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Abstract: Capturing hesitation and uncertainty in decision-making (DM) problems remains a critical
challenge in many real-world applications. The picture fuzzy set (P-FS) model significantly represents
positive, neutral, and negative information, and interval-valued PFSs (IVVP-FSs) support additional
flexibility by enabling interval-based evaluations. However, these approaches may still lack the ability
to effectively model multilayered uncertainty and fluctuations of expert assessments. To handle such
situations, the proposed study established an innovative fuzzy approach that combines P-FSs, IVP-FSs,
and a radius parameter within a unified framework. The proposed model was termed cubic circular
picture fuzzy sets (CuCP-FSs). In this proposed approach, the combination of P-FSs and I\VVP-FSs was
crucial for capturing multilayered uncertainty, and the radius parameter represents the degree of
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reliability or fluctuations around the P-FS information. Several fundamental set-theoretic operations
were demonstrated for the proposed CuCP-FSs framework. Moreover, Bonferroni operational laws
were presented, and the corresponding aggregation operators (AOs) were designed to efficiently
integrate assessment information. The essential characteristics of the proposed AOs are also
investigated to ensure their validity. A multi-criteria decision-making (MCDM) technique was
constructed based on these developments within the environment of CuCP-FSs. The proposed
technique was employed for applications in the selection of quantum computing technology,
presenting the effectiveness and practicality of the proposed MCDM approach. Furthermore, a
comparative analysis with several existing fuzzy approaches was examined, which reflects the
robustness and reliability of the newly defined CuCP-FS model in presenting complex uncertain
information.

Keywords: innovative cubic picture fuzzy structure; score functions; Bonferroni operators;
decision-making; quantum computing technology
Mathematics Subject Classification: 03E72, 28E10, 90B50, 94D05

1. Introduction

Uncertainty and vagueness are crucial characteristics of many real-world DM situations. In
practical environments, experts frequently deal with problems where the assessments are imprecise,
incomplete, or effected by subjective judgments. Several various factors including dynamic
environmental conditions, conflicting expert judgments, and limited data make it difficult to
represent a DM problem based on precise numerical values. Therefore, traditional fuzzy-based
approaches based on exact data often fail in handling such complex DM situations. These challenges
are addressed by various uncertainty modeling approaches, among which fuzzy sets (FSs) [34],
proposed by Zadeh, offer a significant framework for analyzing and representing ambiguous or
vague information. The FS model enables experts to describe their assessments based on MS values
instead of strict binary classifications, and thus providing a more realistic and flexible modeling of
real-world DM problems. However, when the FS approach has been employed in many DM
problems, they only model the MS value and lack the ability to consider the non-membership (NMS)
value or hesitation. Therefore, the FS model limits the ability to deal with more complex shapes of
uncertainty. Later on, the intuitionistic fuzzy set (IFS) [4] approach was presented, which extends the
notions of FSs by restricting the sum of the MS value and NMS value to be at most one. IFSs are
very useful in many MCDM problems. Kumar et al. [21] presented the notions of Yager AOs within
the IFS environments and demonstrated their practical utility in MCDM problems. Boczek et al. [7]
proposed Choquet operators for IFSs and employed them for addressing real-world DM problems.
Singh et al. [30] utilized IF information to propose weighted geometric AOs and applied the
proposed approaches for solving MCDM problems. Garg and Kumar presented some modified
approaches based on the IFS framework for solar energy selection [14]. Furthermore, Liu et al. [24]
developed unified parametric divergence operators for Fermatean FSs and discussed its practical
applications in machine learning and intelligent DM. Furthermore, Liu et al. [25] established a new
approach of DM for addressing clustering problems within the complex Fermatean FS environments.

IFSs are still lack the ability to model neutral assessments, which are often faced in daily life
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evaluation processes. To further improve the modeling of uncertain information, P-FSs [11] were
designed by integrating positive, neutral, and negative MS values within in a single framework such
that their sum is at most 1. The P-FS approach facilitates experts to describe support, abstention, and
opposition simultaneously and thus contributes a more reliable expression of expert opinions. The
P-FS approach is commonly applied in many real-world applications. Chen and Hao developed some
innovative AOs for P-FSs [10]. They discussed the practical applications of the proposed AOs in
MCDM problems. Centillas et al. [9] employed P-FSs to propose Einstein AOs. They presented their
effectiveness by solving real-life applications. Bhattacharya and Pal proposed some new programing
approaches for P-FSs [6] and applied them for addressing real-world DM problems. Mishra et al. [28]
designed an innovative DM approach for solving MCDM problems within the P-FS environments.
Zhu [37] et al. presented innovative distance measures based on complex P-FSs and applied them for
addressing real-world applications. Li et al. [23] demonstrated real-life practical applications using
distance and similarity measures of P-FSs. However, in many DM problems, experts prefer to
represent their judgments using interval-valued information to address uncertainty rather than precise
numerical data. To overcome this limitation, the IVP-FS [16] was proposed, integrating
interval-valued positive, neutral, and negative MS values. I\VVP-FSs are crucial to represent imprecise
and incomplete information. They are applicable in many DM problems. Zhu and Liu designed several
new distance measures for I\VP-FSs and discussed their practical utility in daily life problems [35]. Ma
et al. [26] constructed a new MCDM approach for solving DM problems within the framework of
IVP-FSs. Gul and Sarfraz presented artificial intelligence approaches based on IVP-FSs and
demonstrated their applications in real-world DM problems [16]. Zhu et al. [38] established the
technique for order preference by similarity to ideal solution (TOPSIS) approach within the I\VVP-FSs
and applied them for addressing risk assessment problems. Cao and Shen discussed pattern recognition
problems based on similarity measures of I\VP-FSs [8]. Ma et al. [27] proposed the grass rating points
(GRP) method for evaluation processes within the environments of IVP-FSs. Khan et al. [19]
presented IVP-FS hypergraphs for applications of MCDM problems. Kishorekumar et al. [20]
demonstrated the notions of topological space within the IVP-FS framework and discussed their
practical applications in MCDM problems. Zhu et al. [36] established new distance measures using
P-FSs and I\VVP-FSs for solving diverse applications. Furthermore, advanced fuzzy frameworks are
employed to propose DM approaches for addressing MCDM problems. Kamran et al. [17] applied
Fermatean fuzzy rough sets to improve the confidence level of the DM method for solving real-life
practical applications. Kamran et al. [18] designed several optimization approaches for addressing
real-world applications using interval-valued Fermatean neutrosophic numbers.

Many uncertainty problems are multilayered in nature and therefore cannot be effectively
addressed using single-layered models. To address such multilayered uncertainty problems, cubic
P-FSs (CuP-FSs) [3] were proposed integrating the notions of P-FSs and I\VVP-FSs within a unified
framework. CuP-FSs are crucial in representing precise information, interval-valued assessments, and
multilayered uncertainty simultaneously. This approach is very useful for addressing higher levels of
uncertain DM problems. Tanoli et al. [31] demonstrated Einstein AOs for CuP-FSs. They solved
MCDM problems based on the proposed approaches. Al-Quran et al. [1] designed some new AQOs
based on CuP-FSs and employed them for handling real-world uncertainty problems. Ashraf et al. [2]
solved DM problems based on innovative AOs of CuP-FSs. Tanoli et al. [32] proposed geometric AOs
using CuP-FSs and highlighted their practical utility in real-life DM problems. Riaz et al. [29]
applied CuP-FS information to address supply-chain management problems.
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However, all these approaches lack the capability to model fluctuations or variability around the
reference assessment. To handle this limitation, a circular PFS (CP-FS) [33] model was proposed by
associating the radius parameter with the P-FS structure, allowing fluctuations or variability around
the reference assessment. This approach is crucial for solving MCDM problems. Gao et al. [15]
proposed a DM algorithm for real-life applications based on CP-FSs. Deng and Liu developed an
evaluations mechanism for solutions of physical health within the CP-FS environments [12]. Li and
Sun utilized CP-FSs to propose the MACROS method for solving MCDM problems [22].

This approach lacks the ability to model multilayered uncertainty. To overcome this limitation,
the proposed study demonstrates a new model integrating P-FSs, IVP-FSs, and the radius parameter
within a unified single framework, where the circular radius represents the fluctuations or tolerance
present in expert judgments. The proposed approach models precise, information, interval-valued
evaluations, multilayered uncertainty, and fluctuations around reference assessments simultaneously.
Figure 1 represents the base models, such as FSs [34], IFSs [4], P-FSs [11], and IVP-FSs [16], of the
proposed framework.

Cubic Circular Picture Fuzzy Sets

Interval-Valued

Picture Fuzzy Sets Picture Fuzzy Sets

L

Intuitionistic Fuzzy Sets Fuzzy Sets

Figure 1. Base models of the proposed framework.
1.1. Cubic circular picture fuzzy sets

Here, an innovative CuCP-FS model is introduced integrating the frameworks of P-FSs and
IVP-FSs together with the radius parameter in a unified single framework. The proposed model is
crucial for allowing experts to represent precise and interval-valued positive, neutral, and negative
MS degrees simultaneously, together with fluctuations or variability present in decision evaluations.
The proposed model extends the existing picture fuzzy-based frameworks, thus enhancing the
effectiveness and reliability of the DM process.

Let V be any non-empty universal of discourse. Then, a CuCP-FS .# on V is modeled as
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M= {(w <(uM (W), Vac (), 2 (W), ([umwwer(w), s PP (V)] [0 T (W), VPP (v)L)) : m> ve w}, (1)

[EM lower (V), S]V[um)er (\‘/)]
where for each v € V:
i.  The information (upr(v),var(v),€pc(v)) indicates a P-FS structure where

Uy (v), viar (v), €x0 (V) € [0,1] represent crisp positive, neutral, and negative MS values such
that 0 < uy (V) + vy (W) + g5, (V) < 1

3 T (W), g PP ()], [ T (W), g PP (),
[23¢1227 (¥), £ PP (V)]

IVP-FS where
[uac e (W), upc “PPET (W], [Vag YT (0), v MPPET (W), [Eac T (), €20 MPPET (V)] < [0,1]
represent interval valued positive, neutral, and negative MS values such that 0 <
Uy YPPET (W) + v UPPET (V) + €, YPP (V) < 1,

iii. 1) €[0,1] indicates the circular radius reflecting fluctuations or variability around P-FS
information.

The newly defined fuzzy structure integrates the advantages of P-FSs, I\VP-FSs, and a circular
radius-based uncertainty representation into a single unified framework. In CuCP-FSs, the picture
fuzzy information allows the simultaneous handling of positive, neutral, and negative MS values,
thereby providing reliable human judgment evaluation. The interval-valued representation further
improves the robustness of the proposed model by enabling these MS values to vary within bounded
intervals, representing real-world imprecision and ambiguity in expert opinions. Moreover, the
integration of a circular radius establishes an explicit way to deal with hesitation and local uncertainty
around the reference assessment. This parameter facilitates a geometric description of fuzziness,
where the radius parameter reflects the tolerance region of fluctuations around the assessed
information.  Therefore, the innovative CuCP-FS framework simultaneously handles
multi-dimensional uncertainty arising from linguistic hesitation, interval variability, and geometric
dispersion; making it a more realistic and comprehensive approach for complex DM problems. Table 1
reflects the distinguishing features and key advantages of the proposed model over existing
approaches.

ii. The information <[u ) defines an

Table 1. Distinguishing features and key advantages of the proposed model over existing

approaches.
Approaches/Key Positive Neutral Negative Interval-valued Cubic Circular
features MSvalue  MSvalue MS value representation  nature radius
FSs Yes No No No No No
IFSs Yes No Yes No No No
P-FSs Yes Yes Yes No No No
IVP-FSs Yes Yes Yes Yes No No
CuP-FSs Yes Yes Yes Yes Yes No
Proposed Model Yes Yes Yes Yes Yes Yes
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Note: Equation (1) can be simply written as:

M = {(v, (@ v, ), (13,81, [¢,d], [o, f1)); T)Iv € V), 0

1.1.1. Interpretation of the CuCP-FS model

The proposed CuCP-FS model can be interpreted as follows:
i) The information (u,v,€) in Eq (2) establishes reference evaluations.
ii) The interval-valued information ([a, 6], [¢, d], [e, f]) demonstrates uncertain assessments.
iii) The radius r reflects fluctuations around the reference evaluations (u, v, €).

