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Abstract: This paper analyzes the global dynamics of an Human Immunodeficiency Virus (HIV)
delay model which incorporates cytokine enhancement and three saturated incidence rates. Based on
the distinct thresholds of two reproduction numbers, we establish the existence of both immunity-
inactivated and immunity-activated equilibria. Furthermore, the global attractivity of all three
equilibria is rigorously established through constructing Lyapunov functionals. Our simulations
demonstrate the following: (i) enhanced virus-cell saturation demonstrates a superior efficacy over
the saturation effect of inflammatory cytokines in driving systemic parameters toward Acquired
Immunodeficiency Syndrome (AIDS) amelioration; (ii) immune saturation can critically impair anti-
HIV defense mechanisms; (iii) increasing the virus-cell saturation levels significantly neutralizes the
adverse effects of immune saturation on disease progression; and (iv) time delays exhibit therapeutic
benefits within an optimal range, with diminishing returns beyond this threshold. These results suggest
both saturation parameters and time delays represent potential therapeutic targets for HIV treatment.
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1. Introduction

The Human Immunodeficiency Virus (HIV) represents a major global public health challenge by
specifically targeting CD4+ T lymphocytes, thus leading to Acquired Immunodeficiency Syndrome
(AIDS) and severe impairment of host immune defenses [1, 2]. A critical manifestation of HIV
progression is the sustained decline in CD4+ T helper cell populations, which occurs through three
principal cell death pathways: apoptosis, necroptosis, and pyroptosis. Notably, pyroptosis, a caspase-
1-dependent inflammatory cell death mechanism, is the predominant form of CD4+ T cell death in HIV
infections. Doitsh et al. [3] demonstrated that pyroptosis accounts for up to 95% of CD4+ T cell loss,
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which is mediated by the cysteine protease caspase-1. This process establishes a pathogenic feedback
loop: Inflammatory cytokines such as IL-1β are released by pyroptotic CD4+ T cells, which then draw
significant amounts of uninfected CD4+ T cells towards the areas of inflammation. This chemotactic
response paradoxically expands the pool of target cells available for HIV infection, thereby amplifying
viral spread and accelerating immune system deterioration.

Recent advances have established pyroptosis as a predominant mechanism underlying HIV-induced
CD4+ T cell depletion, thus prompting the development of dynamic models that incorporate this
cell death pathway [4–6]. Moreover, upon pathogen invasion, the human body mounts an immune
response that is primarily divided into two branches: innate immunity and adaptive immunity [7, 8].
Most existing HIV modeling studies focus on adaptive immunity, which is comprised of the
Cytotoxic T Lymphocyte (CTL) immune response and the antibody-mediated humoral immune
response. References [9, 10] constructed and analyzed HIV dynamics models by incorporating
CTL responses, and systematically examined their dynamic behavior. Notably, Zhang et al. [10]
demonstrated that the Hopf bifurcation emerges at the immune-activated equilibrium. Furthermore,
Chen et al. [11] investigated a cytokine-enhanced viral infection model by incorporating both CTLs
and antibody immune responses. To investigate the role of CTL immune responses in HIV infection,
and motivated by the fact that distributed delays more accurately capture the biological realism of the
infection process, we previously developed a novel dynamical system that incorporated distributed
delays in [12], which is presented as follows:

ẋ(t) = λ − β1x(t)c(t) − β2x(t)v(t) − µx(t),
ẏ(t) =

∫ ∞
0

f1(τ)e−m1τ[β1x(t − τ)c(t − τ) + β2x(t − τ)v(t − τ)]dτ − (α + d)y(t) − py(t)z(t),
ċ(t) = σ

∫ ∞
0

f2(τ)e−m2τy(t − τ)dτ − qc(t),
v̇(t) = k

∫ ∞
0

f3(τ)e−m3τy(t − τ)dτ − γv(t),
ż(t) = ηy(t)z(t) − bz(t).

(1.1)

Here, x(t) and y(t) denote the concentrations of uninfected and infected CD4+ T cells at time t,
respectively. Moreover, the concentrations of inflammatory cytokines, viruses, and CTLs at time t
are denoted by c(t), v(t), and z(t), respectively. λ represents the productivity of uninfected cells, while
β1 and β2 describe the infection rates of uninfected cells mediated by inflammatory cytokines and free
viruses. The death rates of uninfected and infected CD4+ T cells are denoted by µ and d, respectively,
whereas q, γ, and b represent the clearance rates of inflammatory cytokines, viral particles, and CTLs.
Infected cells undergo additional pyroptosis-induced cell death at a rate of α. Meanwhile, σ, k, and
η describe the proliferation rates of inflammatory cytokines, viral replication, and CTLs, respectively.
The factor e−m1τ quantifies the survival probability of infected cells (via cytokines or viruses) during
the intracellular delay τ before productive infection. Meanwhile, e−m2τ and e−m3τ describe the fractions
of cytokines and virions, respectively, that remain active after their production delay τ.

