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Abstract: Selecting the most suitable modulation technique in communication systems is 

challenging due to multiple alternatives and inherent uncertainty. Existing approaches often fail to 

simultaneously capture uncertainty and criteria interdependencies, and provide a reliable ranking, 

highlighting a clear research gap. This study proposes a novel criteria importance through 

intercriteria correlation (CRITIC) measurement of alternatives and ranking according to compromise 

solution (MARCOS) framework under triangular (p, q)-fuzzy numbers (T(p,q)-FNs), extending the 

(p,q)-rung orthopair fuzzy number, to address this problem. The methodology introduces new 

operational laws and a weighted average aggregation operator based on Dombi t-norms to effectively 

aggregate fuzzy information. The CRITIC method is used for objective criteria weighting, while 

MARCOS ranks alternatives to identify the optimal modulation technique. The framework is 

validated through a communication modulation selection case study and compared with existing 

methods. The results demonstrate that the proposed approach provides more accurate, realistic, and 

flexible decision-making, clearly highlighting its novelty and practical advantages. 
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1. Introduction 

The process of delivering an analog baseband signal (information) [1] via a band-pass media by 

modifying the characteristics of a sinusoidal wave is known as modulation. Digital modulation, in 

which a digital bit stream from the transmitter is conveyed over an analog information channel 

(medium) to the receiver or receivers, is another method of modulation. Analog modulation involves 

sending an analogue signal over an analog medium. Modulation techniques are used in almost all 

communication via radio channels. Transmissions in the modern era are digital and have a limited 

amount of usable spectrum. Therefore, using modulation techniques is crucial to making the most of 

the bandwidth that is accessible for high service quality. 

News, broadcasting, and other activities use telecommunications as a means of communication.  

Radio stations or persons can communicate with one another by using agreed-upon language and 

signals. In order to maximize signal quality and enhance tone, frequency, and efficiency, modulation 

and multichannel techniques are used to transmit signals from one station to another. The signal from 

the source is transformed by the sensor into an electrical signal, which is subsequently prepared for 

routing [2,3]. The transmitter generates electromagnetic waves within a specific bandwidth and 

wavelength range, thereby defining the transmission frequency. To improve clarity, modulation 

compresses the signal while it is propagating. Through the use of a transducer, a receiver transforms 

these waves into an electrical signal that is audible to humans [4]. Systems for communicating use 

modulation techniques to collect and evaluate signals from various sources and send them to 

receivers. To reduce disturbances like extinction, interference, and distortion in media signal 

transmission, modulation is crucial. Information is sent from a transmitter to a receiver via a medium 

in a network of communications. Sensors change the kinds of energy signals, while processors 

prepare them for effective transmission and reception. 

The modulation technique selection problem can be seen as a multi criteria decision making 

(MCDM) problem that considers different criteria for different modulation techniques because of 

their peculiarities. Additionally, it is critical for specialists to develop a framework for choosing 

modulation techniques in an uncertain environment in order to enhance expert decision-making due 

to the abrupt and unexpected nature of decision-making situations. 

1.1. Background of the study 

Two popular techniques for choosing the optimal alternative are MCDM [5] and multiple attribute 

group decision-making (MAGDM). Numerous disciplines, including engineering technology and 

economic management, have thoroughly developed the theory and methodology [6, 7]. The fuzzy set 

(FS) idea was put forward by Zadeh [8] to handle ambiguous data. Subsequently, other studies on the 

FS concept's generalizations were carried out. It is thought to have several applications, both 

theoretical and practical, in many fields, such as computer science, engineering, social science, 

natural sciences, physical sciences, and health sciences. FS theory has been the subject of extensive 
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research in [9,10]. As described by Atanassov [11], intuitionistic fuzzy sets (IFSs) are an intriguing 

and broadly applicable generalization of fuzzy sets. The decision-maker may, however, specify the 

membership function (MF) and non-membership function (NMF) of a particular characteristic in 

several ways that result in a sum greater than 1. To better handle uncertain situations, Yager [12] 

developed the idea of a Pythagorean fuzzy set (PyFS) as a generalization of IFSs. Compared with IFSs 

designs, PyFS designs are more accurate and useful for explaining unclear data. For instance (3, 2)-FS 

is an alternative form of generalized PyFS that was described by Ibrahim et al. [13]. Senapati et al. [14] 

not only investigated Fermatean fuzzy set (FFS) but also integrated basic operations into the FFS. 

Murad et al. [15] introduced the (3,4)-FS, which handles more confusing scenarios than the (3, 2)-FS. 

For handling informational uncertainty, a q-Rung orthopair fuzzy set (q-ROFS) [16] is among the 

most successful generalizations of FSs. (p,q)-ROFS is a novel FSs modification type introduced by 

Ibrahim and Alshammari [17]. 

Fuzzy numbers can result in a more flexible decision-making environment than FSs. Triangular 

fuzzy numbers (TFNs) are frequently used in many real applications [18,19] because they can 

describe the evaluation information more precisely in some applications [20,21]. A novel approach to 

addressing problems with decision-making was made possible by Wan et al.'s [22] MAGDM method, 

which is based on the triangular intuitionistic fuzzy number (TIFN). The Frank aggregation operator 

was developed by Fahmi et al. [23] using the TIFN. Triangular Pythagorean fuzzy numbers (TPFNs) 

were established by Sharma et al. [24] and applied to selecting the location of photovoltaic solar cells. 

Akram et al. proposed the Fermatean triangular fuzzy number in combination with fuzzy sets in [25]. 

Additionally, the triangular Fermatean fuzzy evaluation based on distance from average solution 

(EDAS) model was established by Khan et al. [26] and applied to remote patient monitoring. For the 

weighted average linear programming technique for multidimensional analysis of preference 

(LINMAP) group decision-making approach, Wan et al. [27] established q-rung orthopair triangular 

fuzzy numbers (q-ROTFNs). 

1.2. Related work 

1.2.1. Dombi operators for different MCDM issues 

To develop comprehensive assessments for a range of scenarios, numerous new types of 

aggregating operators (AOs) have been employed. In the field of research, AOs are intriguing and 

important, attracting more and more attention. In system analysis, decision-analysis, mathematical 

simulation, and forecasting applications, the Dombi t-norm and t-conorm [28] are frequently 

employed to create smoothness in information fusion under ambiguity and uncertainty. The MCDM 

problem on IFS was resolved by Liu et al. [29] using the Dombi Bonferroni mean operator. Dombi 

aggregation operators for PFSs were developed by Akram et al. [30]. Numerous researchers have 

developed Dombi operators further [31–34]. The PyF soft Einstein aggregation operator was 

developed by Ali et al. [35]. Fractional fuzzy soft sets were developed by Ullah et al. [36] using the 

Hamacher aggregation method. Sugeno Weber aggregation operator for triangular Fermatean fuzzy 

numbers was developed by Khan et al. [26]. Recent advances in fuzzy MCDM methods demonstrate 

the growing interest in flexible aggregation operators and their applications across diverse 

decision-making contexts. For example, Dhumras et al [37] explored T-spherical fuzzy soft Dombi 

aggregation operators integrated with an EDAS-based MCDM framework to evaluate mitigation 
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strategies for debris flow hazards in mountainous regions, highlighting the effectiveness of 

parameterized Dombi aggregation under high uncertainty conditions. Another relevant development 

applies fuzzy decision-making to renewable energy evaluation problems [38], where T-spherical 

fuzzy soft Dombi-based models were used to address the complex criteria involved in energy source 

selection and assessment. 

1.2.2. The CRITIC technique 

The CRITIC method is an objective weighting approach that determines the importance of 

criteria by combining contrast intensity and inter-criteria correlation. First, the decision matrix is 

normalized to ensure comparability. The contrast intensity of each criterion is measured using its 

standard deviation, where higher variability indicates greater discriminative power. Then correlation 

coefficients among the criteria are computed to assess redundancy; highly correlated criteria provide 

less unique information, while less correlated ones are more informative. Finally, the weights are 

calculated by integrating the standard deviation with the degree of conflict (1 − correlation), 

assigning higher importance to criteria with greater variability and lower correlation, thus ensuring a 

reliable and objective weighting process. 

In decision-making processes, selecting the optimal alternative is crucial. Consequently, the 

MAGDM problem requires the development of a novel approach. Information from previous 

decades is combined using several MAGDM procedures [39–41], with CRITIC and MARCOS being 

two of the most advanced techniques in this field. All qualities are not taken to be equally important 

in MAGDM situations like the method in [42]. Previous research has described a variety of criterion 

weighting techniques. There are two main types of attribute weights: Objective and subjective. The 

CRITIC approach is a weighting model that uses the correlation coefficient (CC) and standard 

deviation (SD) to quantify the value of each standard in order to determine the weights of 

characteristics in the MAGDM process. The CRITIC approach for attribute weight analysis was 

proposed by Diakoulaki et al. [43]. Žižović et al. [44] adapted the CRITIC method. Wu et al. [45] 

improved the CRITIC technique with a practical application in the roadway infrastructure system. In 

a system with heavy traffic, Pan et al. [46] used the CRITIC method at a traditional intersection. One 

could argue that standards having higher levels of conflict with other standards and higher dynamic 

contrast intensity are given higher weights under the CRITIC method. The CRITIC approach has 

been implemented in many real-life situations as a result of this characteristic. According to previous 

research and investigation, the CRITIC method is often combined with other subjective or objective 

empowerment methods to evaluate the weight. For instance, Yalcin and Ünlü [47] established the 

CRITIC viekriterijumsko kompromisno rangiranje (VIKOR) approaches to evaluate the ranking of 

initial public offerings. The CRITIC combined compromise solution (CoCoSo) approaches were 

presented in a fuzzy decision-making (DM) context by Peng and Huang [48]. In the 5G sector, Peng 

et al. [49] developed the PyF CRITIC-CoCoSo techniques. The technique of order preference 

similarity to the ideal solution (TOPSIS) CRITIC approach to supply chain management was 

presented by Rostamzadeh et al. [50]. Dutta et al. [51] defined the TOPSIS for the performance 

evaluation of foreign players in Indian premier league. 
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1.2.3. The MARCOS methodology 

The goal of multi criteria group decision-making (MCGDM) is to offer a way to choose the 

best option from a potential collection of possibilities by ranking them according to different 

criteria [52,53]. Due to the prevalence of MCGDM problems in everyday life, numerous fields have 

made extensive use of their theories and applications [54,55]. When making decisions with 

incomplete, ambiguous, or fuzzy information, MCGDM techniques based on fuzzy sets have been 

used [55]. Stevic et al. [56] developed the MARCOS approach based on the interaction between 

alternatives and reference points. It provides a method to define utility functions with their aggregate 

and calculates the utility degree (UD) from reference point solutions. This approach uses the 

compromise solution to measure and rank the possibilities. By maintaining the constancy of 

approach with increased precision and steadiness, it may be applied to vast collections of options and 

criteria. The MARCOS approach has been developed and implemented from a variety of angles 

because of its ease of use and adaptability [55–58]. 

1.3. Research gap 

In the existing literature, a Bonferroni mean operator combined with the complex proportional 

assessment (COPRAS) method has been defined for T(p,q)-fuzzy environments [59], providing a 

foundation for fuzzy MCDM. However, Dombi-based aggregation operators and the 

CRITIC-MARCOS method have not yet been developed or applied within the T(p,q)-fuzzy 

framework. This represents a clear research gap, as current approaches lack the flexibility, parametric 

adaptability, and integration of objective weighting with compromise ranking that these methods can 

offer. To address this gap, the present study proposes a novel Dombi-based aggregation operator 

combined with the CRITIC-MARCOS methodology specifically for T(p,q)-FNs. The framework is 

then applied to the selection of modulation techniques in communication systems, offering robust, 

flexible, and reliable decision-making under uncertainty. This contribution bridges both theoretical 

and practical limitations in complex MCDM problems, extending the applicability of fuzzy MCDM 

frameworks. 

