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1. Introduction

In this paper, we are interested in the uniqueness of solutions for the following Kirchhoff equation
with singularity: 

−
(
a + b

∫
Ω
|∇Hu|2dξ

)
∆Hu = g(ξ)u−γ − λup, in Ω,

u > 0, in Ω,
u = 0, on ∂Ω,

(1.1)

where Ω ⊂ Hn(n ≥ 1) is a smooth bounded domain; λ ≥ 0; γ > 0; a, b ≥ 0; a + b > 0; and

0 < p ≤ 2∗Q − 1 = 1 + 2/n;

g is a positive function in L1(Ω), and ∆H and ∇H are the Kohn–Laplace operator and the horizontal
gradient in the n-Heisenberg group (for whose details see Section 3), respectively. Problem (1.1) is
a classic Kirchhoff equation with the Kohn–Laplace operator, and this type of equation has its own
physical origin (see [1–3]). In addition, Kirchhoff equations are often referred to as being nonlocal
because of the presence of the term

(∫
Ω
|∇Hu|2dξ

)
∆Hu, which means that problem (1.1) is no longer

a pointwise identity. Moreover, it is obvious that if a = 1 and b = 0, problem (1.1) reduces to the
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following Kohn–Laplace equation with singularity:
−∆Hu = g(ξ)u−γ − λup, in Ω,
u > 0, in Ω,
u = 0, on ∂Ω.

(1.2)

It is well-known that Fulks–Maybee [4] initiated the study of singular elliptic problems, which later
attracted widespread interest following Crandall–Rabinowitz–Tartar’s work [5]. For instance, in the
Euclidean case with γ ∈ (0, 1), bifurcation-theoretic results for nonlinear singular equations were
obtained in [6–8]; two positive solutions were established for singular elliptic problems in [9–11], and
these results were later generalized to the Heisenberg (or Carnot) group [12, 13]. Furthermore, the
authors of [14–16] investigated the existence and properties of solutions for nonlinear nonlocal
elliptic problems. In addition, we would like to mention that Liao et al. in [17] studied the Kirchhoff
Eq (1.1) in the Euclidean setting and proved the uniqueness of solutions for γ ∈ (0, 1). Moreover,
using approximation methods and Schauder’s fixed-point theorem, the uniqueness of solutions to
problem (1.2) with λ = 0 was probed in [18], and it was further shown that the solution is
cylindrically symmetric under some appropriate structural conditions on Ω and g(ξ). Therefore, a
natural question arising from [17,18] is whether their results extend to the case γ ∈ [1,+∞), λ , 0 and
the Heisenberg group. In this paper, we provide an affirmative answer to this question.

2. Main results

In this section, we will present our main results. First, we say that a function u is a solution of
problem (1.1) if u ∈ S 1

0(Ω) such that u > 0 almost every x ∈ Ω, and g(ξ)u−γφ ∈ L1(Ω),(
a + b

∫
Ω

|∇Hu|2dξ
) ∫
Ω

∇Hu∇Hφdξ + λ
∫
Ω

upφdξ =
∫
Ω

g(ξ)u−γφdξ (2.1)

for all φ ∈ S 1
0(Ω), where S 1

0(Ω) is the Folland–Stein Sobolev space (see Section 3). Now, let

D =
{
u ∈ S 1

0(Ω) : g(ξ)G(|u|) ∈ L1(Ω)
}
,

where the function G is defined as follows:
• If 0 < γ < 1,

G(s) =
|s|1−γ

1 − γ
, ∀s ∈ R.

• If γ = 1,

G(s) =
{

log s, if s > 0,
+∞, if s = 0.

• If γ > 1,

G(s) =
 s1−γ

1−γ , if s > 0,
+∞, if s = 0.

