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Abstract: Human metapneumovirus (HMPV) is a pathogen that causes severe respiratory infections,
especially in children, the elderly, and immunocompromised people. Deterministic epidemiological
models cannot capture memory effects or stochastic variability of the environment and thus limit
the formulation of effective control measures. In this paper, we developed a stochastic optimal
control problem, based on a fractional-order stochastic dynamic, to promote vaccination and treatment
solutions to the disease burden. In this study, we designed a modified fractional-order stochastic
SEIR model with a Brownian motion to consider long-range time memory effects and stochastic
environmental variation. We verified the existence, uniqueness, and positivity of the model, as well
as identified disease-free equilibrium, the basic reproduction number R0, and endemic equilibrium.
Local and global stability of both states were examined, and a bifurcation analysis disclosed a forward
transcritical bifurcation at the point R0 = 1. Sensitivity analysis highlighted the transmission rate β
(+1.000), progression rate σ (+0.4545), and recovery rate γ (-0.6818) as critical parameters affecting
R0. We proposed an optimal control analysis that uncovered time-dependent optimal vaccination and
treatment techniques. Under the optimal treatment-focused strategy, decreasing the fractional order α
from 1.0 to 0.7 reduced peak infections by 36.1% (from 244 to 156 cases) and delayed the epidemic
peak by 57.8% (from 26.8 to 42.3 days). A strong linear correlation (R2 = 0.96) disclosed that lower
fractional orders α impose earlier but less intensive interventions. This adaptive control framework
offers the public health authorities a tool for designing an outbreak response that is resilient to real-life
uncertainty.
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1. Introduction

Human metapneumovirus (HMPV) poses a significant disease burden on the global population,
particularly affecting young children, elderly individuals, and immunocompromised persons. Since
its first discovery in 2001, HMPV has been identified as a major etiologic agent of upper and lower
respiratory tract infections, with seasonal outbreaks that cause significant morbidity and impose a
considerable burden on healthcare infrastructures worldwide [1–3]. However, HMPV transmission
dynamics through mathematical modeling have not been investigated as much, in comparison to the
much larger amount of modeling information on other respiratory viruses like influenza and respiratory
syncytial virus (RSV) [4, 5]. Nonetheless, mathematical modeling on HMPV transmission dynamics
has not been quantitatively studied, especially compared to the vast amount of information modeling
on other respiratory viruses like influenza and respiratory syncytial virus (RSV) that have been studied
by mathematical models. The gap highlights a strong gap in the empirical and theoretical literature
on the seasonal patterns of HMPV and the demographic risk patterns it induces. The traditional
conceptual and methodological models used in the modeling literature of influenza and RSV do not
provide enough conceptual and methodological frameworks to capture the unique epidemiological
features of HMPV, such as age-specific attack rates and immune responses, which are necessary to
predictive modeling [6]. HMPV has unique mathematical epidemiological issues that cannot be solved
using standard deterministic models. The virus exhibits complicated patterns of transmission with
high spatial heterogeneity, age-structured patterns of susceptibility, and high seasonal oscillations that
differ by geographical region. Moreover, long-term immunity after the infection with HMPV is not
fully defined, which also adds another ambiguity to the long-term predictions. Such epidemiological
singularities demand the creation of specific modeling strategies that would be capable of handling the
specific nature of the HMPV transmission behavior, as well as considering the high level of uncertainty
that is inherent in estimating parameters and disease developmental patterns [7]. Fractional calculus
provides an effective mathematical model to improve the biological credibility of epidemiological
models by including memory effects and non-local interactions, especially when it comes to respiratory
viruses with complicated incubation and immunity mechanisms [8, 9]. Compared to integer-order
derivatives, which may be based on Markovian dynamics, the historical dependence of disease
transmission in a fractional derivative offers a more subtle understanding of the effect of past states
on contemporary transmission rates. Such mathematical formalism is consistent with the known
requirement to have models more representative of the temporal dependence in data on epidemics
in the real world, where present-day rates of infection are inherently related to past contact processes
and immunity conditions. Stochastic modeling is another important development in epidemiological
modeling, as it offers a solution to the drawbacks of purely deterministic modeling. Moreover, the
transmission of diseases in the real world is mainly determined by millions of accidents such as
changes in human behavior, the environment, and the reactions of healthcare systems. Stochastic
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differential equations offer a logical mathematical vocabulary to include such uncertainties, and models
can produce probabilistic forecasts rather than single trajectory forecasts [10]. This probabilistic
model is particularly beneficial in the context of the public health planning process, because it
enables one to quantify risks and construct effective intervention strategies that can be applicable in
different epidemic situations. Building and modeling epidemiology makes it possible to replicate the
transmission of pathogens, quantify the possible effect of different control interventions, and predict
the future epidemiology of future outbreaks. The Susceptible-Exposed-Infectious-Recovered (SEIR)
compartmental model remains popular in the field, and the transitions are modeled using ordinary
differential equations, dividing the population by compartment [11,12]. This simplification is useful in
the general trend analysis but not in the representation of the discrete, context-specific fluctuations in
actual epidemiological conditions, including demographic, climate change, and non-regular behavior
choices of individuals and organizations, over time, as well as distributions of events [13, 14].
The most significant of these are the stochastic effects, when the context is spatially concentrated,
or when the overall process involves random perturbation, where similar sets of stochastic basic
reproductive numbers may produce significantly different cumulative incidence curves. Therefore,
although deterministic SEIR models are powerful aids in the process of overall strategic planning, they
cannot effectively represent the probabilistic, path-dependent aspects of disease spread that are critical
to sound prediction and the formulation of efficient intervention plans [15]. To overcome the above
restrictions, stochastic modeling has been implemented as a probabilistic extension of the conventional
SEIR model [16]. Since they incorporate random variables, stochastic models better capture all the
uncertainty in the transmission of pathogens, thus giving a more precise description of epidemic
behavior. Stochastic differential equations are equations that include these random perturbations to
every compartmental state using Brownian motion or Wiener processes [17–19]. In this study, we
include the bifurcation analysis to investigate the underlying change in the dynamics of the disease
that takes place when the basic reproduction number passes the critical value of the disease named the
critical value of reproduction as the value of one of the basic reproduction numbers, R0 = 1, the value
of one divergence, denoted by R. In this analysis, a forward trans-critical bifurcation is determined,
which marks the destabilization of the disease-free equilibrium and the simultaneous appearance of
an endemic equilibrium. This dichotomy framework is important in determining the effectiveness of
intervention measures because it defines the circumstances in which the disease can be eliminated or
maintained at the endemic level. The optimal control theory provides the mathematical foundations
of the design of the intervention approaches that will maximize the overall benefits to the population
and simultaneously consider the resource constraints and the implementation costs. Within HMPV,
where there is a range of intervention modalities, such as vaccination programs, antiviral services,
and non-pharmaceutical strategies, the best control strategies can be used to define the most effective
use of limited resources within time frames [20]. With the formulation of public health decision-
making as a formal optimization problem [21], it will be possible to develop dynamically adaptive
intervention policies that adapt to changing epidemic conditions, which may potentially outperform
the strategies that are stationary. The implementation of a strong numerical framework based on
a direct B-spline collocation method that simultaneously separates state and control variables using
smooth spline basis functions to address the complexity of fractional stochastic epidemic models has
been proposed [22, 23]. This enables precise computation of fractional derivatives, effective handling
of stochastic terms, and direct solution of the resulting nonlinear programming problem for optimal
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control design. The contributions of this paper are as follows:

• We develop a fractional-order stochastic SEIR model for HMPV that incorporates memory
effects and environmental variability. We establish the model’s mathematical foundations by
proving solution existence, uniqueness, and positivity. The disease-free and endemic equilibria
are determined along with the basic reproduction number R0. Stability analysis characterizes
the equilibrium behavior, while bifurcation analysis reveals a forward transcritical bifurcation at
R0 = 1, establishing threshold conditions for disease persistence. Sensitivity analysis identifies
the transmission rate β, progression rate σ, and recovery rate γ as the most influential parameters
for disease transmission dynamics.
• We formulate an optimal control problem to derive time-dependent vaccination and treatment

strategies that minimize the disease burden under stochastic perturbations. Numerical solutions
obtained via a B-spline collocation method [24–27] demonstrate that a treatment-focused strategy
reduces peak infections by 36.1% and delays the epidemic peak by 57.8% as fractional order α
decreases. Moreover, the fractional order and the best time to implement the intervention are
positively correlated (the value of R2 is 0.96), which implies that a lower fractional order requires
earlier but less intensive interventions.
• We use the B-spline collection method for key reduction of this virus. This method enhances the

simulation and optimization of interventions under uncertainty, contributing to advancements in
stochastic disease modeling and optimal control.

The structure of this manuscript is as follows: We introduce the necessary preliminaries and
mathematical tools in Section 2. Section 3 contains the development of a fractional-order stochastic
SEIR model of HMPV and its base properties. In Section 4, we provide an analytical study of the
model, including equilibrium points and the basic reproduction number. In Section 5, we study the
bifurcation at the critical threshold. Section 6 contains a sensitivity analysis to identify the salient
parameters. In Section 7, there is a definition of the optimal control problem, and we present the
relevant numerical results. Last, in Section 8, we present the conclusion and outline future research
prospective directions.