In HIV infection models, the incidence rate function critically determines viral dynamics by
quantifying the probability of successful infections per contact between susceptible CD4+ T cells and
free virions. The infection rate between viruses and cells is often simplified to a bilinear form, but
this assumption is biologically unrealistic [13]. Viral transmission is regulated by multiple factors,
including the immune status of the host cells and the characteristics of the infecting virus. To more
realistically describe this process, the saturation incidence rate is widely employed as a functional
response to model the nonlinear contact between susceptible cells and free virions [14–17]. Notably,
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nearly all existing HIV dynamical models that account for pyroptosis adopt the bilinear incidence rate.
Furthermore, the time delays involved in HIV progression for most AIDS patients typically exhibit
finite distributed features. To systematically compare the respective roles of saturated incidence rates
associated with viruses and inflammatory cytokines during infection, this paper employs incidence
functions of the same structural form but with distinct parameter values for modeling and dynamical
analyses. In addition, to characterize the saturation effect of the immune response, we introduce a
saturation term into the immune function. Accordingly, we propose an improved dynamical model
that incorporates both saturated incidence rates and finite distributed delays as follows:



ẋ(t) = λ − β1 x(t)c(t)
1+mc(t) −

β2 x(t)v(t)
1+nv(t) − µx(t),

ẏ(t) =
∫ T1

0
f1(τ1)e−m1τ1β1 x(t−τ1)c(t−τ1)

1+mc(t−τ1) dτ1 +
∫ T1

0
f1(τ1)e−m1τ1β2 x(t−τ1)v(t−τ1)

1+nv(t−τ1) dτ1 − (α + d)y(t) − py(t)z(t),

ċ(t) = σ
∫ T2

0
f2(τ2)e−m2τ2y(t − τ2)dτ2 − qc(t),

v̇(t) = k
∫ T3

0
f3(τ3)e−m3τ3y(t − τ3)dτ3 − γv(t),

ż(t) = ηy(t)z(t)
1+ξz(t) − bz(t),

(1.2)

where T1 represents the upper time limit required for uninfected CD4+ T cells to become productively
infected following exposure to inflammatory cytokines and free virions. The parameters T2 and T3

denote the maximum time delays for the processes which span from the initial activation of infected
CD4+ T cells to the subsequent production of mature inflammatory cytokines and viruses, respectively.∫ T1

0
f1(τ1)e−m1τ1β1 x(t−τ1)c(t−τ1)

1+mc(t−τ1) dτ1 and
∫ T1

0
f1(τ1)e−m1τ1β2 x(t−τ1)v(t−τ1)

1+nv(t−τ1) dτ1 represent the total number of susceptible
cells that become infected through either inflammatory cytokine-mediated mechanisms or direct viral
infection, respectively, survive, and then convert into infected cells within the time interval [0,T1].
The term ηy(t)z(t)

1+ξz(t) is called the saturated CTL response function. m, n, and ξ are nonnegative constants.
Similarly to [12], for i = 1, 2, 3, let fi(τi) : [0,∞) → [0,Ti] be probability density functions with
compact support (i.e., fi(τi) ≥ 0 and

∫ Ti

0
fi(τi)dτi = 1). For notational convenience, we define the

following constants throughout this paper: k1 =
∫ T1

0
f1(τ)e−m1τ1dτ1, k2 =

∫ T2

0
f2(τ)e−m2τ2dτ2, and k3 =∫ T3

0
f3(τ)e−m3τ3dτ3.

The content of this study is presented in the following structure: Section 2 establishes the
boundedness and non-negativity of solutions, and provides existence conditions for the immune-
inactivated and immune-activated equilibria; Section 3 rigorously proves the global attractivity of
all three equilibria through the construction of appropriate Lyapunov functionals; in Section 4, we
not only apply numerical simulations to validate the stability properties of each equilibrium but also
systematically examine how variations in saturation constants and time-delay parameters affect the
system’s dynamic behavior; and finally, a comprehensive discussion of the study’s key findings is
presented in Section 5.

2. Preliminaries

Denote T = max{T1, T2, T3} and fix δ > 0. The initial condition for Model (1.2) is given by the
following:

ψ(θ) = (ψ1(θ), ψ2(θ), ψ3(θ), ψ4(θ), ψ5(θ)) ∈ C5
+ = {ψ ∈ C((−T, 0],R5

+)}, (2.1)
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where ||ψ|| = sup
θ≤0
|ψ(θ)|eδθ < ∞ , R5

+ = {(x1, x2, x3, x4, x5) : xi ≥ 0, i = 1, 2, 3, 4, 5}. Here, we require

that ψ(θ)eδθ is uniformly continuous for θ ∈ (−T, 0]. Thus, under initial condition (2.1), following
the fundamental theory of functional differential equations [18], Model (1.2) admits a unique solution
(x(t), y(t), c(t), v(t), z(t)) for all t > 0.

Theorem 2.1. (Positivity and boundedness) For Model (1.2) with initial condition (2.1), the solution
(x(t), y(t), c(t), v(t), z(t)) remains strictly positive and uniformly ultimately bounded for all t > 0.