The main results of this paper are as follows:
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Theorem 2.1. Let Ω ⊂ Hn(n ≥ 1) be a smooth bounded domain; a, b ≥ 0; a + b > 0; λ ≥ 0;
and 0 < p ≤ 1 + 2/n; γ ≥ 1. Assume that D , ∅ and g > 0, with g ∈ L∞(Ω) if γ = 1 and g ∈ L1(Ω) if
γ > 1. Then, problem (1.1) possesses a unique solution. Moreover, the solution is a global minimizer
solution.

Theorem 2.2. Let Ω ⊂ Hn(n ≥ 1) be a smooth bounded domain; a, b ≥ 0; a + b > 0; λ ≥ 0;
and 0 < p ≤ 1 + 2

n ; 0 < γ < 1. Assume that g is a positive function in L∞(Ω). Then, problem (1.1)
possesses a unique solution. Moreover, the solution is a global minimizer solution.

By the uniqueness of solutions, we will directly deduce a symmetry result for problem (1.2). Next,
we say that a function u(z, t) is cylindrically symmetric if there exists ξ0 ∈ H

n such that v(ξ) = u(ξ0◦ξ) is
a two-variable function, that is, v(z, t) = v(|z|, t). Without loss of generality, this paper always assumes
that ξ0 occurring in the definition is 0. In addition, we say that a domain Ω of Hn is a cylinder if there
exists a cylindrical function Φ such that ξ ∈ Ω if and only if Φ(ξ) < 0. As an example, the Heisenberg
ball Br(ξ0) is a cylinder (see [19]).

Corollary 2.3. LetΩ be a bounded cylinder defined by a cylindrical functionΦ, and let 0 < p ≤ 1+2/n.
Assume that u∗ is a solution of problem (1.2). Then, u∗ is cylindrically symmetric, provided one of the
following assumptions holds:

(i) γ ≥ 1, D , ∅, and g > 0, with g ∈ L∞(Ω) if γ = 1 and g ∈ L1(Ω) if γ > 1;
(ii) 0 < γ < 1, and g is a positive function in L∞(Ω).

Further, if

g(|z|, t) = g(|z|,−t) and Φ(|z|, t) = Φ(|z|,−t),

then u∗(|z|, t) = u∗(|z|,−t) for any ξ = (z, t) ∈ Ω.

Remark 2.4. It seems to be the same as in the Euclidean setting: When γ ≥ 1 and g(ξ) ∈ L1(Ω), it
may happen that D = ∅ (see [20, Theorem 2]). Moreover, it is also easy to verify that D = S 1

0(Ω) when
γ ∈ (0, 1) and g ∈ L∞(Ω). Therefore, in Theorem 2.1, we assume that D , ∅ is meaningful, and in
Theorem 2.2, this assumption is not necessary.

Remark 2.5. To the best of our knowledge, Theorems 2.1 and 2.2 represent a novel extension of
singular elliptic problems to a non-Euclidean framework. As previously noted, Liao et al. [17] only
established solution uniqueness in the Euclidean case for γ ∈ (0, 1), whereas our work extends this
result to cover the regimes where γ ≥ 1.

Remark 2.6. It is a challenging problem to study the symmetry of solutions to Kohn–Laplace equations
because the classical moving plane method does not apply directly to the Kohn–Laplace operator. In
addition, Birindell and Prajapat in [19] established a partial symmetry result of solutions for the
equation −∆Hu = f (u) in a bounded cylindrical domain of Hn, assuming f to be Lipschitz and u to
be a cylindrical solution, respectively. However, we want to emphasize that Corollary 2.3 has not
any condition on u∗, as we are able to obtain the uniqueness of solutions for problem (1.2). Further,
Corollary 2.3 extends the result of [18] to the case λ , 0.

AIMS Mathematics Volume 11, Issue 5, 14474–14486.



14477

3. Preliminaries

The nth Heisenberg group Hn, whose points are denoted by ξ = (z, t) = (x, y, t), is the Lie group
(R2n+1, ◦) with composition law defined by

ξ ◦ ξ′ = (x + x′, y + y′, t + t′ + 2(x′ · y − y′ · x)).