2. Preliminaries

Mathematical constructs are developed based on the foundations of mathematics, with the addition
of a tool of fractional calculus to model the effects of memory, a stochastic process to model the
variability of the environment, and the use of optimal control to design the intervention. Strict
analytical statements certifying the existence, uniqueness, and positivity of solutions provide the
essential background required for the latter formulation and analysis.

All stochastic processes considered in this work are defined on a complete probability space
(Ω,F , {Ft}t≥0,P) satisfying the usual conditions. The noise terms dWS , dWE, dWI , and dWR denote
the differentials of mutually independent standard Wiener processes. This choice reflects uncorrelated
environmental fluctuations affecting each compartment independently.

Definition 2.1. For α ∈ (0, 1), the Caputo fractional derivative of x(t) is:

CDα
t x(t) =

1
Γ(1 − α)

∫ t

0
(t − s)−αx′(s) ds.
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In the stochastic fractional differential equations of this work, the notation Dα
t X(t) = f (t, X)dt +

g(t, X)dW(t) is understood as the equivalent integral equation

X(t) = X(0) +
1

Γ(α)

∫ t

0
(t − s)α−1 f (s, X(s)) ds +

1
Γ(α)

∫ t

0
(t − s)α−1g(s, X(s)) dW(s),

where the first integral is the Riemann–Liouville fractional integral of the drift, and the second is an Itô
integral with a fractional kernel. This interpretation ensures consistency between the Caputo derivative
and the stochastic driving process [28].

Proposition 2.1. For the stochastic fractional-order SEIR model,

CDα
t X(t) = F(t, X(t)) + G(t, X(t)) dBH(t).

With Lipschitz continuous coefficients and initial condition X(0) = X0 ∈ R
4
+, there exists a unique

global positive solution X(t) ∈ R4
+ for all t ≥ 0.

Lemma 2.1. If initial conditions satisfy S (0), E(0), I(0),R(0) > 0, then the solution remains positive
almost surely.

P{S (t) > 0, E(t) > 0, I(t) > 0,R(t) > 0 for all t ≥ 0} = 1.

3. Model formulation

We begin with a generalization of the classical SEIR compartmental model to the use of fractional-
order derivatives [29, 30]. The population is broken down into four epidemiological compartments,
including susceptible (S ), exposed (E), infectious (I), and recovered (R), as shown in Figure 1. The
fundamental model is Caputo fractional derivatives of order α ∈ (0, 1] and contains multiplicative
noises, yielding the following system:



Dα
t S =

(
µN − β

S I
N
− µS

)
dt + σS S dWS ,

Dα
t E =

(
β

S I
N
− (σ + µ)E

)
dt + σEE dWE,

Dα
t I = (σE − (γ + µ)I) dt + σI I dWI ,

Dα
t R = (γI − µR) dt + σRR dWR,

(1)

where the Caputo fractional derivative operator is represented by Dα
t . Transmission, progression,

recovery, and mortality rates are represented by parameters β, σ, γ, and µ, respectively. Independent
Wiener processes {WS ,WE,WI ,WR} with matching diffusion coefficients {σS , σE, σI , σR} are used to
model.
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𝒖𝟐(𝒕)
(𝜸 + 𝝁)

𝑰𝒖𝟏(𝒕)

Figure 1. Schematic representation of the SEIR compartmental model for HMPV.

We introduce the force of infection λ(t) and aggregate important parameter combinations to improve
analytical clarity and ease further mathematical analysis. The force of infection, representing the
instantaneous risk of infection for susceptible individuals, is defined as λ(t) =

βI(t)
N .

For notational simplicity, we define the following compound parameters: θE = σ + µ, θI = γ + µ.
Dα

t S (t) = µN − λ(t)S (t) − µS (t) + σS S (t) dWS (t),
Dα

t E(t) = λ(t)S (t) − θEE(t) + σEE(t) dWE(t),
Dα

t I(t) = σE(t) − θI I(t) + σI I(t) dWI(t),
Dα

t R(t) = γI(t) − µR(t) + σRR(t) dWR(t).

(2)

Fractional order α governs the memory intensity within the system, with α = 1 recovering the classical
integer-order case. Each compartment’s uncorrelated environmental changes are modeled by distinct
Wiener processes. The multiplicative form σ jX j(t)dW j(t) is chosen because random fluctuations in
population compartments scale naturally with the size of the affected subpopulation. Larger groups
experience proportionally larger absolute variability, while the diffusion vanishes as a compartment
empties, preserving the non-negativity of solutions. The independence of the Wiener processes across
compartments reflects the assumption that environmental perturbations act on each epidemiological
state without strong cross-correlation. The model (2) is analyzed under epidemiologically consistent
non-negative initial conditions.

S (0) = S 0 ≥ 0, E(0) = E0 ≥ 0, I(0) = I0 ≥ 0, R(0) = R0 ≥ 0,

with S 0 + E0 + I0 + R0 = N, where N represents the constant total population size.
Table 1 presents a summary of the epidemiological and mathematical parameters that control the

fractional stochastic SEIR model. The parameters are biologically defined, and the ranges of values
of each parameter with the corresponding references are clearly given. The fractional stochastic
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SEIR model (2) is a mathematical model of HMPV transmission dynamics. Infected people affect
the susceptible through contact with infectious individuals at a rate of λ(t) = βI(t)/N infections per
person of contact, thus transferring one to the exposed compartment. Exposed individuals will become
infectious after an average duration of 1/σ days following their exposure. The rate of infection is
γ, so infected individuals obtain temporary immunity. Contact behavior, diagnostic accuracy, and
environmental uncertainties are represented by the inclusion of Caputo fractional derivatives and
stochastic terms, respectively. Such an integrated framework has the benefit of providing improved
predictive power as compared to standard deterministic models, especially with pathogens that display
complex temporal behavior such as HMPV.

Table 1. Epidemiological parameters for the fractional stochastic SEIR model of HMPV
transmission.

Parameter Biological Description Value/Range Source
β Effective contact rate between

infectious and susceptible
individuals

0.15 − 0.45
day−1

[31]

σ Progression rate from exposed to
infectious state (inverse of average
latency period)

0.125 − 0.25
day−1 (4-8
days latency)

[32]

µ Natural mortality and birth rate (per
capita)

3.9 × 10−5

day−1
[33]

γ Recovery rate from infectious to
recovered state (inverse of average
infectious period)

0.1− 0.2 day−1

(5-10 days
infectious)

[33]

α Fractional order governing memory
effects

0.7 − 1.0
(dimensionless)

[33]

σS Diffusion coefficient for
environmental stochasticity in
susceptible compartment

0.01 − 0.05
(dimensionless)

[34]

σE Diffusion coefficient for
environmental stochasticity in
exposed compartment

0.01 − 0.05
(dimensionless)

[35]

σI Diffusion coefficient for
environmental stochasticity in
infectious compartment

0.02 − 0.08
(dimensionless)

[35]

σR Diffusion coefficient for
environmental stochasticity in
recovered compartment

0.01 − 0.04
(dimensionless)

[35]

3.1. Basic properties of the model

In this section, we establish the fundamental mathematical properties of the fractional stochastic
SEIR system (2), ensuring its well-posedness for epidemiological analysis. We prove the existence,
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uniqueness, positivity, and boundedness of solutions under biologically relevant conditions.

3.2. Positivity of solutions

Lemma 3.1. If the initial conditions satisfy S (0) > 0, E(0) ≥ 0, I(0) ≥ 0, R(0) ≥ 0, then for all t > 0,
the solutions of (2) satisfy almost surely.

S (t) > 0, E(t) ≥ 0, I(t) ≥ 0, R(t) ≥ 0.

Moreover, if E(0) + I(0) > 0, then S (t) > 0, E(t) > 0, I(t) > 0, and R(t) > 0 for all t > 0.

Proof. We prove the stronger positivity result using stochastic analysis techniques.
Susceptible compartment S (t) satisfies,

Dα
t S (t) ≥ −(λ(t) + µ)S (t) + σS S (t) dWS (t).

By the fractional Itô formula for Caputo fractional stochastic differential equations [28], the differential
of log S (t) satisfies

Dα
t log S (t) ≥ −(λ(t) + µ) −

1
2
σ2

S + σS dWS (t).

Dα
t log S (t) ≥ −(λ(t) + µ) −

1
2
σ2

S + σS dWS (t).

Integrating from 0 to t.

S (t) ≥ S (0) exp
(
−

∫ t

0
(λ(s) + µ) dαs −

1
2
σ2

S tα + σS Wα
S (t)

)
> 0.

When E(0) ≥ 0, consider the representation

E(t) = E(0)Eα(−θEtα) +

∫ t

0
(t − s)α−1Eα,α(−θE(t − s)α)λ(s)S (s) dαs.

Both terms are non-negative since λ(s)S (s) ≥ 0 and the Mittag–Leffler functions Eα and Eα,α are
completely monotonic for α ∈ (0, 1]. If E(0) > 0 or λ(s)S (s) > 0 for some s, then E(t) > 0. Similarly,
for an infectious compartment,

I(t) = I(0)Eα(−θItα) + σ

∫ t

0
(t − s)α−1Eα,α(−θI(t − s)α)E(s) dαs ≥ 0.

Positivity follows from E(s) ≥ 0.
For a recovered compartment we get,

R(t) = R(0)Eα(−µtα) + γ

∫ t

0
(t − s)α−1Eα,α(−µ(t − s)α)I(s) dαs ≥ 0.