1.4. Motivation 

Consequently, the following is a summary of the research motivations for this study. 

Selecting the optimal modulation technique under uncertainty is a challenging task due to 

multiple conflicting criteria and the inherent vagueness in expert judgments. Existing fuzzy 

frameworks such as intuitionistic, Pythagorean, and Fermatean FSs [11,12,14] are widely used in 

MCDM, but they are limited in capturing higher-order hesitancy and providing sufficient flexibility 

to represent nuanced expert opinions [60,61]. Triangular (p,q)-fuzzy numbers (T-(p,q)-FNs) offer a 

more precise and adaptable representation of uncertainty, allowing adjustable parameters that better 

reflect partial membership and hesitation. Despite these advantages, T-(p,q)-FNs have not yet been 

applied to MCDM problems in selecting modulation [62]. 

Effective aggregation of expert inputs is critical, and the Dombi [32] aggregation operator 

provides a flexible t-norm that unifies multiple common operations and adapts to different decision 

contexts. However, it has not been extended to the T-(p,q)-FN framework. Additionally, ranking 
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alternatives with interacting criteria requires both objective weighting and robust ranking, which 

MARCOS alone cannot fully provide. By integrating the CRITIC method with MARCOS under the 

T-(p,q)-FN framework, this study develops a comprehensive, novel, and systematic approach that 

accurately captures uncertainty, considers the criteria’s interdependencies, and delivers reliable, 

realistic outcomes for selecting the optimal modulation technique. 

1.5. Contributions 

In order to improve the rationality of modulation technique selection outcomes, this research 

proposes a synthetic decision model-based selection framework (see Figure 1). As a result, this work 

helps to clarify the modulation technique selection issues in the context of uncertainty and 

complexity. The key contributions are enumerated below. 

i. In the context of T(p,q)-FNs, we provide a novel MCDM method. In order to overcome the 

constraints of (p,q)-ROFS and to give decision-makers a more flexible way to represent their 

cognitive knowledge, T(p,q)-FNs have been utilized to assist decision-makers in expressing 

their information more fully. Additionally, the score functions of the T(p,q)-FNs and the 

related fundamental operational laws based on Dombi t-norms are defined. 

ii. Due to the large degree of operational parameter diversity, the Dombi aggregation operator 

offers greater flexibility in information aggregation and decision-making. To better aggregate 

the data supplied by the decision-makers, the Dombi aggregation operator is expanded in the 

T(p,q)-FN environment. 

iii. The CRITIC and MARCOS approaches were integrated using T(p,q)-FNs to provide a 

synthetic decision approach to choosing the best modulation strategy in complex and 

uncertain situations. In the context of inter-correlation between these factors, this approach 

may offer a more precise and useful way to handle the problem of selecting a modulation 

technique. Furthermore, the modulation technique selection problem has never been solved 

using the T(p,q)-FN-based CRITIC-MARCOS framework before. 

iv. To demonstrate the robustness of the suggested decision framework, a sensitivity analysis 

was carried out using a range of parameter values. In order to evaluate the viability and 

superiority of the suggested T(p,q)-FNs decision framework, a comparison research of the 

current MCDM approaches based on modulation method selection frameworks was carried 

out concurrently. 
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Figure 1. Contribution of the proposed work. 

1.6. Novelties of this study 

The key novelties of this research are as follows: 

i. Formulation of new foundational operation laws and a Dombi-based aggregation operator, 

offering parametric flexibility and generalization of classical fuzzy operators. 

ii. Integration of the CRITIC method for objective and data-driven weighting of criteria. 

iii. Construction of an advanced CRITIC-MARCOS MCDM methodology tailored to the 

T(p,q)-FN environment. 

iv. Practical validation of the proposed framework through the selection of optimal modulation 

techniques in communication systems, demonstrating robustness, stability, and superior 

decision-making performance compared with existing approaches. 

This paper is structured as follows. The fundamental ideas of T(p,q)-FN are introduced in 

Section 2. The T(p,q)-FN concept and its fundamental scoring function are introduced in Section 3. 

Basic operational laws and an aggregation operator based on Dombi t-norms are presented in Section 4. 

The CRITIC-MARCOS approach for the T(p,q)-FN context is described in detail in Section 5. A 

real-world example of choosing the best modulation method is discussed in Section 6. In Section 7, 

the numerical results and the suggested model are presented through a comparison with current 

techniques. The study is finally concluded in Section 8. Figure 2 provides the paper’s structure of. To 

aid readers in understanding the terms used in this article, Table 1 offers comprehensive explanations 

of the acronyms. The table provides the reader with a quick reference for improved reading and 

understanding, and these acronyms are crucial for simplifying the technical terminology. 
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Figure 2. The outline of this paper. 

Table 1. Description of the acronyms. 

Acronyms Description 

MCDM Multi-criteria decision-making 

T(p,q)-FN Triangular (p,q)-fuzzy number 

MARCOS Measuring alternatives and ranking according to the compromise solution 

CRITIC Criteria importance through intercriteria correlation 

IFS Intuitionistic fuzzy sets 

PyFS Pythagorean fuzzy set 

q-ROFS q-Rung orthopair fuzzy set 

TFNs Triangular fuzzy numbers 

MF Membership function 

NMF Non-membership function 

AO Aggregation operator 

T(p,q)-FNDWA Triangular (p,q)-fuzzy number Dombi weighted average 

BPSK Binary phase shift keying 

QPSK Quadrature phase shift keying 

QAM Quadrature amplitude modulation 

OFDM Orthogonal frequency-division multiplexing 

FSK Frequency shift keying 
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Table 2 presents all the symbols and notations used in the article, providing clarity and 

improving the readability of the mathematical expressions and discussions. 

Table 2. Description of the symbols. 

Symbols Description 

𝐿 Universal set 

𝔇̆ Intuitionistic fuzzy set 

𝔘̂ Pythagorean fuzzy set 

𝒬⏞ q-Rung orthopair fuzzy set 

𝔜̿ (p,q)- Rung orthopair fuzzy set 

𝛹̌ Triangular (p,q)-fuzzy number 

𝒵 Membership function 

𝒲 Non-membership 

𝛼̂ Lower bound of triangular fuzzy numbers 

𝛽̂ Mode of triangular fuzzy numbers 

𝛾̂ Upper bound of triangular fuzzy numbers 

𝕊(𝛹̌) Score function of triangular (p,q)-fuzzy numbers 

𝔸(𝛹̌) Accuracy function of triangular (p,q)-fuzzy numbers 

₤𝑁(Ʉ, Ƿ) Dombi t-norm 

₤𝐶(Ʉ, Ƿ) Dombi t-conorm 

𝛩𝒾 Criteria weights 

𝓀𝑗 Criteria  

Ŧ𝑖 Alternatives 

Ԣ̃𝑖𝑗 Normalized score matrix 

Փ𝑗 Standard deviation 

Ք𝑗𝑡 Correlation 

𝜁+ Ideal 

𝜁− Anti-ideal 

Γ(Ӣ) Utility function 

2. Preliminaries 

Definition 1. [11] The IFS 𝔇̆ is defined by Eq (1) if 𝐿 is a universal set 

𝔇̆ = {〈𝑙, 𝒵𝔇̆(𝑙),𝒲𝔇̆(𝑙)〉 | 𝑙 ∈ 𝐿}.        (1) 

In this context, 𝒵𝔇̆(𝑙) and 𝒲𝔇̆(𝑙) denote the MF and NMF of 𝑙 ∈ 𝐿, respectively, where 

𝒵𝔇̆(𝑙),𝒲𝔇̆(𝑙) ∈ [0, 1], and the condition 0 ≤ 𝒵𝔇̆(𝑙) +𝒲𝔇̆(𝑙) ≤ 1 holds. For 𝑙 ∈ 𝐿, the degree of 

hesitancy is determined by 𝜋̅𝔇̆ = 1 − 𝒵𝔇̆(𝑙) −𝒲𝔇̆(𝑙). 

Definition 2. [12] The PFS 𝔘̂ is defined by Eq (2) if 𝐿 is a universal set 
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𝔘̂ = {〈𝑙, 𝒵𝔘̂(𝑙),𝒲𝔘̂(𝑙)〉 | 𝑙 ∈ 𝐿}.       (2) 

In this context, 𝒵𝔘̂(𝑙) and 𝒲𝔘̂(𝑙) denote the MF and NMF of 𝑙 ∈ 𝐿, respectively, where 

𝒵𝔘̂(𝑙),𝒲𝔘̂(𝑙) ∈ [0, 1] , and the condition 0 ≤ (𝒵𝔘̂(𝑙))
2
+ (𝒲𝔘̂(𝑙))

2
≤ 1  holds. For 𝑙 ∈ 𝐿 , the 

degree of hesitancy is determined by 𝜋̅𝔘̂ = √1 − (𝒵𝔘̂(𝑙))
2
− (𝒲𝔘̂(𝑙))

2
. 

Definition 3. [16] The q-ROFS 𝒬⏞ is defined by Eq (3) if 𝐿 is a universal set 

𝒬⏞ = {〈𝑙, 𝒵
𝒬⏞
(𝑙),𝒲

𝒬⏞
(𝑙)〉 | 𝑙 ∈ 𝐿}.       (3) 

In this context, 𝒵
𝒬⏞
(𝑙) and 𝒲

𝒬⏞
(𝑙) denote the MF and NMF of 𝑙 ∈ 𝐿, respectively, where 

𝒵
𝒬⏞
(𝑙),𝒲

𝒬⏞
(𝑙) ∈ [0, 1] , and the condition 0 ≤ (𝒵

𝒬⏞
(𝑙))

𝑞

+ (𝒲
𝒬⏞
(𝑙))

𝑞

≤ 1  holds. For 𝑙 ∈ 𝐿 , the 

degree of hesitancy is determined by 𝜋̅
𝒬⏞
= √1 − (𝒵

𝒬⏞
(𝑙))

𝑞

− (𝒲
𝒬⏞
(𝑙))

𝑞𝑞

. 

Definition 4. [17] The (p,q)-ROFS 𝔜̿ is defined by Eq (4) if 𝐿 is a universal set 

𝔜̿ = {〈𝑙, 𝒵𝔜̿(𝑙),𝒲𝔜̿(𝑙)〉 | 𝑙 ∈ 𝐿}.       (4) 

In this context, 𝒵𝔜̿(𝑙) and 𝒲𝔜̿(𝑙) denote the MF and NMF of 𝑙 ∈ 𝐿, respectively, where 

𝒵𝔜̿(𝑙),𝒲𝔜̿(𝑙) ∈ [0, 1] , and the condition 0 ≤ (𝒵𝔜̿(𝑙))
𝑝
+ (𝒲𝔜̿(𝑙))

𝑞
≤ 1  holds. For 𝑙 ∈ 𝐿 , the 

degree of hesitancy is determined by 𝜋̅𝔜̿ = √1 − (𝒵𝔜̿(𝑙))
𝑝
− (𝒲𝔜̿(𝑙))

𝑞𝑝𝑞

. 

Figure 3 presents the space comparison of different FSs. 
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Figure 3. Space comparison of different fuzzy sets. 

3. Triangular (p,q)-fuzzy numbers 

A T(p,q)-FN [59] extends the classical TFN with the exponents p and q controlling the left and 

right spreads. It defines membership, non membership, and hesitation, enabling flexible modeling of 

asymmetric and higher-order uncertainty for complex decision-making. 