Proof.

g(t, ψ) =



λ − β1ψ1(0)ψ3(0)
1+mψ3(0) −

β2ψ1(0)ψ4(0)
1+nψ4(0)−µψ1(0)∫ T1

0
f1(τ1)e−m1τ1

(
β1ψ1(−τ1)ψ3(−τ1)

1+mψ3(−τ1) +
β2ψ1(−τ1)ψ4(−τ1)

1+nψ4(−τ1)

)
dτ1 − (α + d)ψ2(0) − pψ2(0)ψ5(0)

σ
∫ T2

0
f2(τ2)e−m2τ2ψ2(−τ2)dτ2 − qψ3(0)

k
∫ T3

0
f3(τ3)e−m3τ3ψ2(−τ3)dτ3 − γψ4(0)

ηψ2(0)ψ5(0)
1+ξψ5(0) − bψ5(0)


.

Since ψi(0) ≥ 0 for i = 1, 2, 3, 4, we obtain g(t, ψ) ≥ 0. According to [19], for any ψ ∈ C5
+, the

solutions of Model (1.2) remain nonnegative on their maximal interval of existence. Now, we establish
the boundedness property. Focusing on the first equation of Model (1.2) leads to the following:

ẋ(t) = λ −
β1x(t)c(t)
1 + mc(t)

−
β2x(t)v(t)
1 + nv(t)

− µx(t),

which yields the inequality

x(t) ≤ x(0)e−µt +
λ

µ
(1 − e−µt).

Since the initial conditions in (2.1) are non-negative, we derive lim sup
t→∞

x(t) ≤ λ
µ
, thereby demonstrating

the boundedness of x(t). Define the following:

M(t) =
∫ T1

0
f1(τ1)e−m1τ1 x(t − τ1)dτ1 + y(t) +

p
η

z(t);

then, obtain the following:

Ṁ(t) ≤ λk1 − µ̃M(t),

where µ̃ = min{µ, α + d, b}. Consequently, we have the following:

M(t) ≤ M(0)e−µ̃t +
λk1

µ̃
(1 − e−µ̃t).

From the non-negativity conditions in (2.1), we conclude that lim sup
t→∞

M(t) ≤ λk1
µ̃

. Furthermore,

we obtain lim sup
t→∞

y(t) ≤ λk1
µ̃
, lim sup

t→∞
z(t) ≤ ηλk1

pµ̃ . Additionally, we obtain lim sup
t→∞

c(t) ≤ λσk1k2
µ̃q

and lim sup
t→∞

v(t) ≤ λkk1k3
µ̃γ

. Therefore, the system solutions x(t), y(t), c(t), v(t), and z(t) are uniformly

ultimately bounded for all t > 0. □
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Following the methodology described in [10], we calculate the basic reproduction number as

R0 =
λσβ1k1k2

µq(α + d)
+
λkβ2k1k3

µγ(α + d)
,

which denotes the average number of new CD4+ T cell infections that originate from one initially
infected cell when CTL responses are absent. Furthermore, the CTL immunity reproduction number
is formally defined as

R1 =
ηy1

b
,

which quantifies the expected number of secondary CTLs produced by one effector CTL throughout
its lifespan.

Model (1.2) admits an infection-free equilibrium, which is denoted by E0 = (x0, 0, 0, 0, 0) for x0 =

λ/µ. When R0 > 1, suppose that there exists an immunity-inactivated equilibrium E1 = (x1, y1, c1, v1, 0)
in Model (1.2). Solving the equations in (1.2) yields the following:

c1 =
σk2y1

q
, v1 =

kk3y1

γ
, x1 =

(α + d)(q + mσk2y1)(γ + nkk3y1)
σβ1k1k2(γ + nkk3y1) + kβ2k1k3(q + mσk2y1)

.

Here, y1 is determined by solving F(y) = 0, where

F(y) ≜ σkk2k3M(µmn + N)y2 + [Mkk3q(β2 + µn) + Mγσk2(β1 + µm) − λσkk1k2k3N]y
+Mµqγ − λσβ1k1k2γ − λkβ2k1k3q,

with M = α + d, and N = β1n + β2m. Since F(+∞) = +∞ and F(0) = (α + d)µqγ(1 − R0) < 0
(where R0 > 1), F(y) = 0 possesses at least one positive root in (0,+∞). For the case of two distinct
real roots ỹ1 and ỹ2, Vieta’s formulas give the following:

ỹ1ỹ2 =
µqγ(1 − R0)

σkk2k3(µmn + β1n + β2m)
< 0,

which guarantees the existence of a unique positive root y1 > 0 that satisfies F(y1) = 0.
Assuming R0 > 1 and R1 > 1, Model (1.2) admits an immunity-activated equilibrium E∗ =

(x∗, y∗, c∗, v∗, z∗). Solving Model (1.2) yields the following:

c∗ =
σk2y∗

q
, v∗ =

kk3y∗

γ
, z∗ =

ηy∗ − b
bξ

, x∗ =
λ∆1∆2

σβ1k2y∗∆2 + β2kk3y∗∆1 + µ∆1∆2
,

where ∆1 = q + mσk2y∗, and ∆2 = γ + nkk3y∗. The value y∗ is determined by solving G(y) = H(y),
where

G(y) =
1
p

[
λk1(β2kk3∆1 + σβ1k2∆2)

σβ1k2y∆2 + β2kk3y∆1 + µ∆1∆2
− (α + d)

]
, H(y) =

ηy − b
bξ

.