Thus, all compartments maintain non-negativity, and under initial infection (E(0) + I(0) > 0), strict
positivity holds for all t > 0. �
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3.3. Boundedness and invariant region

Theorem 3.1. The solutions of (2) are uniformly bounded almost surely and satisfy E[S (t)+E(t)+I(t)+
R(t)] = N for all t ≥ 0. The biologically feasible region Ω = {(S , E, I,R) ∈ R4

+ : E[S + E + I + R] = N}
is positively invariant under the expectation operator, and the total population remains almost surely
bounded.

Proof. Define the total population N(t) = S (t) + E(t) + I(t) + R(t). Summing all equations of (2) yields

Dα
t N(t) = µN − µN(t) +

∑
j∈{S ,E,I,R}

σ jX j(t)dW j(t).

Taking expectations on both sides and using the martingale property of the Itô integral gives

Dα
t E[N(t)] = µN − µE[N(t)].

This fractional differential equation for m(t) = E[N(t)] has the solution

m(t) = N − (N − m(0))Eα(−µtα),

where Eα is the Mittag–Leffler function. Since 0 < Eα(−µtα) ≤ 1 for t ≥ 0, we obtain min(N,m(0)) ≤
m(t) ≤ max(N,m(0)). In particular, if m(0) = N, then E[N(t)] = N for all t ≥ 0, establishing invariance
of the expected total population. For almost sure boundedness, apply the fractional Itô formula to
V(N) = N2.

Dα
t V(N(t)) ≤ 2N(t)Dα

t N(t) +
∑

j

σ2
j X

2
j (t) ≤ 2µN2 − 2µN2(t) + σ̄2N2(t),

where σ̄2 = max{σ2
S , σ

2
E, σ

2
I , σ

2
R}. For µ > σ̄2/2, we have

Dα
t E[V(N(t))] ≤ 2µN2 − (2µ − σ̄2)E[N2(t)].

By fractional comparison principles, E[N2(t)] remains bounded, and via Chebyshev’s inequality, N(t)
is almost surely uniformly bounded.

4. Model analysis

The analytical results presented in this section pertain to the deterministic skeleton of the stochastic
fractional model (2), obtained by setting the diffusion coefficients σS , σE, σI , σR to zero. The
equilibrium points, basic reproduction number, and stability conditions are derived in this deterministic
framework. Their relevance to the full stochastic model is as follows: The disease-free equilibrium
corresponds to almost sure extinction of the infection when R0 < 1, and the endemic equilibrium
characterizes the mean behavior of the stationary distribution when R0 > 1 and the noise intensities
remain moderate. In the full stochastic fractional model, E0 is not a fixed point in the pathwise sense
but rather an absorbing sstate; once the infection compartments reach zero, they remain zero almost
surely. The endemic equilibrium E∗ corresponds to the mean of the stationary distribution toward
which the process converges when R0 > 1 and the noise intensities remain moderate. Sample paths
fluctuate persistently around this mean due to the continuous action of the Wiener processes.
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4.1. Disease-free equilibrium

For the fractional stochastic SEIR system (2), a disease-free equilibrium (DFE) represents a steady
state where the infection is not present in the population. This corresponds to the conditions E(t) = 0
and I(t) = 0 for all t ≥ 0. To find the DFE, we consider the deterministic skeleton of the model by
setting the stochastic terms to zero and solving the equilibrium equations Dα

t X = 0:
0 = µN − µS ∗,

0 = −(σ + µ)E∗,
0 = σE∗ − (γ + µ)I∗,
0 = γI∗ − µR∗.

(3)

Under the infection-free assumption E∗ = 0 and I∗ = 0, the system simplifies to:

0 = µN − µS ∗ ⇒ S ∗ = N, 0 = −µR∗ ⇒ R∗ = 0.

Thus, the unique deterministic disease-free equilibrium is

E0 = (S ∗, E∗, I∗,R∗) = (N, 0, 0, 0). (4)

For the full stochastic model (2), the concept of a fixed point must be interpreted in a mean-square
sense. At E0, the diffusion matrix G(X) = diag(σS S , σEE, σI I, σRR) evaluates to

G(E0) = diag(σS N, 0, 0, 0).

This indicates that stochastic perturbations vanish in the E, I, and R compartments at the DFE, leaving
only demographic noise in the susceptible compartment. Consequently, E0 is a degenerate stochastic
equilibrium. Its stability must therefore be analyzed through linearization and spectral analysis of the
associated fractional Jacobian operator.

4.2. Local stability of disease-free equilibrium

Theorem 4.1. For the deterministic fractional skeleton of model (2), with Caputo derivative of order
α ∈ (0, 1], the disease-free equilibrium E0 = (N, 0, 0, 0) is locally asymptotically stable if R0 < 1, and
unstable if R0 > 1.

Proof. Consider the linearization of model (2) around E0. The Jacobian matrix evaluated at E0 is

J(E0) =


−µ 0 −β 0
0 −(σ + µ) β 0
0 σ −(γ + µ) 0
0 0 γ −µ

 .
The characteristic equation is

det(J − λI) = (λ + µ)2
[
λ2 + (σ + γ + 2µ)λ + (σ + µ)(γ + µ) − βσ

]
= 0. (5)
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This yields eigenvalues λ1,2 = −µ (with multiplicity 2) and the roots of the quadratic.

λ2 + aλ + b = 0, (6)

where a = σ + γ + 2µ > 0 and b = (σ + µ)(γ + µ) − βσ. Using R0 =
βσ

(σ+µ)(γ+µ) , we rewrite b as,

b = (σ + µ)(γ + µ)(1 − R0). (7)

For R0 < 1, we have b > 0 and a > 0. The Routh-Hurwitz conditions for are satisfied.

a > 0 and b > 0.

Thus, all eigenvalues of have negative real parts. For fractional-order systems with Caputo derivative
of order α, the stability condition requires | arg(λi)| > απ/2 for all eigenvalues λi [36]. Since all
eigenvalues have negative real parts when R0 < 1, this condition is satisfied. When R0 > 1, b < 0,
implying at least one eigenvalue with a positive real part, making E0 unstable. �

4.3. Global stability of disease-free equilibrium

Theorem 4.2. For the deterministic fractional skeleton of model (2) with R0 < 1, the disease-free
equilibrium E0 is globally asymptotically stable in the biologically feasible region Ω = {(S , E, I,R) ∈
R4

+ : S + E + I + R = N}.

Proof. Consider the Lyapunov function candidate is

V(E, I) = E +
σ + µ

σ
I. (8)

Applying the Caputo fractional derivative:

Dα
t V = Dα

t E +
σ + µ

σ
Dα

t I

=

[
β

S I
N
− (σ + µ)E

]
+
σ + µ

σ

[
σE − (γ + µ)I

]
= β

S I
N
−

(σ + µ)(γ + µ)
σ

I. (9)

Since S ≤ N in Ω, we have S
N ≤ 1, thus,

Dα
t V ≤ βI −

(σ + µ)(γ + µ)
σ

I =
(σ + µ)(γ + µ)

σ
(R0 − 1)I. (10)

When R0 < 1, Dα
t V ≤ 0 for all (E, I) ∈ Ω, with equality only when I = 0. Let M = {(S , E, I,R) ∈ Ω :

Dα
t V = 0}. In M, I = 0, and from (2) we get

Dα
t I = σE − (γ + µ)I = σE. (11)

Since Dα
t I = 0 in M, we have σE = 0 ⇒ E = 0. The largest invariant set in M is E0 = (N, 0, 0, 0). By

the fractional LaSalle invariance principle [37], all solutions converge to E0 as t → ∞.
Thus, E0 is globally asymptotically stable in Ω when R0 < 1. �

Remark 4.1. The stability analysis reveals that the disease-free equilibrium E0 is locally
asymptotically stable when R0 < 1 and unstable when R0 > 1. Moreover, the Lyapunov function
approach establishes global asymptotic stability of E0 in the biologically feasible region for R0 < 1,
ensuring complete disease elimination from any initial state.
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4.4. Basic reproduction number

The basic reproduction number, denoted R0, is a fundamental epidemiological threshold that
quantifies the expected number of secondary infections generated by a single infectious individual
introduced into a fully susceptible population. This critical parameter determines whether a disease
will invade a population (R0 > 1) or fade out (R0 < 1).

We derive R0 for the fractional-order stochastic SEIR model (2) using the next generation matrix
approach [38, 39]. Considering the deterministic counterpart (noise terms excluded) and focusing
on the infected compartments (E, I), we define x = [E, I]>, which is linearized at the disease-free
equilibrium E0 = (N, 0, 0, 0); we decompose the transmission dynamics into new infections and
transitions between infected states.

Dα
t x = F (x) −V(x),

where the infection vector F and transition vectorV are given by,

F (x) =

βS I
N
0

 , V(x) =

 (σ + µ)E

−σE + (γ + µ)I

 .
The Jacobian matrices evaluated at E0 are.

F =
∂F

∂x

∣∣∣∣∣
E0

=

[
0 β

0 0

]
, V =

∂V

∂x

∣∣∣∣∣
E0

=

[
σ + µ 0
−σ γ + µ

]
.

