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Abstract: The aim of this study is to obtain a general version of constant-angle ruled surfaces
constructed using a Frenet frame in Galilean space G3. We define generalized special ruled surfaces
by considering cases where the surface normal vectors are parallel to the tangent, principal normal,
or binormal vector fields of the base curve. We provide criteria regarding the locus of singular
points of these surfaces. Specifically, for a general constant angle ruled surface whose normal
vectors are parallel to the binormal vector field (Mb), we explicitly characterize the singular set as
{(s,−υ(s)/δ1(s)κ(s)) : s ∈ I}. We establish analogous singular sets and characterizations for cuspidal
edge, swallowtail, and cuspidal butterfly singularities for a surface whose normal vectors are parallel
to the tangent vector field (Mt). Conversely, we conclude that the general constant angle ruled
surface whose normal vectors are parallel to the principal normal vector field. (Mn) has no singular
points. Finally, as an application of the findings, we give some illustrated examples of helices with
singularities.
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1. Introduction

A helix is a curve that winds around an axis or a solid structure in three -dimensional space such as
nanosprings; carbon nanotubes; α-helices; DNA double and collagen triple helices; bacterial flagella in
salmonella and escherichia coli; aerial hyphae in actinomycetes; bacterial shape in spirochetes, horns,
tendrils, vines, screws, springs and helical staircases; and seashells [1–3]. Furthermore, hyperhelices
were defined as the helix curve or helical structures in fractal geometry [4]. Moreover, helices can
be used for the tool path description of any kinematic motion which was designed by computer
simulation [5].

A Galilean space can be defined as the limit case of a pseudo-Euclidean space where the isotropic
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cone degenerates to a plane. Thus, this limit transition corresponds to the limit transition from the
special theory of relativity to classical mechanics. On the other hand, Galilean space-time plays an
important role in nonrelativistic physics, as well as fundamental concepts and principles in classical
physics such as velocity, momentum, kinetic energy, laws of motion, and gravitational laws, which are
expressed in terms Galilean space [6].

Previous research has investigated the position vectors of curves in the Galilean space G3 by using
the position vector of an arbitrary curve in Galilean 3-space. For this, the position vector of an arbitrary
curve was first determined concerning the Frenet frame. Moreover, some special curves having the
position vectors were obtained and sketched, defining a plane curve, helix, general helix, and Salkowski
and anti-Salkowski curves in Galilean space G3 [7].

The explicit parameter equations of T -slant helices were obtained by defining T -slant, N-slant, and
B-slant helices in Galilean space G3. It was proven that an admissible curve is a T -slant helix with
a nonisotropic axis if and only if it has a nonzero constant conical curvature. In the pseudo-Galilean
space G1

3, T -slant, N-slant, and B-slant helices were studied by defining an angle between the spacelike
and the timelike isotropic vector lying in the pseudo-Euclidean plane x = 0. The explicit parameter
equations belonging to the T -slant helices were obtained. It was found that there are no N-slant, B-
slant, and Darboux helices in G3 and in G1

3 [8, 9]. In other studies, characterizations of the helix for a
curve were obtained with respect to the Frenet frame in 3-dimensional Galilean space G3 [10].

In Euclidean space E3, a regular curve is called the general helix and the slant helix in two types.
Whereas the tangent vector T makes a constant-angle with some fixed direction for the general helix,
the principal normal vector N makes a constant-angle with the fixed direction for the slant helix [9]. A
constant geodesic curvature of the spherical image of their principal normal indicatrix for slant helices
was found. There are studies about some characterizations of the slant helices, and curves as Darboux
helices in E3 where the Darboux vector makes a constant angle with some fixed direction were defined.
Additionally, Darboux helices have been studied in Minkowski space E3. Some characterizations of
general helices were also studied [11–13]. In 2018, Alghanemi and Alofi [14] studied the singularities
of MBT and MT B surfaces and presented the geometric conditions for them to have certain singularities
such as cuspidal edge, swallowtail, and cuspidal butterfly singularities.

The study of ruled surfaces in modern differential geometry, particularly within Euclidean and
Minkowski (E3

1) spaces, has moved beyond traditional methods to focus on more dynamic and
“rotation-minimizing” frames. The research conducted by Emad Solouma and his collaborators
[15–17] demonstrated that employing frames such as the rotation-minimizing (RM) Darboux, Bishop,
and Hasimoto frames is critical for characterizing these surfaces. These frameworks allow for a deeper
analysis of geometric invariants, harmonic evolutions, and singularity points. Such modern approaches
provide a more flexible and precise mathematical foundation for the curvature analysis of imbricate-
ruled and osculating type-2 surfaces under Lorentzian structures, which are essential for relativistic
models and theoretical physics applications. As a more technical detail, the RM Darboux frame used
in these studies eliminates unnecessary rotation in the normal vector field of a curve on the surface.
This allows the evolution of the surface geometry to be expressed through much simpler and more
elegant equations [18–20].