Evidently, G(y) is strictly decreasing with respect to y, with G(y1) = 0 and G(0) = (α+d)(R0−1)
p > 0 (since

R0 > 1). H(y) is strictly increasing in y, which satisfies H(0) = −1
η

and H(b
η
) = 0. Under the condition

R1 > 1 (which implies y1 >
b
η
), there exists a unique intersection point y∗ ∈ (b

η
, y1) between the curves

G(y) and H(y). Based on the above analysis, the subsequent theorem can be established.

Theorem 2.2. (i) Model (1.2) always has a unique infection-free equilibrium E0 = (x0, 0, 0, 0, 0). (ii)
If R0 > 1, then Model (1.2) only has equilibria E0 and E1 = (x1, y1, c1, v1, 0). (iii) If R0 > 1 and R1 > 1,
then Model (1.2) has three equilibria E0, E1, and E∗ = (x∗, y∗, c∗, v∗, z∗).
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3. Global attractivity of equilibria

Due to the coupling of distributed delays, saturated incidence rates, and the high-dimensional nature
of the system, the local stability analysis of the equilibria in this model is mathematically challenging.
Therefore, we focus on proving the global attractivity of the equilibria by constructing appropriate
Lyapunov functionals and applying LaSalle’s invariance principle. For simplicity, we define the
auxiliary function F (ς) = ς − 1 − ln ς (defined for ς > 0). By direct calculation, F (ς) is strictly
convex with a unique critical point at ς = 1, thus implying F (ς) ≥ 0 and F (ς) = 0 only if ς = 1.

Theorem 3.1. Under the condition R0 < 1, the infection-free equilibrium E0 of Model (1.2) is globally
attractive.

Proof. The Lyapunov functional V1(t) is defined by the following:

V1(t) = k1x0F

(
x(t)
x0

)
+ y(t) +

(α + d)R′0
k2σR0

c(t) +
(α + d)R′′0

k3kR0
v(t) +

p
η

z(t)

+β1

∫ T1

0
f1(τ1)e−m1τ1

∫ t

t−τ1

x(s)c(s)
1 + mc(s)

dsdτ1 + β2

∫ T1

0
f1(τ1)e−m1τ1

∫ t

t−τ1

x(s)v(s)
1 + nv(s)

dsdτ1

+
(α + d)R′0

k2R0

∫ T2

0
f2(τ2)e−m2τ2

∫ t

t−τ2

y(s)dsdτ2 +
(α + d)R′′0

k3R0

∫ T3

0
f3(τ3)e−m3τ3

∫ t

t−τ3

y(s)dsdτ3.

By differentiating V1(t) along the solutions of (1.2) that remain strictly positive, while implementing
the parameter constraint λ = µx0, we derive the following:

V̇1(t) = k1

(
1 −

x0

x(t)

) [
λ −

β1x(t)c(t)
1 + mc(t)

−
β2x(t)v(t)
1 + nv(t)

− µx(t)
]
+

∫ T1

0

f1(τ1)e−m1τ1β1x(t − τ1)c(t − τ1)
1 + mc(t − τ1)

dτ1

+

∫ T1

0

f1(τ1)e−m1τ1β2x(t − τ1)v(t − τ1)
1 + nv(t − τ1)

dτ1 − (α + d)y(t) − py(t)z(t)

+
(α + d)R′0

k2σR0

[
σ

∫ T2

0
f2(τ2)e−m2τ2y(t − τ2)dτ2 − qc(t)

]
+

(α + d)R′′0
k3kR0

[
k
∫ T3

0
f3(τ3)e−m3τ3y(t − τ3)dτ3 − γv(t)

]
+

p
η

[
ηy(t)z(t)
1 + ξz(t)

− bz(t)
]

+
k1β1x(t)c(t)
1 + mc(t)

−

∫ T1

0

f1(τ)e−m1τ1β1x(t − τ1)c(t − τ1)
1 + mc(t − τ1)

dτ1

+
k1β2x(t)v(t)

1 + nv(t)
−

∫ T1

0

f1(τ1)e−m1τ1β2x(t − τ1)v(t − τ1)
1 + nv(t − τ1)

dτ1

+
(α + d)R′0

k2R0

[
k2y(t) −

∫ T2

0
f2(τ2)e−m2τ2y(t − τ2)dτ2

]
+

(α + d)R′′0
k3R0

[
k3y(t) − k

∫ T3

0
f3(τ3)e−m3τ3y(t − τ3)dτ3

]
= −

k1µ(x(t) − x0)2

x(t)
+
λk1

µR0

[
β1c(t)

1 + mc(t)
+

β2v(t)
1 + nv(t)

]
(R0 − 1)

−
λk1β1m(c(t))2

µR0(1 + mc(t))
−
λk1β2n(v(t))2

µR0(1 + nv(t))
−

pbz(t)
η
−
ξpy(t)(z(t))2

1 + ξz(t)
.
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Clearly, we have V̇1(t) ≤ 0 if R0 < 1. Moreover, V̇1(t) = 0 holds if and only if x(t) = x0, and
y(t) = c(t) = v(t) = z(t) = 0. Therefore, the maximal invariant set contained in {V̇1(t) = 0} is precisely
{E0}. Therefore, the global attractivity of E0 is concluded via LaSalle’s invariance principle. □

Theorem 3.2. Under the condition R0 > 1 and R1 < 1, the immunity-inactivated equilibrium E1 of
Model (1.2) is globally attractive.