1.1.2. Geometric interpretation of the proposed model

Geometrically, the proposed model (Figure 2) can be interpreted as follows:
i) Thetriplet (u,v,€) serves as a center;
ii) The interval-valued information ([a, 6], [¢, d], [e, f]) demonstrates a bounding box;
iii) The radius r facilitates a circular neighborhood around the reference evaluations (u, v, €).

2D Representation 3D Representation
Positive (P)
Positive Interval [p~, p™] 1

+
i ehdiusr P ]

Neutral Interval

Negative Interval [~, ¢*]

- s iV
q ' Radius r q ; Negav @

Figure 2. Geometrical shape of the proposed model.

1.1.3.  Special cases of the CuCP-FS model

i) If interval-valued information collapse with crisp information and r = 0, then the CuCP-FS
framework reduces to P-FSs.
i) If r =0, then the proposed model reduces to CuP-FSs.

1.2. Research gaps and motivations

Traditional FSs deal with uncertainty by associating each element a single MS value between 0
and 1. However, FSs play a significant role in addressing simple real-world uncertainty problems.
They often fail to capture NMS values or neutral assessments, which are common in daily life DM
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problems. IFSs improve the FS model by involving NMS values, enabling a more flexible model for
dealing with uncertain problems. This approach still lacks the ability to model neutral judgments,
which are frequently crucial when expert opinion is indecisive. P-FSs further improve the IFS model
by allowing a neutral MS value, contributing representation of positive, neutral, and negative
evaluations in a unified framework. However, P-FSs are unable to model interval-valued or higher
levels of uncertainty. Further, IVP-FSs were presented to improve the P-FS model by offering
interval representations for all three dimensions. But, the IVP-FS framework fails to represent
multilayered uncertainty, which often exists in real-world DM problems. To overcome this limitation,
CuCP-FSs were demonstrated to solve multilayered uncertainty problems. This approach combines
the frameworks of P-FSs and IVP-FSs within a unified single framework. However, all these picture
fuzzy-based approaches ignore the radius parameter, which is critical for representing fluctuations or
variability present in expert judgment. This gap can result to unreliable and unstable decision
outcomes. Motivated by this research gap, the proposed study demonstrates a new model, combining
the structures of P-FSs and IVP-FSs together with the radius parameter within a unified single
framework. The proposed approach is crucial for handling multilayered uncertainty and fluctuations
present in expert opinions simultaneously. Incorporating the radius parameter further improves the
expression of expert reliability, bridging the gap between theoretical modeling and practical DM. By
integrating P-FSs, IVP-FSs, and a radius parameter within in a single structure reduces the information
loss that occurs in single picture fuzzy-based models. Thus, the proposed approach enhances the
robustness, accuracy, and confidence of DM outcomes.

1.3. Major contributions

P-FSs and IVP-FSs are comprehensive fuzzy approaches that integrate positive, neutral, and
negative assessments in a single framework to handle uncertain information. CuP-FSs combine these
two approaches within a unified framework for representing multilayered uncertainty existing in
real-world DM problems. The key contributions of this paper are highlighted as follows.

1) The proposed work demonstrates a new model, called CuCP-FSs, integrating the frameworks

of P-FSs and IVVP-FSs together radius parameter in a single framework.

2) Several set theoretic operations for the proposed model are designed.

3) Ascore function for ranking alternatives is introduced within the CuCP-FS environments.

4) Some basic AOs, such as weighted arithmetic and weighted geometric are developed based

on CuCP-FSs.

5) Several key characteristics of the proposed approaches are investigated.

6) The proposed approaches such as score functions and AOs are employed to construct a DM

method for solving real-world uncertainty problems.

7) Apractical case study is solved based on the constructed DM algorithm.

8) A comparative study between the newly defined model and existing picture fuzzy-based

models is conducted.

1.4. Summary of the manuscript

The proposed work is briefly illustrated as follows. In Section 2, we review the basic models that
provide the foundation of the proposed work. Section 3 presents the new picture fuzzy-based model,

AIMS Mathematics Volume 11, Issue 5, 14412-14456.



14419

together with basic operations. Section 4 designs weighted arithmetic and weighted geometric AOs for
CuCP-FSs. In Section 5, we proposed an MCDM approach using the newly defined tools. Section 6
discusses their practical applications in real-world uncertainty problems. A comparative study between
the newly defined model and existing picture fuzzy-based models is conducted in Section 7. Section
8 contributes the conclusion of the proposed work.

2. Preliminaries

This section demonstrates the basic notions and mathematical structures crucial for defining the
proposed approaches. Here, we review the basic definitions including IFSs, P-FSs, IVP-FSs,
CuP-FSs, and CPFSs, which provide the theoretical foundation of the proposed study.

Definition 1. [4] The IFS framework T on a universe of discourse V is described as follows:

T ={v, (T (v),F (v)):v € V}, (3)

where Ty (v),Fg (v):V — [0,1] reflects MS and NMS values of the element v € V such that 0 <
Definition 2. [11] A P-FS framework M on a universe of discourse V is described as follows:

M = (9, (g (), Var (v), Eac (M))|V € V}, (4)

where u,,(v), var (v), exr(v): V = [0,1] indicates positive, neutral, and negative MS values of the
element v € V, such that 0 < uy, (V) + vy (V) + g (V) < 1
Definition 3. [33] A CP-FS framework M on a universe of discourse V is described as follows:

M = (v, (urr (V), Vae (V), €30 (V)i Tag) [V € V3, ()

where u,,(v), var (v), exr(v): V = [0,1] indicates positive, neutral, and negative MS values of the
element v € V and 1, reflects the circular radius around picture fuzzy information, such that 0 <
Uy (V) +vpr (V) + gp0(V) < 1

Definition 4. [16] An IVP-FS model < on a universe of discourse V is described as follows:

T- {(W <[u:l°wer(w),uz“wer(w)], [vzlowef(w,vzupp”(wn,)) ve v}, ©)

[gzlower (V), gzupper (W)]

where for each vVveEV |, [ug %" (v),ug*PPe(v)] ,  [vgloe(v), v*PPe" (v)]
[ectoweT (v), e PPeT (v)] < [0,1] reflects interval-valued positive, neutral, and negative MS values
such that 0 < uy “PPe7(V) 4+ v "PPET (V) + €, "PPe"(v) < 1.

Definition 5. [3] The CuP-FS model M on a universe of discourse V is described as follows:

= {(w ((uM<w>,vM<w>, £2(¥), ([um“’wer(v),umupp”(w)]. [vmwwef(v),vmuvver(w)],») ve w}, (7)

[SMlower (V), SW[upper (W)]

where for each v € V:

i) The information (1 (v), v (v), €5 (v)) indicates a P-FS structure, such that 0 <
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U (V) + viyr (V) + g5 (v) < 1,

Upp lower (W), uMupper (W)], [VMlower (W), vMupper (W)]
[eac ' (v), E2 P77 (V)]

IVP-FS such that 0 < 1, ¥PPeT (v) + v ¥PPET (V) + £5,YPPeT(v) < 1.

i) The information <[ > defines an

3. Cubic circular picture fuzzy sets

This section presents the innovative framework of CuCP-FSs. The CuCP-FS model extends the
P-FS theory by integrating P-FSs, IVP-FSs, and a circular radius within a unified single framework.
The proposed methods are crucial for handling precise information, interval-valued assessment,
multilayered uncertainty, and fluctuations around the reference assessment. Moreover, several basic
operations are demonstrated for the newly defined approach. The proposed approach can be
structured as follows:

Definition 6. Let V be any non-empty universal of discourse. Then, a CUCP-FS .# on V is modeled
as

= {(w ((uM (W), Vac (), E2e (W), ([um“)wer (W), 143 PP (WD), [V 2 (), v PP (w)L)) ; m) ve v], )

[EMlower (W), 8JV[uzaper (V)]
where for each v € V:
i) The information (up;(v), var(v),€2c(v)) indicates a P-FS structure where

Uy (V), viar (v), €2, (v) € [0,1] represent crisp positive, neutral, and negative MS values such
that 0 < uy, (V) + v, (V) + (V) < 1.

[uMlower (W), uMupper (W)] , [V]v[ lower (W), vMupPer (W)],
[SMlower (V), €5, 4PPT (v)]

IVP-FS where
[uac T (W), upg *PPET (W], [V OWET (W), v “PPET (W), [E2¢ 'O eT (V), €20 PP (V)] € [0,1]
represent interval valued positive, neutral, and negative MS values such that 0 <
Uy HPPET (V) + v HPPET (V) + €5,4PPET (V) < 1.

i) Ty € [0,1] indicates the circular radius reflecting fluctuations or variability around P-FS
information such that

i) The information < > defines an

max(|upe (v) — upe PP (W), [var (V) = v PP (W), leae (V) = &3 " PPET(W)]) < g

Note: Equation (1) can be simply represented as:

¢ ={(v (3,60 fot 1o, ) 7)1 €V ©®)
Note: In Eq (8), the pair

(W, <(um (W), Var (V), €3¢ (W), <

[uMlower (V), uMupper (W)], [V.Mlower (V), vMupper (V)],) o )
[EMlower (V), 2. 4PP7 (v)] M
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is termed as cubic circular picture fuzzy number. It can be simply written as

M = ((u,v,e),([36],[¢ dl, [o,fD; ). (10)
o _ (ug, vy, €1), _ _
Definition 7. Let M, = <<<[51; 51],EG1,1Cf1]1, [Q1:f1])>']r1> and M, =
<u2,V2,€2), . -
(<([5z, 6,1, [y, ], [Qz:fz])>']r2) be two CuCP-FSs, and then

) My =M, iff uy =u,,vy =vy, € =63, =3a,,b; =b,,6; =6, d; =d,, 01 =02, =
f,,andr; =1, forallv e V.
i) M, c, M, iff(r; =r, forallve V) and

(g <y, vy <V, €1 = €5,8; <83,b; <by 6 <6 dy <dz 00 20201 = 53),
V(U Sup, vy SV, €1 > 8,8 S A0y S by,6 S 6y, dy S dy01 > 0261 > £),
V(uy <uy, vy < Vy g > Ey,3a <Ay by < by e <6y dp <dy 0> 055 > 1)
i) M; c, M, iff (r; <r,forallv e V) and
Up = Uy, Vi = Vy, € = 8,8 = 8,01 = By,6) =65,y = d3,00 = 02,81 = [
V) M; cM, iff(r; <r,forallv € V); and
(uy <y vy <V, €1 = 85,8 <83,0) <by 6 <6 dy <dz 00 20201 2 53),
V(U Sup, vy SV, 8 > 85,8 S 4,0 S B,,6 S 6p,dy S dy,0; > 0,61 > f2),
V(uy <uy, vy < Vy g > 6,38 <Ay by < by e <6y dp <dy 0> 0551 > 1)
V) M; S M, iff(r; =1, forallveV) and
(U Sup, vy SV, €1 = 65,81 S 85,6 S by,6 <6, dy Sdy00 202,01 2 83),
V(U Sup, vy SV, 8 > 85,8 S 4,01 S B,,6 S 6p,dy S dy,0; > 0,61 > 62),
V(uy <uy, vy < Vy g > 6,38 <Ay by < by e <6y dp <dy 0> 0551 > 1)
vi) M; S, M, iff(ry <r,forallveV) and
Up = Uy, Vi = Vp, & = 83,8 = 83,01 = By,61 =65, dy = d3,00 = 02,81 = [
vil) M; € M, iff (r; <1, forallv € V) and

(g Sup, vy SV, 81 26,38 3,0 < by,6 <6y, dy < dy,01 20,1 213).

