < 0 in B(xo, 7). (5.7)

Now, since (® — u) € W'P(Q), it follows (@ — u)* € W'P(Q), since truncations preserve the class
WrO(Q). Moreover, a simple computation shows that (® — u)™ = 0 on Q \ B(x, ) and consequently
(D — u)* € Wil(Q). Therefore, (O — u)* is an admissible function in the weak formulation (4.3).
Accordingly,

f IVu(x)|P2Vu(x) - V(O — u)*(x)dx = 0. (5.8)
Q

On account of (5.7), it follows that

f [VO(x)|PD2VD(x) - V(O — u)*(x) dx < 0.
Q
Therefore, arguing as in (4.13), there holds

(VO — Vi) ()"

~ Ja 2p(x)-2

< f (|V<1>(x)|1’<x)-2vq>(x) - IVu(x)lp(x)_2Vu(x)) V(D — u)(x)dx < 0.

Q

This contradiction proves the desired claim.
This proves that u is a viscosity supersolution. The proof that u is a viscosity subsolution runs as
above and we omit the details. ]

The next theorem is standard and will be necessary for the discussion in the next section.

Theorem 5.1. [4] The problem

{—Amu = [Vul* In |Vul(€,Vu) =0 inQ, (5.9)

u=f on 0Q

possesses a unique viscosity solution.
6. Main result: The convergence of the sequence (i)

We now undertake the final step in the proof of the central contribution in this article. In the sequel,
(ppcC 1(Q) will denote a sequence of admissible exponents such that

1. forall jeN, p; € C1(Q);

2. pj converges to co uniformly in €, that is, for any M > 0, there exists J > 0 such that p;(x) > M
forall j > J, x € Q;

3. Vp; — & € C(Q) uniformly in Q.
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Remark 6.1. We highlight the fact that conditions (1)—(3) do not preclude the possibility (p;); =

sup pj(x) = +oo for all j.
xeQ
Specifically, the boundedness of each p; does not follow from condition (3) above [I8,

condition (1.4)], as evidenced by considering Q = (0, 1), p;(x) = j 2 E(x) = —xlz + L

1-x’ 1-x"
Thus, our assumptions generalize the treatment in [18]. If in condition (3), Q is replaced by its

closure, Q, then the Harnack inequality proved in [18] holds and hence the boundedness of each p;
follows (see [18, Assertion (2.9)]).

Next, observe that no generality is lost by assuming
(pj)-= ingflpj(x) >a>n (6.1)
xXe

for all ;.
It is well known [3, Corollary 1X.14] that under the condition (6.1) it holds

WHPiO(Q) — WH(Q) — C'7#(Q) (6.2)

and that there exists a positive constant C = C(Q, @, n) such that

[v(x) — v(y)l
up ————

—z < CHVHWL“(Q)- (63)
vey X =y e
On account of |||V¢|||» < 1, for all j € N it holds that

[Vip(ox) P2

dx <9, (6.4)
p(x)

where || < oo is the Lebesgue measure of Q. By virtue of Theorem 4.1, for every natural number j
there is a unique minimizer u; € Ué’p j(')(Q) of the Dirichlet integral (4.4) with p = p;.

Lemma 6.1. For any j € N, it holds that
f IV(u; — @)(x)P7
Q

d Q|. 6.5
) x <9 (6.5)

Proof. The proof is immediate from the observation that u; is the minimizer on the vector space
Ué’p g (')(Q) of the functional F'; given by

V(u = ) ()1

F(I/[) = d_x, (66)
/ pj(x)
The lemma follows from taking # = 0 in (6.6) and invoking condition (6.4). O
Lemma 6.2. For all j € N, one has
dx < Q). (6.7)

f IV (u;/2)(x)|P1
J pj(x)
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Proof.
V(u./2 pj(x) V(u: — 2 +V(o/2 pj(x)
IV(u;/2)(x)| dx = f IV(u; = )(x)/ (p/2)(x)| dx 6.8)
pi(x) pi(x)
Q
Vu; — pj(®) \v, pj()
<! f AT LG LG P 6.9)
2 pj(x) pj(x)
Q Q
< 1QJ. (6.10)
]
Lemma 6.3. For any j € N the following inequality follows from the preceding lemmas:
IVl < 2¢¢ max{1, ). (6.11)