Proof. The Lyapunov functional is given by the following:

V2(t) = x1F

(
x(t)
x1

)
+

y1

k1
F

(
y(t)
y1

)
+
β1H̃1c1

σk2y1
F

(
c(t)
c1

)
+
β2H̃2v1

kk3y1
F

(
v(t)
v1

)
+

p
ηk1

z(t)

+
β1H̃1

k1

∫ T1

0
f1(τ1)e−m1τ1

∫ t

t−τ1

F

(
H1(s)

H̃1

)
dsdτ1

+
β2H̃2

k1

∫ T1

0
f1(τ1)e−m1τ1

∫ t

t−τ1

F

(
H2(s)

H̃2

)
dsdτ1

+
β1H̃1

k2

∫ T2

0
f2(τ2)e−m2τ2

∫ t

t−τ2

F

(
y(s)
y1

)
dsdτ2

+
β2H̃2

k3

∫ T3

0
f3(τ3)e−m3τ3

∫ t

t−τ3

F

(
y(s)
y1

)
dsdτ3,

where H̃1 =
x1c1

1+mc1
, H̃2 =

x1v1
1+nv1

,H1(t) = x(t)c(t)
1+mc(t) , and H2(t) = x(t)v(t)

1+nv(t) . By determining the derivative of
V2(t) for the positive solutions of Model (1.2) and applying

λ = β1H̃1 + β2H̃2 + µx1, k1(β1H̃1 + β2H̃2) = (α + d)y1, k2σy1 = qc1, k3ky1 = γv1,

we obtain the following:

V̇2(t) =
(
1 −

x1

x(t)

) [
λ − β1H1(t) − β2H2(t) − µx(t)

]
+

1
k1

(
1 −

y1

y(t)

) [∫ T1

0
f1(τ1)e−m1τ1β1H1(t − τ1)dτ1

+

∫ T1

0
f1(τ1)e−m1τ1β2H2(t − τ1)dτ1 − (α + d)y(t) − py(t)z(t)

]
+
β1H̃1

k2σy1

(
1 −

c1

c(t)

) [
σ

∫ T2

0
f2(τ2)e−m2τ2y(t − τ2)dτ2 − qc(t)

]
+
β2H̃2

k3ky1

(
1 −

v1

v(t)

) [
k
∫ T3

0
f3(τ3)e−m3τ3y(t − τ3)dτ3 − γv(t)

]
+

p
ηk1

[
ηy(t)z(t)
1 + ξz(t)

− bz(t)
]

+β1H̃1

(
H1(t)

H̃1

− ln
H1(t)

H̃1

)
−
β1H̃1

k1

∫ T1

0
f1(τ1)e−m1τ1

(
H1(t − τ1)

H̃1

− ln
H1(t − τ1)

H̃1

)
dτ1

+β2H̃2

(
H2(t)

H̃2

− ln
H2(t)

H̃2

)
−
β2H̃2

k1

∫ T1

0
f1(τ1)e−m1τ1

(
H2(t − τ1)

H̃2

− ln
H2(t − τ1)

H̃2

)
dτ1

+β1H̃1

(
y(t)
y1
− ln

y(t)
y1

)
−
β1H̃1

k2

∫ T2

0
f2(τ2)e−m2τ2

(
y(t − τ2)

y1
− ln

y(t − τ2)
y1

)
dτ2

+β2H̃2

(
y(t)
y1
− ln

y(t)
y1

)
−
β2H̃2

k3

∫ T3

0
f3(τ3)e−m3τ3

(
y(t − τ3)

y1
− ln

y(t − τ3)
y1

)
dτ3
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= −
µ(x(t) − x1)2

x(t)
− β1H̃1

[
F

(
x1

x(t)

)
+F

(
1 + mc(t)
1 + mc1

)]
− β2H̃2

[
F

(
x1

x(t)

)
+F

(
1 + nv(t)
1 + nv1

)]
−
β1H̃1

k1

∫ T1

0
f1(τ1)e−m1τ1F

(
y1H1(t − τ1)

y(t)H̃1

)
dτ1 −

β2H̃2

k1

∫ T1

0
f1(τ1)e−m1τ1F

(
y1H2(t − τ1)

y(t)H̃2

)
dτ1

−
β1H̃1

k2

∫ T2

0
f2(τ2)e−m2τ2F

(
c1y(t − τ2)

c(t)y1

)
dτ2 −

β2H̃2

k3

∫ T3

0
f3(τ3)e−m3τ3F

(
v1y(t − τ3)

v(t)y1

)
dτ3

−
mβ1x1(c(t) − c1)2

(1 + mc(t))(1 + mc1)2 −
nβ2x1(v(t) − v1)2

(1 + nv(t))(1 + nv1)2 −
ξpy(t)(z(t))2

k1(1 + ξz(t))
+

pbz(t)
k1η

(R1 − 1).