_ <€1, Vi 111>, .
Vil =M = <<([Q1' f1], [e1, d1], [A4, E’l]>> ’ H'1>-

AIMS Mathematics Volume 11, Issue 5, 14412-14456.
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(min(uy, uy), min(vy, v,), max(ey, €3)),
[min(a,, a,), min(b,, 6,)],

\ smin(r, T \
\ ([min(ey, 6,), min(dy, d;)],) / (T, a)

[
—

iX) Ml I_lmin

[max (o4, 01), max(fy, )]

[min(a,, a,), min(b,, z)

([min(eq, ¢1), min(dy, d3)], ) max(ry, ry) |-
[max (o4, 01), max(fy, )]

; min(rry, rz)).

(max(uqy,u,), max(vy, v,), min(eq, €,)),
xii) M, U < [max(a,, a;), max(b,, 2) ) max(ry, 1) |

( (min(uy,u,), min(vy, v,), max(gq, €5)),

[max(3,,a,), max(by, z)
([max(¢q, 61), max(dy, d3)],
[min(ey, 01), min(fy, £,)]

Xl) Ml I—'min

MZ = \
X) Mi Mpax My =
( (max(uy,u,), max(vy, vy), min(eq, €3)),
- \(
M, = ([max(¢q, 1), max(dy, d;)],
[min(e4, 01), min(fy, ;)]

_ (ug, vy, €1), ) _
Theorem 1. Let M, = <<([51, 6.1, [¢1, i1, [on, £.1) ;T and M, =

(uz, vy, €2),
<<([52’ 6,1, [y, ], [Qz:fz])> )be two CuCP-FSs, and then

) (M) = My;
i) My Nopin My = M My My
) My Moy My = My Nipax My
V) My Uppin My = My Ui My
V) My Umax My = My Upgy My
Proof. i) We have —M; = <<([Q1; f1]<€[1¢1V1dlu]1>[a1 61])> ; 1r1> this implies that —(=M;) =

(ug, vy, 1),
<<([51, b,], [e1, d1], [01, f1])> ) Thus, =(=My) = M;.
i) We have

AIMS Mathematics Volume 11, Issue 5, 14412-14456.
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mln

iii) We have

max MZ

iv) We have

mm MZ

v) We have

max MZ

AIMS Mathematics

(mm(u1 u,), min(vy, v,), max(s1 €5)),
[min(a,, a,), min(b,, b

\ ([min(g,, 63), min(dy, sz)]) /
\ [max (g4, 02), max(f;, f3)]

(((mm(uz ), min(v,, vy), max(ez €1))

;min(ry, 11'2)

min(3a,,a,), min(b,, b
([min(e,, ¢1), min(d,, d1
[max (03, 01), max(f,f;)]

;min(ry, Iy) Mmin M.

[min(3,,a,), min(by, 6,)],
([min(e,q, ;), min(dy, d,)],
[max (o4, 02), max(fy, £,)]

/‘\

min(a,,a,), min(b,, b
([min(e,, 1), min(dy,, Cfl
[max (02, 01), max(f3, 1)1

y max (11'2 11'1) Nmax M.

(min(uy,u,), min(vy, v,), max(g,, 82))>

((mm(uz ,Up), min(vy, vy), max(s2 €1)),

max(ry, ]1‘2))

max(a,,a,), max(b,, b
([max(eq, ¢;), max(dy, (fz

((max(u1 ), max(vy, vp), mm(sl €5)),
[min(ey, 02), min(fy, §7)]

;min(ry, Irz)\‘
J

max(a,,a,), max(b,, b

min(ry, 1) | = My Upin M.

([max(ey, ¢1), max(dy, Cfl

[min(oz, 01), min(f3, 1)1 )

((max(uz ), max(v,, vy), mm(sz €1)),

(max(uq,u,), max(vy, vy), mm(sl £5)),
[max(a,,a,), max(by, b
([max(eq, ¢,), max(dy, cfz)
[min(ey, 02), min(fy, §,)]

max(a,,a,), max(b,, b
([max(e,, ¢,), max(d,, dl
[min(ey, 01), min(f,, f1)]

;max(ry, 1) M Umax M;.

J
{ ;max(Ty, rz)w
\ J
(((max(uz ), max(v,, vy), mm(sz €1)) \
\ J
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_ <111; Vi 81)1 .
Theorem 2. Let My = <<([51 b,1, [61, di], [Q1:f1]>>'r1> | =

<u2'V21 82): . _ (113,\/'3, 83): .

(<<[az, 5ol en o} lon ) ”2)' nd M = <<<[53, bl len o) low ) ”3) e three
CuCP-FSs. Then

) (M Mpin M3) Mg Mz = My Mo (M M M3);

i) (M Mipax M2) Mipax Mz = My Mipax (M Mipax M),

i) (M Upin M3) Ui Mz = My Upin (M Uppin M3);

V) (M Upax M2) Upax Mz = My Upax (M Upax M3).
Proof. i) We have

(Ml Minin MZ) Minin M3

(min(uy, uy), min(vy, vy), max(gq, €5)),
[min(3a,,3a,), min(b4, b65)], . (uz, v3, €3), .

( ([min(e,, &,), min(dy, d)],) )'"”"(“'“2) ”mi”<(<[53,63],[cs,dgl,[gg,f3]>)'“3>
[max (o1, 02), max(f;, )]

([min(min((sl, Gz), G3), min(min(dl' dZ)! d3)]!)

(min(min(uy,uy),us3), min(min(vy, vy), vs), max(max(eq, €3), €3)),
( [min(min(a,, a,),as), min(min(b4, b,), b3)], ) min(min(ry, r,),T3)
[max(max (g4, 02), 03), max(max(f;, ), £3)]

/(min(ul, min(u,, u3)), min(vl, min(v,, v3)), max(sl, max (g, 83))),

[min(él, min(a,, 53)), min(bl, min(b,, 63))],

k ([min(ey, min(e,, €3)), min(dy, min(dy, d3))],) ) ; min(ry, min(r, r3)))

[max (g1, max(e,, 05)), max(f1, max(fz, fs))]

(min(uy, uz), min(v,, v3), max(e,, €3)),
= <(([é 6 (up Vi, E1>' ) ;11‘1> Momin ( [min(ﬁz, 53). min(bz, 53)]' ) s min(r, 11‘3)

I [e1, d1], [o1, §1]) ([min(e,, 63), min(dy, d3)],)
[max(e,, 03), max(f, f3)]

= My Mpin (MZ Minin M3)-
i) We have

(Ml I_Imax MZ) I_Imax M3

/ (min(uqy, u,), min(vy, v,), max(eq, €,)),
_ [min(élﬁ 52): min(bli 62)], . <113, V‘3' €3>' .
< ([min(ey, 62), min(dy, d)1,) )""“"(“1'“) ”max<(<[53.63].[cg,d3],[93,f3]>)'“3)
[max (o4, 02), max(fy,{,)]

/((min(min(ul, u,), u3), min(min(vy, vy), v3), max(max(gq, €5), €3)),

_ k [min(min(3,, a,),az), min(min(b4, b,), b3)], )-max(max(u‘l r,) 11'3))

([min(min(ey, 6,), 63), min(min(d;, d3), d3)],)
[max(max (g4, 0,), 03), max(max(f, {5, £3)]
AIMS Mathematics Volume 11, Issue 5, 14412—-14456.
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/ (min(ul, min(u,, u3)), min(vl, min(v,, V3)), max(sl, max(g,, 83))), \

_ [min(él,min(éz,53)),min(61,min(62, 63))], 'max(Ir max(t, T ))
([min(e1, min(e,, €3)), min(dy, min(dy, d3))],) ' v 273

k [max(gl,max(gz,Q3)),max(f1,max(f2,fg))] J

(min(uz, us), min(v,, vs), max (s, €5),
= <(<[5l, blg?félv,l&f]l,>iel,f1]>);IH) M ( ino ey im0 )"”‘”‘(”2'”3)
[max (o2, 03), max(fz, £3)]
= M Mpax (M5 Mgy M3).
iii) We have
(M Upnin M) Uppin M3

/ (max(uq,uy), max(vy, v,), min(gq, €5)),
— k( [max(a,, a;), max(by, 6,)],

. . ) <113,V3,S3>, .
([max(ey, e), max(dy, ,)]) ) min(ry, F2) | Umin <(<[53, bol Fen ) e 1) “3)
[min(o,, 02), min(fy, ;)]
(max(max(uy, uy), u3), max(max(vy, vy), vs), min(min(e,, €5), €3)),
_ [max(max(a,,a,),as), max(max(by, b5),b3)], . .
- ( (max(max(sy, &), ¢2), max(max(dy, ;). d;)]) )'ml”(m‘”(“’“)’“) '
[min(min(e4, 02), 03), min(min(f, £2), {3)]

(Ml I—lmin MZ) I—Imin M3

_ [max(a,, max(3,,33)), max(by, max(b,, b3))], min nC ))\‘
= ([max(ey, max(e,, ¢3)), max(dy, max(dy, d3))],) ;min(ry, min(r,, rs
\ [min(e1, min(ey, 03)), min(f, min(f,, £5))] /

((max(ul,max(uz,u3)),max(vl,max(vz,v3)),min(sl,min(sz,83))),

/ (max(u,,u3), max(v,, v3), min(e,, €3)), \
— <111, V1, Sl)! . . [max(éz' 53)' max(bZI 63)]5 . .
- <(<[al. Bl [61, ], [el.m)) ’ ”1> Hmin \( ([max(sy, 63), max(dy, d3)1) )'"“”(“2'“3) )
[min (o4, 03), min(f, f3)]
= My Upmin (MZ Umin M3)-

iv) We have

(Ml Umax MZ) I—Imax M3

/ (max(uy,uy), max(vy, v,), min(gq, €5)),
_ k( [max(3y,3,), max(by, b2)],

. (113,\/'3,83), .
([max(ey, 6,), max(dy, dy)]) ) smax(ry, r2) | Umax <(<[53, ol b i) Tonfal) “3>
[min(o4, 0,), min(fy, £,)]
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(max(max(uq, uy), u3), max(max(vy, vy), vs), min(min(e,, €5), €3)),
[max(max(a,,a,),a3), max(max(b,, b,), b3)],
([max(max (¢4, ¢,), 63), max(max(dy, d3), d3)],)
[min(min(e, 02), 03), min(min(fy, f2), f3)]

|
( (max(ul,max(uz,u3)),max(v1,max(v2,v3)),min(sl, (82,83))),

;max(max(ry,T,),T3) |

[max(;, max(3,,35)), max(b,, max(b,, b3))), . (52 ()
([max(ey, max(s,, ¢3)), max(dy, max(dy, d3))],) ; max(ry, (ry s

[min(Ql' min(gy, 03)): min(fl' min(fy, f3))]

/ (max(uy, u3), max(vy, v3), min(e,, €3)),
<u1) vll El)l

) [max(a,,as), max(b,, b3)], .
<([51' b,], [e1, d1], [91.f1])> ' 11‘1> e k ([max(G;G:). max(cfz, (f:)]'> ’max(rz,rs))

[min(e,, 03), min(fy, £3)]
= My Upgy (M3 Upgx M3).

_ (111, Vi, 81)' . =
Theorem 3. Let My = ((([51,61], [e;, d1], [Ql'fl])>,]r1> , e =

<u2'v2' €2>, . _ (113,V3, 83), .

<<([52: b,], [62, d2], [02, fz])> ’ E2>' and - M = ((([53, b3], [¢3, 03], [0, fs])) ’ ES) be  three
CuCP-FSs. Then

|) (Ml Minin MZ) Umin M3 = (Ml Uimin M3) MNmin (MZ Uimin M3);

“) (Ml I_lmin MZ) IJmax MS = (Ml IJmax M3) I_lmin (MZ IJmax M3);

“l) (Ml Mimax MZ) Umin M3 = (Ml Uimin M3) Mmax (MZ Uimin M3);

iV) (Ml I_lmax MZ) IJmax MS = (Ml IJmax MB) I_lmax (MZ IJmax M3);

V) (Ml Uimin MZ) Mmin M3 = (Ml Minin M3) Umin (MZ Minin M3);

Vi) (Ml IJmin MZ) I_lmax MS = (Ml I_Imax M3) umin (MZ I_Imax M3);

Vii) (Ml Umax MZ) Mmin M3 = (Ml Minin M3) Umax (MZ Minin M3);

Vl“) (Ml IJmax MZ) I_lmax M3 = (Ml I_Imax M3) IJmax (MZ I_lmax M3)-
Proof. The proofs of (i)—(viii) are straightforward, and hence are omitted.