Definition 5. [59] For a T(p,q)-FN, let 𝛹̌ = ((𝛼̂, 𝛽̂, 𝛾̂); 𝒵𝛹̌(𝑙),𝒲𝛹̌(𝑙)). Equations (5) and (6) 

provide its membership function and non membership function; 

𝒵𝛹̌(𝑙) =

{
 
 

 
 
(𝑙−𝛼̂)𝒵𝛹̌
(𝛽̂−𝛼̂)

,            𝑖𝑓 𝛼̂ ≤ 𝑙 < 𝛽̂,

𝒵𝛹̌,                          𝑖𝑓 𝑙 = 𝛽,̂
(𝛾̂−𝑙)𝒵𝛹̌
(𝛾̂−𝛽̂)

,              𝑖𝑓 𝛽̂ < 𝑙 ≤ 𝛾,̂

0,                𝑖𝑓 𝑙 < 𝛼̂ 𝑜𝑟 𝑙 > 𝛾̂,

       (5) 

𝒲𝛹̌(𝑙) =

{
 
 

 
 
(𝛽̂−𝑙)+𝒲𝛹̌(𝑙−𝛼̂)

(𝛽̂−𝛼̂)
,                 𝑖𝑓 𝛼̂ ≤ 𝑙 < 𝛽,̂ 

𝒲𝛹̌,                                         𝑖𝑓 𝑙 = 𝛽,̂
(𝑙−𝛽̂)+𝒲𝛹̌(𝛾̂−𝑙)

(𝛾̂−𝛽̂)
,                   𝑖𝑓 𝛽̂ < 𝑙 ≤ 𝛾,̂

1,                             𝑖𝑓 𝑙 < 𝛼̂ 𝑜𝑟 𝑙 > 𝛾̂.

      (6) 

In this case, the membership is represented by 𝒵𝛹̌(𝑙) and the non-membership by 𝒲𝛹̌(𝑙). 

𝒵𝛹̌(𝑙),𝒲𝛹̌(𝑙) ∈ [0, 1], 0 ≤ (𝒵𝛹̌(𝑙))
𝑝
+ (𝒲𝛹̌(𝑙))

𝑞
≤ 1, and 𝛼̂ < 𝛽̂ < 𝛾̂ in Eqs (5) and (6). For 𝑙 ∈
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𝐿, the degree of hesitancy is determined by 𝜋̅𝛹̌ = √1 − (𝒵𝛹̌(𝑙))
𝑝
− (𝒲𝛹̌(𝑙))

𝑞𝑝𝑞

. Figure 4 shows the 

geometrical representation of the T(p,q)-FNs. 

  

Figure 4. Geometrical representation of T(p,q)-FNs. 

Example 1. Let 𝒯̌ = ((2,4,6); 𝒵𝛹̌,𝒲𝛹̌) be a T(p,q)-FN. We can obtain the MF and NMF are as 

follows: 

𝒵𝛹̌(𝑙) =

{
  
 

  
 
(𝑙 − 2)𝒵𝛹̌

(𝛽̂ − 𝛼̂)
,            𝑖𝑓 2 ≤ 𝑙 < 4,

𝒵𝛹̌,                        𝑖𝑓 𝑙 = 4,
(6 − 𝑙)𝒵𝛹̌
(6 − 4)

,              𝑖𝑓 4 < 𝑙 ≤ 6,

0,                𝑖𝑓 𝑙 < 2 𝑜𝑟 𝑙 > 6,

 

𝒲𝛹̌(𝑙) =

{
  
 

  
 
(4 − 𝑙) +𝒲𝛹̌(𝑙 − 2)

(4 − 2)
,                 𝑖𝑓 2 ≤ 𝑙 < 4,

𝒲𝛹̌,                                         𝑖𝑓 𝑙 = 4,
(𝑙 − 4) +𝒲𝛹̌(6 − 𝑙)

(6 − 4)
,                   𝑖𝑓 4 < 𝑙 ≤ 6,

1,                             𝑖𝑓 𝑙 < 2 𝑜𝑟 𝑙 > 6.

 

Where 𝒵𝛹̌,𝒲𝛹̌ ∈ [0, 1], the MF and NMF of T(p,q)-FNs in Example 1 are shown in Figure 5. 

0 𝛼̂ 𝛽̂ 𝛾̂ 

𝒵𝛹̌ 

𝒲𝛹̌ 

1 
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Figure 5. Graphically representation of Example 1. 

3.1. Ranking of T(p,q)-FNs 

Definition 6. Consider the T(p,q)-FNs denoted as 𝛹̌ = ((𝛼̂, 𝛽̂, 𝛾̂); 𝒵𝛹̌ ,𝒲𝛹̌). The following is the 

definition of their score function: 

𝕊(𝛹̌) =
𝛼̂+2𝛽̂+𝛾̂

4
(𝒵

𝛹̌
𝑝
−𝒲

𝛹̌
𝑞
).        (7) 

The following is a definition of the accuracy function: 

𝔸(𝛹̌) =
𝛼̂+2𝛽̂+𝛾̂

4
(𝒵

𝛹̌
𝑝
+𝒲

𝛹̌
𝑞
).        (8) 

Definition 7. Let 𝛹̌1 = ((𝛼̂1, 𝛽̂1, 𝛾̂1); 𝒵𝛹̌1 ,𝒲𝛹̌1
)  and 𝛹̌2 = ((𝛼̂2, 𝛽̂2, 𝛾̂2); 𝒵𝛹̌2 ,𝒲𝛹̌2

)  be two 

T(p,q)-FNs. The ranking rule is defined as follows: 

1) If 𝕊(𝛹̌1) < 𝕊(𝛹̌2) ⇒ 𝛹̌1 < 𝛹̌2; 

2) If 𝕊(𝛹̌1) > 𝕊(𝛹̌2) ⇒ 𝛹̌1 > 𝛹̌2; 

3) If 𝕊(𝛹̌1) = 𝕊(𝛹̌2) then 

i. 𝔸(𝛹̌1) < 𝔸(𝛹̌2) ⇒ 𝛹̌1 < 𝛹̌2; 

ii. 𝔸(𝛹̌1) > 𝔸(𝛹̌2) ⇒ 𝛹̌1 > 𝛹̌2; 

iii. 𝔸(𝛹̌1) = 𝔸(𝛹̌2) ⇒ 𝛹̌1 ∼ 𝛹̌2. 
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4. Dombi t-norms and t-conorms 

Definition 8. [28] Let Ʉ and Ƿ be two real numbers. The following is the definition of the Dombi 

t-norm and t-conorm on Ʉ and Ƿ: 

₤𝑁(Ʉ, Ƿ) =
1

1+{(
1−Ʉ

Ʉ
)
Ⱡ
+(

1−Ƿ

Ƿ
)
Ⱡ
}

1
Ⱡ

,        (9) 

₤𝐶(Ʉ, Ƿ) = 1 −
1

1+{(
Ʉ

1−Ʉ
)
Ⱡ
+(

Ƿ

1−Ƿ
)
Ⱡ
}

1
Ⱡ

,       (10) 

where Ⱡ ≥ 1 and (Ʉ, Ƿ) ∈ [0, 1] × [0, 1]. 

4.1. Triangular (p,q)-fuzzy numbers under Dombi operation 

Basic operational laws and AO, and the T(p,q)-FN Dombi weighted average (T(p,q)-FNDWA) 

operator, are the main topics of this section. 

4.1.1. Operational laws for T(p,q)-FNs based on Dombi operator 

Definition 9. Let 𝛹̌1 = ((𝛼̂1, 𝛽̂1, 𝛾̂1); 𝒵𝛹̌1 ,𝒲𝛹̌1
) and 𝛹̌2 = ((𝛼̂2, 𝛽̂2, 𝛾̂2); 𝒵𝛹̌2 ,𝒲𝛹̌2

) are any two 

T(p,q)-FNs, where 𝜈 ∈ [0, 1] and Ⱡ ≥ 1, be a real number. The following definition of operations 

will be used: 

1) 𝛹̌1⊕ 𝛹̌2 =

(

 
 
 
 
 
 

(𝛼̂1 + 𝛼̂2, 𝛽̂1 + 𝛽̂2, 𝛾̂1 + 𝛾̂2);

(

 
 
 
 
 

√

1 −
1

1+{(
𝒵
𝛹̌1

𝑝

1−𝒵
𝛹̌1

𝑝 )

Ⱡ

+(
𝒵
𝛹̌2

𝑝

1−𝒵
𝛹̌2

𝑝 )

Ⱡ

}

1
Ⱡ

𝑝 ,

√

1

1+{(
1−𝒲

𝛹̌1

𝑞

𝒲
𝛹̌1

𝑞 )

Ⱡ

+(
1−𝒲

𝛹̌2

𝑞

𝒲
𝛹̌2

𝑞 )

Ⱡ

}

1
Ⱡ

𝑞

)

 
 
 
 
 

)

 
 
 
 
 
 

; 

2) 𝛹̌1⊗ 𝛹̌2 =

(

 
 
 
 
 
 

(𝛼̂1. 𝛼̂2, 𝛽̂1. 𝛽̂2, 𝛾̂1. 𝛾̂2);

(

 
 
 
 
 

√

1

1+{(
1−𝒵

𝛹̌1

𝑝

𝒵
𝛹̌1

𝑝 )

Ⱡ

+(
1−𝒵

𝛹̌2

𝑝

𝒵
𝛹̌2

𝑝 )

Ⱡ

}

1
Ⱡ

𝑝 ,

√

1 −
1

1+{(
𝒲
𝛹̌1

𝑞

1−𝒲
𝛹̌1

𝑞 )

Ⱡ

+(
𝒲
𝛹̌2

𝑞

1−𝒲
𝛹̌2

𝑞 )

Ⱡ

}

1
Ⱡ

𝑞

)

 
 
 
 
 

)

 
 
 
 
 
 

; 
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3) 𝜈 ⊙ 𝛹̌1 =

(

 
 
 
 
 
 

(𝜈. 𝛼̂1, 𝜈. 𝛽̂1, 𝜈. 𝛾̂1);

(

 
 
 
 
 

√

1 −
1

1+{𝜈(
𝒵
𝛹̌1

𝑝

1−𝒵
𝛹̌1

𝑝 )

Ⱡ

}

1
Ⱡ

𝑝 ,

√

1

1+{𝜈(
1−𝒲

𝛹̌1

𝑞

𝒲
𝛹̌1

𝑞 )

Ⱡ

}

1
Ⱡ

𝑞

)

 
 
 
 
 

)

 
 
 
 
 
 

; 

4) (𝛹̌1)
𝜈
=

(

 
 
 
 
 
 

(𝛼̂1
𝜈 , 𝛽̂1

𝜈 , 𝛾̂1
𝜈);

(

 
 
 
 
 

√

1

1+{𝜈(
1−𝒵

𝛹̌1

𝑝

𝒵
𝛹̌1

𝑝 )

Ⱡ

}

1
Ⱡ

𝑝 ,

√

1 −
1

1+{𝜈(
𝒲
𝛹̌1

𝑞

1−𝒲
𝛹̌1

𝑞 )

Ⱡ

}

1
Ⱡ

𝑞

)

 
 
 
 
 

)

 
 
 
 
 
 

. 

4.1.2. T(p,q)-FNDWA aggregation operator 

Definition 10. Let 𝛹̌𝑖 = ((𝛼̂𝑖 , 𝛽̂𝑖 , 𝛾̂𝑖); 𝒵𝛹̌𝑖 ,𝒲𝛹̌𝑖
) (𝒾 = 1,2, … ,𝓃) be an assembely of T(p,q)-FNs. 

Then, the T(p,q)-FNDWA operator is a function 𝑇(𝑝, 𝑞) − 𝐹𝑁𝐷𝑊𝐴: 𝛹̌𝓃 → 𝛹̌, such that: 

𝑇(𝑝, 𝑞) − 𝐹𝑁𝐷𝑊𝐴(𝛹̌1, 𝛹̌2, … , 𝛹̌𝓃) = 𝛩1𝛹̌1⊕𝛩1𝛹̌2⊕…⊕𝛩𝓃𝛹̌𝓃,   (11) 

where 𝛩𝒾 > 0,∑ 𝛩𝒾
𝓃
𝒾=1 = 1 represent the weights of the criteria. 