Therefore, we have V̇2(t) ≤ 0. Moreover, the equality condition is satisfied if and only if x1
x(t) =

y1H1(t−τ1)
y(t)H̃1

=
y1H2(t−τ1)

y(t)H̃2
=

c1y(t−τ2)
c(t)y1

=
v1y(t−τ3)

v(t)y1
=

1+mc(t)
1+mc1

=
1+nv(t)
1+nv1

=
c(t)
c1
=

v(t)
v1
= 1 and z(t) = 0. By simple

calculation, the maximum invariant set contained in {V̇2(t) = 0} is verified to be {E1}. Therefore,
LaSalle’s invariance principle is employed to demonstrate the global attractivity of E1. □

Theorem 3.3. Under the condition R0 > 1 and R1 > 1, the immunity-activated equilibrium E∗ of
Model (1.2) is globally attractive.

Proof. The Lyapunov functional V3(t) is constructed using the following expression:

V3(t) = x∗F
(

x(t)
x∗

)
+

y∗

k1
F

(
y(t)
y∗

)
+
β1H∗1c∗

σk2y∗
F

(
c(t)
c∗

)
+
β2H∗2v∗

kk3y∗
F

(
v(t)
v∗

)
+

p
ηk1

∫ z(t)

z∗

(1 + ξs)(s − z∗)
z(t)

ds +
β1H∗1

k1

∫ T1

0
f1(τ1)e−m1τ1

∫ t

t−τ1

F

(
H1(s)

H∗1

)
dsdτ1

+
β2H∗2

k1

∫ T1

0
f1(τ1)e−m1τ1

∫ t

t−τ1

F

(
H2(s)

H∗2

)
dsdτ1

+
β1H∗1

k2

∫ T2

0
f2(τ2)e−m2τ2

∫ t

t−τ2

F

(
y(s)
y∗

)
dsdτ2 +

β2H∗2
k3

∫ T3

0
f3(τ3)e−m3τ3

∫ t

t−τ3

F

(
y(s)
y∗

)
dsdτ3,

where H∗1 =
x∗c∗

1+mc∗ ,H
∗
2 =

x∗v∗
1+nv∗ ,H1(t) = x(t)c(t)

1+mc(t) , and H2(t) = x(t)v(t)
1+nv(t) . By evaluating the derivative of V3(t)

along solution trajectories of (1.2) and applying

λ = β1H∗1+β2H∗2+µx∗, k1(β1H∗1+β2H∗2) = (α+d)y∗+py∗z∗, k2σy∗ = qc∗, k3ky∗ = γv∗, ηy∗ = b(1+ξz∗),

we derive the following:

V̇3(t) =
(
1 −

x∗

x(t)

) [
λ − β1H1(t) − β2H2(t) − µx(t)

]
+

1
k1

(
1 −

y∗

y(t)

) [∫ T1

0
f1(τ1)e−m1τ1β1H1(t − τ1)dτ1

+

∫ T1

0
f1(τ1)e−m1τ1β2H2(t − τ1)dτ1 − (α + d)y(t) − py(t)z(t)

]
+
β1H∗1
k2σy∗

(
1 −

c∗

c(t)

) [
σ

∫ T2

0
f2(τ2)e−m2τ2y(t − τ2)dτ2 − qc(t)

]
+
β2H∗2
k3ky∗

(
1 −

v∗

v(t)

) [
k
∫ T3

0
f3(τ3)e−m3τ3y(t − τ3)dτ3 − γv(t)

]
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+
p(1 + ξz(t))(z(t) − z∗)

ηk1z(t)

[
ηy(t)z(t)
1 + ξz(t)

− bz(t)
]

+β1H∗1

(
H1(t)
H∗1
− ln

H1(t)
H∗1

)
−
β1H∗1

k1

∫ T1

0
f1(τ1)e−m1τ1

(
H1(t − τ1)

H∗1
− ln

H1(t − τ1)
H∗1

)
dτ

+β2H∗2

(
H2(t)
H∗2
− ln

H2(t)
H∗2

)
−
β2H∗2

k1

∫ T1

0
f1(τ1)e−m1τ1

(
H2(t − τ1)

H∗2
− ln

H2(t − τ1)
H∗2

)
dτ

+β1H∗1

(
y(t)
y∗
− ln

y(t)
y∗

)
−
β1H∗1

k2

∫ T2

0
f2(τ2)e−m2τ2

(
y(t − τ2)

y∗
− ln

y(t − τ2)
y∗

)
dτ2

+β2H∗2

(
y(t)
y∗
− ln

y(t)
y∗

)
−
β2H∗2

k3

∫ T3

0
f3(τ3)e−m3τ3

(
y(t − τ3)

y∗
− ln

y(t − τ3)
y∗

)
dτ3

= −
µ(x(t) − x∗)2

x(t)
− β1H∗1

[
F

(
x∗

x(t)

)
+F

(
1 + mc(t)
1 + mc∗

)]
− β2H∗2

[
F

(
x∗

x(t)

)
+F

(
1 + nv(t)
1 + nv∗

)]
−
β1H∗1

k1

∫ T1

0
f1(τ1)e−m1τ1F

(
y∗H1(t − τ1)

y(t)H∗1

)
dτ1 −

β2H∗2
k1

∫ T1

0
f1(τ1)e−m1τ1F

(
y∗H2(t − τ1)

y(t)H∗2

)
dτ1

−
β1H∗1

k2

∫ T2

0
f2(τ2)e−m2τ2F

(
c∗y(t − τ2)

c(t)y∗

)
dτ2 −

β2H∗2
k3

∫ T3

0
f3(τ3)e−m3τ3F

(
v∗y(t − τ3)

v(t)y∗

)
dτ3

−
mβ1x∗(c(t) − c∗)2

(1 + mc(t))(1 + mc∗)2 −
nβ2x∗(v(t) − v∗)2

(1 + nv(t))(1 + nv∗)2 −
ξpy∗(z(t) − z∗)2

k1
.