Let Xi = ∂xi + 2yi∂t and Yi = ∂yi − 2xi∂t (i = 1, 2, · · ·, n). The Kohn–Laplace operator and the horizontal
gradient are defined as

∆H =

n∑
i=1

(X2
i + Y2

i ) and ∇H = (X1, · · ·, Xn,Y1, · · ·,Yn),

respectively. The Kohn–Laplace operator ∆H is very degenerate, but it satisfies the Hörmander rank
condition (see [2]), which means that it is hypoelliptic, and Bony’s maximum principle is satisfied
(see [21]). In addition, the Folland–Stein Sobolev space S 1

0(Ω) is the closure of C∞0 (Ω) with respect to
the norm

∥u∥ =

√∫
Ω

|∇Hu|2dξ.

It follows from the celebrated work of Folland–Stein [22] that (S 1
0(Ω), ∥ · ∥) is a Hilbert space. Let

Ω ⊂ Hn(n ≥ 1) be a smooth bounded domain,

Q = 2n + 2 and 2∗Q =
2Q

Q − 2
= 2 +

2
n
.

Then, the following holds:{
S 1

0(Ω) ↪→ Ls(Ω) is compact when 1 ≤ s < 2∗Q;
S 1

0(Ω) ↪→ Ls(Ω) is only continuous when s = 2∗Q.

Hence, there exists a constant S s > 0 such that

∥u∥s ≤ S s∥u∥, ∀u ∈ S 1
0(Ω), (3.1)

where ∥u∥s denote the norm of Ls(Ω). In addition, let us define the energy functional J: S 1
0(Ω) → R

corresponding to problem (1.1) by

J(u) =
a
2
∥u∥2 +

b
4
∥u∥4 +

λ

p + 1

∫
Ω

|u|p+1dξ −
∫
Ω

g(ξ)G(|u|)dξ. (3.2)

Obviously, we have J(u) = J(|u|). Let

D+ =
{
u ∈ D : u ≥ 0 almost every ξ ∈ Ω

}
.

Hence, if J is bounded from below on S 1
0(Ω), then

inf
v∈D

J(v) = inf
v∈D+

J(v). (3.3)

Beside, for every γ > 0 and p > 0, it is easy to obtain the following elementary inequalities:(
s−γ − t−γ

)
(s − t) ≤ 0, (sp − tp) (s − t) ≥ 0, ∀s, t > 0. (3.4)
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4. Proof of main results

This section will be divided into three subsections. In Subsection 4.1, we prove the existence of a
global minimum for the functional (3.2). In Subsections 4.2 and 4.3, we prove Theorems 2.1 and 2.2
and Corollary 2.3, respectively. In addition, we will use ci and Ci(i = 1, 2, · · ·) to denote some positive
constants, which are possibly different from line to line.

4.1. Existence of a global minimum

In this subsection, we prove the existence of a global minimum of the functional (3.2). That is to
say, we have the following lemma.

Lemma 4.1. Under the assumption of Theorem 2.1 or 2.2, there exists u∗ ∈ D+ such that

J(u∗) = m = inf
v∈D+

Jλ(v) = inf
v∈D

J(v).

Proof. By the range of the parameter γ, we have three cases to consider.

Case 1. 0 < γ < 1. In this case, it follows from (3.1) and (3.2) and the definition of G that

J(u) =
a
2
∥u∥2 +

b
4
∥u∥4 +

λ

p + 1

∫
Ω

|u|p+1dξ −
1

1 − γ

∫
Ω

g(ξ)|u|1−γdξ

≥
a
2
∥u∥2 +

b
4
∥u∥4 −

1
1 − γ

∥g∥∞

∫
Ω

|u|1−γdξ

≥
a
2
∥u∥2 +

b
4
∥u∥4 −C1∥u∥1−γ. (4.1)

By Remark 2.4 and Eq (4.1), we know that the functional J is coercive and bounded from below on
D = S 1