Theorem 1. If 𝛹̌𝑖 = ((𝛼̂𝑖 , 𝛽̂𝑖 , 𝛾̂𝑖); 𝒵𝛹̌𝑖 ,𝒲𝛹̌𝑖
) (𝒾 = 1,2, … ,𝓃) be an assembely of T(p,q)-FNs. Then, 

aggregated values are also T(p,q)-FNs and 

𝑇(𝑝, 𝑞) − 𝐹𝑁𝐷𝑊𝐴(𝛹̌1, 𝛹̌2, … , 𝛹̌𝓃)         

= 𝛩1𝛹̌1⊕𝛩1𝛹̌2⊕…⊕𝛩𝓃𝛹̌𝓃           

=

(

 
 
 
 
 
 

(∑ 𝛩𝑖𝛼̂𝑖
𝓃
𝒾=1 , ∑ 𝛩𝑖𝛽̂𝑖

𝓃
𝒾=1 , ∑ 𝛩𝑖𝛾̂𝑖

𝓃
𝒾=1 );

(

 
 
 
 
 

√

1 −
1

1+{∑ 𝛩𝒾(
𝒵
𝛹̌𝑖

𝑝

1−𝒵
𝛹̌𝑖

𝑝 )

Ⱡ

𝓃
𝒾=1 }

1
Ⱡ

𝑝 ,

√

1

1+{∑ 𝛩𝒾(
1−𝒲

𝛹̌𝑖

𝑞

𝒲
𝛹̌𝑖

𝑞 )

Ⱡ

𝓃
𝒾=1 }

1
Ⱡ

𝑞

)

 
 
 
 
 

)

 
 
 
 
 
 

.   (12) 

Proof. We apply mathematical induction to prove it. 

For 𝓃 = 2, 
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𝑇(𝑝, 𝑞) − 𝐹𝑁𝐷𝑊𝐴(𝛹̌1, 𝛹̌2) = 𝛩1𝛹̌1⊕𝛩1𝛹̌2, 

𝛩1𝛹̌1 =

(

 
 
 
 
 
 

(𝛩1. 𝛼̂1, 𝛩1. 𝛽̂1, 𝛩1. 𝛾̂1);

(

 
 
 
 
 

√

1 −
1

1+{𝛩1(
𝒵
𝛹̌1

𝑝

1−𝒵
𝛹̌1

𝑝 )

Ⱡ

}

1
Ⱡ

𝑝 ,

√

1

1+{𝛩1(
1−𝒲

𝛹̌1

𝑞

𝒲
𝛹̌1

𝑞 )

Ⱡ

}

1
Ⱡ

𝑞

)

 
 
 
 
 

)

 
 
 
 
 
 

, 

𝛩2𝛹̌2 =

(

 
 
 
 
 
 

(𝛩2. 𝛼̂2, 𝛩2. 𝛽̂2, 𝛩2. 𝛾̂2);

(

 
 
 
 
 

√

1 −
1

1+{𝛩2(
𝒵
𝛹̌2

𝑝

1−𝒵
𝛹̌2

𝑝 )

Ⱡ

}

1
Ⱡ

𝑝 ,

√

1

1+{𝛩2(
1−𝒲

𝛹̌2

𝑞

𝒲
𝛹̌2

𝑞 )

Ⱡ

}

1
Ⱡ

𝑞

)

 
 
 
 
 

)

 
 
 
 
 
 

  

=

(

 
 
 
 
 
 

(𝛩1. 𝛼̂1, 𝛩1. 𝛽̂1, 𝛩1. 𝛾̂1);

(

 
 
 
 
 

√

1 −
1

1+{𝛩1(
𝒵
𝛹̌1

𝑝

1−𝒵
𝛹̌1

𝑝 )

Ⱡ

}

1
Ⱡ

𝑝 ,

√

1

1+{𝛩1(
1−𝒲

𝛹̌1

𝑞

𝒲
𝛹̌1

𝑞 )

Ⱡ

}

1
Ⱡ

𝑞

)

 
 
 
 
 

)

 
 
 
 
 
 

,      

⊕

(

 
 
 
 
 
 

(𝛩2. 𝛼̂2, 𝛩2. 𝛽̂2, 𝛩2. 𝛾̂2);

(

 
 
 
 
 

√

1 −
1

1+{𝛩2(
𝒵
𝛹̌2

𝑝

1−𝒵
𝛹̌2

𝑝 )

Ⱡ

}

1
Ⱡ

𝑝 ,

√

1

1+{𝛩2(
1−𝒲

𝛹̌2

𝑞

𝒲
𝛹̌2

𝑞 )

Ⱡ

}

1
Ⱡ

𝑞

)

 
 
 
 
 

)

 
 
 
 
 
 

       

=

(

 
 
 
 
 
 

(𝛩1. 𝛼̂1 + 𝛩2. 𝛼̂2, 𝛩1. 𝛽̂1 + 𝛩2. 𝛽̂2, 𝛩1. 𝛾̂1 + 𝛩2. 𝛾̂2);

(

 
 
 
 
 

√

1 −
1

1+{𝛩1(
𝒵
𝛹̌1

𝑝

1−𝒵
𝛹̌1

𝑝 )

Ⱡ

+𝛩2(
𝒵
𝛹̌2

𝑝

1−𝒵
𝛹̌2

𝑝 )

Ⱡ

}

1
Ⱡ

𝑝 ,

√

1

1+{𝛩1(
1−𝒲

𝛹̌1

𝑞

𝒲
𝛹̌1

𝑞 )

Ⱡ

+𝛩2(
1−𝒲

𝛹̌2

𝑞

𝒲
𝛹̌2

𝑞 )

Ⱡ

}

1
Ⱡ

𝑞

)

 
 
 
 
 

)
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=

(

 
 
 
 
 
 

(∑ 𝛩𝑖𝛼̂𝑖
2
𝒾=1 , ∑ 𝛩𝑖𝛽̂𝑖

2
𝒾=1 , ∑ 𝛩𝑖𝛾̂𝑖

2
𝒾=1 );

(

 
 
 
 
 

√

1 −
1

1+{∑ 𝛩𝒾(
𝒵
𝛹̌𝑖

𝑝

1−𝒵
𝛹̌𝑖

𝑝 )

Ⱡ

2
𝒾=1 }

1
Ⱡ

𝑝 ,

√

1

1+{∑ 𝛩𝒾(
1−𝒲

𝛹̌𝑖

𝑞

𝒲
𝛹̌𝑖

𝑞 )

Ⱡ

2
𝒾=1 }

1
Ⱡ

𝑞

)

 
 
 
 
 

)

 
 
 
 
 
 

.      

So, Eq (10) holds true when 𝓃 = 2. 

Equation (10) is assumed to apply for 𝓃 = 𝑘. 

𝑇(𝑝, 𝑞) − 𝐹𝑁𝐷𝑊𝐴(𝛹̌1, 𝛹̌2, … , 𝛹̌𝑘) = 𝛩1𝛹̌1⊕𝛩1𝛹̌2⊕…⊕𝛩𝑘𝛹̌𝑘         

=

(

 
 
 
 
 
 

(∑ 𝛩𝑖𝛼̂𝑖
𝑘
𝒾=1 , ∑ 𝛩𝑖𝛽̂𝑖

𝑘
𝒾=1 , ∑ 𝛩𝑖𝛾̂𝑖

𝑘
𝒾=1 );

(

 
 
 
 
 

√

1 −
1

1+{∑ 𝛩𝒾(
𝒵
𝛹̌𝑖

𝑝

1−𝒵
𝛹̌𝑖

𝑝 )

Ⱡ

𝑘
𝒾=1 }

1
Ⱡ

𝑝 ,

√

1

1+{∑ 𝛩𝒾(
1−𝒲

𝛹̌𝑖

𝑞

𝒲
𝛹̌𝑖

𝑞 )

Ⱡ

𝑘
𝒾=1 }

1
Ⱡ

𝑞

)

 
 
 
 
 

)

 
 
 
 
 
 

.  

Now, for 𝓃 = 𝑘 + 1, we have 

𝑇(𝑝, 𝑞) − 𝐹𝑁𝐷𝑊𝐴(𝛹̌1, 𝛹̌2, … , 𝛹̌𝑘, 𝛹̌𝑘+1)         

= 𝛩1𝛹̌1⊕𝛩1𝛹̌2⊕…⊕𝛩𝑘𝛹̌𝑘⊕𝛩𝑘+1𝛹̌𝑘+1        

=

(

 
 
 
 
 
 

(∑ 𝛩𝑖𝛼̂𝑖
𝑘
𝒾=1 , ∑ 𝛩𝑖𝛽̂𝑖

𝑘
𝒾=1 , ∑ 𝛩𝑖𝛾̂𝑖

𝑘
𝒾=1 );

(

 
 
 
 
 

√

1 −
1

1+{∑ 𝛩𝒾(
𝒵
𝛹̌𝑖

𝑝

1−𝒵
𝛹̌𝑖

𝑝 )

Ⱡ

𝑘
𝒾=1 }

1
Ⱡ

𝑝 ,

√

1

1+{∑ 𝛩𝒾(
1−𝒲

𝛹̌𝑖

𝑞

𝒲
𝛹̌𝑖

𝑞 )

Ⱡ

𝑘
𝒾=1 }

1
Ⱡ

𝑞

)

 
 
 
 
 

)

 
 
 
 
 
 

     

⊕

(

 
 
 
 
 
 

(𝛩𝑘+1. 𝛼̂𝑘+1, 𝛩𝑘+1. 𝛽̂𝑘+1, 𝛩𝑘+1. 𝛾̂𝑘+1);

(

 
 
 
 
 

√

1 −
1

1+{𝛩𝑘+1(
𝒵
𝛹̌𝑘+1

𝑝

1−𝒵
𝛹̌𝑘+1

𝑝 )

Ⱡ

}

1
Ⱡ

𝑝 ,

√

1

1+{𝛩𝑘+1(
1−𝒲

𝛹̌𝑘+1

𝑞

𝒲
𝛹̌𝑘+1

𝑞 )

Ⱡ

}

1
Ⱡ

𝑞

)

 
 
 
 
 

)
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=

(

 
 
 
 
 
 

(∑ 𝛩𝑖𝛼̂𝑖
𝑘+1
𝒾=1 , ∑ 𝛩𝑖𝛽̂𝑖

𝑘+1
𝒾=1 , ∑ 𝛩𝑖𝛾̂𝑖

𝑘+1
𝒾=1 );

(

 
 
 
 
 

√

1 −
1

1+{∑ 𝛩𝒾(
𝒵
𝛹̌𝑖

𝑝

1−𝒵
𝛹̌𝑖

𝑝 )

Ⱡ

𝑘+1
𝒾=1 }

1
Ⱡ

𝑝 ,

√

1

1+{∑ 𝛩𝒾(
1−𝒲

𝛹̌𝑖

𝑞

𝒲
𝛹̌𝑖

𝑞 )

Ⱡ

𝑘+1
𝒾=1 }

1
Ⱡ

𝑞

)

 
 
 
 
 

)

 
 
 
 
 
 

.      

Example 2. Assume that 𝛹̌1 = ((2,3,4); 0.8,0.7) , 𝛹̌2 = ((1,2,3); 0.9,0.5),  and 𝛹̌3 =

((1,3,5); 0.5,0.6) are any three T(p,q)-FNs, then we can aggregate these three T(p,q)-FNs using the 

T(p,q)-FNDWA operator. If we let Ⱡ = 2 , 𝑝 = 3 , 𝑞 = 4 , and 𝛩 = {0.2,0.3,0.5}𝑇 , then the 

aggregated T(p,q)-FN is as follows: 

𝑇(𝑝, 𝑞) − 𝐹𝑁𝐷𝑊𝐴(𝛹̌1, 𝛹̌2, 𝛹̌3) = ((1.2,2.7,4.2); 0.8471,0.5543). 