Therefore, V̇3(t) ≤ 0. Furthermore, V̇3(t) = 0 if and only if x∗
x(t) =

y∗H1(t−τ1)
y(t)H∗1

=
y∗H2(t−τ1)

y(t)H∗2
=

c∗y(t−τ2)
c(t)y∗ =

v∗y(t−τ3)
v(t)y∗ =

1+mc(t)
1+mc∗ =

1+nv(t)
1+nv∗ =

c(t)
c∗ =

v(t)
v∗ =

z(t)
z∗ = 1. A direct calculation establishes {E∗} as the maximal

invariant set for {V̇3(t) = 0}. Through LaSalle’s invariance principle, the global attractivity of E∗ is
established. □

4. Numerical simulations

This section presents numerical simulations of the dynamical behavior of Model (1.2) through
MATLAB implementations. The model parameters, adopted from [12], are set as λ = 10, β1 =

0.0012, β2 = 0.001, µ = 0.1, α = 0.1, d = 0.75, p = 0.001, σ = 0.25, q = 0.1, k = 13, γ = 0.3, η = 0.33,
and m1 = m2 = m3 = 0.1, with initial conditions (50, 3, 60, 2, 450). The remaining parameters are
specified in the corresponding numerical simulations. For simplicity in numerical implementation
while preserving generality, we take T1 = T2 = T3 = T ∗ as identical delay parameters.

We begin our stability analysis by numerically confirming the global attractivity of the model’s
equilibrium points when the parameters are set as T ∗ = 2 and m = n = ξ = 0.005.

• The infection-free equilibrium E0: When β1 = 0.00012, β2 = 0.0001, and b = 0.32 (low-
transmission regime), the basic reproduction number is R0 = 0.4523 < 1. As shown in
Figure 1, the solution trajectories converge to E0(100, 0, 0, 0, 0), which is consistent with the
global attractivity result established in Theorem 3.
• The immune-inactivated equilibrium E1: When β1 = 0.0012, β2 = 0.001 (heightened

transmission), and b = 3 (increased viral infectivity), we obtain R0 = 4.5228 > 1 and
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R1 = 0.5975 < 1. Figure 2 numerically illustrates the convergence of solutions to the equilibrium
E1(45.9851, 5.4317, 12.3743, 214.3993, 0), thus validating the theoretical results in Theorem 4.
• The immune-activated equilibrium E∗: Maintaining the elevated transmission rates (β1 =

0.0012, β2 = 0.001) while reducing infectivity to b = 0.32 produces R0 = 4.5228 > 1 and
R1 = 70.7128 > 1. Figure 3 verifies the global attractivity of E∗ as concluded in Theorem 5, with
the corresponding steady-state values (54.283, 3.1067, 7.075, 122.633, 440.785).
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Figure 1. Phase portrait of Model (1.2) at infection-free equilibrium E0 (R0 < 1).
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Figure 2. Phase portrait of Model (1.2) at immune-inactivated equilibrium E1 (R0 > 1 and
R1 < 1).
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Figure 3. Phase portrait of Model (1.2) at immune-activated equilibrium E1 (R0 > 1 and
R1 > 1).

With the parameter b fixed at 0.32, we subsequently systematically investigate how variations in
saturation constants (m, n) and a time delay (T ∗) dynamically affect all system variables in Model (1.2).
Under the conditions of ξ = 0.005 and T ∗ = 2, we perform numerical simulations to analyze
how the system stability varies with the saturation constants m and n (Figure 4). The simulations
demonstrate that as the saturation constants (m or n) increase, the population of uninfected CD4+ T cells
(x(t)) exhibits differential growth patterns, whereas the strength of infected cells (y(t)), inflammatory
cytokines (c(t)), viral particles (v(t)), and CTLs (z(t)) all show consistent monotonic declines.

• With n fixed at 0.005, m increases from 0.005 to 0.5: x(t) only marginally increases by 3.91%
(from 54.2831 to 56.4052), whereas y(t), c(t), and v(t) exhibit synchronous decreases of 1.26%,
and z(t) demonstrates a slightly larger reduction of 1.83%.
• With m fixed at 0.005, n increases from 0.005 to 0.5: x(t) exhibits a dramatic increase of 80.57%

(from 54.2831 to 98.017). Meanwhile, z(t) is completely depleted (decreasing to zero), thus
indicating a more drastic elimination than the observed 94.4% reduction in y(t), c(t), and v(t).

Figure 4 shows that the saturation effect of inflammatory cytokine has minimal impact, whereas
virus-cell saturation is pivotal for HIV treatment and requires precise modulation.