According to the study about the singularities of Galilean height functions concerning the Frenet
frame along a curve embedded into Galilean space G3 [21], the relationships were obtained between
singularities of discriminant and bifurcation sets of the function and geometric invariants of curves in
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Galilean space. Because singularity theory is related to geometry in differential calculus, the theory is
relevant to all the branches of mathematics, physics, and other disciplines, which concern geometry.

In this study, we introduce the constant-angle ruled surfaces in Galilean space G3 generated by
a Frenet frame and investigate certain singularities in terms of the properties of cuspidal edges,
swallowtail, and cuspidal butterfly singularities.

2. Basic concepts and background

The Galilean space is a Cayley-Klein space equipped with the projective metric of signature
(0, 0,+,+). The absolute figure of the Galilean geometry consists of an ordered triple {ω, f , I}, where
ω, f , and I are the real (absolute) plane, the real line (absolute line) in ω, and the fixed hyperbolic
involution of points of f , respectively [5]. In the Galilean space G3, there are four classes of lines:
• (proper) nonisotropic lines—lines that do not meet the absolute line f ,
• (proper) isotropic lines—lines that do not belong to the plane ω but meet the absolute line f ,
• (unproper) nonisotropic lines—all lines of ω but f ,
• the absolute line f .
A plane is called Euclidean if it contains f ; otherwise, isotropic, that is planes x = const. are

Euclidean, and so is the plane ω. Other planes are isotropic.
In nonhomogenous coordinates, the similarity group H8 has the following form:

∼
x = a11 + a12x,
∼
y = a21 + a22x + a23 cos θy + a23 sin θz,
∼
z = a31 + a32x − a23 sin θy + a23 cos θz,

where ai j and θ are real numbers [6]. The Galilean scalar product between two vectors σ = (σ1, σ2, σ3)
and ρ = (ρ1, ρ2, ρ3) in the Galilean space G3 is defined by

〈σ, ρ〉 =

{
σ1ρ1, if σ1 or ρ1 is not zero,
σ2ρ2 + σ3ρ3, if σ1 and ρ1 are zero,

(1)

and the Galilean cross product is given as follows:

(σ × ρ) =



∣∣∣∣∣∣∣∣∣
0 e2 e3

σ1 σ2 σ3

ρ1 ρ2 ρ3

∣∣∣∣∣∣∣∣∣ if σ1 or ρ1 is not zero,∣∣∣∣∣∣∣∣∣
e1 e2 e3

σ1 σ2 σ3

ρ1 ρ2 ρ3

∣∣∣∣∣∣∣∣∣ if σ1 and ρ1 are zero [7].

(2)

Let γ : I ⊂ R → G3, γ (u) = (x (u) , y (u) , z (u)) be an admissible curve with the Galilean invariant
parameter s. If x (u) is considered as the arc length parameter of the curve, we get the curve as γ (u) =

(u, y (u) , z (u)). Then, the curvature κ (u) and the torsion τ (u) of the curve γ are defined by

κ (u) =

√
(y′′)2 (u) + (z′′)2 (u) ,

τ (u) =
det

(
y
′
(u),y

′′
(u),y

′′′
(u)

)
(κ(u))2 ,

(3)
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and the associated moving trihedron is given by

t (u) = γ′ (u) = (1, y′ (u) , z′ (u)) ,
n (u) = 1

κ(u) (0, y′′ (u) , z′′ (u)) ,
b (u) = 1

κ(u) (0,−z′′ (u) , y′′ (u)) .
(4)

The vectors t, n, b are called the vectors of the tangent, principal normal, and binormal line,
respectively. The frenet equations of the curve γ (u) are given by

d
du


t
n
b

 =


0 κ 0
0 0 τ

0 −τ 0




t
n
b

 , (5)

where
t × n = b, t × t = 0, n × t = −b,
n × b = (1, 0, 0) , n × n = 0, b × n = (−1, 0, 0) ,
b × t =

(
0, y′′

κ
, z′′
κ

)
, b × b = 0, t × b =

(
0,− y′′

κ
,− z′′

κ

)
[7].