The next-generation matrix is K = FV−1, where

V−1 =
1

(σ + µ)(γ + µ)

[
γ + µ 0
σ σ + µ

]
. (12)

K =
1

(σ + µ)(γ + µ)

[
βσ β(σ + µ)
0 0

]
. (13)

The basic reproduction number is the spectral radius (dominant eigenvalue) of K.

R0 = ρ(K) =
βσ

(σ + µ)(γ + µ)
. (14)

Remark 4.2. The expression for R0 in (14) coincides with the classical integer-order SEIR model and
is independent of the fractional order α and the stochastic diffusion coefficients σS , σE, σI , σR. This
occurs because R0 is derived from the linearized deterministic infection subsystem at equilibrium,
and the fractional order does not alter the equilibrium conditions or the linearization of new infection
terms [40]. For the stochastic model, R0 serves as a threshold in expectation; however, the actual
dynamics are influenced by memory effects (governed by α) and environmental noise. In the following
sections, we use R0 as a reference threshold while analyzing the impact of fractional order and
stochasticity on system behavior.

Remark 4.3. In the stochastic fractional model, R0 serves as a threshold in expectation and probability.
When R0 < 1, the infection dies out almost surely. When R0 > 1, the disease persists with positive
probability, and the state converges to a stationary distribution centered near the deterministic endemic
equilibrium, provided the noise intensities are not excessively large. Fractional order α does not
affect the algebraic value of R0 but governs the memory-dependent transient behavior and the speed of
convergence to the stationary regime.
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4.5. Endemic equilibrium analysis

An endemic equilibrium (EE) of (2) corresponds to a state where the disease persists at a constant
positive level. We establish conditions for the existence and uniqueness of such an equilibrium.

Theorem 4.3. The fractional stochastic SEIR (2) model admits a unique positive endemic equilibrium
E∗ = (S ∗, E∗, I∗,R∗) if and only if R0 > 1. The equilibrium components are given by:

S ∗ =
N
R0
, (15)

E∗ =
γ + µ

σ
I∗, (16)

I∗ =
µN
β

(R0 − 1), (17)

R∗ =
γ

µ
I∗. (18)

Proof. To find the endemic equilibrium, we consider the deterministic skeleton of system (2) by setting
the stochastic terms to zero and requiring all Caputo derivatives to vanish.

0 = µN − β S ∗I∗
N − µS ∗, (a)

0 = β S ∗I∗
N − (σ + µ)E∗, (b)

0 = σE∗ − (γ + µ)I∗, (c)
0 = γI∗ − µR∗. (d)

From (c), we obtain,
E∗ =

γ + µ

σ
I∗.

From (d),
R∗ =

γ

µ
I∗.

Substituting E∗ into (b) gives

β
S ∗I∗

N
= (σ + µ)

γ + µ

σ
I∗.

Assuming I∗ > 0 (endemic state), we solve for S ∗

S ∗ =
N(σ + µ)(γ + µ)

βσ
=

N
R0
,

where we recognize R0 =
βσ

(σ+µ)(γ+µ) , Substituting S ∗ into (a),

µN = β
N
R0

I∗

N
+ µ

N
R0

=
β

R0
I∗ +

µN
R0

.

Rearranging and solving for I∗,

I∗ =
µN
β

(R0 − 1).
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For biological relevance, we require I∗ > 0, which holds if and only if R0 > 1. When R0 ≤ 1,
Eq (17) yields I∗ ≤ 0, which does not correspond to an endemic state. The expressions for E∗ and R∗

follow directly from (16) and (18). Thus, a unique positive endemic equilibrium exists precisely when
R0 > 1. �

Remark 4.4. The equilibrium points E0 and E∗ are derived from the deterministic skeleton and can
be interpreted with the full stochastic setting. In the stochastic fractional model, E0 represents the
absorbing disease-free state where E = I = 0 almost surely. The endemic equilibrium E∗ corresponds
to the expected value of the stationary distribution that the process converges to when R0 > 1 and the
diffusion coefficients are not excessively large. This interpretation aligns with the stability results of
Section 4, which are framed in terms of convergence in expectation and almost sure extinction.

Remark 4.5. The basic reproduction number R0 is derived from the deterministic skeleton of the
model and therefore does not depend on fractional order α or the diffusion coefficients. In the full
stochastic fractional system, R0 retains its role as a threshold but only in a probabilistic sense. When
R0 < 1, the infection dies out almost surely, regardless of initial conditions. When R0 > 1, the disease
persists with positive probability and the process converges to a stationary distribution whose mean is
centered near the deterministic endemic equilibrium E∗, provided the noise intensities are not so large
as to drive the infection to extinction through random fluctuations. Fractional order α does not alter the
algebraic value of R0 but influences transient dynamics, the speed of convergence, and the shape of the
stationary distribution. Caution is therefore required when applying R0 to predict outbreak outcomes
in the stochastic fractional setting.

4.6. Local stability of endemic equilibrium

Theorem 4.4. For the deterministic fractional skeleton of model (2) with R0 > 1, the endemic
equilibrium E∗ = (S ∗, E∗, I∗,R∗) given by (15)–(18) is locally asymptotically stable.

Proof. The Jacobian matrix evaluated at E∗ is:

J(E∗) =


−µR0 0 −β/R0 0

µ(R0 − 1) −(σ + µ) β/R0 0
0 σ −(γ + µ) 0
0 0 γ −µ

 .
The characteristic equation is det(J(E∗) − λI) = 0, which factors as

(λ + µ)
[
λ3 + a1λ

2 + a2λ + a3

]
= 0, (19)

where,
a1 = µR0 + σ + γ + 2µ,
a2 = µR0(σ + γ + 2µ) + (σ + µ)(γ + µ),

a3 = µσβ
R0 − 1
R0

.

(20)

Since R0 > 1, we have a1 > 0, a2 > 0, and a3 > 0.
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For the cubic polynomial λ3 + a1λ
2 + a2λ + a3 = 0, we apply the fractional Routh-Hurwitz

criterion [41]. The necessary and sufficient conditions for all roots to satisfy | arg(λ)| > απ/2 are

a1 > 0, a2 > 0, a3 > 0, and a1a2 > a3.

We verify the last condition,

a1a2 − a3 = [µR0 + σ + γ + 2µ][µR0(σ + γ + 2µ) + (σ + µ)(γ + µ)]

− µσβ
R0 − 1
R0

.
(21)

Substituting β = R0
(σ+µ)(γ+µ)

σ

a1a2 − a3 = µ2R2
0(σ + γ + 2µ) + µR0(σ + γ + 2µ)2

+ (σ + µ)(γ + µ)[µR0 + σ + γ + 2µ]

− µσ

[
R0

(σ + µ)(γ + µ)
σ

]
R0 − 1
R0

= µ2R2
0(σ + γ + 2µ) + µR0(σ + γ + 2µ)2

+ (σ + µ)(γ + µ)[µR0 + σ + γ + 2µ]
− µ(σ + µ)(γ + µ)(R0 − 1)

> 0 for R0 > 1.

Since all conditions are satisfied, all eigenvalues have arguments satisfying | arg(λ)| > απ/2,
establishing local asymptotic stability of E∗. �

4.7. Global stability of endemic equilibrium

Theorem 4.5. For the deterministic fractional skeleton of model (2) with R0 > 1, the endemic
equilibrium E∗ is globally asymptotically stable in the interior of Ω.

Proof. Consider the Lyapunov function candidate,

V(S , E, I) = S − S ∗ ln
S
S ∗

+ E − E∗ ln
E
E∗

+
σ + µ

σ

(
I − I∗ ln

I
I∗

)
. (22)

Applying the Caputo fractional derivative we get

Dα
t V =

(
1 −

S ∗

S

)
Dα

t S +

(
1 −

E∗

E

)
Dα

t E +
σ + µ

σ

(
1 −

I∗

I

)
Dα

t I. (23)

Substituting from system (2) and using equilibrium conditions gives,

Dα
t V =

(
1 −

S ∗

S

) [
µN − β

S I
N
− µS

]
+

(
1 −

E∗

E

) [
β

S I
N
− (σ + µ)E

]
+
σ + µ

σ

(
1 −

I∗

I

) [
σE − (γ + µ)I

]
.

(24)
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Using the equilibrium relations (15)–(17) gives,

µN = µS ∗ + β
S ∗I∗

N
,

(σ + µ)E∗ = β
S ∗I∗

N
,

σE∗ = (γ + µ)I∗,

and we simplify to

Dα
t V = −µ

(S − S ∗)2

S

+ β
S ∗I∗

N

(
2 −

S ∗

S
−

S
S ∗

)
+ β

S ∗I∗

N

(
I
I∗
−

E
E∗
−

S IE∗

S ∗I∗E
+ 1

)
.

(25)

Using the inequality x + 1
x ≥ 2 for x > 0, in we have,

2 −
S ∗

S
−

S
S ∗
≤ 0, (26)

with equality only when S = S ∗. For the remaining terms, let x = I
I∗ , y = E

E∗ , and z = S
S ∗ . By the

arithmetic mean-geometric mean inequality.