The T(p,q)-FNDWA operator possesses several important properties, which are outlined below. 

Property 1. Idempotency. If all T(p,q)-FNs are identical, i.e, 𝛹̌𝑖 = ((𝛼̂𝑖 , 𝛽̂𝑖 , 𝛾̂𝑖); 𝒵𝛹̌𝑖 ,𝒲𝛹̌𝑖
) (𝒾 =

1,2, … ,𝓃)  = ((𝛼̂, 𝛽̂, 𝛾̂); 𝒵𝛹̌,𝒲𝛹̌) for all 𝒾, 𝛹̌𝑖 = 𝛹̌ then; 

𝑇(𝑝, 𝑞) − 𝐹𝑁𝐷𝑊𝐴(𝛹̌1, 𝛹̌2, … , 𝛹̌𝓃) = 𝛹̌ = ((𝛼̂, 𝛽̂, 𝛾̂); 𝒵𝛹̌,𝒲𝛹̌).  (13) 

Proof. 

𝑇(𝑝, 𝑞) − 𝐹𝑁𝐷𝑊𝐴(𝛹̌1, 𝛹̌2, … , 𝛹̌𝓃)         

= 𝛩1𝛹̌1⊕𝛩1𝛹̌2⊕…⊕𝛩𝓃𝛹̌𝓃           

=

(

 
 
 
 
 
 

(∑ 𝛩𝑖𝛼̂𝑖
𝓃
𝒾=1 , ∑ 𝛩𝑖𝛽̂𝑖

𝓃
𝒾=1 , ∑ 𝛩𝑖𝛾̂𝑖

𝓃
𝒾=1 );

(

 
 
 
 
 

√

1 −
1

1+{∑ 𝛩𝒾(
𝒵
𝛹̌𝑖

𝑝

1−𝒵
𝛹̌𝑖

𝑝 )

Ⱡ

𝓃
𝒾=1 }

1
Ⱡ

𝑝 ,

√

1

1+{∑ 𝛩𝒾(
1−𝒲

𝛹̌𝑖

𝑞

𝒲
𝛹̌𝑖

𝑞 )

Ⱡ

𝓃
𝒾=1 }

1
Ⱡ

𝑞

)

 
 
 
 
 

)

 
 
 
 
 
 

,    

where 
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∑ 𝛩𝒾
𝓃
𝒾=1 = 1 =

(

 
 
 
 

(𝛼̂, 𝛽̂, 𝛾̂);

(

 
 
 

√
1 −

1

1+{(
𝒵
𝛹̌

𝑝

1−𝒵
𝛹̌

𝑝)

Ⱡ

}

1
Ⱡ

𝑝 ,
√

1

1+{(
1−𝒲

𝛹̌

𝑞

𝒲
𝛹̌

𝑞 )

Ⱡ

}

1
Ⱡ

𝑞

)

 
 
 

)

 
 
 
 

       

= ((𝛼̂, 𝛽̂, 𝛾̂); 𝒵𝛹̌,𝒲𝛹̌) = 𝛹̌.           

Thus, 𝑇(𝑝, 𝑞) − 𝐹𝑁𝐷𝑊𝐴(𝛹̌1, 𝛹̌2, … , 𝛹̌𝓃) = 𝛹̌ holds. 

Property 2. Monotonicity. Let 𝛹̌𝑖
′′ = ((𝛼̂𝑖

′′, 𝛽̂𝑖
′′, 𝛾̂𝑖

′′); 𝒵𝛹̌𝑖
′′ ,𝒲𝛹̌𝑖

′′ ) and 𝛹̌𝑖 = ((𝛼̂𝑖 , 𝛽̂𝑖 , 𝛾̂𝑖); 𝒵𝛹̌𝑖 ,𝒲𝛹̌𝑖
) 

be two sets of T(p,q)-FNs with (𝒾 = 1,2,… , 𝓃) such that 𝛼̂𝑖 ≤ 𝛼̂𝑖
′′, 𝛽̂𝑖 ≤ 𝛽̂𝑖

′′, 𝛾̂𝑖 ≤ 𝛾̂𝑖
′′, 𝒵𝛹̌𝑖

′′ ≤ 𝒵𝛹̌𝑖, 

and 𝒲𝛹̌𝑖
≥ 𝒲𝛹̌𝑖

′′ . 

𝑇(𝑝, 𝑞) − 𝐹𝑁𝐷𝑊𝐴(𝛹̌1, 𝛹̌2, … , 𝛹̌𝓃) ≤ 𝑇(𝑝, 𝑞) − 𝐹𝑁𝐷𝑊𝐴(𝛹̌1
′′, 𝛹̌2

′′, … , 𝛹̌𝓃
′′). (14) 

Proof. Let 𝛹̌𝑖
′′ = ((𝛼̂𝑖

′′, 𝛽̂𝑖
′′, 𝛾̂𝑖

′′); 𝒵𝛹̌𝑖
′′ ,𝒲𝛹̌𝑖

′′ )  and 𝛹̌𝑖 = ((𝛼̂𝑖 , 𝛽̂𝑖 , 𝛾̂𝑖); 𝒵𝛹̌𝑖 ,𝒲𝛹̌𝑖
)  be two sets of 

T(p,q)-FNs with (𝒾 = 1,2, … , 𝓃) such that 𝛹̌𝑖
′′ ≤ 𝛹̌𝑖 which implies that 𝛼̂𝑖 ≤ 𝛼̂𝑖

′′, 𝛽̂𝑖 ≤ 𝛽̂𝑖
′′, 𝛾̂𝑖 ≤

𝛾̂𝑖
′′, 𝒵𝛹̌𝑖

′′ ≤ 𝒵𝛹̌𝑖, and 𝒲𝛹̌𝑖
≥ 𝒲𝛹̌𝑖

′′ . In this case, we have  

𝛼̂𝑖 ≤ 𝛼̂𝑖
′′, 𝛽̂𝑖 ≤ 𝛽̂𝑖

′′, 𝛾̂𝑖 ≤ 𝛾̂𝑖
′′. 

For membership, 𝒵𝛹̌𝑖 ≤ 𝒵𝛹̌𝑖
′′ ⇒ 𝒵

𝛹̌
𝑝
≤ 𝒵

𝛹̌
′′𝑝

, and because 𝑝 ≥ 1, 

⇒
𝒵
𝛹̌

𝑝

1−𝒵
𝛹̌

𝑝 ≤
𝒵
𝛹̌

′′𝑝

1−𝒵
𝛹̌

′′𝑝  

⇒ (
𝒵
𝛹̌𝑖

𝑝

1−𝒵
𝛹̌𝑖

𝑝 )

Ⱡ

≤ (
𝒵′′

𝛹̌𝑖

𝑝

1−𝒵
𝛹̌𝑖

′′𝑝)

Ⱡ

  

⇒ ∑ 𝛩𝒾 (
𝒵
𝛹̌𝑖

𝑝

1−𝒵
𝛹̌𝑖

𝑝 )

Ⱡ

𝓃
𝒾=1 ≤ ∑ 𝛩𝒾 (

𝒵
𝛹̌𝑖

′′𝑝

1−𝒵
𝛹̌𝑖

′′𝑝)

Ⱡ

𝓃
𝒾=1   

⇒ {∑ 𝛩𝒾 (
𝒵
𝛹̌𝑖

𝑝

1−𝒵
𝛹̌𝑖

𝑝 )

Ⱡ

𝓃
𝒾=1 }

1

Ⱡ

≤ {∑ 𝛩𝒾 (
𝒵
𝛹̌𝑖

′′𝑝

1−𝒵
𝛹̌𝑖

′′𝑝)

Ⱡ

𝓃
𝒾=1 }

1

Ⱡ

  

⇒ 1 + {∑ 𝛩𝒾 (
𝒵
𝛹̌𝑖

𝑝

1−𝒵
𝛹̌𝑖

𝑝 )

Ⱡ

𝓃
𝒾=1 }

1

Ⱡ

≤ 1 + {∑ 𝛩𝒾 (
𝒵
𝛹̌𝑖

′′𝑝

1−𝒵
𝛹̌𝑖

′′𝑝)

Ⱡ

𝓃
𝒾=1 }

1

Ⱡ
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⇒
1

1+{∑ 𝛩𝒾(
𝒵
𝛹̌𝑖

𝑝

1−𝒵
𝛹̌𝑖

𝑝 )

Ⱡ

𝓃
𝒾=1 }

1
Ⱡ

≥
1

1+{∑ 𝛩𝒾(
𝒵
𝛹̌𝑖

′′𝑝

1−𝒵
𝛹̌𝑖

′′𝑝)

Ⱡ

𝓃
𝒾=1 }

1
Ⱡ

  

⇒ 1 −
1

1+{∑ 𝛩𝒾(
𝒵
𝛹̌𝑖

𝑝

1−𝒵
𝛹̌𝑖

𝑝 )

Ⱡ

𝓃
𝒾=1 }

1
Ⱡ

≤ 1 −
1

1+{∑ 𝛩𝒾(
𝒵
𝛹̌𝑖

′′𝑝

1−𝒵
𝛹̌𝑖

′′𝑝)

Ⱡ

𝓃
𝒾=1 }

1
Ⱡ

  

⇒

√

1 −
1

1+{∑ 𝛩𝒾(
𝒵
𝛹̌𝑖

𝑝

1−𝒵
𝛹̌𝑖

𝑝 )

Ⱡ

𝓃
𝒾=1 }

1
Ⱡ

𝑝 ≤

√

1 −
1

1+{∑ 𝛩𝒾(
𝒵
𝛹̌𝑖

′′𝑝

1−𝒵
𝛹̌𝑖

′′𝑝)

Ⱡ

𝓃
𝒾=1 }

1
Ⱡ

𝑝 .  

Similarly, for non-membership, we have 

√

1

1+{∑ 𝛩𝒾(
1−𝒲

𝛹̌𝑖

𝑞

𝒲
𝛹̌𝑖

𝑞 )

Ⱡ

𝓃
𝒾=1 }

1
Ⱡ

𝑞 ≤

√

1

1+{∑ 𝛩𝒾(
1−𝒲

𝛹̌𝑖

′′𝑞

𝒲
𝛹̌𝑖

′′𝑞 )

Ⱡ

𝓃
𝒾=1 }

1
Ⱡ

𝑞 . 

Thus, 

𝑇(𝑝, 𝑞) − 𝐹𝑁𝐷𝑊𝐴(𝛹̌1, 𝛹̌2, … , 𝛹̌𝓃) ≤ 𝑇(𝑝, 𝑞) − 𝐹𝑁𝐷𝑊𝐴(𝛹̌1
′′, 𝛹̌2

′′, … , 𝛹̌𝓃
′′). 

Property 3. Boundedness. If 𝛹̌𝑖 = ((𝛼̂𝑖 , 𝛽̂𝑖 , 𝛾̂𝑖); 𝒵𝛹̌𝑖 ,𝒲𝛹̌𝑖
) (𝑖 = 1,2, … , 𝑛) be set of T(p,q)-FNs. Let 

𝛹̌− = 𝑚𝑖𝑛(𝛹̌1, 𝛹̌2, … , 𝛹̌𝑛) and 𝛹̌+ = 𝑚𝑎𝑥(𝛹̌1, 𝛹̌2, … , 𝛹̌𝑛). Then 

𝛹̌− ≤ 𝑇(𝑝, 𝑞) − 𝐹𝑁𝐷𝑊𝐴(𝛹̌1, 𝛹̌2, … , 𝛹̌𝑛) ≤ 𝛹̌
+. 