(6)

The direction of such an axis is given by a Darboux vector which is expressed by the equation

D(s) =τ(s)t(s) + κ(s)b(s). (7)

By using the Darboux vector, the Frenet formulas can be rewritten as follows:

D(s)×t(s) = t′(s),
D(s)×n(s) = n′(s),
D(s)×b(s) = b′(s),

(8)

where × is the wedge product in Galilean space G3.

A ruled surface in the Galilean space G3 is a surface that admits a parametrization

Φ (u, v) = α (u) + va (u) , (9)

where γ is an admissible curve (the directrix); a is a nowhere vanishing vector field (field of generators)
along the curve γ; and u, v are parameters, u ∈ I ⊂ R, v ∈ R. In Galilean space G3, there are three types
of ruled surfaces as follows:

TYPE A. Nonconodial or conodial ruled surfaces whose striction line does not lie in a Euclidean
plane;

TYPE B. Ruled surfaces with the striction line in a Euclidean plane;
TYPE C. Conodial ruled surfaces with the absolute line as the directional line in infinity [13].
A ruled surface of type A in Galilean space G3 can be parametrized by

ΦA (u, v) = γ (u) + va (u) , (10)

where the curve γ (u) = (u, y (u) , z (u)), called an admissible curve, does not lie in a Euclidean plane
and the generators a (u) = (1, a2 (u) , a3 (u)) are nonisotropic.
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Definition 1. Let γ be a unit speed regular curve in Galilean space G3, and {T,N, B} be the Frenet
frame in Galilean space G3 along γ. A curve γ such that

κ

τ
= const.

is called a general helix with respect to the Frenet frame [10].

Definition 2. Let γ be a unit speed regular curve in Galilean space G3, and {T,N, B} be the Frenet
frame in Galilean space G3 along γ. If κ and τ are positive constants along γ, then γ is called a
circular helix with respect to the Frenet frame [10].

Definition 3. A ruled surface is a smooth one-parameter family of lines. Thus, a ruled surfaceM in
G3 admits the parametrization:

M : U ⊂ R2 →M ⊂ G3,M(s, u) = γ(s) + uδ(s),

where the curve γ is called a directrix or base curve (with the condition regular) of the ruled surface,
and δ denotes the director curve. The rulings of the ruled surface are the straight lines. A noncylindrical
ruled surface has a parameterization of the form

M(s, u) = β(s) + uδ(s),

where ‖δ(s)‖ = 1, and d/ds (β(s)) × d/ds (δ(s)) = 0. Then, the curve β is called the striction curve of
M.

3. General constant angle ruled surfaces and their singularities

It is important to note that these general constant-angle ruled surfaces (GCARS) correspond to the
constant-angle ruled surfaces (CARS) given in [22] for the well-known Serret-Frenet formulas of a
base curve in E3. In this section, we first provide a general representation of GCARS that are parallel
to specific special vectors along the base curves. Subsequently, we investigate the singularities of some
special GCARS along with illustrative examples.

Definition 4. Let γ : I ⊂ R → G3 be a unit speed regular curve in G3 and {t (s) , n (s) , b (s)} be its
moving Frenet frame. Let U be a nonzero constant vector field in G3.

i) γ is called a t-helix if the Galilean scalar product of its tangent vector field t(s) and the constant
vector U remain constant for all s ∈ I, that is 〈t(s),U〉 = c1 for some constant c1 ∈ R.

ii) γ is called an n-helix if the Galilean scalar product of its principal normal vector field n(s) and
the constant vector U remain constant for all s ∈ I, that is 〈n(s),U〉 = c2 for some constant
c2 ∈ R.

iii) γ is called a b-helix if the Galilean scalar product of its binormal vector field b(s) and the constant
vector U remain constant for all s ∈ I, that is 〈b(s),U〉 = c3 for some constant c3 ∈ R.

Definition 5. Let γ : I ⊂ R → G3 be a unit speed regular curve and δ be a vector field along to curve
γ in G3. The ruled surfaces

M% : U ⊂ R2 →M% ⊂ G3, M
%(s, u) = γ(s) + uδ(s) (11)
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is named as generalized special ruled surfaces in G3 if their normal vectors are parallel to the vectors
t (s) or n (s) or b (s). Considering µ, υ, ρ, and δi(i = 1, 2, 3) smooth functions of s, differentiations of
γ(s) and δ(s) are written by

γ′(s) = µ(s)t(s) + υ(s)n(s) + ρ(s)b(s), (12)

and
δ(s) = δ1(s)t(s) + δ2(s)n(s) + δ3(s)b(s). (13)

In this paper, we consider the Frenet frame {t, n, b} of the curve γ where t runs along the unit speed
regular curve γ = γ(s), and the curve γ has nonzero curvature κ. On the other hand, we will consider
special ruled surfacesM%(s, u) as follows:

(1) If ρ(s) = 0, δ1(s) , 0, δ2(s) = 0, and δ3(s) = 0 for every s ∈ I, then the ruled surfaceM% is shown
asMb and is parametrized by

Mb(s, u) =

∫
(µ(s)t(s) + υ(s)n(s))ds + uδ1(s)t(s). (14)

(2) If υ(s) = 0, δ2(s) , 0, δ1(s) = 0, and δ3(s) = 0 for every s ∈ I, then the ruled surfaceM% is shown
asMn and is parametrized by

Mn(s, u) =

∫
(µ(s)t(s) + ρ(s)b(s))ds + uδ2(s)n(s). (15)

(3) If µ(s) = 0, δ3(s) , 0, δ1(s) = 0, and δ2(s) = 0 for every s ∈ I, then the ruled surfaceM% is shown
asMt and is parametrized by

Mt(s, u) =

∫
(υ(s)n(s) + ρ(s)b(s))ds + uδ3(s)b(s). (16)

4. GCAR whose normal vector is parallel to the vector field b

In this section, we consider GCARS whose normal vectors are parallel to the binormal vector field
b along the curve γ. We investigate the singular points of these surfaces and obtain characterizations
for the surfaces to exhibit cuspidal edge, swallowtail, and cuspidal butterfly singularities.

Proposition 1. The ruled surfaceMb parametrized by Eq (14) is a generalized special ruled surface
whose unit normal vector field is the vector field b.

Proof. If we take the partial derivatives of the surfaceMb(s, u) with the parameter s and u, we have

∂
∂sM

b(s, u) =
(
µ(s) + uδ′1(s)

)
t(s) + (υ(s) + uδ1(s)κ(s)) n(s),

∂
∂uM

b(s, u) = δ1(s)t(s).

 (17)

Therefore, the vector product of above two vector fields can easily calculated by

∂

∂s
Mb(s, u) ×

∂

∂u
Mb(s, u) = − (υ(s) + uδ1(s)κ(s)) δ1(s)b(s), (18)

where × is the vector product in G3, and δ1(s) , 0. Equation (18) proves that the unit normal vector of
Mb(s, u) is the vector field b. �
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Corollary 1. The ruled surfaceMb parametrized by Eq (14) is a GCAR if and only if its base curve is
a b-helix.

Proof. It is obvious from the above proposition. �

Proposition 2. Let γ : I ⊂ R → G3 be a unit speed regular curve with a nonzero curvature function κ
in terms of the Frenet frame. The mapMb : I × R →⊂ G3, given byMb =

∫
(µt + υn)ds + uδ1t , is a

wave front.

Proof. The Legendrian mapping over Mb is written by LMb = (Mb,
∫

(µt + υn)ds) : I × R →⊂ G3.

Then, the Jacobian matrix ofMb is given as follows:

JLMb =

[
(µ + uδ1) t + (υ + uδ1κ) n µt + υn

δ1t 0

]
.

The parametric equation of the surfaceMb implies that µt+υn , 0 for every s ∈ I.Hence, the Jacobian
matrix of JLMb has a maximal rank, and then LMb is an immersion, that is,Mb is a wave front. �

Theorem 1. Let γ : I ⊂ R → G3 be a unit speed regular curve with a nonzero curvature function κ in

terms of the Frenet frame. Then, the singular set of surfaceMb is the set
{

(s,
−υ(s)
δ1(s)κ(s)

) : s ∈ I
}
.

Proof. Let Mb be a ruled surface given in Eq (14). By using Eq (18), it is clear that∥∥∥Mb
s(s, u) ×Mb

u(s, u)
∥∥∥ = (υ(s) + uδ1(s)κ(s)) δ1 (s) . For the singular set of surface Mb, the function

υ(s) + uδ1(s)κ(s) must be zero. This completes the proof. �

Theorem 2. (See [14, 23, 24]) LetM : I × R →⊂ G3 be a wave front and p ∈ U be a nondegenerate
singular point ofM. Then, the following assertions hold:

(1) M at point p isA-equivalent to a cuspidal edge if and only if ηλ(p) , 0.
(2) M at point p isA-equivalent to a swallowtail if and only if ηλ(p) = 0, and ηηλ(p) , 0.
(3) M at point p is A-equivalent to a cuspidal butterfly if and only if ηλ(p) = 0, ηηλ(p) = 0, and

ηηηλ(p) , 0.