0(Ω). Hence, by (3.3), we may choose a sequence {un} ⊂ D+ such that

J(un)→ inf
v∈D+

J(v) = m (4.2)

as n→ ∞, which means that there exists 0 ≤ u∗ ∈ S 1
0(Ω) such that

un ⇀ u∗, in S 1
0(Ω),

un → u∗, in Ls(Ω), s ∈ [1, 2∗Q),
un(ξ)→ u∗(ξ), a.e. in Ω,

(4.3)

as n→ ∞. By the Vitali’s convergence theorem (see [23]) and Eq (4.3), it is easy to get

lim
n→∞

∫
Ω

g(ξ)|un|
1−γdξ =

∫
Ω

g(ξ)|u∗|1−γdξ. (4.4)

On the other hand, it follows from the Brézis–Lieb lemma (see [24]) that

∥un∥
2 = ∥wn∥

2 + ∥u∗∥2 + o(1) ≥ ∥u∗∥2 + o(1), (4.5)
∥un∥

4 = ∥wn∥
4 + ∥u∗∥4 + 2∥wn∥

2∥u∗∥2 + o(1) ≥ ∥u∗∥4 + o(1), (4.6)
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∥un∥
2∗Q
2∗Q
= ∥wn∥

2∗Q
2∗Q
+ ∥u∗∥

2∗Q
2∗Q
+ o(1) ≥ ∥u∗∥

2∗Q
2∗Q
+ o(1), (4.7)

where wn = un − u∗ and limn→∞ o(1) = 0. Then, it follows from (4.3)–(4.6) that for 0 < p < 2∗Q,

m = lim
n→∞

J(un)

= lim
n→∞

(
a
2
∥un∥

2 +
b
4
∥un∥

4 +
λ

p + 1

∫
Ω

|un|
p+1dξ −

1
1 − γ

∫
Ω

g(ξ)|un|
1−γdξ

)
≥

a
2
∥u∗∥2 +

b
4
∥u∗∥4 +

λ

p + 1

∫
Ω

|u∗|p+1dξ −
1

1 − γ

∫
Ω

g(ξ)|u∗|1−γdξ

= J(u∗) ≥ m. (4.8)

When p = 2∗Q, it follows from (4.4)–(4.7) that

m = lim
n→∞

J(un)

≥
a
2
∥u∗∥2 +

b
4
∥u∗∥4 +

λ

2∗Q

∫
Ω

|u∗|2
∗
Qdξ −

1
1 − γ

∫
Ω

g(ξ)|u∗|1−γdξ

= J(u∗) ≥ m. (4.9)

It follows from (4.8) and (4.9) that the statement of Lemma 4.1 is true if γ ∈ (0, 1).

Case 2. γ = 1. In this case, because a(x) ∈ L∞(Ω) and log s ≤ s for all s > 0, it follows from Eqs (3.1)
and (3.2) and the definition of G that

J(u) =
a
2
∥u∥2 +

b
4
∥u∥4 +

λ

p + 1

∫
Ω

|u|p+1dξ −
∫
Ω

g(ξ) log |u|dξ

≥
a
2
∥u∥2 +

b
4
∥u∥4 − ∥g∥∞

∫
Ω

|u|dξ

≥
a
2
∥u∥2 +

b
4
∥u∥4 −C2∥u∥ (4.10)

for every u ∈ D+, which implies that the functional J is coercive in D+. Therefore, we can choose a
sequence {un} ⊂ D+ such that (4.2) holds. Meanwhile, as in the proof of Case 1, we may assume that
there exists 0 ≤ u∗ ∈ S 1

0(Ω) such that (4.3) holds. It follows from infv∈D+ J(v) = m that the sequence{∫
Ω

g(ξ)G(|un|)dξ
}
=

{∫
Ω

g(ξ) log |un|dξ
}

is bounded, which implies that

lim sup
n→∞

∫
Ω

g(ξ) log |un|dξ < ∞.