I
I∗
−

E
E∗
−

S IE∗

S ∗I∗E
+ 1 = x − y −

zx
y

+ 1 ≤ 0, (27)

with equality only when x = y and z = 1. Thus, Dα
t V ≤ 0, with equality only when S = S ∗, E = E∗,

and I = I∗. By the fractional Lyapunov direct method [42], E∗ is globally asymptotically stable in the
interior of Ω. �

Remark 4.6. The stability analyses confirm the threshold behavior governed by R0, as when R0 < 1,
the disease-free equilibrium is locally and globally asymptotically stable, ensuring disease elimination.
When R0 > 1, the endemic equilibrium is locally and globally asymptotically stable, guaranteeing
disease persistence. The critical value R0 = 1 represents a transcritical bifurcation where stability
exchanges between the equilibria.

5. Bifurcation analysis

For epidemiological models, bifurcation analysis reveals how changes in transmission parameters
affect disease persistence. We analyze the bifurcation behavior of the deterministic skeleton of the
fractional stochastic SEIR system (2) at the critical threshold R0 = 1 using center manifold theory [43,
44].
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Consider the deterministic skeleton obtained by setting the stochastic terms to zero,

Dα
t S = µN − β

S I
N
− µS ,

Dα
t E = β

S I
N
− (σ + µ)E,

Dα
t I = σE − (γ + µ)I,

Dα
t R = γI − µR.

(28)

We introduce the shifted variables x1 = S − N, x2 = E, x3 = I, and x4 = R. The system becomes

Dα
t x1 = −β

(x1 + N)x3

N
− µx1,

Dα
t x2 = β

(x1 + N)x3

N
− (σ + µ)x2,

Dα
t x3 = σx2 − (γ + µ)x3,

Dα
t x4 = γx3 − µx4.

(29)

Define x = (x1, x2, x3, x4)> and write the system as Dα
t x = F(x, β).

The basic reproduction number is R0 =
βσ

(σ+µ)(γ+µ) . Setting R0 = 1 yields the critical transmission
rate

β∗ =
(σ + µ)(γ + µ)

σ
. (30)

At β = β∗, the disease-free equilibrium E0 = (N, 0, 0, 0) loses hyperbolicity. In the shifted coordinates,
E0 corresponds to x = 0.

The Jacobian matrix of the shifted system evaluated at x = 0 with β = β∗ is

J∗ =


−µ 0 −β∗ 0
0 −(σ + µ) β∗ 0
0 σ −(γ + µ) 0
0 0 γ −µ

 . (31)

The characteristic equation is

det(J∗ − λI) = (λ + µ)2[λ2 + (σ + γ + 2µ)λ
]

= 0.

The eigenvalues are
λ1 = 0, λ2 = λ3 = −µ, λ4 = −(σ + γ + 2µ).

The simple zero eigenvalue λ1 = 0 confirms a bifurcation at R0 = 1.
A right eigenvector w = (w1,w2,w3,w4)> corresponding to λ1 = 0 satisfies J∗w = 0. The linear

system is

−µw1 − β
∗w3 = 0,

−(σ + µ)w2 + β∗w3 = 0,
σw2 − (γ + µ)w3 = 0,

AIMS Mathematics Volume 11, Issue 7, 21570–21606.



21587

γw3 − µw4 = 0.

From the first equation, w1 = −
β∗

µ
w3. From the second, w2 =

β∗

σ+µ
w3. The third equation is automatically

satisfied because substituting w2 gives σ β∗

σ+µ
− (γ + µ) = 0 by the definition of β∗. From the fourth,

w4 =
γ

µ
w3. Choosing w3 = 1 for normalization yields

w =

(
−
β∗

µ
,

β∗

σ + µ
, 1,

γ

µ

)>
. (32)

A left eigenvector v = (v1, v2, v3, v4) satisfying vJ∗ = 0 is found from

−µv1 = 0,
−(σ + µ)v2 + σv3 = 0,

−β∗v1 + β∗v2 − (γ + µ)v3 + γv4 = 0,
−µv4 = 0.

The first and fourth equations give v1 = 0 and v4 = 0. The second gives v2 = σ
σ+µ

v3. Substituting into
the third yields β∗ σ

σ+µ
v3 − (γ + µ)v3 = 0, which is identically satisfied because of the definition of β∗.

Choosing v3 = 1 gives

v =

(
0,

σ

σ + µ
, 1, 0

)>
. (33)

We require v · w = 1. Computing the dot product we get

v · w = 0 ·
(
−
β∗

µ

)
+

σ

σ + µ
·

β∗

σ + µ
+ 1 · 1 + 0 ·

γ

µ
=

σβ∗

(σ + µ)2 + 1.

Thus, the normalized left eigenvector is

v̂ =
v

v · w
=

(
0,

σ

(σ + µ)2 + σβ∗
,

1
(σ + µ)2 + σβ∗

, 0
)>
. (34)

Following Castillo-Chavez and Song [44], the coefficients a and b are given by

a =

4∑
k,i, j=1

v̂kwiw j
∂2 fk

∂xi∂x j
(0, β∗),

b =

4∑
k,i=1

v̂kwi
∂2 fk

∂xi∂β
(0, β∗).

The only non-zero second partial derivatives of F at (0, β∗) are

∂2 f1

∂x1∂x3
=

∂2 f1

∂x3∂x1
= −

β∗

N
,

∂2 f2

∂x1∂x3
=

∂2 f2

∂x3∂x1
=
β∗

N
.

All other second derivatives vanish. For the mixed derivatives with respect to β,

∂2 f1

∂x3∂β
= −

N + x1

N

∣∣∣∣
x=0

= −1,
∂2 f2

∂x3∂β
=

N + x1

N

∣∣∣∣
x=0

= 1,
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and all other mixed derivatives are zero.
Now compute a:

a = 2v̂1w1w3
∂2 f1

∂x1∂x3
+ 2v̂2w1w3

∂2 f2

∂x1∂x3

= 2 · 0 ·
(
−
β∗

µ

)
· 1 ·

(
−
β∗

N

)
+ 2 ·

σ

(σ + µ)2 + σβ∗
·

(
−
β∗

µ

)
· 1 ·

(
β∗

N

)
= −

2σ(β∗)2

µN
[
(σ + µ)2 + σβ∗

] .
Since all parameters are positive, a < 0.

Next compute b:

b = v̂1w3
∂2 f1

∂x3∂β
+ v̂2w3

∂2 f2

∂x3∂β

= 0 · 1 · (−1) +
σ

(σ + µ)2 + σβ∗
· 1 · 1

=
σ

(σ + µ)2 + σβ∗
.

Thus, b > 0
According to the theorem of Castillo-Chavez and Song, the signs a < 0 and b > 0 imply that the

system undergoes a forward (supercritical) transcritical bifurcation at R0 = 1. For R0 < 1, the disease-
free equilibrium is locally asymptotically stable, and no endemic equilibrium exists. For R0 > 1,
the disease-free equilibrium becomes unstable, and a unique locally asymptotically stable endemic
equilibrium emerges.
Theorem 5.1. The deterministic skeleton of the fractional SEIR system undergoes a forward
transcritical bifurcation at R0 = 1.

5.1. Numerical verification

Figure 2 presents numerical verification of the bifurcation analysis. The solid curve shows stable
endemic equilibria for R0 > 1, while the dashed line indicates unstable disease-free equilibria in this
region. The bifurcation at R0 = 1 is forward, with no indication of backward bifurcation or multiple
stable states.

The bifurcation analysis below provides a strict mathematical explanation as to why the concept of
targeting R0 < 1 should be determined for the main goal of human metapneumovirus (HMPV) control
programs.

The forward nature of the bifurcation implies that reducing R0 below unity is necessary and
sufficient for disease elimination. There is no epidemiological threshold hysteresis, so incremental
improvements in transmission control or recovery rates produce steady declines in prevalence without
the risk of sudden resurgence from a hidden endemic state.
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Figure 2. The bifurcation diagram shows a forward transcritical bifurcation at the value of
R0 = 1.

.

6. Sensitivity analysis

The sensitivity indices of the basic reproduction numberR0, the initial disease transmission, denoted
by [45], are calculated using the method below. In this analysis, the change in model parameters with
respect to the dynamics of disease transmission is quantified. This index quantifies the relative change
in R0 resulting from a 1% variation in parameter p [45]. Because the analytical expression for R0 in
Eq (14) involves only β, σ, γ, and µ, the indices for fractional order α and the diffusion coefficients
σ j are identically zero. The PRCC analysis in Figure 3, however, assesses the influence of these
parameters on the stochastic output and reveals their indirect role in shaping the epidemic trajectories.
The normalized forward sensitivity index R0 of the parameter and a given parameter p of the operator
is defined as,

Υ
p
R0

=
∂R0

∂p
×

p
R0
.

This index is the relative variation in the basic reproduction number R0, which has resulted because
of a 1% increase in parameter p. With regard to HMPV infection, sensitivity analysis of the so-
called wastage of the parameter will reveal the parameters that have the most significant impact on
the dynamics of disease transmission and hence inform the intervention strategies. For the fractional
stochastic SEIR model defined in the case of the fractional stochastic SEIR model described in
Section 3, the basic reproduction number is stated by:

R0 =
βσ

(σ + µ)(γ + µ)
.

Analytically, the sensitivity indices are obtained from the given equation.
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Figure 3. Global sensitivity analysis of R0 via Partial Rank Correlation Coefficients (PRCC).
In contrast to the analytical sensitivity indices in Table 2 (which are zero for α and the
diffusion coefficients because these parameters do not appear in the algebraic expression of
R0), the PRCC values reflect the influence of all parameters on the stochastic model output,
including indirect effects through memory and environmental fluctuations.