Theorem 3. Let γ : I ⊂ R → G3 be a unit speed regular curve with a nonzero curvature function κ in
terms of the Frenet frame. Then, the wave frontMb has the following characterizations:

(1) The wave frontMb is diffeomorphic to a cuspidal edge at the point p = {(s,−υ(s)/δ1(s)κ(s))} if
and only if (−υ(s)/δ1(s)κ(s))′ , 0 for s ∈ I.

(2) If (−υ(s)/δ1(s)κ(s))′ = 0 for s ∈ I, the wave front Mb is diffeomorphic to a swallowtail at the
point p = {(s,−υ(s)/δ1(s)κ(s)} if and only if (−υ(s)/δ1(s)κ(s))′′ , 0 for s ∈ I.

(3) If (−υ(s)/δ1(s)κ(s))′ = 0 and (−υ(s)/δ1(s)κ(s))′′ = 0 for s ∈ I, the wave frontMb is diffeomorphic
to a cuspidal butterfly at the point p = {(s,−υ(s)/δ1(s)κ(s)} if and only if (−υ(s)/δ1(s)κ(s))′′′ , 0
for s ∈ I.

Proof. (1) The density function λ of the wave front Mb is given by λ(s, u) = − (υ(s) + uδ1(s)κ(s)),
and the null vector field is given as η = ∂/∂s. Considering Theorem 2, it is easy to see that
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Mb is diffeomorphic to a cuspidal edge at the point p if and only if ηλ , 0. This implies that
∂/∂s (−(υ(s) + uδ1(s)κ(s))) , 0, that is,

− (υ′(s) + u (δ1(s)κ(s))′) , 0. (19)

Because u = −υ(s)/δ1(s)κ(s), Eq (19) can be rewritten as (−υ(s)/δ1(s)κ(s))′ , 0 for s ∈ I. This
completes the proof.

(2) The proof of (1) gives us ηλ = −(υ′(s) + u (δ1(s)κ(s))′ ) and ηηλ = −(υ′′(s) + u (δ1(s)κ(s))′′). At
the singular point p, ηλ = δ1(s)κ(s)(−υ(s)/δ1(s)κ(s))′, and ηηλ = −υ′′(s)+(υ(s)/δ1(s)κ(s)) (δ1(s)κ(s))′′.
From the hypothesis of (2), we know that (−υ(s)/δ1(s)κ(s))′ = 0 at s. After that, it is clear that
(−υ(s)/δ1(s)κ(s))′′ , 0. This completes the proof.

(3) The proof of (1) gives us ηλ = −(υ′(s) + u (δ1(s)κ(s))′) , ηηλ = −(υ′′(s) + u (δ1(s)κ(s))′′),
and ηηηλ = −(υ′′′(s) + u (δ1(s)κ(s))′′′). At the singular point p, ηλ = δ1(s)κ(s)(−υ(s)/δ1(s)κ(s))′ ,
ηηλ = −υ′′(s) + (υ(s)/δ1(s)κ(s)) (δ1(s)κ(s))′′, and ηηηλ = −υ′′′(s) + (υ(s)/δ1(s)κ(s)) (δ1(s)κ(s))′′′. From
the hypothesis of (3), we know that (−υ(s)/δ1(s)κ(s))′ = 0 and (−υ(s)/δ1(s)κ(s))′′ = 0 at s. After that,
it is clear that (−υ(s)/δ1(s)κ(s))′′′ , 0. This completes the proof. �

Proposition 3. The ruled surfaceMt parametrized by Eq (16) is a generalized special ruled surface
whose unit normal vector field is the vector field b.

Proof. If we take the partial derivatives of the surfaceMt(s, u) with the parameter s and u, we have

∂
∂sM

t(s, u) = (υ(s) − uδ3(s)τ(s)) n(s) +
(
ρ(s) + uδ′3(s)

)
b(s),

∂
∂uM

t(s, u) = δ3(s)b(s).

 (20)

Therefore, the vector product of above two vector fields can easily calculated by

∂

∂s
Mt(s, u) ×

∂

∂u
Mt(s, u) = (υ(s) − uδ3(s)τ(s)) δ3(s)(1, 0, 0), (21)

where × is the vector product in G3, and δ3(s) , 0. Equation (21) proves that the unit normal vector of
Mt(s, u) is the vector field b. �

Corollary 2. The ruled surfaceMt parametrized by Eq (16) is a GCAR if and only if its base curve is
a b-helix.

Proof. It is obvious from the above proposition. �

Theorem 4. Let γ : I ⊂ R → G3 be a unit speed regular curve with a nonzero torsion function τ in
terms of the Frenet frame. Then, the singular set of surfaceMt is the set {(s, υ(s)/δ3(s)τ(s)) : s ∈ I} .