It follows from the Fatou’s lemma (see [23]) and log |un| ≤ |un| for all n that

−∞ < lim sup
n→∞

∫
Ω

g(ξ) log |un|dξ ≤
∫
Ω

lim sup
n→∞

g(ξ) log |un|dξ =
∫
Ω

g(ξ) log |u∗|dξ < +∞,
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which proves that g(ξ) log |u∗| ∈ L1(Ω). That is, u∗ ∈ D+. Moreover, when 0 < p ≤ 2∗Q, it follows
from (4.3)–(4.7) that

m ≥ lim inf
n→∞

J(un)

≥
a
2
∥u∗∥2 +

b
4
∥u∗∥4 +

λ

p + 1

∫
Ω

|u∗|p+1dξ − lim sup
n→∞

∫
Ω

g(ξ) log |un|dξ

≥
a
2
∥u∗∥2 +

b
4
∥u∗∥4 +

λ

p + 1

∫
Ω

|u∗|p+1dξ −
∫
Ω

g(ξ) log |u∗|dξ

≥ inf
v∈D+

J(v). (4.11)

Hence, it follows from (4.11) that the statement of Lemma 4.1 is true if γ = 1.

Case 3. γ > 1. In this case, it follows from (3.2) and the definition of G that

J(u) =
a
2
∥u∥2 +

b
4
∥u∥4 +

λ

p + 1

∫
Ω

|u|p+1dξ +
1

γ − 1

∫
Ω

g(ξ)|u|1−γdξ

≥
a
2
∥u∥2 +

b
4
∥u∥4, (4.12)

for all u ∈ D+, which implies that J is coercive in D+. Therefore, we can also choose a sequence
{un} ⊂ D+ such that (4.2) holds. Meanwhile, as in the proof of Case 1, we may assume that there
is 0 ≤ u∗ ∈ S 1

0(Ω) such that (4.3) holds. Similarly, it follows from (4.3)–(4.7) and Fatou’s lemma
(see [23]) that

m ≥ lim inf
n→∞

J(un)

≥
a
2
∥u∗∥2 +

b
4
∥u∗∥4 +

λ

p + 1

∫
Ω

|u∗|p+1dξ +
1

γ − 1

∫
Ω

g(ξ)|u∗|1−γdξ

≥ inf
v∈D+

J(v), (4.13)

which implies that u∗ ∈ D+ and
J(u∗) = inf

v∈D+
J(v)

in the case γ > 1.
All in all, for any γ > 0, we may conclude that the statement of Lemma 4.1 is true. This completes

the proof of Lemma 4.1. □

4.2. Proof of Theorems 2.1 and 2.2

In this subsection, we shall give the proof of Theorems 2.1 and 2.2. First, let u∗ be obtained in
Lemma 4.1. In the following, we prove that u∗ is the unique solution of problem (1.1) under the
conditions of Theorems 2.1 and 2.2, respectively.

Proof of Theorem 2.1. First, we prove that u∗ is a solution of problem (1.1). Now, let ϕ ∈ S 1
0(Ω) with

ϕ ≥ 0 in Ω. Then, for any ε > 0, we claim that u∗ + εϕ ∈ D+.
In fact, when γ = 1, we have

G(s) = log s and log s < s

AIMS Mathematics Volume 11, Issue 5, 14474–14486.
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for all s > 0. Hence,

−∞ <

∫
Ω

g(ξ) log u∗dξ ≤
∫
Ω

g(ξ) log(u∗ + εϕ)dξ

≤

∫
Ω

g(ξ)(u∗ + εϕ)dξ =
∫
Ω

g(ξ)u∗dξ + ε
∫
Ω

g(ξ)ϕdξ

≤

∫
Ω

g(ξ)u∗dξ + ε∥g∥∞

∫
Ω

ϕdξ < +∞,

which means that u∗ + εϕ ∈ D+.
In addition, when γ > 1, we have u∗ + εϕ ≥ u∗ ≥ 0 and (u∗ + εϕ)1−γ ≤ u1−γ