The indications of the sensitivity indices have specific epidemiological consequences, where
positive indices represent that an increment of the corresponding parameter value increases the value
of R0 under consideration; it will enhance transmission, and negative indices represent that an increase
in the parameter value will decrease R0’s value. This will prevent transmission. In the top of the
assessment of the analytical sensitivity, a global sensitivity analysis is conducted using Partial Rank
Correlation Coefficients (PRCC) with the aid of Latin Hypercube Sampling in the parameter ranges
given in Table 1. The results of the PRCC, as shown in Figure 3, support the results of the analytical
work and give more information on the interaction between parameters.

The analysis based on the Partial Rank Correlation Coefficient (PRCC) shows that parameters, β, γ,
and µ are the most influential, and they demonstrate significant correlations (p < 0.001). The PRCC
values are very close to the sensitivity indices on the analytical indices of sensitivity, thus confirming
the strength of the results. Interestingly, the PRCC analysis indicates that there are poor nonlinear
interactions of the fractional order, α, and transmission parameters, which indicate that memory
actions could moderate the effect of intervention strategies. The stochastic diffusion coefficients have
insignificant PRCC values, as is consistent with their small indices of analytic sensitivity, which implies
that the impact of environmental noise on the expected value of R0 is insignificant, but the variability
of outbreaks may be affected. Although the analytical sensitivity indices for α and the diffusion
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coefficients are zero (Table 2), the PRCC results confirm that these parameters measurably influence
the epidemic dynamics, as they modulate the memory kernel and the stochastic variability. These
sensitivity outcomes form a quantitative basis for the prioritization of population health interventions
and the research direction in the control of HMPV. The dominance of transmission and recovery
parameters highlights the significance of the traditional methods of infection control, but the moderate
importance of the fractional order highlights the importance of memory effects in predictive modeling
of HMPV dynamics.

Table 2. Analytical normalized forward sensitivity indices of R0 with respect to model
parameters.

Parameter Sensitivity Index Υ
p
R0

Biological Interpretation
β +1.0000 Transmission rate — most influential parameter
µ −0.8924 Natural mortality rate — strong negative effect
γ −0.6818 Recovery rate — increases with better treatment
σ +0.4545 Progression rate — shorter latency increases spread
α 0 Fractional order — does not affect R0 analytically
σI 0 Stochastic noise in infectious compartment
σS 0 Stochastic noise in susceptible compartment
σE 0 Stochastic noise in exposed compartment
σR 0 Stochastic noise in recovered compartment

Note: The analytical sensitivity indices for α and the diffusion coefficients are zero because R0 in
Eq (14) does not depend on these parameters. Their influence on disease dynamics is captured

through the PRCC global sensitivity analysis Figure 3 and the stochastic simulations.

7. Optimal control problem formulation

The sensitivity analysis in Section 6 identifies transmission rate β and recovery rate γ as the
parameters with the greatest influence on R0. The vaccination control u1(t) and treatment control u2(t)
are formulated to directly modulate these critical parameters by reducing the susceptible population
and accelerating infectious recovery, respectively.

The dynamics of the fractional-order stochastic SEIR model with vaccination control u1(t)
and treatment control u2(t) are governed by the following Caputo fractional stochastic differential
equations: 

DαS (t) = µN − λ(t)S (t) − µS (t) − u1(t)S (t) + σS S (t)dWS (t),
DαE(t) = λ(t)S (t) − θEE(t) + σEE(t)dWE(t),
DαI(t) = σE(t) − θI I(t) − u2(t)I(t) + σI I(t)dWI(t),
DαR(t) = γI(t) − µR(t) + u1(t)S (t) + u2(t)I(t) + σRR(t)dWR(t),

(35)

where, u1(t) ∈ [0, umax
1 ] is a vaccination control applied to susceptibles, u2(t) ∈ [0, umax

2 ] is the treatment
control applied to infected individuals, λ(t) = β I(t)

N is the force of infection, θE = σ + µ is the exposed
removal rate, and θI = γ + µ: is the infected removal rate.

J(u1, u2) = E

[∫ T

0

(
AI(t) +

B1

2
u2

1(t) +
B2

2
u2

2(t)
)

dt
]

(36)
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where A > 0 represents the cost associated with infection prevalence, B1, B2 > 0 are weight parameters
for control implementation costs, and E[·] denotes mathematical expectation. The vaccination control
u1(t) transfers susceptible individuals directly to the recovered class, reflecting the protective effect
of immunization. The treatment control u2(t) accelerates the recovery of infectious individuals,
reducing the duration of infectivity. The objective functional balances the societal cost of infection
prevalence (linear term AI) against the implementation costs of vaccination and treatment. The
quadratic control costs ensure convexity, penalizing high intervention intensities disproportionately
and yielding continuous, operationally feasible control policies.

The admissible control space is defined as,

U =
{
(u1, u2) ∈ L2([0,T ];R2) | 0 ≤ u1(t) ≤ umax

1 , 0 ≤ u2(t) ≤ umax
2 a.e. t ∈ [0,T ]

}
, (37)

where T < ∞ is the fixed terminal time. The B-spline collocation method is employed for the
numerical solution of the optimality system due to its exact evaluation of Caputo fractional derivatives
of spline basis functions, its unified treatment of forward and backward fractional equations, and its
demonstrated stability in stochastic perturbation regimes [22, 26].

Theorem 7.1. Consider the fractional stochastic optimal control problem defined by the state equations
DαS (t) = µN − λ(t)S (t) − µS (t) − u1(t)S (t) + σS S (t)dWS (t),
DαE(t) = λ(t)S (t) − θEE(t) + σEE(t)dWE(t),
DαI(t) = σE(t) − θI I(t) − u2(t)I(t) + σI I(t)dWI(t),
DαR(t) = γI(t) − µR(t) + u1(t)S (t) + u2(t)I(t) + σRR(t)dWR(t),

with the objective functional

J(u1, u2) = E

[∫ T

0

(
AI(t) +

B1

2
u2

1(t) +
B2

2
u2

2(t)
)

dt
]

and admissible control setU defined in (37). Under the following assumption,

(A1) The drift coefficients satisfy global Lipschitz continuity and linear growth conditions in the state
variables.

(A2) The diffusion coefficients satisfy uniform ellipticity conditions.
(A3) The control setU is convex, closed, and bounded in L2([0,T ];R2).
(A4) The cost integrand is strictly convex in (u1, u2) and bounded below.

There exists an optimal control pair (u∗1, u
∗
2) ∈ U such that

J(u∗1, u
∗
2) = min

(u1,u2)∈U
J(u1, u2).

Proof. For any admissible control pair (u1, u2) ∈ U, the fractional stochastic differential equations
satisfy the conditions of the existence and uniqueness theorem for Caputo fractional SDEs driven by
fractional Brownian motion. Specifically, the drift coefficients f (t, X(t), u(t)) and diffusion coefficients
σ(t, X(t)) are implemented below:
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For a Lipschitz condition, there exists L > 0 such that for all X,Y ∈ R4,

‖ f (t, X, u) − f (t,Y, u)‖ + ‖σ(t, X) − σ(t,Y)‖ ≤ L‖X − Y‖.

The linear growth is K > 0, such that

‖ f (t, X, u)‖2 + ‖σ(t, X)‖2 ≤ K(1 + ‖X‖2).

Thus, for each (u1, u2) ∈ U, there exists a unique strong solution X(t) = (S (t), E(t), I(t),R(t))> with
continuous sample paths.

Now we get the compactness of the solution set. Let {u(n) = (u(n)
1 , u(n)

2 )} be a minimizing sequence in
U such that

lim
n→∞

J(u(n)) = inf
(u1,u2)∈U

J(u1, u2).

Since U is bounded in L2([0,T ];R2), by Alaoglu’s theorem, there exists a subsequence {u(nk)}

converging weakly to some (u∗1, u
∗
2) ∈ U (asU is weakly closed).

The convergence of state trajectories are that, X(nk)(t) denote the state trajectories corresponding to
u(nk). Using the fractional version of the Burkholder-Davis-Gundy inequality and Grnwall’s lemma for
fractional differential equations [46], we obtain uniform estimates:

E

[
sup

t∈[0,T ]
‖X(nk)(t)‖2

]
≤ C,

where C > 0 is independent of k. This implies that the sequence {X(nk)} is tight in the space of cdlg
functions equipped with the Skorokhod topology.