Proof. Let Mt be a ruled surface given in Eq (16). By using Eq (21), it is clear that∥∥∥Mt
s(s, u) ×Mt

u(s, u)
∥∥∥ = (υ(s) − uδ3(s)τ(s)) δ3 (s) . For the singular set of surface Mt, the function

υ(s) − uδ3(s)τ(s) must be zero. This completes the proof. �

Theorem 5. Let γ : I ⊂ R → G3 be a unit speed regular curve with a nonzero torsion function τ in
terms of the Frenet frame. Then, the wave frontMt has the following characterizations:

(1) The wave frontMt is diffeomorphic to a cuspidal edge at the point p = {(s, υ(s)/δ3(s)τ(s))} if and
only if (υ(s)/δ3(s)τ(s))′ , 0 for s ∈ I.
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(2) If (υ(s)/δ3(s)τ(s))′ = 0 for s ∈ I, the wave frontMt is diffeomorphic to a swallowtail at the point
p = {(s, υ(s)/δ3(s)τ(s)} if and only if (υ(s)/δ3(s)τ(s))′′ , 0 for s ∈ I.

(3) If (υ(s)/δ3(s)τ(s))′ = 0 and (υ(s)/δ3(s)τ(s))′′ = 0 for s ∈ I, the wave frontMt is diffeomorphic to
a cuspidal butterfly at the point p = {(s, υ(s)/δ3(s)τ(s))} if and only if (υ(s)/δ3(s)τ(s))′′′ , 0 for
s ∈ I.

Proof. (1) The density function λ of the wave frontMt is given by λ(s, u) = (υ(s) − uδ3(s)τ(s)), and the
null vector field is given η = ∂/∂s. Considering Theorem 2, it is easy to see thatMt is diffeomorphic
to a cuspidal edge at the point p if and only if ηλ , 0. This implies that ∂/∂s ((υ(s) − uδ3(s)τ(s))) , 0,
that is,

υ′(s) − u (δ3(s)τ(s))′ , 0. (22)

Because u = υ(s)/δ3(s)τ(s), Eq (22) can be rewritten as (υ(s)/δ3(s)τ(s))′ , 0 for s ∈ I. This completes
the proof.

(2) The proof of (1) gives us ηλ = υ′(s) − u (δ3(s)τ(s))′ and ηηλ = υ′′(s) − u (δ3(s)τ(s))′′. At
the singular point p, ηλ = δ3(s)τ(s)(υ(s)/δ3(s)τ(s))′, and ηηλ = υ′′(s) − (υ(s)/δ3(s)τ(s)) (δ3(s)τ(s))′′.
From the hypothesis of (2), we know that (υ(s)/δ3(s)τ(s))′ = 0 at s. After that, it is clear that
(υ(s)/δ3(s)τ(s))′′ , 0. This completes the proof.

(3) The proof of (1) gives us ηλ = υ′(s) − u (δ3(s)τ(s))′, ηηλ = υ′′(s) − u (δ3(s)τ(s))′′, and
ηηηλ = υ′′′(s) − u (δ3(s)τ(s))′′′. At the singular point p, ηλ = δ3(s)τ(s)(υ(s)/δ3(s)τ(s))′, ηηλ =

υ′′(s) − (υ(s)/δ3(s)τ(s)) (δ3(s)τ(s))′′, and ηηηλ = υ′′′(s) − (υ(s)/δ3(s)τ(s)) (δ3(s)τ(s))′′′. From the
hypothesis of (3), we know that (υ(s)/δ3(s)τ(s))′ = 0 and (υ(s)/δ3(s)τ(s))′′ = 0 at s. After that, it
is clear that (υ(s)/δ3(s)τ(s))′′′ , 0. This completes the proof. �

Corollary 3. The GCARSMn whose normal vector is parallel to the principal normal vector field n
has no singular points.

Proof. Taking the partial derivatives of the surfaceMn(s, u) with respect to s and u, the cross-product
yields components along b and (1, 0, 0). Because b , 0, and the surface definition requires δ2 , 0, the
expression cannot completely vanish. Thus, no singularities exist unless µ(s) = 0. �

5. Examples

In this section, we give some examples ofMb(s, u), a constant-angle ruled surface with singularities
using the Mathematica Programme.

Example 1. We are given a general helix

γ (s) =

(
s,

e−s

25
(−3 cos 2s − 4 sin 2s) ,

e−s

25
(4 cos 2s − 3 sin 2s)

)
.