Proof. For any measurable exponent p : Q — [1,00), the modulars p,.(«) = f lu(x)|P®dx and

Q
prom) = %dx define equivalent Luxemburg norms || - [, and || - ||;,,; more precisely
Q
Iy, < e - 5,0, and Il - ll5, < Il - ll,,- From Lemma 6.2 it follows ’ IV;-" - < max{|Q|, 1}
-

from which the claim can be derived immediately. : O
Lemma 6.4. For every j € N, U,”"(Q) « Wy "7 (Q) — Wi(Q).

Proof. The first inclusion is (3.5), the second one follows from (6.2). O

Lemma 6.5. The sequence (u;) is bounded in WLe(Q), that is, there exists a positive constant C,
independent of j such that

llujlle + 1IVuyllle < C, (6.12)
forall jeN.

Proof. Tt follows from Lemma 6.4, Theorem 4.1, and Poincaré’s inequality that [|u;ll, < Cll|Vujlll,;
notice that C is independent of j. The rest of the proof follows on account of Lemma 6.3. O

Lemma 6.6. The sequence (u;) C C 1=3(Q) is equicontinuous.

Proof. The proof follows from Lemma 6.5 and estimate (6.3). O

Theorem 6.1 is the central result of this paper. The fundamental difference between Theorem 6.1
and [18, Theorem 1.1] is that in contrast to the proof of Theorem 1.1, the proof below covers the

possibility sup p;j(x) = oo for every j. The inclusion of unbounded exponents in the subsequent
xeQ
argument would not have been possible without the novel mathematical background developed in

Sections 3 and 1.3.
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assumptions (1)—=(3). In particular, we allow sup p(x) = co. Assume p;(x) — oo uniformly in Q. For

Theorem 6.1. Fix ¢ € W'°(Q) with ||[Ve|lle < 1. Let (pj) be a sequence of functions satisfying

xeQ
each j, let u; be the unique solution to the Dirichlet problem for variable exponent p(-)-Laplacian

Apjou = div([Vul’O2Vu) = 0, x e Q, (6.13)
ulaa = ¢,
given in Theorem 4.1. Then
uj — u uniformly in Q,
where u is the unique viscosity solution of
—Aou — [Vul? In |Vul(é,Vu) =0 inQ, 6.14)
u=¢ on 0Q.

Proof. Owing to Lemma 6.6, it follows from Ascoli’s theorem, extracting a subsequence if
necessary, that
u; — u uniformly in Q,

for a certain continuous function u. Since u; = ¢ on 9L, it is clear that u = ¢ on 0.
To prove that u is a viscosity supersolution of problem (6.14), let 8 € C*(Q2) be such that u — 5 has
a strict minimum at x, € Q, with 8(xy) = u(xy). We will prove that

~ AB(x0) = [VB(xo)I In [VB(x0)KE(x0), VB(x0)) = 0. (6.15)

Since u; — u uniformly, there is a sequence (x;); such that x; — xy and u; — 5 has a minimum at x;.
As uj is a viscosity solution of problem (6.13) it follows that

~ IVB(x)IPAB(x;)
pi(x;) =2

Voix:
= AcB(x)) = IVB(x)I In [VB(x))| <V,3(xj), M> > 0.

pi(x;) =2
Now x; — xo, thus, since 2 < n < @ < p; — oo uniformly,

IVB(x)PAB(x)) .
pj(x) =2

0,

Aco(x)) = Aco(x0),

IVBQe)I? In(VBCx ) — [VB(xo)I* In(IVB(xo)D,

and
Vpi(x;)
pi(xj) =2
Inequality (6.15) follows immediately.
Hence u is a viscosity supersolution; a mutatis-mutandis type of argument proves that u is also
a subsolution. O

<V,3(xj), > — (VB(x0), £(x0)).
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7. Conclusions

This work extends [12, Theorem 7.2]. It fills the gap resulting from the strict inclusion Vé”’ Q) ¢
Ué”’ Q) by demonstrating the existence and uniqueness of more general weak solutions than those
obtained in [12, Theorem 7.2]. In addition, it generalizes the convergence result obtained in [18]
by removing the boundedness requirement on the variable exponents, indispensable for the methods
developed therein.