For lower semicontinuity and attainment of minimum the cost functional J consists of three terms,
E[

∫ T

0
AI(t)dt] is continuous in the state variables by the weak convergence of I(nk) to I∗.

The quadratic control terms B1
2 ‖u1‖

2
L2 + B2

2 ‖u2‖
2
L2 are lower semicontinuous with respect to weak L2

convergence. Therefore,

J(u∗1, u
∗
2) ≤ lim inf

k→∞
J(u(nk)) = inf

(u1,u2)∈U
J(u1, u2),

establishing that (u∗1, u
∗
2) is an optimal control pair. �

Theorem 7.2. Let (u∗1, u
∗
2) be an optimal control pair and (S ∗, E∗, I∗,R∗) the corresponding state

trajectories of the fractional stochastic SEIR system. Then there exist adjoint processes λi(t) (i =

1, . . . , 4) satisfying the following fractional backward stochastic differential equations (FBSDEs):

Dαλ1(t) = −
[
− (λ(t) + µ + u∗1(t))λ1(t) + λ(t)λ2(t) + u∗1(t)λ4(t)

]
+ σSφ1(t), (38)

Dαλ2(t) = −
[
− θEλ2(t) + σλ3(t)

]
+ σEφ2(t), (39)

Dαλ3(t) = −
[
A −

βS ∗(t)
N

(λ1(t) − λ2(t)) − (θI + u∗2(t))λ3(t) + (γ + u∗2(t))λ4(t)
]

+ σIφ3(t), (40)

Dαλ4(t) = −
[
− µλ4(t)

]
+ σRφ4(t), (41)
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with terminal conditions λi(T ) = 0, where λ(t) = βI∗(t)/N and φ j(t) ( j = S , E, I,R) are adapted
square-integrable martingale processes. Moreover, the optimal controls satisfy the pointwise optimality
conditions:

∂H
∂u1

= B1u∗1(t) − λ1(t)S ∗(t) + λ4(t)S ∗(t) = 0,
∂H
∂u2

= B2u∗2(t) − λ3(t)I∗(t) + λ4(t)I∗(t) = 0, (42)

almost everywhere in [0,T ], almost surely.

Proof. The proof is based on the fractional stochastic maximum principle [47]. The Hamiltonian
formulation is Define the Hamiltonian H : [0,T ] × R4 × R2 × R4 × R4×4 → R as

H(t, X, u, λ, φ) = AI +
B1

2
u2

1 +
B2

2
u2

2

+ λ1 (µN − λS − µS − u1S ) + λ2 (λS − θEE)

+ λ3 (σE − θI I − u2I) + λ4 (γI − µR + u1S + u2I)

+
∑

j∈{S ,E,I,R}

φ jσ jX j,

where X = (S , E, I,R)>, u = (u1, u2)>, λ = (λ1, λ2, λ3, λ4)>, and φ = (φS , φE, φI , φR)>. The adjoint
equations are derived from the stochastic maximum principle for fractional systems. For a given
optimal control u∗ and corresponding state X∗, the adjoint processes (λ, φ) satisfy the following
fractional backward stochastic differential equation.

Dαλ(t) = −
∂H
∂X

(t, X∗(t), u∗(t), λ(t), φ(t)) +
∑

j

φ j(t)σ j,

with terminal condition λ(T ) = 0. Computing the partial derivatives ∂H
∂X yields:

∂H
∂S

= −(λ(t) + µ + u∗1(t))λ1(t) + λ(t)λ2(t) + u∗1(t)λ4(t),

∂H
∂E

= −θEλ2(t) + σλ3(t),

∂H
∂I

= A −
βS ∗(t)

N
(λ1(t) − λ2(t)) − (θI + u∗2(t))λ3(t) + (γ + u∗2(t))λ4(t),

∂H
∂R

= −µλ4(t).

Substituting these into the adjoint equation gives (38)–(41).
For optimality conditions, the stochastic maximum principle states that for almost every t ∈ [0,T ]

and almost surely, the optimal control u∗ minimizes the Hamiltonian pointwise.

H(t, X∗(t), u∗(t), λ(t), φ(t)) = min
u∈U

H(t, X∗(t), u, λ(t), φ(t)).

Since the Hamiltonian is strictly convex in u (due to the quadratic terms), the minimum is attained at
the critical point where the gradient vanishes.

∂H
∂u1

= B1u∗1(t) − λ1(t)S ∗(t) + λ4(t)S ∗(t) = 0,
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∂H
∂u2

= B2u∗2(t) − λ3(t)I∗(t) + λ4(t)I∗(t) = 0,

which are exactly (42).
The existence of unique adapted solutions (λ, φ) to the fractional backward stochastic differential

equations (38)–(41) follows from the theory of linear fractional FBSDEs under the Lipschitz and
growth conditions imposed on the coefficients [48]. The terminal condition λ(T ) = 0 is standard
in optimal control problems with a free terminal state. Thus, the necessary conditions for optimality
are established. �

7.1. Hamiltonian and optimality conditions

We provide a detailed derivation of the necessary conditions for optimality using the fractional
stochastic maximum principle [47, 48]. The state equations and the objective functional are as defined
at the beginning of this section. Let λ(t) = (λ1(t), λ2(t), λ3(t), λ4(t))> denote the adjoint variables and
φ(t) = (φS (t), φE(t), φI(t), φR(t))> the martingale terms associated with the stochastic integrals. The
Hamiltonian H : [0,T ] × R4 × R2 × R4 × R4 → R is defined as

H(t, X, u, λ,φ) = AI +
B1

2
u2

1 +
B2

2
u2

2

+ λ1
(
µN − λ(t)S − µS − u1S

)
+ λ2

(
λ(t)S − θEE

)
+ λ3

(
σE − θI I − u2I

)
+ λ4

(
γI − µR + u1S + u2I

)
+ φSσS S + φEσEE + φIσI I + φRσRR,

where X = (S , E, I,R)>, u = (u1, u2)>, and λ(t) = βI/N is the force of infection.
The adjoint processes satisfy the backward stochastic differential equations

Dα
t λi(t) = −

∂H
∂Xi

(t, X∗(t), u∗(t), λ(t),φ(t)) +
∑

j∈{S ,E,I,R}

φ j(t)σ j,

with terminal conditions λi(T ) = 0 for i = 1, . . . , 4. Evaluating the partial derivatives gives

∂H
∂S

= −(λ(t) + µ + u1)λ1 + λ(t)λ2 + u1λ4 + φSσS ,

∂H
∂E

= −θEλ2 + σλ3 + φEσE,

∂H
∂I

= A −
βS
N

(λ1 − λ2) − (θI + u2)λ3 + (γ + u2)λ4 + φIσI ,

∂H
∂R

= −µλ4 + φRσR.

Substituting these into the adjoint equations yields the system of adjoint fractional SDEs presented
earlier. The optimal controls minimize the Hamiltonian pointwise almost everywhere in [0,T ] and
almost surely. Because the Hamiltonian is strictly convex in (u1, u2) (the Hessian is diag(B1, B2) > 0),
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the minimum is attained at the unique critical point where ∂H/∂u1 = 0 and ∂H/∂u2 = 0. Moreover,
solving

∂H
∂u1

= B1u1 − λ1S + λ4S = 0 and
∂H
∂u2

= B2u2 − λ3I + λ4I = 0,

gives the unconstrained minimizers.
Here, S ∗(t) and I∗(t) denote the state trajectories corresponding to the optimal controls, not to be

confused with the time-independent endemic equilibrium values S ∗ and I∗ from Section 4.5.

ũ1(t) =
(λ1(t) − λ4(t))S ∗(t)

B1
, ũ2(t) =

(λ3(t) − λ4(t))I∗(t)
B2

.

Projecting onto the admissible control set [0, umax
1 ] × [0, umax

2 ] yields the final characterization

u∗1(t) = min
(
umax

1 ,max
(
0,

(λ1(t) − λ4(t))S ∗(t)
B1

))
,

u∗2(t) = min
(
umax

2 ,max
(
0,

(λ3(t) − λ4(t))I∗(t)
B2

))
.

These expressions coincide with the control formulas given previously and provide the explicit
feedback structure of the optimal intervention policies.

7.2. Numerical implementation of the B-spline collocation method

The optimality system consists of the forward fractional SDEs (35), the backward adjoint
equations (41), and the control characterizations. We solve this coupled system using a B-spline
collocation method adapted for fractional operators. The time interval [0,T ] is partitioned by a uniform
knot sequence with M subintervals. Cubic B-splines are chosen as the basis functions, providing C2

continuity and exact representation of Caputo derivatives of order α up to machine precision [49].
The collocation points are taken as the Chebyshev–Gauss–Lobatto nodes mapped to each subinterval,
which minimizes Runge phenomena and improves conditioning.

Each state variable X ∈ {S , E, I,R} and adjoint variable λi are expanded as

X(t) ≈
N∑

j=1

cX, jB j,3(t),

where B j,3(t) are the cubic B-spline basis functions and cX, j are the unknown coefficients. The
Caputo fractional derivative of the B-spline basis admits a closed-form expression involving the
hypergeometric function 2F1, which is evaluated using the recurrence relations given by Pitolli [49,50].
Substituting the expansions into the state and adjoint equations and enforcing the equations at the
collocation points yields a system of nonlinear algebraic equations for the coefficients.

The stochastic terms dW j(t) are treated via a Monte Carlo approach. For each realization,
independent Brownian paths are generated using the Euler–Maruyama scheme on a fine mesh (step
size ∆t = 0.001 days). The expected trajectories are obtained by averaging over 500 independent
realizations, which is sufficient to achieve a standard error below 1% of the mean. The nonlinear
system at each collocation node is solved using a Newton-Krylov method with an inexact line search.
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The Jacobian is approximated by finite differences, and the linear systems are solved with GMRES.
Convergence is declared when the Euclidean norm of the residual falls below 10−8 [51].

The numerical scheme is validated by setting α = 1.0 and comparing the results with those obtained
from a standard forward-backward sweep algorithm for the integer-order deterministic optimal control
problem. The relative difference in the optimal trajectories is below 0.5% over the time horizon.
Additionally, the basic reproduction number R0 computed from the simulated trajectories match the
analytical value within sampling error.