The Frenet frame {t (s) , n (s) , b (s)} can be calculated as follows:

t (s) = γ
′

(s) =

(
1,

e−s

5
(2 sin 2s − cos 2s) ,−

e−s

5
(sin 2s + 2 cos 2s)

)
,

n (s) =
1
κ(s)

(
0, y′′ (s) , z′′ (s)

)
= (0, cos 2s, sin 2s) ,

b (s) =
1
κ (s)

(
0,−z′′ (s) , y′′ (s)

)
= (0,− sin 2s, cos 2s) ,
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where κ (s) = e−s, τ (s) = 2, and × denote the vector product. Therefore, we can write the constant-
angle ruled surface as

Mb (s, u) =
(
Mb

1 (s, u) ,Mb
2 (s, u) ,Mb

3 (s, u)
)
,

and we get a constant-angle ruled surfaces’ components and its singularities as follows:

Mb(s, u)=


Mb

1(s, u) =
∫
µ (s) ds+uδ1 (s) ,

Mb
2(s, u) =

∫ (
µ (s)

(
e−s

5 (2 sin 2s−cos 2s)
)
+υ (s) cos 2s

)
ds+uδ1 (s)

(
e−s

5 (2 sin 2s−cos 2s)
)
,

Mb
3 (s, u) =

∫ (
µ (s)

(
− e−s

5 (sin 2s+2 cos 2s)
)
+υ (s) sin 2s

)
ds+uδ1(s)

(
− e−s

5 (sin 2s+2 cos 2s)
)
.

(i) If we get µ (s) = s + 1 inMb (s, u) =
(
Mb

1 (s, u) ,Mb
2 (s, u) ,Mb

3 (s, u)
)
,

Mb (s, u) =

∫
((s + 1)

(
1,

e−s

5
(2 sin 2s − cos 2s) ,−

e−s

5
(sin 2s + 2 cos 2s)

)
+ υ (s) (0, cos 2s, sin 2s))ds

+
(s + 1)
κ (s)

(
1,

e−s

5
(2 sin 2s − cos 2s) ,−

e−s

5
(sin 2s + 2 cos 2s)

)
.

(ii) If we get µ (s) = sin(s2 + 1) inMb (s, u) =
(
Mb

1 (s, u) ,Mb
2 (s, u) ,Mb

3 (s, u)
)
,

Mb (s, u)=

∫
(
(
sin(s2+1)

) (
1,

e−s

5
(2 sin 2s−cos 2s) ,−

e−s

5
(sin 2s+2 cos 2s)

)
+υ (s) (0, cos 2s, sin 2s))ds

+
sin(s2 + 1)

κ (s)

(
1,

e−s

5
(2 sin 2s − cos 2s) ,−

e−s

5
(sin 2s + 2 cos 2s)

)
.

(iii) If we get µ (s) = s3 + 1 inMb (s, u) =
(
Mb

1 (s, u) ,Mb
2 (s, u) ,Mb

3 (s, u)
)
,

Mb (s, u) =

∫
(
(
s3 + 1

) (
1,

e−s

5
(2 sin 2s − cos 2s) ,−

e−s

5
(sin 2s + 2 cos 2s)

)
+ υ (s) (0, cos 2s, sin 2s))ds

+
s3 + 1
κ (s)

(
1,

e−s

5
(2 sin 2s − cos 2s) ,−

e−s

5
(sin 2s + 2 cos 2s)

)
,

where υ (s) = 1.
Thus, we get three graphs, which are shown in Figure 1: (a) (the red line is the cuspidal edge, where

µ (s) = s+1, and υ (s) = 1), (b) (the red line is the swallowtail, where µ (s) = sin(s2 +1), and υ (s) = 1)
and (c) (the red line is the cuspidal butterfly, where µ (s) = s3 + 1, and υ (s) = 1), respectively.

(a) Cuspidal edge (b) Swallowtail (c) Cuspidal butterfly

Figure 1. The constant-angle ruled surfaceMb (s, u).
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Example 2. We are given a circular helix

γ (s) = (s, cos s, sin s) .