Here, we present a result involving the aggregation mechanism that is crucial for converting n

CuCP-FNs into a single CuCP-FN. Specifically, this theorem is significant for the transformation of
multiple expert evaluations into a single assessment.

Theorem 4. Let

( (111; Vi, El)r ) . ( (112, V2, S2): ) . ( (un' Vi Sn)J ) .
{( <[51' 61]' [Gll Crl]' [QlJ fl]) ,> 4 < <[52; 62]' [GZ; sz]» [QZ' fz]) '> yn ( ([én' bn]r [Gn' Crn]' [Qn' fn]) ’>}

Ty I3 I
(u,v,€), ,
be a collection of n CuCP-FNs and then ( \([3, 6], [¢, d], [0, f])/’ | s @ CUCP-FN where u =
T
?=1ui,v — Z?=1Vi, e = 211‘1=1€i’ 3= Z?=15i, h = Z?=1bi’ c = Z?=1Gi, d= 2?=1di’ — Z?=1Qi, f — Z?=1fi’
n n n n n n n n n

and
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r= min{maxlsisn\/(u —u)2+(v—v)?2+(e—e)?+@—-3)2+B-06)2+(c—e)?+(d—d)?+ (e —0)*+ (—£)% 1}-

Proof. We have

n n n
i=14i + Zi=1vi + Zi=18i,

u+v+e=

Yic (uitvitey)
U+v4eg==i= 710
+v+ :

i=(1) _
o

ut+vte

n
—=1
n

Thus, u+v+e<1.
Similarly, b +d+f < 1.
Moreover, by the defined framework of r, it is clear that r € [0,1]. Therefore,

( (1, v,v), ) _
( ([a, 6], [¢, d], [0, f]) ) is a CuCP-FN.

iy

Definition 8. For any two CuCP-FNs Ml:((([é bguiévl&g]l)’[Q f]));n‘1> and M, =
11 1410 1351

(uz, va, €2), ) ) . .
- ;T |, the admissible order “<”, represented by “M; < M,”, IS
<<([az: b,], [62, d2], [02, £2]) 2 P Y ! 2

defined by
(r; <1, forallv e V) and
(u1 < U,, vy < Vo, €1 = 82,51 < 2712, 61 < 62, 61 < G2, dl < dZ!Ql = Qz,fl > fz)

However, this approach does not hold for all CuCP-FNs. For example, let M, =

(0.4,0.2,0.3), ) B ( (0.5,0.1,0.4), )
((([0.1,0.4], [0.2,0.3],[0.1,0.2))° * and Mz =1{\([0.3,0.5],[0.1,0.3], [0.1,0.2]))* *-8
indicate two CuCP-FNs, but here, the admissible order does not hold for M, and M. Thus, these
two CuCP-FNs are not comparable based on the proposed approach of admissible order. To compare

the CuCP-FNs, we convert the CuCP-FN into a single fuzzy value based on some other well-defined
structure.

(ug, vy, &),

Let M; = ((([ai, b:], [¢i, di], [0, §i])

discourse V and then

);ri> represents any CuCP-FN on a universe of

3+rj+uj+vi+a;+bi+e;+di—g;—0;—f; (11)
10 '

SE(M;) =

The proposed structure is said to be a score function of M;. It is constructed to convert the
CuCP-FN into a scalar value for ranking purposes. In the proposed development, the terms

AIMS Mathematics Volume 11, Issue 5, 14412-14456.
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u;,vi,4;, b, ¢, and d; reflect positive and neutral MS values, representing positively to overall
evaluations, whereas ¢;, 0;, and f; correspond to negative MS values, and are therefore subtracted.
The normalization factor that is divided by 10 is guaranteed to confine the proposed score function
within an interval [0,1], supporting significant ranking and comparison of alternatives. The proposed
framework fulfills key features such as monotonicity and boundedness, thereby contributing a
mathematically and rationally consistent basis for DM. Moreover, M; > M; if SF(M;) > SF(]V[]-)
for all j.

e e (ulivlrgl)) )
Definition 9. Let M, = ( x );r and M, =
! < ([a, 61], [61, d1], [04, £1]) ! 2
(( X 2, v2, £2), );rz) be two CuCP-FNs and w > O reflects any real number. Then
([a2, b2], [¢2, d2], [02, 1)

several fundamental Bonferroni operational laws for CuCP-FNs are presented as follows:
i) M; ® M,

1 1 1
(P, NP, (v, P. v, 0)BH, (g, P, £,9)PTa),
1 1 1 1 1 1 H
= <[(51p.éz““)p+q,(61“”.62“”““““]’[(Gl“”-cz“ﬂ)w.(cflp-dz“”w”“]'[(glp-eﬂm,(gﬂfﬁ)m%k ;
1
(ryP. )Pt

i) wM; © WM,
((wu,P. wuz“]l)mTl«n, (wv,P. wvz“ﬂ)@, (we,P. wez“ﬂ)@) ,
B ( ([(W%p-wézq)@, (wblp.wbzq)ﬁ],[(wclp.wczq)ﬁ, (wdlp.wdzq)@] ,) \
|wor?. wo, 7, (. w7,
(wrr,P. wrz“ﬂ)@
Theorem 5. Suppose My = (( (s, blg?iézl&fi)in, f1])) ; 1r1> and M, =

(uZ'VZ' 82)) ) )
- ;T, | are two CuCP-FNs and w > 0. Then
<(([az: b,], [62, d2], [02, £2]) 2

i) M; @ M, isaCuCP-FN;
i) wM; @ wM, isa CuCP-FN.

. _ (111;‘/1:81); . —
Proof. )] Let M, = <<<[51' b1, [ey, ], [prﬂ))']rl) and M, =

(uy, v, €2), ) )
- ;T, | be two CuCP-FNs and w > 0 reflects any real number. Then
<<([32' b2, [¢2, 021, [02, £21) 2 y

AIMS Mathematics Volume 11, Issue 5, 14412-14456.
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My © M,
1 1 1
/ (P 1 1)PH, (v Povp B)PH, (g, P g, )PHA),
’

- [\ @m0, .| rm. 975 @297 | o s m e, ) .
\ (ryP. Irz“ﬂ)ﬁ )

For the CuCP-FN, we need to prove that the sum of positive, neutral, and negative MS values in
picture fuzzy information is at most 1 and the sum of the supremum of positive, neutral, and negative
MS values in IVP-F information is at most 1. Further, the radius part could be in [0,1]. Since, 0 <
u+v,+e <1and 0<u,+v,+¢ <1, theny;? <u,,u1,9<u,,v;P <v,v,9<v,,gP <
€1,€,% < €,. This implies that 0 < u;P+v;P+&P <1 and 0 <u,17+v,9+¢,17<1. Thus,

1 1
0 <u,Pu,9+vPv,94+¢gPe9<1 and hence 0 < (uyP.u,Mptra + (v Pov, D)pta +

1
(g,P.g,Mr+a < 1.
1 1 1
Similarly, we can prove that 0 < (b,".6,")r*a + (d,P. d,)e+a + (. f,Dp+a < 1.

Also since ry,r, €[0,1], then r;.r, €[0,1]. But r,P<r;, and r,%<r, therefore
1

r,P.r,% € [0,1], and hence (r;P.r,Mr+a € [0,1]. Thus, the Bonferroni operation M; @

M, is a CuCP-FN.
ii) The Proof of (ii) is same and hence is omitted.

_ (ug, vy, 1), ) ) —
Theorem 6. Suppose M, = <<([51, 6.1, [¢0, i1, [ow, £.1) ;T and M, =

(uy, vy, €3), ) )
- ;T | are two CuCP-FNs and w > 0. Then
(<([az’ b,], [62, d2], [02, £2]1) 2

i) Ml @ Mz = Mz @ Ml; ii) WMl @ WMZ = W‘MZ @ WMl.
Proof. i) We have

M; © M,
a1y P 11,9555, (v P. v, 8)553, (£, P. £,9)7+3) \
= k<<[(al‘”- 3,779, (61°. 6,7 . Cea®. €775, (6, D7 [P, 02775, 5, ” fﬂ)ﬁ])) ;)
(r,P. 1,07
/ ((u, ulp)ﬁ, (v, vlp)@, (g, slm’)@), \
| ([(52““. 51“”)@ (6, 61“”)ﬁ] , [(Gz“ﬂ. cﬂ@)ﬁ, (dﬁ.dﬁ)ﬁ] ) [(Qzﬂn. glp)m (£, flp)pqul]) ; |
\ (r, . 1,P)5% /
= M, ® M.

Thus,
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Ml @MZ=M2®M1.

il) The proof of (ii) is the same and hence is omitted.

I [e1, d1], [01, f11)

(uz, vy, €3), ) _ (uz, v3, €3), )
<(<[az, o) e . o ) ”2>' and Mz = <<<[53, 6] T o o)) “3> e three
CuCP-FNs and w > 0. Then
) My @ MR)OM; = MM, & Ms);
i) (WM; @ wM,) BwM; = wM; (WM, @ wMs;).
Proof. The proof is straightforward and hence is omitted.

Theorem 7. Let M, = <(([51 61<u1’v1’81)’ );]I‘l) , M, =

4. Cubic circular picture fuzzy aggregation operators

This section demonstrates Bonferroni mean operators (BMOs) within the CuCP-FS
environments. The BMOs are a class of AOs that are crucial for capturing interactions and
interrelationships among multiple decision attributes. Unlike simple arithmetic or geometric AOs,
which deal with attributes independently, BMOs integrate pairwise combinations of attributes. The
parameters p and q offer flexibility in controlling the impact of joint and individual contributions,
enabling adaptation to various DM situations. By incorporating interaction terms, the newly defined
operators improve discrimination among decision alternatives that show similar individual criterion
values but are distinct in joint behavior. Within the framework of CuCP-FSs, the proposed operators
describe each alternative by picture fuzzy information including a reference assessment, 1VP-F
information, and a radius parameter that denotes the fluctuations around a reference assessment. The
proposed BMOs contribute many advantages by capturing modeling interdependence and flexibility
through parameters, preserving picture fuzzy -characteristics, facilitating nonlinear impacts,
addressing fluctuations around reference evaluations, and supporting multilayered uncertainty.

These BMOs for CuCP-FNs are presented as follows:

(uiivi' Si);
([éi! bi]' [Gi; d-i]f [

n CuCP-FNs. Then, the cubic circular picture fuzzy Bonferroni mean operator CUCPFBMO is a
map CuCPFBMO: M;" — M;, demonstrated as

Definition 10. Let M; = <( 0 fD);n‘i);i = 1,2,3,...,n, reflect a collection of
ir3i

CuCPFBMO (M, M, Mss, ..., M) =®™, M;,
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CuCPFBMO(M;, My, Ms, ..., M)
e e e
1 n P q p+q 1 n P q p+q 1 P q P+q
e DXT LR B e DX TSGR B e XIS ’
L#] L#] li]

_ 1 1
+q p+q
= P q
(n(n DleJi]l i a] ) (n(n 1)le]¢]1 > ,
i =S ;: ;
_ p+q p+q
n(n— 1)le]¢]1 i n(n- 1)2” 1d ’ ’
| N =
p+q
(n(n 1) Zl] 1@1 ) <n(n 1)211 11:1 f]

>_fq1
i%j i%j

where for each v € V:

I) (n(n 1)211 1ul

#j

1 1 1

pta - p+a M
;9] and mz” 13 .4 v 1)Zl]¢1 reflect the
i#]

i#j
positive MS part of picture fuzzy information and interval-valued picture fuzzy information,

respectively;
N I I
ptq pt+q pt+q
.q
v; and v 1)2” 16;P. oy 1)Zl,¢1 reflect
#j t#]

I) (n(n 1) ;
#]

1] 1vip-
the neutral MS part of picture fuzzy information and interval-valued picture fuzzy
information, respectively;

1 1 1
iii) v 1)211 18P g1 and v 1)211 10:P.0;% o 1)211 N reflect

the negatlve MS part of picture fuzzy mformatlon and mterval-valued picture fuzzy
information, respectively;

1
[ ) <n(n 1) l]]llrl

v) the parameters p and q indicate control parameters.

p+q
@> represents radius uncertainty; and

_ (0.4,0.2,0.1), |
M= ((([0.2,0.4], [0.1,0.3], [0.1,0_2])> ; 0-2>.