∗ . Hence,∫
Ω

g(ξ)|u∗ + εϕ|1−γdξ ≤
∫
Ω

g(ξ)|u∗|1−γdξ < +∞,

that is to say, u∗ + εϕ ∈ D+. Therefore, for any γ ≥ 1, we have∫
Ω

g(ξ) (G(u∗ + εϕ) −G(u∗)) dξ ≤
a
2
∥u∗ + εϕ∥2 −

a
2
∥u∗∥2 +

b
4
∥u∗ + εϕ∥4 −

b
4
∥u∗∥4

+
λ

p + 1

∫
Ω

|u∗ + εϕ|p+1dξ −
λ

p + 1

∫
Ω

|u∗|p+1dξ. (4.14)

Letting ε→ 0, it follows from Fatou’s Lemma (see [23]) and (4.14) that∫
Ω

g(ξ)u−γ∗ ϕdξ ≤
(
a + ∥u∗∥2

) ∫
Ω

∇Hu∗∇Hϕdξ + λ
∫
Ω

up
∗ϕdξ (4.15)

for every ϕ ∈ H1
0(Ω), with ϕ ≥ 0.

Next, let ψ(t) = J(tu∗). Then, the function ψ ∈ C1((0,∞),R) holds, noting that tu∗ ∈ D+ for every
t > 0. Therefore, it follows from Lemma 4.1 that ψ(t) has a global minimum at t = 1, which means
that

0 = ψ′(1) = a∥u∗∥2 + b∥u∗∥4 + λ
∫
Ω

up+1
∗ dξ −

∫
Ω

g(ξ)|u∗|1−γdξ. (4.16)

Now, for all ϕ ∈ S 1
0(Ω), let

Ψ(x) = (u∗(x) + εϕ(x))+ , Ω1 = {x ∈ Ω : u∗ + εϕ ≤ 0}.

It follows from (4.15) and (4.16) that

0 ≤
(
a + b∥u∗∥2

) ∫
Ω

∇Hu∗∇HΨdξ + λ
∫
Ω

up
∗Ψdξ −

∫
Ω

g(ξ)u−γ∗ Ψdξ

= ε

{(
a + b∥u∗∥2

) ∫
Ω

∇Hu∗∇Hϕdξ + λ
∫
Ω

up
∗ϕdξ −

∫
Ω

g(ξ)u−γ∗ ϕdξ
}

−
(
a + b∥u∗∥2

) ∫
Ω1

∇Hu∗∇H(u∗ + εϕ)dξ − λ
∫
Ω1

up
∗ (u∗ + εϕ)dξ +

∫
Ω1

g(ξ)u−γ∗ (u∗ + εϕ)dξ

≤ ε

{(
a + b∥u∗∥2

) ∫
Ω

∇Hu∗∇Hϕdξ + λ
∫
Ω

up
∗ϕdξ −

∫
Ω

g(ξ)u−γ∗ ϕdξ
}

AIMS Mathematics Volume 11, Issue 5, 14474–14486.
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− ε

{(
a + b∥u∗∥2

) ∫
Ω1

∇Hu∗∇Hϕdξ + λ
∫
Ω1

up
∗ϕdξ

}
. (4.17)

Noting that meas(Ω1)→ 0 as ε→ 0+, dividing by ε and letting ε→ 0+ in (4.17), we get

0 ≤
(
a + b∥u∗∥2

) ∫
Ω

∇Hu∗∇Hϕdξ + λ
∫
Ω

up
∗ϕdξ −

∫
Ω

g(ξ)u−γ∗ ϕdξ

for every ϕ ∈ S 1
0(Ω). Hence, this inequality also holds equally well for −ϕ. Thus, we have

(
a + b∥u∗∥2

) ∫
Ω

∇Hu∗∇Hϕdξ + λ
∫
Ω

up
∗ϕdξ −

∫
Ω

g(ξ)u−γ∗ ϕdξ = 0 (4.18)

for every ϕ ∈ S 1
0(Ω). In addition, let ϕ1 ∈ S 1

0(Ω) be the first eigenfunction of the Kohn–Laplace
operator −∆H with ϕ1 > 0 and ∥ϕ1∥ = 1. Then, taking ϕ = ϕ1 in (4.2), one has∫