The proof is similar to that of Property 2. 

5. CRITIC-MARCOS method for MCDM problems based on T(p,q)-FNs 

The CRITIC-MARCOS method’s balanced and intuitive approach makes it very helpful, 

particularly in MCDM problems. By allowing decision-makers to consider each alternative's 

performance in relation to a basic standard, this approach provides them with a more realistic and 

nuanced judgement. 

Given a collection of criteria {𝓀1, 𝓀2, … , 𝓀𝓃} and a finite set of alternatives {Ŧ1, Ŧ2, … , Ŧ𝓂}, let 

𝛩 = (𝛩1, 𝛩2, … , 𝛩𝓃)
𝑇 be the vectors for criteria weights that satisfy the following conditions 𝛩𝒾  ∈

[0,1], and ∑ 𝛩𝒾
𝓃
𝒾=1 = 1. Depending on attributes of the different kinds of data, the decision-maker 

presents their evaluation of each option. In this decision-making process, we consider the data to be 
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T(p,q)-FNs with 𝛹̌𝑖 = ((𝛼̂𝑖 , 𝛽̂𝑖 , 𝛾̂𝑖); 𝒵𝛹̌𝑖 ,𝒲𝛹̌𝑖
) and list them in a decision matrix 𝔚 = (𝛹̌𝑖𝑗)𝓂×𝓃

. 

The advanced decision algorithm of the CRITIC-MARCOS approach has the following structure. 

Step 1: Establish the decision matrix using the T(p,q)-FNs that were obtained from 

decision-making experts. The selection matrix that was produced is displayed as follows: 

𝔚 =

(

 

𝛹̌11    𝛹̌12   ⋯  𝛹̌1𝓃
𝛹̌21    𝛹̌22   ⋯   𝛹̌2𝓃
⋮        ⋮      ⋱     ⋮

𝛹̌𝓂1   𝛹̌𝓂2  …  𝛹̌𝓂𝓃)

 .       (15) 

Step 2: To ascertain the weights of the criteria, apply the CRITIC method. The CRITIC 

method’s steps are given below. 

Step 3: Utilizing the score function and the following Eq (16), determine the score matrix: 

Ԣ𝑖𝑗 = 𝕊(𝛹̌𝑖𝑗) =
𝛼̂𝑖𝑗+2𝛽̂𝑖𝑗+𝛾̂𝑖𝑗

4
(𝒵

𝛹̌𝑖𝑗

𝑝
−𝒲

𝛹̌𝑖𝑗

𝑞
).     (16) 

Step 4: The score matrix is transformed into standard form by using Eq (17), 

Ԣ̃𝑖𝑗 =
Ԣ𝑖𝑗−Ԣ𝑗

−

Ԣ𝑗
+−Ԣ𝑗

−,         (17) 

where Ԣ𝑗
+ = 𝑚𝑎𝑥𝑖Ԣ𝑖𝑗 and Ԣ𝑗

− = 𝑚𝑖𝑛𝑖Ԣ𝑖𝑗. 

Step 5: Determine the challenges' S.D. The challenge's S.D is computed using Eq (18). 

Փ𝑗 = √
∑ (Ԣ̃𝑖𝑗−Ԣ̿̿̿𝑗)

2𝓂
𝑖=1

𝓂
,        (18) 

where Ԣ̿̿̿𝑗 =
∑ Ԣ̃𝑖𝑗
𝓂
𝑖=1

𝓂
 

Step 6: Calculating the correlation between criteria. Eq (19) is used to calculate the correlation 

between criteria. 

Ք𝑗𝑡 =
∑ (Ԣ̃𝑖𝑗−Ԣ̿̿̿𝑗)
𝓂
𝑖=1 (Ԣ̃𝑖𝑡−Ԣ̿̿̿𝑡)

√∑ (Ԣ̃𝑖𝑗−Ԣ̿̿̿𝑗)
2𝓂

𝑖=1 ∑ (Ԣ̃𝑖𝑡−Ԣ̿̿̿𝑡)
2𝓂

𝑖=1

.       (19) 

Step 7: Use Eq (20) to analyze the data for each criterion. 

Ҧ𝑗 = Փ𝑗 ∑ (1 − Ք𝑗𝑡)
𝓃
𝑡=1 .        (20) 

Step 8: Equation (21) is used in the final stage to determine the weight of each criterion. 

𝛩𝑗 =
Ҧ𝑗

∑ Ҧ𝑗
𝓃
𝑗=1

.          (21) 

Step 9: To assess the best options, the MARCOS approach is used. The procedure is given 

below. 
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Step 10: Determine the weighted normalized T(p,q)-FNs decision matrix by applying Eq (22). 

𝛹̌𝑖𝑗
𝑁 = ((𝛼̂𝑖𝑗

𝑁, 𝛽̂𝑖𝑗
𝑁, 𝛾̂𝑖𝑗

𝑁); 𝒵𝛹̌𝑖𝑗
𝑁 ,𝒲𝛹̌𝑖𝑗

𝑁 )           

= 𝛩𝑗⊙ 𝛹̌𝑖𝑗 =

(

 
 
 
 
 
 

(𝛩𝑗 . 𝛼̂𝑖𝑗 , 𝛩𝑗 . 𝛽̂𝑖𝑗 , 𝛩𝑗 . 𝛾̂𝑖𝑗);

(

 
 
 
 
 

√

1 −
1

1+{𝛩𝑗(

𝒵
𝛹̌𝑖𝑗

𝑝

1−𝒵
𝛹̌𝑖𝑗

𝑝 )

Ⱡ

}

1
Ⱡ

𝑝 ,

√

1

1+{𝛩𝑗(

1−𝒲
𝛹̌𝑖𝑗

𝑞

𝒲
𝛹̌𝑖𝑗

𝑞 )

Ⱡ

}

1
Ⱡ

𝑞

)

 
 
 
 
 

)

 
 
 
 
 
 

. (22) 

Step 11: From the weighted normalized T(p,q)-FNs decision matrix, determine the ideal and 

anti-ideal ratings as 

𝜁+ = ((𝛼̂𝑗
𝑁+, 𝛽̂𝑗

𝑁+, 𝛾̂𝑗
𝑁+); 𝒵𝛹̌𝑗

𝑁+,𝒲𝛹̌𝑗

𝑁+) = (𝑚𝑎𝑥𝒾𝕊(𝛹̌𝑖𝑗
𝑁)),    (23) 

𝜁− = ((𝛼̂𝑗
𝑁−, 𝛽̂𝑗

𝑁−, 𝛾̂𝑗
𝑁−); 𝒵𝛹̌𝑗

𝑁−,𝒲𝛹̌𝑗

𝑁−) = (𝑚𝑖𝑛𝒾𝕊(𝛹̌𝑖𝑗
𝑁)).     (24) 

Step 12: Using Eq (7), the weighted normalized T(p,q)-FNs decision matrix's score rating is 

estimated. 

Step 13: The utility degree of the alternative is calculated as follows: 

Ӣ𝑖
+ =

ֆ𝑖

ֆ+
 ,          (25) 

Ӣ𝑖
− =

ֆ𝑖

ֆ−
 ,          (26) 

where ֆ+ and ֆ− represent the total score values of the ideal and anti-ideal ratings from the 

weighted normalized T(p,q)-FNs decision matrix, respectively, and where ֆ𝑖 is defined as follows: 

ֆ𝑖 = ∑ 𝕊(𝛹̌𝑖𝑗
𝑁)𝓃

𝑗=1 . 

Step 14: Determine the alternatives' utility functions using the following Eq (27): 

Γ(Ӣ) =
Ӣ𝑖
++Ӣ𝑖

−

1+
1−Γ(Ӣ𝑖

+)

Γ(Ӣ𝑖
+)

+
1−Γ(Ӣ𝑖

−)

Γ(Ӣ𝑖
−)

,         (27) 

where Γ(Ӣ𝑖
+) =

Ӣ𝑖
−

Ӣ𝑖
++Ӣ𝑖

− and Γ(Ӣ𝑖
−) =

Ӣ𝑖
+

Ӣ𝑖
++Ӣ𝑖

−. 

Prioritize the selections based on the utility functions, then select the best one. 

The method's step-by-step logic and decision-making process are shown depicted in Figure 6. 
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Figure 6. Flowchart of the proposed CRITIC-MARCOS model. 

6. Case study: Selection of modulation techniques 

In modern communication systems [51], the transmission of audio, video, and data relies on 

efficient signal processing techniques, where modulation plays a critical role in enabling reliable 

communication over noisy and bandwidth-limited channels. The selection of an appropriate 

modulation technique is a complex MCDM problem, as different techniques offer trade-offs in terms 

of performance, efficiency, and implementation requirements. In this study, the decision-making 

framework is based on both a literature review and expert judgment. A domain expert with relevant 

knowledge in wireless communication systems was consulted to evaluate the alternatives. The 

evaluation process was conducted systematically, and the consistency of the assigned values was 

carefully verified to ensure the logical coherence and reliability of the decision matrix. The 

considered communication scenario represents a general wireless communication environment under 

typical assumptions, including the presence of noise, limited bandwidth, and varying power 

constraints. The objective is to identify the most suitable modulation technique for efficient and 

reliable data transmission under such conditions. 

Five widely used modulation techniques are selected as alternatives: “binary phase shift keying 

(BPSK) (Ŧ1)”, “quadrature phase shift keying (QPSK) (Ŧ2)”, “quadrature amplitude modulation 
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(QAM) (Ŧ3)”, “orthogonal frequency-division multiplexing (OFDM) (Ŧ4)” and “frequency shift 

keying (FSK) (Ŧ5)”. These techniques are commonly applied in practical wireless and digital 

communication systems. The evaluation is based on five key criteria: bit error rate (BER), data rate, 

power efficiency, spectral efficiency, and computational complexity. These criteria are selected from 

the literature due to their significant impact on the system’s performance. BER reflects transmission 

reliability, data rate indicates throughput, power efficiency measures energy consumption, spectral 

efficiency represents bandwidth utilization, and computational complexity captures implementation 

cost and processing requirements. 

The decision matrix is constructed on the basis of expert evaluation, and the proposed 

CRITIC-MARCOS method under the T(p,q)-FN framework is applied to determine the ranking of 

alternatives. This approach ensures a structured, consistent, and reliable decision-making process for 

selecting the most appropriate modulation technique under uncertainty. These criteria are discussed 

in Table 3. 

Table 3. Modulation techniques’ criteria. 

Notation Criterion Description 

𝓀1 
Bit error rate 

(BER) 

In digital communication systems, bit transmission errors are 

measured using a metric called the bit error rate (BER). It shows the 

proportion of incorrect bits received during transmission over a 

specific time period to all bits received during that same period. 

𝓀2 Data rate 
This is the quantity of data sent via a network in a given amount of 

time. Usually, it is expressed in MBps or Mbps. 

𝓀3 
Power 

efficiency 

The ability of a modulation technique to maintain the quality of the 

digital message at low power levels is referred to as power 

efficiency. 

𝓀4 
Spectral 

efficiency 

The quantity of data transferred with the fewest possible 

transmission mistakes over a specific spectrum or bandwidth is 

referred to as spectrum efficiency. 

𝓀5 
Computation

al complexity 

The quantity of resources needed to execute an algorithm is known 

as its computational complexity, or simply complexity. 

Ŧ𝟏: BPSK 

One modulation method used in communication systems to send data over a communication 

channel is called BPSK. In BPSK, the carrier signal's phase is altered by 180 degrees for every 

symbol. A binary 0 is represented by a 180-degree phase shift, and a binary 1 is represented by no 

phase shift. Because the BPSKs modulation technique is simple and effective, it can be used in 

situations where noise and interference affect the communication channel. 