Example 1. Let M,

(0.2,0.5,0.1), . _ (0.3,0.1,0.3), |
((([0.1,0.3],[0.2,0.5],[o.1,0.2])>‘0'3>’ and Ml_((([0.2,0.5],[0.1,0.2],[0.2,0.3]))’0'5> be

three CuCP-FNSs. Then, for p,q = 1, we have
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CuCPFBMO (M, M, M)
1

1 1+1
<m((u1.u2) + (ug.u3) + (up.uy) + (Upu3) + (uzouy) + (u3.u2))) ’

-

1
1 1+1
<—3(3 - ((v1ve) + (v va) + (Vo vy) + (va.vs) + (vavy) + (v3.v2))> ,

1

1 1+1
<m((81- €,) + (g1.83) + (g5.81) + (g5.85) + (g5.8,) + (83_82))>

[
+|>—\

1

1
<m((51-52) + (3;.33) + (33.31) + (@5.a3) + (a3.a1) + (53-52))) ,

=

1 T+
<m((61- B2) + (b1.B3) + (b3.61) + (B, b3) + (b3.6,) + (B3, 52))> ;

1

1 1
<m((%-€z) + (61.63) + (62.61) + (62.63) + (63.61) + (63 cz))> ,

1

—1 1+1
1

1+1

1 1+
<m ((01-02) + (01.03) + (02.01) + (02.03) + (03.01) + (03.02)) )

1

—1 1+1
<3(3 -1) ((f1f2) + (f1.£3) + (£2. 1) + (£2-£3) + (£3.£) + (f3f2))>

1

—1 i+
<3(3 D ((ry.ry) + (ry.13) + (r3.19) + (r5.13) + (r3.19) + (1r3.1r2))>

=

After aggregating these three CuCP-FNs, we get

(0.2943,0.238,0.1528), )_0 3215
([0.1633,0.3958],[0.1291,0.3215],[0.1291,0.231])/" '

CuCPFBMO (M, M, M33) = <<
(g, vy, &),

([4;, 6], [es, i1, [

CuCP-FNs and w; > 0shows any real number such that ), w; = 1. Then, the cubic circular
picture fuzzy weighted Bonferroni mean operator CUCPFWBMO is a map CuCPFBMO: M;" - M;,
demonstrated as

Definition 11. Let M; = <( 0 f]));ri) ;1=1,2,3,...,n, reflect a collection of n
i3

CuCPFWBMO (M, My, M, ..., M) = B, w;. M;,
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CuCPFWBMO (M, My, M, ..., M)

1

1 P
I(l Z?IWZZU 1wlw]al a]

i#j

= 1
I(l S Dij=1 Wi ¢
=

i#j

1
I(WZ” 1 W; W]Ql. Q]

i#j
1
1=, wi?

where for each v € V:

) (= Zn Zu 1WWHL”” ;1 and e

ptq ptq

((1 Zf'lwzz” =1 WiWju- > (1 - 12” L ALY 1- Z?lwl i
i#j i#j
1 14
a pta ) pta

_r P pa

= Eflwzz” 1 W;w;b;". b;

l#]

L 17
P+q 1 p+q
1y WzZL] lwled d

=1

1

Zl] 1 WinEi]p. Ej

i%j

1 -

1
prq ) pra
- yn wf.P f.4
N\ 1o Wi221,1=1wlefl -f]
=1 i#j
; ]

ptq
n
i j=1 Wyw;r;P. ¥
i#j

i#]

1
p+q
Pz
Z” 1wwal a] 12?1 =

x
p+q
ql )

P
Zl] 1W,:ij)l‘ .b;

S
p+q
q
J

reflect the positive MS part of picture fuzzy information and interval-valued picture fuzzy

information, respectively;

.. T
II) (1 T lejijlw (WP qu> and I

1

n P
2 2 j=1 W;w;d;". d;

1

p+q
— Ly wwigP.¢d | ——
1‘2?:1 w;? 'lli_] J J 1_Zin=1 w;?

1
ptq
q

reflect the neutral MS part of picture fuzzy information and interval-valued picture fuzzy

information, respectively;

1

p+q
III) = Z" ZU 1ww;gP g and
]

ZL] 1 W;

1 n
1=, wi? L:J

1
p+q
ijip-qu - Zn

ZL] 1Winfip-fj

reflect the negative MS part of picture fuzzy information and interval-valued picture fuzzy

information, respectively;

1

p+q
1wiwjriﬂﬂ.mjﬂI) represents
i#j

iv) (1 T 2i=

radius uncertainty;

v) the parameters p and q indicate control parameters; and
vi) w; denotes positive weight vectors such that }i-; w; = 1.

(uirvi' 8')
aub ] [Gl’ ]

CuCP-FNs and w; > 0 shows any real numb
i) CuCPFBMO(M;, My, M, ..., M,,) is
i) CuUCPFWBMO(M;,, M,, M3, ..., M,,)

Theorem 8. Let M; = (( ([

er such that )i, w; = 1. Then
a CuCP-FN;
is a CuCP-FN.

[o; f]))mi);i =1,2,3,...,n, reflect a collection of n
ir3i

Proof. i) The principle of mathematical induction is employed for the proof of this theorem. This
principle states that the result is true for all n iff
il) The given statement is valid for n = 2.
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iii) By assumption, it is valid for n = k.
iv) The result is valid for n = k + 1.
Initially, we check the base condition. For n = 2, we have

CuCPFWBMO(M;, M)

1 1 1
(g P.uy Mypt, (voPLv, D)era, (g, P g, T)pra),
2 _t 1 1 1 t )
([(5lp- 52q)p+q'r (b,". bzq)pw] ’ [(Glp- g, Mr+a, (d,P. dzq)w] ’ [(01[[”- 0, Mr+a, (£, P fzq)“”ql])
1
(r(P. 1, 9)p+a
= ‘Ml @ Mz,

which is true by part (i) of Theorem 4.

Suppose the statement is valid for n =k, that is, CuCPFBMO(M;, M,, M5, ..., M}) is a
CuCP-FN.

Now, n =k + 1 implies that

CuCPFBMO(M;;, M, Mss, ..., Mj41) = CUCPFBMO(M, My, My, ..., M) D M1,

CuCPFBMO (M, My, M, ..., Mis1)
1 1 1

/ 5a pra ﬁ¢ﬁ\
k k k
| _ 1 Z P .4 _ 1 Z viP v 4 _ 1 Z gP g.d |
k(k—1) £ v "1 k(k—1) £ vl Nk(k=1)4a ’
Lj=1 i,j=1 i,j=1
\\ =)\ =) 2 )
. 1 1
p+q p+q
2P zq - P aq
D IR N B b e DI :
i,j=1 i,j=1
\ i#j / \ i#j /
- 1 1
p+q p+q
1 - 1 «
= - Pca _ P qa ,
TP B DR :
i,j=1 i,j=1
i%j i#]
1 1
p+q p+q
1 - 1 k
L Poa _ Pa
k(k — 1) Z 00 | k=D Z -5
i,j=1 i,j=1
i#j i#j
1
p+q
k
1 Z P q
Kk—1) £, "1
i,j=1
i#j
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(Mkt1) Vies1, Ekt1) )
® (<<[5k+1r Br+1l [ex+1, d1], [Ok+1s fk+1])) ’ ]rk“)

1 1 1
1 k 1 p+q _— p+q 1 k 1 p+q
T P 4.4 + <q1 — = vkt P c.q
k(k+1) ‘1 =11 Yj k(k+1)2” 1Vi¥. "\ k(ke+1) ” 18- ’
#j #j

1

- 1
1 K1 p+q 1 k 1 p+q
+1 2P zq + P A
a; .a; , b; 6 ,
k(k+1) ” 190 -9y k(k+1) =1

#Jj i#]j

1 4 ’

_ 1
p+q p+q
= 1 k+1 G G.q pre 1 k+1 d‘[@ d‘(q] o
k(k+1) U 1ei =) "\ k(k+1) U 1 ’
#j #j

1 1

1 vkt q o k+1 o
k(k+1) l] =10:". -Qj k(k+1) ZL] 1.fl f]
#j

Using the induction hypothesis and closure properties of the operator, the defining condition is
preserved. Therefore, the third condition is also valid for n = k + 1. Thus, the result holds for all n
and hence, CuCPFBMO(M;, M,, M3, ..., M;,,) is a CuCP-FN.

V) The proof of (ii) is the same and hence is omitted.

— (ul,Vl,E) ) . -
Theorem 9. Let M; = <<([5“ 6.1, [¢:, ], [os, £:1) ;1 )i =1,23,...,n, reflect a family

of n CuCP-FNs demonstrated on V such that for all M; = M, w; > 0 is any real number with
Yic1W; = 1.Then

i) CuCPFBMO(M;,, M5, M3, ..., M) =M

i) CuCPFWBMO(M;, M,, M, ..., M,) = M

. _ <uirvir€i)l ) R i
Proof. 1) Let Ml_<(([5i,5i],[6i,di], los £:]) ;1 ) i=1,2,3,...,n, reflect a family

of n CuCP-FNs demonstrated on V such that for all M; = M, w; > 0 is any real number with
Yic1W; = 1.Then
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CuCPFBMO(M;, M, M, ..

Z,] lul

i#]j

<n(n 1)

L My)

1
“]l
n(n-—
(n(n 1)

l-'.t]

l;t]
(n(n 1)2,] 1@1
i#]

1)2

i,j= 1Vl
i#j

1
+q
=Pz q
Zl] 1al a] ) (n(n 1)

1

M
n(n 1)

1

) <n(n 1) Z

1

a;] p+q
n(n- 1)2

Zl] 1

l;t]

Z,]l

i,j= 11:1 f]

l-'#]

1

>11»+«11

1 1

)]PH'Q]

1

-

ij=1E&".
i#j

-

-

1

p+q
g1 )

; n. r P Ir q P
n(n-1) ~W=100 0
i#]j
CuCPFBMO(M, M, M, ..., M)
1 1 1
q P J P 4 pr n P <q P
n(n- 1)2,] lu -u n(n- 1)Z,j—lv vV ) n(n_l)Zi,.j='1€ € )
i#j i#] 1#]
_ o e
1 zq p+q 1 n 6 6([]] p+q
w21 858 )\ R ’
i#j 1#]
u 1 - ;
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CuCPFBMO(M, M, M, ..., M)
1

<( ! .n(n-— 1)up+dﬂ)$ , ( ! n(n— ]_)V]P""@H)ﬁ’ (; n(n — 1)8p+q)m> )

n(n-1) nn-1)" n(n-1)

n(n-1) nn-1)

- [( LIy 1)gﬂﬂ+‘q1)“"71““, (———.n(n - 1)@“"’*“”)@_ :

n(n-1) n(n-1)

1 1 1
1 — 1ppta)rre (L _ 1\+q \Pra
[(n(n—l) ' n(n 1)0 ) ! (n(n—l) ’ n(n 1)fJID )
1
nn— 1)n‘1p+q)p+q

(n (nl— 1)

1 1 1
(Guprayins, (veayins, (eeess),

1 1 1 1 )

(o v, v covant, o v

( (u,v,€), ) .
= ([é, E)], [G, d], [Ql ﬂ) ")

([rlp)ﬂ]l)m
Ir

Thus,
CuCPFBMO(M, M, M, ..., M) = M.
ii) The proof of (ii) is the same and hence is omitted.