Ω

g(ξ)u−γ∗ ϕ1dξ ≤
(
a + ∥u∗∥2

) ∫
Ω

∇Hu∗∇Hϕ1dξ + λ
∫
Ω

up
∗ϕ1dξ < ∞, (4.19)

which implies that u∗ > 0 almost everywhere in Ω. If not, we have∫
Ω

g(ξ)u−γ∗ ϕ1dξ = ∞,

which is in contradiction with (4.19). Hence, by (4.18), we know that u∗ is a solution of (1.1).
Next, we prove that the solution of problem (1.1) is unique. In fact, assume that u∗ and v∗ are

solutions of problem (1.1). Then, we have∫
Ω

{(
a + b∥u∗∥2

)
∇Hu∗∇H(u∗ − v∗) + λup

∗ (u∗ − v∗) − g(ξ)u−γ∗ (u∗ − v∗)
}

dξ = 0, (4.20)∫
Ω

{(
a + b∥v∗∥2

)
∇Hv∗∇H(u∗ − v∗) + λvp

∗ (u∗ − v∗) − g(ξ)v−γ∗ (u∗ − v∗)
}

dξ = 0. (4.21)

Meanwhile, let

Φ(u∗, v∗) = ∥u∗∥4 + ∥v∗∥4 − ∥u∗∥2
∫
Ω

∇Hu∗∇Hv∗dξ − ∥v∗∥2
∫
Ω

∇Hu∗∇Hv∗dξ.

Then, it follows from (4.20) and (4.21) that

a∥u∗ − v∗∥2 + bΦ(u∗, v∗) + λ
∫
Ω

(up
∗ − vp

∗ )(u∗ − v∗)dξ −
∫
Ω

g(ξ)(u−γ∗ − v−γ∗ )(u∗ − v∗)dξ = 0. (4.22)

By Hölder’s inequality, we have

Φ(u∗, v∗) ≥ ∥u∗∥4 − ∥u∗∥3∥v∗∥ − ∥v∗∥∥u∗∥ + ∥v∗∥4

= (∥u∗∥ − ∥v∗∥)2(∥u∗∥2 + ∥u∗∥∥v∗∥ + ∥v∗∥2)
≥ 0. (4.23)
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It follows from (3.4), (4.8), and (4.9) that u∗ = v∗. In fact, by (3.4), one has∫
Ω

(up
∗ − vp

∗ )(u∗ − v∗)dξ ≥ 0 and
∫
Ω

g(ξ)(u−γ∗ − v−γ∗ )(u∗ − v∗)dξ ≤ 0. (4.24)

Hence, if a > 0, from (4.22)–(4.24), we have

∥u∗ − v∗∥2 = 0. (4.25)

If a = 0, from (4.22)–(4.24), we have Φ(u∗, v∗) = 0. Therefore, it follows from (4.23) that ∥u∗∥ = ∥v∗∥,
which implies that

Φ(u∗, v∗) = 2∥u∗∥4 − 2∥u∗∥2
∫
Ω

∇Hu∗∇Hv∗dξ

= ∥u∗∥2
(
2∥u∗∥2 − 2

∫
Ω

∇Hu∗∇Hv∗dξ
)

= ∥u∗∥2
(
∥u∗∥2 − 2

∫
Ω

∇Hu∗∇Hv∗dξ + ∥v∗∥2
)

= ∥u∗∥2∥u∗ − v∗∥2. (4.26)

Recalling Φ(u∗, v∗) = 0, it follows from (4.26) that (4.25) holds for a = 0. Therefore, in both cases, it
is easy to get u∗ = v∗. This completes the proof of Theorem 2.1. □

Proof of Theorem 2.2. As in the proof of Theorem 2.1, let u∗ be as in the Lemma 4.1, and prove that
u∗ is a solution of problem (1.1) under the conditions of Theorem 2.2. To this aim, we first consider
ϕ ∈ S 1