With parameters fixed at T ∗ = 2 and m = n = 0.005 (Figure 5), numerical simulations demonstrate
that increasing the immune saturation parameter ξ (initially at ξ = 0.005) leads to a monotonic decline
in uninfected CD4+ T cell (x(t)) and CTLs (z(t)), whereas infected cells (y(t)), inflammatory cytokines
(c(t)), and the viral load (v(t))exhibit sustained growths. Remarkably, when ξ surpasses 0.5, all system
variables approach steady-state concentrations, becoming largely insensitive to further increases in
ξ. This behavior reflects an established equilibrium between viral replication and host immune
suppression, thus illustrating the underlying mechanism of persistent viral propagation alongside
compromised immune function during chronic infection.
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Figure 4. Phase portrait of Model (1.2) under different m and n.
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Figure 5. Phase portrait of Model (1.2) under different ξ.

When T ∗ varies from 2 to 100 under the fixed parameters m = n = ξ = 0.005, the simulations
in Figure 6 demonstrate that increasing time delays results in the following: (i) substantial growth
in uninfected CD4+ T cells (x(t)); and (ii) marked reductions in infected cells (y(t)), inflammatory
cytokines (c(t)), viral load (v(t)), and CTLs (z(t)). Notably, when the time delay exceeds 30 days (T ∗ >
30), all system variables reach a stable equilibrium with time-invariant concentrations. Numerical
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simulations suggest that such time delays could be leveraged as potential intervention targets for HIV
treatment. Furthermore, pharmacological modulation of these temporal dynamics may serve as an
adjunct to current antiretroviral therapies when the system achieves a stable equilibrium at T ∗ > 30
days.

Figure 6. Phase portrait of Model (1.2) under different T ∗.

Numerical simulations confirm that upregulating the immune saturation parameter ξ significantly
drives the system variables toward AIDS progression. In Figure 7, we further examine how increasing
either the saturation effect of the inflammatory cytokine parameter m or the virus-cell saturation n
under ξ upregulation affects the system dynamics at distinct time delays (T = 2 vs T = 20).

• T ∗ = 2: Increasing the parameter n while simultaneously raising ξ induces a reversal in the system
variable concentrations, thereby shifting the trend toward disease improvement.
• T ∗ = 2: Simultaneously increasing the parameter m with ξ produces a distinct system response:

only uninfected target cell concentrations exhibit minor variations, while other variables remain
essentially unchanged.
• T ∗ = 20: Increasing time delay induces rapid shifts in the system variables toward AIDS

improvement. While raising the parameter ξ leaves these concentrations virtually unchanged,
a simultaneous increase in n further enhances this therapeutic trend across all variables.

The numerical simulations of Figure 7 demonstrate that the saturation effect and time-delay
characteristics in viral dynamics significantly influence HIV disease progression. Clinical outcomes
may be significantly improved by combining viral saturation-targeting drugs with highly active
antiretroviral therapy (HAART) and immunomodulation, while dynamically optimizing treatments
based on time-delay characteristics.
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Figure 7. Parameter-dependent dynamics in Model (1.2): Effects of varying saturation
parameters and time delays on system variables.

5. Conclusions and discussion

In this study, we formulated a cytokine-enhanced HIV model which accounts for saturated
incidence rates and distributed delays. Through an analysis of distinct parameter regimes for the
basic reproduction number (R0) and immune reproduction number (R1), we established the respective
existence conditions for both the immune-inactivated and immune-activated equilibrium points. By
systematically constructing Lyapunov functionals, we successfully demonstrated the global attractivity
of all three equilibria.

Our numerical simulations confirm the global attractivity of all three equilibrium points under
different parameter regimes. Subsequently, we conducted a comprehensive analysis of how variations
in the saturation constants and time-delay parameters influence the dynamical behavior of the system
variables. Our simulations revealed that while the virus-cell interaction saturation predominantly
governs the system dynamics compared to the saturation effect of inflammatory cytokines in uninfected
CD4+ T cells, immune saturation simultaneously exerts a critical impairment on anti-HIV defense
mechanisms. Notably, infection delays demonstrate biphasic therapeutic effects, thereby maintaining
cellular homeostasis below a specific threshold but inducing pathological stabilization when exceeded.
Most significantly, we found that the targeted enhancement of virus-cell saturation can effectively
counteract these detrimental immune saturation effects.

The numerical simulations demonstrate that while an elevated saturation effect of inflammatory
cytokines moderately influence the concentration dynamics of system variables, these effects become
negligible when compared to the pronounced regulatory impact of the virus-cell saturation. This
computational evidence strongly supports the clinical observation that pyroptosis remains particularly
challenging to modulate in HIV treatment. These findings are consistent with [20], which indicates
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that pyroptosis may still be triggered in virally suppressed patients by persistent inflammation or T cell
receptor (TCR)-dependent antigen stimulation.

Our study demonstrates that the nonlinear saturation effects and time-delay characteristics in HIV
infection not only significantly impact the disease pathogenesis but also represent highly potential
targets for clinical intervention. These findings provide a theoretical foundation to optimize the
treatment strategies, thus highlighting the necessity of incorporating these dynamic features into
therapeutic design.
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