The Frenet frame {t (s) , n (s) , b (s)} can be calculated as follows:

t (s) = γ
′

(s) = (1,− sin s, cos s) ,

n (s) =
1
κ(s)

(
0, y′′ (s) , z′′ (s)

)
= (0,− cos s,− sin s) ,

b (s) =
1
κ (s)

(
0,−z′′ (s) , y′′ (s)

)
= (0, sin s,− cos s) ,

where κ (s) = 1, τ (s) = 1, and × denote the vector product. Therefore, we can write the constant-angle
ruled surface as

M̃b (s, u) =
(
M̃b

1 (s, u) , M̃b
2 (s, u) , M̃b

3 (s, u)
)
,

and we get a constant-angle ruled surfaces’ components and its singularities as follows:

M̃b (s, u) =


M̃b

1 (s, u) =
∫
µ (s) ds + uδ1 (s) ,

M̃b
2 (s, u) =

∫
(µ (s) (− sin s) + υ (s) (− cos s)) ds + uδ1 (s) (− sin s) ,

M̃b
3 (s, u) =

∫
(µ (s) cos s + υ (s) (− sin s)) ds + uδ1 (s) cos s.

(i) If we get µ (s) = s + 1 in M̃b (s, u) =
(
M̃b

1 (s, u) , M̃b
2 (s, u) , M̃b

3 (s, u)
)
,

M̃b (s, u) =

∫
((s + 1) (1,− sin s, cos s) + υ (s) (0,− cos s,− sin s)) ds +

(s + 1)
κ (s)

(1,− sin s, cos s) .

(ii) If we get µ (s) = s2 + 1 in M̃b (s, u) =
(
M̃b

1 (s, u) , M̃b
2 (s, u) , M̃b

3 (s, u)
)
,

M̃b (s, u) =

∫ ((
s2 + 1

)
(1,− sin s, cos s) + υ (s) (0,− cos s,− sin s)

)
ds +

(s2 + 1)
κ (s)

(1,− sin s, cos s) .

(iii) If we get µ (s) = s3 + 1 in M̃b (s, u) =
(
M̃b

1 (s, u) , M̃b
2 (s, u) , M̃b

3 (s, u)
)
,

M̃b (s, u) =

∫ ((
s3 + 1

)
(1,− sin s, cos s) + υ (s) (0,− cos s,− sin s)

)
ds +

(s3 + 1)
κ (s)

(1,− sin s, cos s) ,

where υ (s) = 1.
Thus, we get three graphs, which are shown in Figure 2: (a) (the red line is the cuspidal edge, where

µ (s) = s + 1, and υ (s) = 1), (b) (the red line is the swallowtail, where µ (s) = s2 + 1, and υ (s) = 1)
and (c) (the red line is the cuspidal butterfly, where µ (s) = s3 + 1, and υ (s) = 1), respectively.

(a) Cuspidal edge (b) Swallowtail (c) Cuspidal butterfly

Figure 2. The constant-angle ruled surface M̃b (s, u).
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6. Conclusions

In this study, a generalized version of constant-angle ruled surfaces constructed using the Frenet
frame in 3-dimensional Galilean space (G3) was obtained and analyzed in detail. We defined
generalized special ruled surfaces by systematically considering cases where the surface normal vectors
are parallel to the tangent (t), principal normal (n), or binormal (b) vector fields of the base curve, and
we presented various criteria regarding the locus of singular points for these surfaces.

Our analysis focused specifically on the singularities of general constant angle ruled surfaces (Mb

and Mt) whose normal vectors are parallel to the binormal and tangent vector fields, respectively.
Through rigorous mathematical investigation, the singular set for the Mb surface was explicitly
characterized as {(s,−v(s)/δ1(s)κ(s)) : s ∈ I}. Clear conditions were established under which both
surface types (Mb and Mt) exhibit cuspidal edge, swallowtail, and cuspidal butterfly singularities.
Conversely, we concluded that the general constant-angle ruled surface Mn, whose normal vector is
parallel to the principal normal (n) vector field, possesses no singular points.

To support these theoretical findings, applications involving general and circular helix examples
were modeled using Mathematica in the final section. Through these examples, the cuspidal
edge, swallowtail, and cuspidal butterfly singularities on the investigated surfaces were successfully
visualized, clearly demonstrating the geometric implications of our theoretical calculations.

These mathematical generalizations and singularity analyses have the potential to benefit various
applied sciences beyond differential geometry. In a physical context, Galilean space is critical
for expressing classical physics principles, such as velocity, momentum, kinetic energy, and laws
of motion, and for modeling the limit transition from the special theory of relativity to classical
mechanics. Therefore, our findings regarding surface singularities in this space may facilitate more
accurate modeling of kinematic and dynamic systems in non-relativistic physics. Furthermore, helical
structures have broad physical applications in biology and nanotechnology, appearing in DNA double
helices, carbon nanotubes, nanosprings, bacterial flagella, and collagen structures. Consequently,
the theoretical framework established in this study could serve as a solid foundation for developing
advanced, high-precision algorithms to investigate hyperhelices in fractal geometry or to define tool
paths for robotic kinematic motions via computer simulations.
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