Ŧ𝟐: QPSK 

A digital modulation method called QPSK changes the carrier waveform's phase in accordance 

with the digital baseband signal. The carrier's phase stays constant when the input logic is 1; the 

phase shift happens when the logic is 0. In contrast to BPSK, which only transmits one bit per 

symbol, QPSK modulates two information bits simultaneously. Here, four different two-bit 

combinations (00, 01, 10, 11) have four carrier phase offsets with a phase difference of ±90°. In this 

modulation, the symbol’s duration is double that of the bit. 
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Ŧ𝟑: QAM 

In contemporary telecommunications, QAM refers to a family of digital modulation techniques 

and a related family of analogue modulation techniques that are commonly used to transport data. It 

transmits two analogue message signals or two digital bit streams by varying (modulating) the 

amplitude of the two carrier waves, using the amplitude shift keying (ASK) digital modulation 

scheme or amplitude modulation (AM) analogue modulation technique. When two carrier waves of 

the same frequency are 90° out of phase with one another, this is known as orthogonality or 

quadrature. By combining the two carrier waves, the transmitted signal is produced. The two waves' 

orthogonality allows for their coherent separation (demodulation) at the receiver. The narrowband 

assumption, which states that the modulations are low-frequency/low-bandwidth waveforms with 

relation to the carrier frequency, is another important characteristic. 

Ŧ𝟒: OFDM 

The digital communication method known as OFDM was first created for usage in cable 

television networks. The broadcasting method known as frequency division multiplexing (FDM), 

which uses numerous transmitters and receivers to transmit data on various frequencies over a single 

wire, like an electrical power connection, is similar to OFDM. 

Ŧ𝟓: FSK 

In FSK, the carrier wave is assigned a distinct frequency by each symbol in the message signal. 

Binary and M-ary are the two varieties of FSK. Logic 1 in binary FSK is linked to a specific carrier 

wave frequency, such as 50 MHz, while logic 0 is linked to a frequency other than 50 MHz, such as 25 

MHz. Instead of considering one bit at a time, a group of log2M bits is taken into consideration in 

M-ary FSK, and the frequency is linked to this group of bits. 

7. Numerical results 

The following describes the process of choosing the best modulation methods for 

communication using the suggested T(p,q)-FN framework. 

Step 1: Table 4 displays the T(p,q)-FN decision matrix that the decision-making expert 

provided. 

Table 4. T(p,q)-FN decision matrix. 

Alternatives 𝓀1 𝓀2 𝓀3 𝓀4 𝓀5 

Ŧ1 (
(2,3,4);
0.6,0.7

) (
(1,3,5);
0.8,0.7

) (
(2,3,5);
0.8,0.8

) (
(3,4,5);
0.9,0.6

) (
(3,4,5);
0.9,0.7

) 

Ŧ2 (
(4,5,6);
0.5,0.9

) (
(3,4,5);
0.9,0.2

) (
(7,8,9);
0.6,0.3

) (
(1,2,3);
0.8,0.5

) (
(1,2,3);
0.7,0.4

) 

Ŧ3 (
(3,4,5);
0.9,0.4

) (
(4,5,6);
0.6,0.2

) (
(3,4,5);
0.7,0.7

) (
(4,5,6);
0.9,0.4

) (
(5,6,7);
0.9,0.5

) 

Ŧ4 (
(1,2,3);
0.7,0.6

) (
(1,2,3);
0.8,0.3

) (
(1,2,3);
0.5,0.4

) (
(2,3,4);
0.8,0.1

) (
(4,5,6);
0.5,0.2

) 

Ŧ5 (
(6,7,8);
0.8,0.5

) (
(2,3,4);
0.9,0.7

) (
(2,3,4);
0.8,0.7

) (
(1,2,3);
0.6,0.5

) (
(1,2,3);
0.9,0.1

) 
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Algorithm 1: CRITIC-MARCOS approach. 

Step 2: The suggested CRITIC method is used in the following steps to determine the criteria's 

unknown weights. 

Step 3: The scoring matrix is calculated as follows using Eq (16) (see Table 5). 

Table 5. Decision matrix’s score values. 

Alternatives 𝓀1 𝓀2 𝓀3 𝓀4 𝓀5 

Ŧ1 -0.0723 0.8157 0.3328 2.3976 1.9556 

Ŧ2 -2.6555 2.9096 1.6632 0.899 0.6348 

Ŧ3 2.8136 1.0720 1.2696 3.5170 3.9990 

Ŧ4 0.4268 1.0078 -0.2302 1.5357 0.6170 

Ŧ5 3.1465 1.4667 1.4592 0.3070 1.4578 

Step 4: The normalized score matrix is displayed in Table 6 according to Eq (17). 

Table 6. Normalized score matrix. 

Alternatives 𝓀1 𝓀2 𝓀3 𝓀4 𝓀5 

Ŧ1 0.4723 0.4563 0.2973 0.6513 0.3958 

Ŧ2 0 1 1 0.1844 0.0053 

Ŧ3 1 0.03376 0.6543 1 1 

Ŧ4 0.5636 0 0 0.3828 0 

Ŧ5 0.4563 0.2513 0.8943 0 0.2486 

Step 5: Table 7 displays the results of the calculations made using Eq (18) to determine the 

standard deviation of each criterion. 

Table 7. Standard deviation. 

 Փ𝟏 Փ𝟐 Փ𝟑 Փ𝟒 Փ𝟓 

Standard deviation 0.6194 0.2348 0.5963 0.4437 0.3299 

Step 6: The correlation coefficients between the criteria are calculated using Eq (19) and are 

presented in Table 8. 

Table 8. Correlation coefficients. 

Correlation 𝓀1 𝓀2 𝓀3 𝓀4 𝓀5 

𝓀1 1.0000 -0.6295 0.0437 0.2192 0.6040 

𝓀2 -0.6295 1.0000 0.6706 -0.5251 -0.4488 

𝓀3 0.0437 0.6706 1.0000 -0.2264 0.2177 

𝓀4 0.2192 -0.5251 -0.2264 1.0000 0.8146 

𝓀5 0.6040 -0.4488 0.2177 0.8146 1.0000 

Steps 7 and 8: Lastly, using Eqs (20) and (21), the criteria weights were calculated; Table 9 and 
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Figure 7 displays the findings. 

Table 9. Criteria weights. 

 𝛩1 𝛩2 𝛩3 𝛩4 𝛩5 

Criteria weights 0.29 0.14 0.24 0.21 0.12 

 

Figure 7. Criteria weight for the process of selecting a modulation technique. 

Step 9: To assess the best alternatives, the MARCOS approach is used. 

Step 10: The weighted normalized T(p,q)-FNs decision matrix is calculated and listed in Table 10 

using Eq (22), the criteria weights, and Table 3. 

Table 10. Weighted normalized T(p,q)-FNs decision matrix. 

 𝓀1 𝓀2 𝓀3 𝓀4 𝓀5 

Ŧ1 (
(0.6,0.9,1.2);
0.50,0.78

) (
(0.1,0.4,0.7);
0.66,0.82

) (
(0.5,0.7,1.2);
0.70,0.87

) (
(0.6,0.8,1.0);
0.82,0.70

) (
(0.4,0.5,0.6);
0.78,0.83

) 

Ŧ2 (
(1.2,1.4,1.7);
0.41,0.94

) (
(0.4,0.6,0.7);
0.79,0.26

) (
(1.7,1.9,2.2);
0.49,0.36

) (
(0.2,0.4,0.6);
0.69,0.60

) (
(0.1,0.2,0.4);
0.54,0.52

) 

Ŧ3 (
(0.9,1.2,1.4);
0.84,0.46

) (
(0.6,0.7,0.8);
0.45,0.26

) (
(0.7,1.0,1.2);
0.59,0.47

) (
(0.8,1.0,1.3);
0.82,0.48

) (
(0.6,0.7,0.8);
0.78,0.63

) 

Ŧ4 (
(0.3,0.6,0.9);
0.60,0.68

) (
(0.1,0.3,0.4);
0.66,0.38

) (
(0.2,0.5,0.7);
0.40,0.79

) (
(0.4,0.6,0.8);
0.69,0.12

) (
(0.5,0.6,0.7);
0.36,0.26

) 

Ŧ5 (
(1.7,2.0,2.3);
0.71,0.58

) (
(0.3,0.4,0.6);
0.79,0.82

) (
(0.5,0.7,1.0);
0.70,0.47

) (
(0.2,0.4,0.6);
0.48,0.60

) (
(0.1,0.2,0.4);
0.78,0.13

) 
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Step 11: When evaluating appropriate modulation techniques, use Eqs (23) and (24) in Table 10 

to determine the T(p,q)-FNs’ ideal and anti-ideal ratings, which are given as 

𝜁+ = {(
(0.9,1.2,1.4);
0.84,0.46

) , (
(0.4,0.6,0.7);
0.79,0.26

) , (
(0.5,0.7,1.0);
0.70,0.47

) , (
(0.8,1.0,1.3);
0.82,0.48

) , (
(0.6,0.7,0.8);
0.78,0.63

)}, 

𝜁− = {(
(1.2,1.4,1.7);
0.41,0.94

) , (
(0.1,0.4,0.7);
0.66,0.82

) , (
(0.5,0.7,1.2);
0.70,0.87

) , (
(0.2,0.4,0.6);
0.48,0.60

) , (
(0.4,0.5,0.6);
0.78,0.83

)}. 

Step 12: Table 10 and Eq (16) are used to determine the score value for all the alternatives 

listed in Table 11. 

Table 11. Score value of weighted normalized T(p,q)-FNs decision matrix. 

Alternatives 𝓀1 𝓀2 𝓀3 𝓀4 𝓀5 

Ŧ1 -0.2093 -0.0739 -0.1924 0.2578 0.0026 

Ŧ2 -1.0272 0.2785 0.1968 0.0830 0.0198 

Ŧ3 0.6323 0.0624 0.1467 0.5228 0.2311 

Ŧ4 0.0016 0.0730 -0.1568 0.2044 0.0255 

Ŧ5 0.5092 0.0184 0.2078 -0.0063 0.1157 

Steps 13 and 14: Lastly, Eqs (25)–(27) were used to derive the utility degrees and functions. 

Table 12 displays each alternative's overall ranking. 

Table 12. Final ranking of the MARCOS method. 

Alternatives ֆ𝒊 Ӣ𝒊
+ Ӣ𝒊

− 𝚪(Ӣ) Ranking 

Ŧ1 -0.2152 -0.1149 0.1659 -0.0449 Fourth 

Ŧ2 -0.4490 -0.2398 0.3461 -0.0936 Fifth 

Ŧ3 1.5953 0.8520 -1.2298 0.3325 First 

Ŧ4 0.1477 0.0789 -0.1139 0.0308 Third 

Ŧ5 0.8449 0.4512 -0.6513 0.1761 Second 

The modulation techniques' ranking orders, as shown in Table 12, are, Ŧ3 > Ŧ5 > Ŧ4 > Ŧ1 >

Ŧ2. Therefore, among the various possibilities for evaluating modulation techniques, the QAM (Ŧ3) 

is the best option with the largest utility functions. 

Algorithm 2: The T(p,q)-FNDWA operator approach 

The first two steps are the same as in Algorithm 1. 

Step 3: To apply the T(p,q)-FNDWA operator with Ⱡ = 2 and the criteria weight vector 𝛩 =

{0.29,0.14,0.24,0.21,0.12}, we aggregate the decision matrix (see Table 13). 
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Table 13. Aggregated value of the decision matrix using the T(p,q)-FNDWA operator. 