The principal difficulty associated with unbounded exponents is the loss of (UC) of the Luxemburg
norm. This precludes the application of standard methods from normed space theory used in [18].
The boundedess assumption is crucial in the argument used in [18, Proposition 24] and without it [18,
Inequality 2.9], on which the argument of the paper relies heavily, does not hold. These obstacles
constitute the primary motivation for employing the modular topologies introduced in Section 3.
The present work overcomes the limitation posed by the lack of norm (UC) and the inadequacy of
the normed space methods in this case, by resorting to the modular (UC) developed in [14] and
by subsequently replacing normed-space methods by a modular topological approach. This work
can be regarded as a continuation of [12, 18], where the modular approach was first employed in
connection with a boundary value problem involving unbounded variable exponents. The flexibility
and adaptability of the modular approach makes it a promising tool for the study of more general
problems involving unbounded variable exponents.

Author contributions

All authors contributed equally to this project. All authors have read and approved the final version
of the manuscript for publication.

Use of Generative-Al tools declaration

The authors declare they have used Artificial Intelligence (AI) tools in the creation of this article.
Acknowledgments

This research was carried out with no funding for any of the authors.
Conflict of interest

Behzad Djafari Rouhani is a Guest Editor of special issue “Advances in Theoretical and Applied

Nonlinear Dynamics” for AIMS Mathematics. Behzad Djafari Rouhani was not involved in the
editorial review and the decision to publish this article.

References

1. A. Balci, L. Diening, M. Surnachev, New examples on Lavrentiev gap using fractals, Calc. Var.
Partial. Dif., 59 (2020). https://doi.org/10.1007/s00526-020-01818-1

AIMS Mathematics Volume 11, Issue 7, 21799-21818.


https://dx.doi.org/https://doi.org/10.1007/s00526-020-01818-1

21817

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20

M. Boukrouche, B. Merouani, F. Zoubai, On a nonlinear elasticity problem with friction
and Sobolev spaces with variable exponents, Fixed Point Theory Al, 2022 (2022).
https://doi.org/10.1186/s13663-022-00724-9

H. Brézis, Analyse fonctionelle, theorie et applications, Paris: Masson, 1983.

M. Crandall, H. Ishii, P. L. Lions, User’s guide to viscosity solutions of second order partial
differential equations, B. Am. Math. Soc., 27 (1992), 1-67.

L. Diening, P. Harjuletho, P. Hasto, M. Razicka, Lebesgue and Sobolev spaces with variable
exponents, Lecture Notes in Mathematics, Berlin: Springer, 217 (2011).

B. D. Rouhani, O. Méndez, p(x)-stability of the Dirichlet problem for Poisson’s equation with
variable exponents, AIMS Math., 11 (2026), 192-210. https://doi.org/10.3934/math.2026008

X. Fan, Q. Zhang, Existence of solutions for p(x)-Laplacian Dirichlet problem, Nonlinear. Anal.-
Theor., 52 (2003), 1843—1852. https://doi.org/10.1016/S0362-546X(02)00150-5

P. Harjulehto, Variable exponent Sobolev spaces with zero boundary values, J. Math. Bohem., 132
(2007), 25-36. Available from: http://eudml.org/doc/250265.