Algorithm 1: Fractional B-Spline Collocation with Stochastic Sampling

1. Input: Time domain [0,T ], fractional order α, number of subintervals M, B-spline degree k = 3,
parameters β, σ, γ, µ, diffusion coefficients σS , σE, σI , σR, control bounds umax

1 , umax
2 , cost weights

A, B1, B2, and number of Monte Carlo samples NMC = 500.
2. Setup: Generate knot vector and collocation points (Chebyshev–Gauss–Lobatto nodes on each

subinterval). Precompute fractional derivatives of B-spline basis at collocation points.
3. Initialization: Provide an initial guess for state and adjoint coefficients (e.g., from the

uncontrolled deterministic solution).
4. Monte Carlo Loop: For r = 1 to NMC:

(a) Generate independent Brownian sample paths W (r)
S ,W (r)

E ,W (r)
I ,W (r)

R .
(b) Solve the coupled nonlinear system for the coefficient vector c using Newton–Krylov

iteration with tolerance 10−8 and maximum 50 iterations.
(c) Extract state and adjoint trajectories; compute controls u(r)

1 (t), u(r)
2 (t) via projection formulas.

5. Post-processing: Average the state, adjoint, and control trajectories over all Monte Carlo
realizations to obtain expected values.

6. Output: Expected optimal trajectories E[S (t)],E[E(t)],E[I(t)],E[R(t)] and expected optimal
controls

E[u1(t)], and E[u2(t)].

The algorithm is implemented in Python 3.10 using the SciPy and NumPy libraries. The fractional
B-spline evaluations are performed with a custom extension of the routines provided by the ‘fracdiff’
package. All simulations are executed on a desktop workstation with an Intel Core i7 processor and 32
GB RAM. A typical run for a single α value requires approximately 12 minutes of wall-clock time.

7.3. Simulation results

Figure 4 gives an in-depth analysis of the effects of the fractional order of time-dependent change in
epidemics and optimal control measures. We find that there are three major results of our analysis. The
framework of optimal prevention measures and the dynamics of epidemics rely critically on fractional
order α. The peak infection burden is reduced by 36.1 (156 ± 5 vs. 244 ± 8 cases, p < 0.001), and
the time to peak is delayed by 57.8% (42.3 ± 0.7 vs. 26.8 ± 0.9 days), resulting in a characteristic
flatter epidemic curve. All percentage changes reported in this subsection are computed relative to the
optimal control solution at α = 1.0, which serves as the reference baseline for quantifying the impact
of memory effects. Our analysis shows reducing the order from the classical integer case (α = 1.0)
to sub-diffusive regimes (α = 0.7–0.8). Additionally, α has a significant influence on the best control
technique. Although at a lower peak intensity (0.22 ± 0.02 at α = 0.7 vs. 0.32 ± 0.03 at α = 1.0),
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lower values require an earlier start of vaccination campaigns. On the other hand, treatment approaches
change from a long, moderate effort at low α to shorter, more intense bursts at higher α (length drops
from 38 ± 3 to 19 ± 2 days). The significant linear association (R2 = 0.96) between α and the peak
intervention effort time (tpeak = 94.7α−28.4) is a crucial operational finding. This behavior stems from
the memory kernel of the Caputo derivative. For α < 1, the system retains a weighted history of past
states, which dampens abrupt fluctuations and slows the epidemic’s response to changing conditions.
The optimal control adjusts by intervening earlier, when infections are accumulating gradually, while
the required peak intensity diminishes because the inherent memory-induced smoothing mitigates the
sharpness of the outbreak. For systems with lower fractional orders, this connection offers a readiness
advantage of up to 18 days, making it an essential forecasting tool. Table 3 provides detailed results,
and all reported variances are statistically significant (p < 0.001).

Figure 4. Effect of fractional order α on epidemic dynamics and optimal control. Percent
reductions and delays are computed relative to the α = 1.0 optimal control scenario.

Table 3. Key epidemiological and control metrics as a function of fractional order α.

Fractional Order (α) 0.7 0.8 0.9 0.95 1.0
Peak Infections 156 ± 5 181 ± 6 205 ± 7 222 ± 8 244 ± 8
Time to Peak (days) 42.3 ± 0.7 38.1 ± 0.6 34.2 ± 0.7 30.4 ± 0.8 26.8 ± 0.9
Final Susceptible 721 ± 12 710 ± 11 704 ± 10 697 ± 11 689 ± 12
Max Vaccination Rate 0.22 ± 0.02 0.25 ± 0.02 0.28 ± 0.03 0.30 ± 0.03 0.32 ± 0.03
Treatment Duration (days) 38 ± 3 32 ± 2 27 ± 2 23 ± 2 19 ± 2
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This study highlights how memory and non-Markovian dynamics, represented by α, have a crucial
role in determining how an epidemic develops as well as the structure of the best course of action
needed to reduce it. The fractional-order stochastic SEIR model’s numerical simulation results for
HMPV dynamics under three control strategies Strategy A (u1 = 0.005, u2 = 0.003), Strategy B
(u1 = 0.012, u2 = 0.11), and Strategy C (u1 = 0.015, u2 = 0.002) are presented in this section. The
Susceptible (S ), Exposed (E), Infected (I), and Recovered (R) populations’ patterns are contrasted with
the baseline (no control).

Three different optimal methods of control for reducing HMPV (Figures 5–7), defined by their
respective vaccination (u1) and treatment (u2) rates, are evaluated through numerical simulations of the
fractional-order stochastic SEIR model. In comparison to the baseline, all solutions considerably lower
the peak and prevalence of the infected population (I), which is correlated with a faster accumulation of
recoveries (R). Vaccination-facilitated elimination causes the susceptible population (S ) to drop more
quickly under control, which in turn reduces the exposed (E) compartment by lowering transmission.
According to the comparative study, Strategy B (u1 = 0.012, u2 = 0.11), which has a higher treatment
rate, is more successful in preventing outbreaks because it will reduce the infection prevalence the
quickest. Although Strategies A and C are also widely used, their lower rates cause the population with
the illness to decline more slowly. In turn, the quantitative data supports the suggested framework’s
capacity to develop effective intervention strategies to address HMPV dynamics.

(a) Susceptible (S ) (b) Exposed (E)

(c) Infected (I) (d) Recovered (R)

Figure 5. Population dynamics for HMPV under Control Strategy A (u1 = 0.005, u2 =

0.003) compared to the no-control scenario. The curves represent expected trajectories
averaged over 500 stochastic realizations.
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(a) Susceptible (S ) (b) Exposed (E)

(c) Infected (I) (d) Recovered (R)

Figure 6. Population dynamics for HMPV under Control Strategy B (u1 = 0.012, u2 = 0.11)
compared to the no-control scenario. The curves represent expected trajectories averaged
over 500 stochastic realizations.
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(a) Susceptible (S ) (b) Exposed (E)

(c) Infected (I) (d) Recovered (R)

Figure 7. Population dynamics for HMPV under Control Strategy C (u1 = 0.015, u2 = 0.002)
compared to the no-control scenario. The curves represent expected trajectories averaged
over 500 stochastic realizations.

8. Conclusions

To study the dynamics of HMPV transmission and to improve mitigation strategies, a
fractional-order stochastic susceptible-exposed-infected-recovered (SEIR) model was developed in
this investigation. The analysis required us to incorporate the effects of memory and environmental
stochasticity in the HMPV model framework and subsequently derive a temporally-varying optimal
vaccination and therapeutic intervention. The approach combined the Caputo fractional derivatives
with the stochastic perturbations that were based on Brownian motion. We thoroughly proved the
well-posedness of the system, obtained the basic reproduction number R0, and performed disease-
free equilibrium as well as endemic equilibrium and their local and global stability analyses. It
was presented as an optimal control problem and then solved by a numerical solution using a B-
spline collocation method. Our significant results approve a forward trans critical bifurcation at
the critical threshold R0 = 1, founding this as the precise condition for disease persistence. Our
sensitivity analysis concludes that the parameters that exert the most impact the parameters of beta,
the parameters of sigma, and the parameters of gamma; thus, these are the main priorities in terms
of the intervention. Numerical simulations suggest that treatment-based interventions will decrease
peak infection by 36.1% and delay epidemic peaks by 57.8% in response to a reduction in Fractional
order; 1.0 is reduced to 0.7. These limitations include homogeneous mixing assumptions, constant
population and simplified stochastic formulations. Validation of the model against clinical surveillance
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data or outbreak records remains an important next step; our framework provides the mathematical
foundation upon which such empirical calibration can be built. Fractional order α encapsulates the
intensity of epidemiological memory; its numerical value for a specific outbreak would be determined
by fitting the model to empirical incidence data using established parameter estimation techniques
for fractional differential equations. From a control perspective, this memory dependence translates
into a clear operational principle; when α is lower, interventions should be deployed earlier but need
not be as forceful to achieve comparable suppression. The observed linear correlation between α

and the optimal intervention peak time provides a quantitative reference for adjusting public health
timelines once the memory parameter is estimated. In future studies, researchers need to combine
age-structured associates, explore discretetime fractional formulations that align more naturally with
surveillance reporting intervals, test the model empirically on region-specific HMPV data, and extend
the control paradigm to suit resource constraints and multi-objective optimization. As a result, the
given framework provides a rigorous tool in the development of effective adaptive interventions on the
population-health level to HMPV outbreaks that consider realistic memory effects and uncertainty.
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