— <ul"vl"8i>' ) L _
Theorem  10. Let M, = <(<[éi» 6.1, [cs ], [os, £1) ;1 ) i=1,23,...,n, and G; =

i]' [cil dli]f [

and w; >0 such that u; <T;, v; <N, g =F;,a <a;,b; <b;,¢ <c,d; <d;, 0, 2v;,f; =
ff;, andr; < h; forall i. Then

i) CuCPFBMO(M;, My, M, ..., M) < CuCPFBMO(Gy, Gy, Gs, ..., Gy);

i) CuCPFWBMO (M, My, M3, ..., M) < CuCPFWBMO(G,, G, Gs, ..., Gy,).

<<([ (To, N, Fi), );hi); i =1,2,3,..,n be two collections of CUCP-FNs defined over V
a;, b vy, 1)

. _ (ui:vil 8l’)r ) . L —
Proof. i) Let M; = <<([éi' 6.1, [¢:, ], [0, £:1) ;T ) i =123, ..,n, and G, =

i]' [cil dli]f [wi! ﬁl])

and w; > 0 such that u; < Ti' v; < Ni' € = IFi,Z?:li < a, bi < lbi) 6 < Ci'di < (dli,Qi = Wi'fi = ﬂ:ii

andr; < h; for all i. Now, u; <T; implies that u,P.u9<T,”. T, and Xij-;u;P.u;% <
i#j

((([a lbmi’Ni' Fa). );lhli); i =1,2,3,..,n betwo collections of CuCP-FNs defined over V
i
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1 1

q pre P .a v Ty
ti=1 T;>.T;7. Thus, e ZU 1111 u; 4 < v 1)ZU 1 T;P.T; . Similarly, the

li]

p+q
inequalities v; < N;andg; > F; imply that <ﬁ Li=1 vilp)_vj“ﬂ> <
i+j

1 1 1
P q Phe M q pta
e 1)211 1 NP N; and j v 1)211 1P . The same

procedure can be followed for IVP-F mformatlon.
Also, 1; <h; implies that r;P.r;% < kP % and X2, 1P < XFo1 AP % Thus,

i#j i#j
1 1
(q1 p+q p+q
II'
n(n 1)21] 1 — n(n 1)21] 1
li]

The inequalities conclude that
CuCPFBMO(My, My, M, ..., M) < CuCPFBMO(Gy, Gy, G, ..., Gy).
ii) The proof of (ii) is the same and hence is omitted.

Theorem 11. Let M~ = ((([5_ b- (]u[ v 8] )[Q s ])) ‘) and Mt =

(( Qut, v, &™), )-r*) be collections of CuCP-FNs, where u™ = min(y;),v" =
([a%,6%], [¢*, d*], [o*, 1))’ ’ v
min(v;), € = max(g;),a~ = min(3d;) ,6~ = min(h;) ,¢~ = min(¢;),d” = min(d;),0” =
max(g;),f~ = max(f;),r” = min (r;) and u* = max(y;),vt = max(v;),e* = min(g;),a* =
max(a;) ,b% = max(p;) ,¢* = max(g;),dt = max(d;),o* = min(g;), " = min(f;), and r* =
max(r;). Then

) M~ < CuCPFBMO(M,, My, M, ..., M) < M+

i) M~ < CUCPFWBMO (M, My, M, ..., M) < M+,
Proof. Since u™ = min(y;) < max(y;) < u*, v~ =min(v;) < max(v;) < v*, et = min(g;) <
max(g;) < &7, &~ = min(3;) < max(3;) < a*, b~ = min(h;) < max(h;) < b*, ¢~ = min(g;) <
max(g;) < ¢, d” = min(d;) < max(d;) < d*, o* = min(g;) < max(g;) <o, ff = min(f) <
max(f;) <{~, and r~ = min(r;) < max(r;) < r*, then by the monotonicity property, we have

M~ < CuCPFBMO (M, My, M, ..., M) < M
M~ < CuCPFWBMO (M, My, M, ..., M) < M*.

5. Multi-criteria decision-making approach within the cubic circular picture fuzzy set
environments

In this section, we construct an MCDM approach based on the proposed BMOs and score

functions of CuCP-FSs. We initially demonstrate the significance of MCDM techniques in daily
problems.
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5.1. Significance of the MCDM approach in real-world applications

MCDM techniques play a significant role in solving daily life problems because real-life
decision applications involve assessing many competing criteria collectively. In practical
applications, policy-makers and organizations often make decisions using a single attribute rather
than involving multiple factors, enhancing the reliability and robustness of the decision. The
framework of MCDM contributes a systematic approach to analyze problems involving several
competing options. In many practical situations, people often face situations that need to balance
distinct criteria. In case of purchasing, a consumer may assess products based on brand reputation,
performance, price, and durability. Similarly, selecting a job opportunity or choosing a university
often require multiple criteria simultaneously. MCDM approaches are critical for modeling these
complex decisions by considering multiple criteria, assigning their importance, and systematically
ranking the possible alternatives. Therefore, MCDM techniques have been widely employed in
modern decision science, allowing organizations and individuals to handle increasingly complex DM
problems in a systematic and effective manner.

5.2. Significance of CUCP-FS model in MCDM

The proposed model combines P-FSs, IVP-FSs, and a radius parameter within a unified single
framework. The proposed approach has significant importance in MCDM because modern decision
problems involve multilayered uncertain information and varying levels of confidence in expert
opinions. The CuCP-FS model improves the representation of complex information by allowing
experts to describe their information through precise and interval-valued positive, neutral, and
negative MS values, which already contribute richer evaluations than the traditional IF models. The
proposed model is crucial in many cases where experts cannot offer precise information and instead
prefer to describe their evaluations as intervals. The proposed approach enables MS values to be
expressed as ranges by integrating I\VVP-FSs, and therefore capturing multilayered uncertainty present
in expert assessments. Furthermore, by integrating a radius parameter, the proposed framework
models the confidence levels or dispersion of expert opinions. As a result, the CuCP-FS model
improves MCDM techniques by allowing more expressive uncertainty modeling, enhanced
reliability analysis, and flexible integration of heterogeneous information.

5.3. Significance of the proposed AOs in MCDM

In MCDM problems, the alternatives are evaluated based on multiple decision criteria. The
integration of P-FSs, IVP-FSs, and a circular radius enables the establishment of more reliable and
robust AOs. The proposed BMOs can significantly combine multi-dimensional fuzzy evaluation
while preserving the structure of information, resulting to more accurate selection of alternatives.
Furthermore, the proposed BMOs are crucial for capturing the interrelationships or interactions
among the decision criteria. Thus, the proposed BMOs provide comprehensive approaches for
combining the information under different decision criterion.
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5.4. Decision-making method for solving MCDM problems

This subsection develops the steps of the proposed MCDM approach within the environment of
CuCP-FSs. The proposed BMOs and score functions are employed to construct the DM technique.
The following Figure 3 demonstrates the algorithmic flowchart of the proposed method.

Step 1.
Formation
of
Decision
Matrices
Step 2.
Step 5. Combining
Ranking of Multiple
Alternatives Expert
Evaluations
Decision-Making Approach
Step 4. Step 3.
Computing Applying
Score Proposed
Functions BMOs

Figure 3. Algorithmic flowchart of the proposed method.

Below is a detailed step procedure for evaluation of the possible alternatives within the
framework of CuCP-FSs.

Suppose a DM problem involves n alternatives, m decision attributes, and k experts. The key
objective of this DM process is to choose a most preferable choice among n possible alternatives
under uncertain information represented in the proposed framework. Suppose

. W= {ly,l,, .., W,} reflects a set of possible alternatives;

ii. £={%,%, ...,£,} represents a set of decision criteria;

ii. A={A,A,, ..., A} isthe set of experts; and

iv. wj,j € {1,2,...,m}, denotes the relative importance of m decision criteria where w; €

[0,1] and ¥, w; = 1.

Step 1. In Step 1, we arrange the evaluations of alternatives provided by multiple experts in the
shape of decision matrices. Each expert contributes assessments of possible alternatives under each
criterion £,j € {1,2,...,m}, using the P-FS and IVP-FS frameworks. Each expert A.t €
{1,2, ..., k}, designs a decision matrix that can be written as:
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®) @, @®
u ..’v ..,S s ,
DO =[d®,] = ( i t< ”t ”t ”)t . > ,
nxm (30,60 ], [¢®;, d© ], [Q( )£ )U]>
nxm
where n represents the number of alternatives, m represents the number of criterions, and (dl(t)ij
reflects the evaluation of alternative W; under criterion £ provided by the t-th expert. The

proposed decision matrix D® can be interpreted in tabular form as:

Table 2. Decision matrix constructed by expert A;.

Criteria(;)/ ¢ R ¢
Alternatives(li;) z " m

by d®,y d®, a d®
l, d®,, d®,, d®m
W, d® d®,, d® .,

Step 2. In Step 2, we employ an appropriate aggregation mechanism to combine the
information of multiple experts. This step combines different decision matrices provided by various
experts into a collective evaluation matrix. To compute the overall assessments of experts into a
single evaluation matrix, the following aggregation mechanisms are applied.

_ YK g _ YK v _ YK et
= V= ,g ==Lt
k k k

u

)

j o Zimade o Biabe o T o Beade z’t‘:let‘f: Sisife ang

k k k k'Q k k

= min {maxlstsk\/(u —u)?+ (v—v)2+(E—e)2+@—-3)2+(b—06)2+ (6 —6)? + (d—dp)? + (0 —0)* + (F— {2 1};

where ug, v, &, 3y, by, ¢, dy, 04, and f; denote the evaluation provided by the t-th expert, and
k represents the total number of experts. After aggregation of the overall assessment, we obtain a
single evaluation matrix, which can be demonstrated as

(ugj, vij, €ij), )
= (dl == - ; l .
D [ l]]nxm K(([éij, bij]; [Gij;dij]: [Qijffij]) Ir])]nxm

Step 3. In Step 3, we aggregate the collective evaluation matrix D by employing the proposed
BMOs. This step is crucial for converting the evaluations of alternatives under different decision
criteria into a single CuCP-FN. To aggregate collective evaluation matrix D, the following BMOs
are employed.
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Step 4. In Step 4, we compute the score functions of each alternative. The score functions play a
significant role by transforming fuzzy evaluations into comparable numerical values. This step is
crucial for the final ranking of alternatives. The proposed score function is given as follows:

SF(LLL) — 3+]I‘i+11i+Vl'+5i+:fl)(i)+ci+cfi—si—gi—fi.
Step 5. In Step 5, we rank the alternatives based on the computed score functions. The order of
alternatives could be established by U; > l;, where SF(ly) > SF(LLj). Thus, a larger score

function represents a better alternative.
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6. Case study

Here, the proposed technique is employed to address an illustrative example of an MCDM
problem involving the selection of the most suitable quantum computing (QC) platforms under
uncertain and imprecise information. The assessment data is illustrative in nature, demonstrating
typical DM situations in the deficiency of standardized raw datasets.

The rapid development of QC has provided new opportunities for handling complex
computational problems that are even impossible or difficult for classical computers. Technology
companies and research institutions are progressively allocating resources toward quantum
technology advanced breakthroughs in distinct areas such as artificial intelligence, optimization,
material sciences, and cryptography. However, many conflicting QC platforms exist, each with
different technological limitations and advantages. Experts frequently handle significant uncertainty
when assessing distinct hardware architectures because QC is still an emerging and evolving field.
Performance information may be insufficient, experimental results may differ across laboratories,
and the reliability of technology varies significantly among platforms. Therefore, the selection of a
QC platform becomes a crucial MCDM problem involving a higher level of uncertainty.