0(Ω) such that ϕ ≥ 0 in Ω and ε > 0. Recalling D = S 1
0(Ω) for 0 < γ < 1 by Remark 2.4, we then

have

D+ =
{
u ∈ S 1

0(Ω) : u ≥ 0 a.e. in Ω
}
,

which implies that u∗ + εϕ ∈ D+ and J(u∗ + εϕ) ≥ J(u∗). Therefore, for 0 < γ < 1, we have

a
2

(
∥u∗ + εϕ∥2 − ∥u∗∥2

)
+

b
4

(
∥u∗ + εϕ∥4 − ∥u∗∥4

)
+ λ

∫
Ω

(
(u∗ + εϕ)p − up

∗

)
dξ

≥
1

1 − γ

∫
Ω

g(ξ)
(
(u∗ + εϕ)1−γ − u1−γ

∗

)
dξ. (4.27)

Letting ε→ 0 in (4.27), it follows from Fatou’s Lemma (see [23]) that(
a + ∥u∗∥2

) ∫
Ω

∇Hu∗∇Hϕdξ + λ
∫
Ω

up
∗ϕdξ ≥

∫
Ω

g(ξ)u−γ∗ ϕdξ (4.28)

for every ϕ ∈ S 1
0(Ω), with ϕ ≥ 0.

Let ψ(t) = J(tu∗). Noting that tu∗ ∈ D+ for all t > 0, ψ ∈ C1((0,∞),R), and it has a global minimum
at t = 1; therefore,

0 = ψ′(1) = a∥u∗∥2 + b∥u∗∥4 + λ
∫
Ω

up+1
∗ dξ −

∫
Ω

g(ξ)|u∗|1−γdξ.

In the following, as in the proof of Theorem 2.1, we can conclude that u∗ is the unique solution of
problem (1.1). □
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4.3. Proof of Corollary 2.3

In this subsection, we prove Corollary 2.3. In fact, the proof is as in the proof of [18, Theorem 1.3].
Here, we give the details.

First, by Theorems 2.1 and 2.2, it is easy to get the uniqueness of solutions for problem (1.2) under
the conditions of Corollary 2.3. Second, let u be a solution of problem (1.2) and S denote a unitary
rotation in Cn. Set

uS(z, t) = u(Sz, t), ∀(z, t) ∈ Cn × R = Hn.

Because ∆H is invariant with respect to S and g(ξ) is cylindrically symmetric, we have

−∆HuS(z, t) = −∆Hu(Sz, t) =
g(Sz, t)
u(Sz, t)γ

− λu(Sz, t)p

=
g(z, t)

uS(z, t)γ
− λuS(z, t)p.

This means that uS is also a solution of (1.2). From this and the uniqueness of solutions, we conclude
that u = uS for any unitary rotation S in Cn. This is to say that the solution u is a function of
(|z1|, |z2|, · · · , |zn|, t). Meanwhile, problem (1.2) becomes

−(∆zu + 4|z|2∂ttu) = g(ξ)u−γ − λup, in Ω,
u > 0, in Ω,
u = 0, on ∂Ω.

(4.29)

Now, let R denote a real rotation around t-axis in R2n and uR(z, t) = u(Rz, t). Recalling that the operator
−(∆z + 4|z|2∂tt) is also invariant with respect to R, once again, by the uniqueness of solutions, we may
obtain that u(z, t) = u(Rz, t) for any rotation R in R2n. This means that u is cylindrically symmetric.
Furthermore, if

g(|z|, t) = g(|z|,−t) and Φ(|z|, t) = Φ(|z|,−t),

it then follows from the same reason that u(|z|,−t) = u(|z|, t). This completes the proof of Corollary 2.3.

5. Conclusions

In this study, we employ the minimax method and certain analysis techniques to establish the
uniqueness of solutions to problem (1.1). Furthermore, under some necessary structural conditions,
we deduce that the solution to problem (1.2) is cylindrically symmetric. The obtained conclusion has
extended and improved the relevant results of the existing literature.
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