P. Harjulehto, P. Hasto, V. Latvala, O. Toivanen, Critical variable exponent functionals in image
restoration, Appl. Math. Lett., 26 (2013), 56—60. https://doi.org/10.1016/j.am1.2012.03.032

P. Hasto, Counterexamples of regularity in variable exponent Sobolev spaces, Contemp. Math., 367
(2005), 133-143.

M. Khamsi, W. Kozlowski, Fixed point theory in Modular function spaces, New York: Birkhiuser,
2005.

M. Khamsi, J. Lang, O. Méndez, A. Nekvinda, The non-homogeneous Dirichlet problem for
the p(x)-Laplacian with unbounded p(x) on a smooth domain, J. Differ. Equations, 434 (2025).
https://doi.org/10.1016/j.jde.2025.113316

M. Khamsi, P. Kumam, O. Méndez, From Modular spaces to boundary value
problems: A survey of recent advances, Carpathian J. Math., 41 (2025), 425-440.
https://doi.org/10.37193/CIM.2025.02.10

M. Khamsi, O. Méndez, Modular uniform convexity structures and applications to
boundary value problems with non-standard growth, J. Math. Anal. Appl., 536 (2024).
https://doi.org/10.1016/j.jmaa.2024.128203

0. Kovécic, J. Rakésnik, On spaces LPY, WEP@W | Czech. Math. J., 41 (1991), 591-618.

P. Lindqvist, Notes on the stationary p-Laplace equation, Springer Briefs in Mathematics,
Springer, 2019. https://doi.org/10.1007/978-3-030-14501-x

J. Lukes, L. Pick, D. Pokorny, On geometric properties of the spaces L"(Q), Rev. Mat. Complut.,
24 (2011), 115-130. https://doi.org/10.1007/s13163-010-0032-9

J. Manfredi, J. Rossi, M. Urbano, Limits as p(x) — oo of p(x)-harmonic functions, Nonlinear
Anal.-Theor., 72 (2010), 309-315. https://doi.org/10.1016/j.na.2009.06.054

J.Musielak, Orlicz spaces and Modular spaces, Lecture Notes in Mathematics, Berlin, Heidelberg,
New York, Tokyo: Springer, 1034, 1983.

. H. Nakano, Modulared semi-ordered linear spaces, Tokyo: Maruzen, 1950.

AIMS Mathematics Volume 11, Issue 7, 21799-21818.


https://dx.doi.org/https://doi.org/10.1186/s13663-022-00724-9
https://dx.doi.org/https://doi.org/10.3934/math.2026008
https://dx.doi.org/https://doi.org/10.1016/S0362-546X(02)00150-5
http://eudml.org/doc/250265
https://dx.doi.org/https://doi.org/10.1016/j.aml.2012.03.032
https://dx.doi.org/https://doi.org/10.1016/j.jde.2025.113316
https://dx.doi.org/ https://doi.org/10.37193/CJM.2025.02.10
https://dx.doi.org/ https://doi.org/10.37193/CJM.2025.02.10
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2024.128203
https://dx.doi.org/https://doi.org/10.1007/978-3-030-14501-x
https://dx.doi.org/https://doi.org/10.1007/s13163-010-0032-9
https://dx.doi.org/https://doi.org/10.1016/j.na.2009.06.054

21818

21. W. Orlicz, Uber konjugierte exponentenfolgen, Studia Math., 3 (1931), 200-211.
22. K. R. Rajagopal, M. Ruzicka, Mathematical modelling of electrorheological fluids, Continuum

Mech. Therm., 13 (2001), 59-78.

23. M. Ruzicka, Electrorheological fluids: Modeling and mathematical theory, Lecture Notes in
Mathematics, Berlin: Springer-Verlag, 1748 (2000).

24. V. Zhikov, On Lavrentiev’s phenomenon, Russ. J. Math. Phys., 3 (1995), 249-269.

@ AIMS Press

AIMS Mathematics

©2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Volume 11, Issue 7, 21799-21818.


https://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Modulars and their geometry

	Modular topologies and subspaces
	The Dirichlet integral on  U1,p()0()
	Weak solutions and viscosity solutions
	Main result: The convergence of the sequence (uj)
	Conclusions