Suppose that I = {l,, by, Uz, L,} represents a set of four major QC technologies.

i) Superconducting qubits "l;": Currently, these qubits are one of the most advanced QC
technologies. This QC technology depends on superconducting circuits operating at extensively low
temperature to express quantum bits. Due to their compatibility with existing semiconductor
manufacturing techniques, major technology companies have heavily invested in this platform.

i) Topological qubits "l,": This QC technology is based on exotic quantum states that are
more inflexible to decoherence and noise. The significant advantages of this technology include
strong theoretical scalability, potentially very low error rates, and high reliable to environmental
disturbances.

iii) Photonic quantum computers "ls": This QC technology utilizes photons as qubits,
allowing information to be transmitted through optical systems. The key advantages of this
technology include operating at room temperature, an existing optical communication system, and
suitable quantum networks.

iv) Trapped lon Qubits "l,": This QC technology utilizes electrically charged atoms limited in
electromagnetic fields as qubits. These systems facilitate very high operational accuracy, highly
reliable quantum gates, and excellent coherence times.

In MCDM problems, the alternatives are evaluated under several conflicting criteria. The
following criteria are used to assess these alternatives effectively.

i) Qubits stability "£;": This criteria indicates the capability of a quantum system to support its
quantum state without decoherence. More reliable quantum computations create a system with
greater stability.

i) Scalability "£,": This criteria reflects the viability of increasing the number of qubits while
supporting system efficiency. Thousands or even millions of qubits are required for large-scale
quantum computers.

iii) Error rate "£;": This criteria reflects the possibility of computational errors during quantum
operations. For accurate quantum algorithms, lower error rates are required.
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iv) Cost of deployment "£,": Cost of deployment measures the financial investment needed to
build and support quantum hardware, including infrastructure such as specialized laboratories and
cooling systems.

v) Programming environment and software support "£5": A mature programming ecosystem,
including simulation tools, compilers, and development frameworks, is crucial for developers and
researchers to construct quantum algorithms.

Let = {ly,ly, lg, iy} represent a set of four alternatives (QC technologies) and £ =
{£1,%,,£3,£4, £5} reflect a set of five attributes that are used to evaluate these four alternatives. Let
A = {A4, Ay} indicate a team of experts, which provides the assessments of each alternative based on
their own experience. A team of experts assign the positive weight vectors to each criterion, which is
demonstrated in Table 3.

Table 3. Positive weight vectors to each criterion.

Criteria Weights
2 0.1
t 0.3
£ 0.1
£, 0.2
t5 0.3

To select a best QC technology among four potential technologies, the proposed algorithm is employed.
In this procedure, we employ CuCPFBMOs and CuCPFWBMOs to aggregate the information. The
computational steps of this procedure are given as follows.

Step 1. Step 1 arranges the information of alternatives supported by multiple experts in the
shape of decision matrices. Each expert contributes assessments of possible alternatives under each
criterion £, = 1,2,...,5, using the P-FS and IVP-FS frameworks. The decision matrices evaluated
by each expert A;,t = 1,2, are arranged in Tables 4 and 5:

Table 4. D-matrix provided by expert A;.

£/, £

(0.12,0.23,0.41), (0.32,0.06,0.17), (0.28,0.13,0.32), (0.08,0.3,0.25), (0. 35,0.1,0.4)

N < [0.1,0.22], )‘ < [0.3,0.4], )‘ l( [0.15,0.3], )\ ( [0.05,0.2], > ( [0.1,0.4], )
1 ([0.14,0.25]) [0.02,0.1] [0.08,0.23]) ([0.05,0.32]) ([0.08,0.15])
[0.2,0.45] [0.12,0.22] [0.1,0.35] [0.1,0.28] [0.25,0.43]
(0.3,0.2,0.15), [ £/(0.1,0.25,0.38), [ /(0.4,0.13,0.05), [ /(0.18,0.1,0.35), (0.4,0.2,0.24),
[0.23,0.32], 001012 [0.25,0.43], [0.13,0.2], [0.3,0.43],
(005023) [0.08,0.3] ([0.02,0.15]) ([0.08,0.14]) ([0.14,0.25])

[0.12,0.2] [0.22,0.4] [0.04,0.2] ] [0.1,0.4] [0.2,0.26] /.
(0.2,0.15,0.36), (0.3,0.2,0.06) (0 12,0.18,0.3),\ T (002005012) (02503014)
[0.12,0.24], [0.28,0.35], [008015 [001008 [0.14,0.3],
([01202]) ([0.18,0.25]) ( [0.1,0.25] ) [0.04,0.1] ([0.26,0.33])
[0.2,0.38] [0.08,0.16] [0.14,0.35] /1 [0.1,0.28] [0.1,0.2]
(0.05,0.23,0.32), (0 19,0.1,0.05), (03301302), 1 (012015022) (0.2,0.1,0.4),
[002012 [0.15,0.25], [025038 [007018 [0.14,0.25],
[0.2,0.29] ([0.08,0.22]) ( [0.1,0.21] ) ([0.07,0.19]) ([0.06,0.13])
025038 [0.02,0.15] [0.14,0.24] [0.14,0.3] [0.2,0.42]
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Table 5. D-matrix provided by expert A,.

£/l £ £, £ £, £
F 7/(0.08,0.2,0.35)\ 1 [ /(0.27,0.12,0.2)\7 [ /{0.33,0.1,0.27)\1 [ /(0.16,0.23,0.28),\ 7 [ /(0.29,0.13,0.31),
. ( [0.05,0.12], [0.22,0.32], [0.25,0.35], [0.12,0.23], ( [0.18,0.32],
1 ( [0.18,0.3] ) ([0.08,0.15]) ([0.08,0.13]) ([0.15,0.28] ) ([0.1,0.17] )
[\ [0.25,0.4] [0.16,0.26] [0.22,0.35] [\ [0.21,033] /Il L\ [0.28037]
r 7(0.22,0.32,0.25),\ 7 [ /(0.05,0.2,0.28)\7 [ /(0.34,0.23,0.1)\ 1 [ /(0.23,0.12,0.28),\ 7 [ /(0.32,0.23,0.14),
. ( [0.2,0.25], [0.01,0.1], [0.3,0.4], < [0.17,0.29], ( [0.25,0.33],
2 ([0.3,0.37]) ([0.1,0.23] ) ([0.2,0.25] ) ([0.08,0.16]) ([0.18,0.29])
[\ [0.21,03] /| [0.25,0.34] [0.07,0.12] [\ [0.23,037] /] L\ T[01,016]
r 7(0.14,0.23,0.31),\ 7 [ /(0.24,0.26,0.16))\ 1 [ /(0.22,0.1,0.25), r7/(0.1,0.2,0.22)\7 [ /(0.28,0.23,0.1),
. ( [0.1,0.17] [0.2,0.3], [0.18,0.25], < [0.05,0.18], ( [0.17,0.3],
3 ([0.2,0.27]) ([0.18,0.32]) ( [0.08,0.2] ) ([0.14,0.23]) ([0.2,0.32] )
[\ [0.1,038 /| [0.12,02] /] [0.2,0.37] [\ [0.1,03] /1 [\ [0.07,0.18]
- 70.12,0.28,0.35),\ 7 [ /(0.26,0.11,0.15)\ 1 [ /{0.4,0.1,0.25), (0.17,0.2,03)\1 [ /(0.27,0.13,0.33),
L ( [0.1,0.19], [0.19,0.3], [0.28,0.42], < 015024] [0.2,0.35],
4 ([0.23,0.32]) ([0.08,0.2] ) ([0.13,0.18]) [0.17,0.3] ([0.06,0.2])
[0.32,0.43] [0.12,0.25] [0.19,0.3] [0.24,0. 35 [0.2,0.35]

Step 2: In Step 2, we apply the aggregation mechanism given in Step 2 of the proposed

algorithm to combine the information provided in Tables 4 and 5. This step combines these two
decision matrices provided by experts A, and A, into a collective evaluation matrix. Table 6
represents the collective evaluation matrix.

Table 6. Aggregated values of overall assessements.

£/
N £, £ £ £, £
(0.1,0.215,0.38), (0.295,0.09,0.185), (0.305,0.115,0.295), (0.12,0.265,0.265), (0.32,0.115,0.355),
[0. 075017] [0.26,0.36], [0.2,0.325], [0.085,0.215], [0.18,0.32],
ly ([0.16,0.275] ([0.05,0.125]) ([0.08,0.18]) ( [0.1,03] ) ( [0.1,0.17] )
[0. 2250425] [0. 14024] [0. 16035] [0.155,0.305] [0. 280 37]
L 0.08 L L L 0.11 L
r//¢0.26,0.26,0.2), r/ /(0. 0750225033) r/ /¢0. 370180075) r//(0.205,0.11,0.315), r/ /(0. 360215019) !
[0.215,0.345], [0.01,0.11], [0.275,0.415], [0.15,0.215], [0 275,0.285],
L, ( [0.115,0.3] ) ([0.09,0.265]) ( [0.11,0.2] ) ( [0.08,0.15] ) [0.16,0.27] )
[0.165,0.25] [0. 235 0. 37] [0. 105 0 16] [0.165,0.385] 0. 15 0 21]
L 0.15 L L L 0.08 L .
(0.17,0.19,0.285), r/ /¢0. 27023011) r/ /¢0. 170140275) r / /(0.06,0.125,0.17),\ \ (0. 2650265012)
[0.11,0.205], [0.24,0.325], [0.13,0.2], [0.03,0.13], [0.155,0.3],
o ([0.16,0.235]) ([0.18,0.285]) ([0.09,0.225]) ([0.09,0.165]) ([0.23,0.325])
0. 15 0 38 [0. 1 0. 18] [0. 17 0 36] [0.1,0.29] 0. 085 0 19]
L L L L 0.14 /L
r/ /(0.085, 0 255 0.335),\ [/ /{0.225, O 105 0.1), r (0.365,0.115,0.225), r / /(0.145,0.175,0.26), r/ /(0.235, O 115 0.365), !
[0.06,0.155], [0.17,0275], | [0.265,0.4], [0.11,0.21], [0.17,0.3],
b, ([0.215,0.305]) ( [0.08,0.21] ) [’ ([0.115,0.195]) ([0.12,0.245]) ([0.06,0.165])
[0.285,0.405] [0.07,0.2] [0.165,0.21] [0.19,0.325] [0.2,0.385]
0.08 L 0.11 /L 0.07 L 0.12 0.09
Step 3. In Step 3, we aggregate the information provided in Table 6 by applying proposed

BMOs. The aggregation process is essential for transforming the overall assessments under distinct
decision criteria into single CuCP-F information. Table 7 reflects the aggregated information by
proposed BMOs.
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Table 7. Aggregated information by proposed BMOs.

Criteria( £ )/Alternatives . Aggregated Information by
Aggregated Information by CuCPFBMOs
(W) CuCPFWBMOs
(0.22,0.16,0.29), ] [/ /(0.239,0.147,0.282),
[0.156,0.276], \l [0.168,0.29],
l, ([0.096,0.207]) ([0.089,0.195])
[0.19,0.337] [0.191,0.323]
0.105 . L 0.11
(0.248,0.196,0.217),\ \ [/ /(0.227,0.196,0.239),
[0.178,0.269], ) [0.154,0.239],
U, ( [0.11,0.235] ) ([0.111,0.237])
[0.163,0.271] / [0.171,0.286]
L 0.124 . L 0.12
[ / /(0.183,0.188,0.188), ] [/ /(0.195,0.2,0.163),
( [0.129,0.229], ) ( [0.138,0.244],
U, ([0.148,0.245]) |’ ([0.159,0.256] )
[0.12,0.277] [0.109,0.248]
L 0.105 . - 0.09
[/ /(0.206,0.15,0.253),\ \ 1 r/ 7(0.21,0.14,0.241),
( [0.151,0.265], ) ( [0.154,0.268],
I, ([0.115,0.223]) ([0.101,0.213])
[0.179,0.302] [0.164,0.299]
0.094 h L 0.098

Step 4. The aggregated information provided in Table 7 is not comparable. Therefore, we
transform this aggregated information into numerical values. Step 4 computes the score functions of
each alternative using the information provided in Table 7. The score functions are crucial for the
final ranking of alternatives. Table 8 lists the score values of each alternative.

Table 8. Score values of each alternative.

Criteria( £ )/Alternative Score  values Based on Score values Based on

s(l;) CuCPFBMOs CuCPFWBMOs
ly 0.3664 0.3442

W, 0.3709 0.3588

s 0.3642 0.3762

ly 0.3475 0.348

Figures 4 and 5 reflect the individual score values by CuUCPFBMOs and CuUCPFWBMOs.
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Score Values based on CuCPFBMOs

0.38

0.36

0.35

0.34

0.33

o
s

Altern atives [

Figure 4. Score values by CUCPFBMOs.

Score Values based on CuCPFWBMOs

0.37
0.36
0.35
0.34

0.33

Lo

les
Alter. Native,

Figure 5. Score values by CUCPFWBMOs.

Step 5. In this final step, we rank the alternatives based on the computed score values provided in
Table 8. Based on the score functions, the ranking of the decision alternatives are given in Table 9.

Table 9 Final ranking of the alternatives.

Aggregation Operators Rank
CuCPFBMOs by, >y >Us >y
CuCPFWBMOs s >y >y >y

AIMS Mathematics Volume 11, Issue 5, 14412-14456.



14448

Thus, CUCPFBMOs and CuCPFWBMOs ranked U, and li; as the most preferable choices
among a set of four potential alternatives. The proposed CuUCPFBMOs and CUCPFWBMOs provide
distinct aggregation mechanisms, thereby resulting in a difference in rankings. CUCPFBMOs model
interdependence among criteria, whereas CUCPFWBMOs integrate the relative importance of
criteria.

Figure 6 represents the comparative score values of CUCPFBMOs and CuUCPFWBMOs.

Comparative Analysis of Bounded Contour Surface

@ CuCPFBMOs Approach
@ CuCPFWBMOs Approach

0.380
0.375
-
0370 3
=
0365 3
[
0.360 >
e
‘ 0.355 §
A o
P L 0.350 N
03 B

0.345

0.340
CuCPFWBMOs

by

(X) [ CuCPFBMOs

Figure 6. Comparative score values by CUCPFBMOs and CuCPFWBMOs.
6.1. Sensitivity analysis

This subsection demonstrates sensitivity analysis for BMOs. The sensitivity analysis is crucial
because it investigates how variations in AO parameters impact the final decision outcomes. The
proposed BMOs involve adjustable parameters and conducting sensitivity analysis verifies the
reliability, robustness, and stability of the proposed DM approach. For the proposed BMOs, commonly
the parameters p and q handle the interactions among decision criteria. Experts may verify whether
the final rankings remain stable or change by varying these parameters systematically. The sensitivity
analysis for the proposed BMOSs can be examined through in Table 10.

Table 10. Sensitivity analysis for the proposed BMOSs.

(P, q) Ranking
(1) CuCPFBMOs  0.3664, 0.3709, 0.3642, 0.3475 b, > Uy >Us >,
’ CuCPFWBMOs 0.3442, 0.3588, 0.3762, 0.3448 g > Uy > Uy >y
(12) CuCPFBMOs  0.3431, 0.3742, 0.3665, 0.3488 by, >l >y >y
’ CuCPFWBMOs 0.3473, 0.3632, 0.3796, 0.3485 s > U, >y >y
2.2) CuCPFBMOs  0.3444,0.3762, 0.3675, 0.3489 b, >ls >y >y
CuCPFWBMOs 0.3483, 0.3632, 0.3809, 0.3487 b >y >y >y
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Table 9 illustrates that by taking different values of parameters p and q, the proposed approaches
ranked L, and li; as the most preferable choices among a set of four potential alternatives. This
indicates that the proposed DM approach is reliable and stable. Figure 7 illustrates the sensitivity

analysis of the proposed BMOSs.

Sensitivity Analysis: Comparison of Proposed Operators

Ranking Legend
e Alternative /y
= Alternative /;
e Alternative /3
m— Alternative /s

Score Preference

0.3487

(p,a)=(1,1)
(p,a)=(1,2)

Qe‘

Figure 7. Sensitivity analysis of the proposed approaches.

7. Comparison

In this section, we compare the proposed CuCP-FS approach with some existing fuzzy-based
models to highlight its effectiveness and superiority. Classical fuzzy approaches including IFSs [4],
P-FSs [11], IVP-FSs [16], CuP-FSs [3], and CP-FSs [33] are crucial for representing uncertain
problems; however, they have some limitations to capture complex uncertainty. The IFS [4] approach
is described by MS and NMS values such that their sum is at most one. This approach offers a more
comprehensive representation of vague information but it lacks the capability to explicitly model
neutral uncertainty in DM problems. P-FSs [11] overcome this limitation by associating neutral MS
values in grade value. The P-FS approach fails when the information is in the shape of intervals.
IVP-FSs [16] modify P-FSs by allowing interval-valued positive, neutral, and negative MS values.
This model is very useful for capturing higher levels of uncertainty but lacks the ability to handle
multilayered uncertainty. CuP-FSs [3] combine the frameworks of P-FSs and IVP-FSs within a
unified framework to model multilayered uncertainty. However, the approach fails when the
fluctuations or variability is present in expert opinions. CP-FSs [33] extend the P-FS approach by
integrating a radius parameter. This radius parameter is significant for representing fluctuations
around a reference assessment. The CP-FS approach is unable to model multilayered uncertainty.

The proposed comparative analysis especially considers two types of comparisons:
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ranking-wise comparison and characteristic-wise comparison. In ranking-wise comparison, the final
ranking of the proposed approaches and existing approaches are emphasized. But, in
characteristic-wise comparison, the major characteristics of the proposed model and existing models
are addressed. Table 11 provides the ranking-wise comparison of the proposed approaches and

existing approaches.

Table 11. Ranking-wise comparison.

Methods Score Values Ranking Values
IFS Approach [4] 0.0, 0.0,0.0,0.0 Not evaluated
P-FS Approach [11] 0.0,0.0,0.0,0.0 Not evaluated
IVP-FS Approach [16] 0.0,0.0,0.0,0.0 Not evaluated
CuP-FS Approach [3] 0.0, 0.0,0.0,0.0 Not evaluated
CP-FS Approach [33] 0.0, 0.0, 0.0,0.0 Not evaluated
Proposed Approach based on

0.3664, 0.3709, 0.3642, 0.3475 L, > Uy > Lz > U,
CuCPFBMOs
Proposed Approach based on

0.3442,0.3588, 0.3762, 0.3448 U > L, > U, > Uy
CuCPFWBMOs

Table 11 reflects that the existing approaches fail to rank the alternatives due to its mathematical
structure. These approaches cannot be employed to model the information provided in Tables 3 and 4.
However, the proposed approaches ranked W, and li; as the most better choices, thereby providing a
reliable ranking of decision alternatives. Figure 8 represents the graphical representation of the final
ranking by proposed approaches and existing approaches.

Comparative Analysis: Proposed vs Existing Methods

Evaluation Score

Figure 8. Graphical representation of the final ranking by proposed approaches and
existing approaches.
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Now, we examine the key characteristics such as positive MS value, neutral MS value, negative
MS value, interval-valued representation, fluctuations or variability, and multilayered uncertainty of
the proposed model and existing models. Table 12 lists these main characteristics of the proposed
CuCP-FS model and existing models.

Table 12. Key Features of the proposed model and existing models.

Methods Positive Neutral Negative Interval-va!ued Radius Multllayered
representation  Parameter uncertainty
IFS Approach [4] Yes No Yes No No No
P-FS Approach [11] Yes Yes Yes No No No
IVP-FS Approach
Yes Yes Yes Yes No No
[16]
CuP-FS Approach [3]  Yes Yes Yes Yes No Yes
CP-FS Approach [33]  Yes Yes Yes No Yes No
Proposed  CUCP-FS ¢ Yes Yes Yes Yes Yes

Approach

Table 12 shows that the proposed CuCP-FS model overcomes all the limitations of the existing
approaches. However, the existing approaches have several limitations, which can be interpreted as
follows.

i) The IFS [4] approach was proposed to extend traditional FSs for better representing of
uncertainty in DM problems. Each element in the IFS approach is described by MS and NMS values
such that their sum is at most one. IFSs provide a more flexible representation of vague information
compared to classical FSs. However, this approach fails to model the neutral MS value, interval-valued
information, multilayered uncertainty, and fluctuations around a reference assessment. Therefore, it
fails to solve the expert evaluations present in Table 5.

i) P-FSs further extend the IFS framework by integrating the neutral MS value such that the sum
of positive, neutral, and negative MS values does not exceed 1. P-FSs contribute more flexible
representation of uncertain information compared to IFSs. However, the P-FS model is unable to
handle interval-valued information, multilayered uncertainty, and fluctuations around a reference
assessment. Therefore, P-FSs cannot be employed to model the information provided in Table 5.

iii) IVP-FSs modify the framework of P-FSs by associating interval-valued positive, neutral, and
negative MS values. This approach is very useful for handling higher levels of uncertain information.
But, IVP-FSs fail to model multilayered uncertainty and fluctuations around a reference assessment.
Therefore, IVP-FSs cannot be applied to solve the expert evaluations provided in Table 5.

iv) CuP-FSs combine the structures of P-FSs and 1\VVP-FSs for capturing multilayered uncertainty.
They extend both P-FS and IVVP-FS frameworks by combining them within a unified single framework.
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However, this approach lacks the ability to model fluctuations or variability around a reference
assessment. Therefore, CuP-FSs are unable to model the information provided in Table 5.

v) CP-FSs further extend P-FSs by integrating the radius parameter to deal with fluctuations or
tolerance around P-FS information. This approach is very useful for MCDM problems where
fluctuations are present in expert opinions. However, this approach fails to model interval-valued
information and multilayered uncertainty. Therefore, CP-FSs cannot be employed to evaluate the
information provided in Table 5.

This comparative study reflects that the proposed CuCP-FS model extends these existing
approaches by representing interval-valued information, multilayered uncertainty, and fluctuations
around P-FS information. Thus, the proposed model is crucial for reliable and robust DM processes.

8. Conclusions

This paper addressed the challenge of handling complex uncertainty in DM environments.
Existing fuzzy approaches lack the ability to model interval-valued information, multilayered
uncertainty, and the reliability of evaluation information simultaneously. To handle these challenges,
the proposed study presented a novel approach that integrated P-FSs, IVP-FSs, and a circular radius
parameter into a unified model. The newly defined model improved the capability to represent
uncertain, hesitant, and reliability-based information more significantly. Some basic operations for the
proposed approach were designed to contribute mathematical manipulation of the newly defined
structure. Moreover, BMOs were developed to aggregate evaluation information while considering the
interactions among decision criteria. Based on proposed AOs and score functions, an MCDM
technique was demonstrated within the proposed CuCP-FS model. To present its practical applicability,
the DM approach was employed for the selection of quantum computing technology, and the final
results illustrated its significance in handling complex uncertain data. Furthermore, a comparative
analysis was established with existing models, which presented the enhanced flexibility of the
proposed work.

8.1. Future research

The proposed study showed significant results. However, several promising directions remain
open for further research. In the future, we may focus on validating the newly defined approaches
using real-world raw datasets achieved from various life-time domains. Integrating high-scale
empirical data would improve the applicability, reliability, and robustness of the proposed aggregation
mechanism. Future research may explore the proposed model by integrating some other approaches
such as the linguistic hypersoft set and linguistic super hypersoft set [13]. Based on the proposed
approach, other advanced DM methods including TODIM, TOPSIS, and VIKOR may also be
developed. To further improve its practical applications, the proposed model may be integrated to
develop optimization and machine learning-based DM techniques. The proposed model can be
employed to solve uncertainty problems in other real-world domains including risk assessment,
renewable source energy, pattern recognition, artificial intelligence-based systems, and medical
diagnosis. Moreover, the proposed approaches may be employed to increase the complexity of
real-world systems, such as fractional-order epidemic models [5].
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