Alternatives T(p,q)-FNDWA operator 

Ŧ1 ((2.19,3.33,4.71); 0.86,0.67) 

Ŧ2 ((3.59,4.59,5.59); 0.81,0.25) 

Ŧ3 ((3.11,4.59,5.59); 0.88,0.25) 

Ŧ4 ((1.57,2.57,3.57); 0.74,0.12) 

Ŧ5 ((2.83,3.83,4.83); 0.85,0.13) 

Step 4: Following data aggregation, we assess the score values (see Table 14). 

Table 14. Score values of the T(p,q)-FNDWA operator. 

Alternatives T(p,q)-FNDWA operator Ranking 

Ŧ1 1.4389 Fourth 

Ŧ2 2.4269 Second  

Ŧ3 3.1070 First 

Ŧ4 1.0458 Fifth 

Ŧ5 2.3415 Third 

From Algorithms 1 and 2 we conclude that the best modulation technique is QAM (Ŧ3). Figure 8 

shows the graphical representation of the rankings of Algorithms 1 and 2. 

 

Figure 8. Graphical representation ranking of MARCOS and the T(p,q)-FNDWA operator. 
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The numerical results indicate that QAM (Ŧ₃) is the most preferred alternative among the 

considered techniques. This result is consistent with both the theoretical and practical expectations, 

as QAM offers a superior balance between a high data rate and spectral efficiency, which are critical 

in modern communication systems. Although QAM may involve relatively higher computational 

complexity, its ability to transmit more bits per symbol makes it highly efficient for bandwidth 

utilization. Furthermore, under the selected criteria, including BER, power efficiency, and data rate, 

QAM demonstrates strong overall performance compared with other techniques. Therefore, its top 

ranking reflects its practical suitability and widespread adoption in real-world wireless and digital 

communication applications. 

7.1. Sensitivity analysis 

The selection of the Dombi operational parameter Ⱡ in this study is based on its role in 

controlling the flexibility and strictness of the aggregation operator. Specifically, the values Ⱡ = 2, 3, 

4, 5, 10, 20, 30, 40, and 50 were considered to explore a broad range of operator behaviors from 

more moderate aggregation (lower Ⱡ) to more decisive or extreme aggregation (higher Ⱡ). This 

range allows us to examine the sensitivity of the CRITIC-MARCOS model to Ⱡ and provides 

guidance for practitioners to calibrate Ⱡ  according to the desired level of conservatism or 

responsiveness in MCDM under the T(p,q)-FN environment. 

Stability, consistency, and robustness of the proposed T(p,q)-FNDWA-based decision-making 

framework. To ensure a comprehensive evaluation, the model is applied using a wide range of 

parameter values, namely Ⱡ = 2, 3, 4, 5, 10, 20, 30, 40, and 50. The corresponding ranking results 

are illustrated in Figure 9 and summarized in Tables 15 and 16. The results show that changes in Ⱡ 

influence the aggregated performance values of the alternatives, reflecting the role of this parameter 

in controlling the aggregation behavior. However, despite these numerical variations, the overall 

ranking pattern remains largely stable. Two ranking orders are observed: For Ⱡ = 1, the ranking is 

Ŧ3 > Ŧ5 > Ŧ2 > Ŧ1 > Ŧ4, while for Ⱡ = 2, 3, 4, 5, 10, 20, 30, 40, and 50, the ranking becomes 

Ŧ3 > Ŧ2 > Ŧ5 > Ŧ1 > Ŧ4. This comparison clearly indicates that the most preferred alternative (Ŧ3) 

consistently retains the top position across all parameter values, while the least preferred alternative 

(Ŧ4) remains unchanged at the last position. This strong consistency at both ends demonstrates the 

robustness of the proposed model. The only variation occurs between alternatives Ŧ2 and Ŧ5, 

whose positions interchange when moving from Ⱡ = 1 to higher values. This behavior suggests that 

these alternatives have very close performance scores and are therefore more sensitive to parameter 

changes. 

Moreover, as Ⱡ increases, the ranking stabilizes into a consistent pattern, indicating that higher 

values of the parameter enhance the reliability of the aggregation process by reducing sensitivity to 

small fluctuations in the data. Importantly, no significant rank reversal is observed beyond this minor 

interchange, and the final decision outcome remains unaffected. Overall, the analysis confirms that 

the proposed method is robust, stable, and reliable, producing consistent rankings even under varying 

parameter conditions. 
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Table 15. Sensitivity analysis. 

Ⱡ 𝕊(Ŧ𝟏) 𝕊(Ŧ𝟐) 𝕊(Ŧ𝟑) 𝕊(Ŧ𝟒) 𝕊(Ŧ𝟓) 

1 1.4485 2.0626 3.6517 1.2619 2.3130 

2 1.7318 2.5590  3.8719 1.4161 2.4944 

3 1.9096 2.8422 3.9670 1.5070 2.6136 

4 2.0262 3.0079 4.0164 1.5644 2.6930 

5 2.1057 3.1125 4.0460 1.6032 2.7470 

10 2.2780 3.3228 4.1041 1.6901 2.8620 

20 2.3633 3.4237 4.1326 1.7357 2.9187 

30 2.3911 3.4565 4.1420 1.7510 2.9373 

40 2.4048 3.4727 4.1467 1.7586 2.9465 

50 2.4130 3.4824 4.1495 1.7631 2.9520 

Table 16. Ranking of sensitivity analysis. 

Ⱡ Ranking Best one 

1 Ŧ3 > Ŧ5 > Ŧ2 > Ŧ1 > Ŧ4 Ŧ3 

2 Ŧ3 > Ŧ2 > Ŧ5 > Ŧ1 > Ŧ4 Ŧ3 

3 Ŧ3 > Ŧ2 > Ŧ5 > Ŧ1 > Ŧ4 Ŧ3 

4 Ŧ3 > Ŧ2 > Ŧ5 > Ŧ1 > Ŧ4 Ŧ3 

5 Ŧ3 > Ŧ2 > Ŧ5 > Ŧ1 > Ŧ4 Ŧ3 

10 Ŧ3 > Ŧ2 > Ŧ5 > Ŧ1 > Ŧ4 Ŧ3 

20 Ŧ3 > Ŧ2 > Ŧ5 > Ŧ1 > Ŧ4 Ŧ3 

30 Ŧ3 > Ŧ2 > Ŧ5 > Ŧ1 > Ŧ4 Ŧ3 

40 Ŧ3 > Ŧ2 > Ŧ5 > Ŧ1 > Ŧ4 Ŧ3 

50 Ŧ3 > Ŧ2 > Ŧ5 > Ŧ1 > Ŧ4 Ŧ3 

 

Figure 9. Graphical representation of the sensitivity analysis. 

7.2. Comparative analysis 

A numerical example was conducted to compare the proposed T(p,q)-FN CRITIC-MARCOS 



14203 

AIMS Mathematics  Volume 11, Issue 5, 14172–14210. 

approach with several established MCDM methods, including TOPSIS [64], grey relational analysis 

(GRA) [65], EDAS [26], CoCoSo [63], weighted aggregated sum product assessment (WASPAS) [66], 

and VIKOR [45]. All approaches were applied using the same input data to ensure consistency in the 

evaluation process. The results of the computation are presented in Table 17 and Figure 10, while 

Table 18 summarizes the ranking outcomes. 

The analysis shows that alternative Ŧ₃ consistently receives the highest priority ranking in most 

methods, confirming that the proposed framework produces reliable and reasonable decision results. 

While the best and worst alternatives are identical across all approaches, minor deviations are 

observed in the intermediate rankings. These deviations are attributable to the inherent differences in 

the aggregation and compromise mechanisms among the MCDM techniques, as well as their distinct 

sensitivity to criteria interactions and handling of uncertainty. For example, methods like TOPSIS 

and EDAS evaluate relative performance in a different way from MARCOS, which integrates 

compromise ranking with objective criterion weighting under the T(p,q)-FN environment. 

To quantify the overall consistency, Pearson correlation coefficients were calculated for the 

ranking results (Figure 11). All coefficients are ≥0.80, indicating strong agreement between the 

proposed model and existing approaches. This confirms that the T(p,q)-FN CRITIC-MARCOS 

method is highly consistent, while its unique use of the Dombi-based aggregation operator enhances 

flexibility, robustness, and the ability to handle uncertainty, thereby providing more reliable and 

adaptable decision-making outcomes compared with conventional MCDM methods. 

Table 17. Comparison results. 

Methods Ŧ𝟏 Ŧ𝟐 Ŧ𝟑 Ŧ𝟒 Ŧ𝟓 

Proposed method -0.0449 -0.0936 0.3325 0.0308 0.1761 

T(p,q)-FNDWA AO 1.7318 2.5590 3.8719 1.4161 2.4944 

TOPSIS method [64] 0.6334 0.5322 0.8274 0.5962 0.7316 

GRA method [65] 0.5480 0.4920 0.6510 0.5259 0.5932 

EDAS method [26] 0.2026 0.0750 0.9060 0.1031 0.5158 

CoCoSo method [63] 1.6767 2.3999 2.7351 1.4301 2.1406 

WASPAS method [66] 0.9860 1.8802 2.3545 0.7495 1.5113 

VIKOR method [45] 0.6645 0.7803 0.8443 0.5645 0.7312 

Table 18. Comparison ranking. 

Methods Ranking Best one modulation technique 

Proposed method Ŧ3 > Ŧ5 > Ŧ4 > Ŧ1 > Ŧ2 QAM (Ŧ3) 

T(p,q)-FNDWA AO Ŧ3 > Ŧ2 > Ŧ5 > Ŧ1 > Ŧ4 QAM (Ŧ3) 

TOPSIS method [64] Ŧ3 > Ŧ5 > Ŧ1 > Ŧ4 > Ŧ2 QAM (Ŧ3) 

GRA method [65] Ŧ3 > Ŧ5 > Ŧ1 > Ŧ4 > Ŧ2 QAM (Ŧ3) 

EDAS method [26] Ŧ3 > Ŧ5 > Ŧ1 > Ŧ4 > Ŧ2 QAM (Ŧ3) 

CoCoSo method [63] Ŧ3 > Ŧ2 > Ŧ5 > Ŧ1 > Ŧ4 QAM (Ŧ3) 

WASPAS method [66] Ŧ3 > Ŧ2 > Ŧ5 > Ŧ1 > Ŧ4 QAM (Ŧ3) 

VIKOR method [45] Ŧ3 > Ŧ2 > Ŧ5 > Ŧ1 > Ŧ4 QAM (Ŧ3) 
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Figure 10. Comparative analysis of the proposed technique with existing methods. 

 

Figure 11. Pearson correlation coefficients. 

7.3. Advantages of the proposed method 

i. Integrates CRITIC and MARCOS under T(p, q)-FNs for a more robust decision-making 

framework; 

ii. Effectively handles uncertainty and vagueness using T(p, q)-FN representation;  

iii. Incorporates the Dombi aggregation operator to enhance flexibility in information fusion; 

iv. Provides an objective weighting of criteria through the CRITIC method, reducing bias; 

v. Improves ranking accuracy and reliability via the MARCOS method; 
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vi. Offers a systematic and efficient approach for selecting a modulation technique. 

7.4. Limitations of the proposed method 

i. The computational complexity increases with the number of alternatives and criteria due to the 

combined CRITIC-MARCOS framework under T(p,q)-FNs. 

ii. The accuracy of results is sensitive to the selection of fuzzy parameters and the Dombi 

aggregation operator, requiring careful tuning. 

iii. Reliance on expert judgments may introduce subjectivity, affecting the robustness of the 

decision-making process. 

iv. Scalability to very large or high-dimensional datasets may be challenging without optimization 

techniques. 

v. Interpretation of the (p, q)-FNs and aggregation results demands a certain level of expertise, 

potentially limiting broader practical adoption. 

8. Conclusions 

In order to select the best modulation approach, this research suggests an integrated selection 

framework. For the modulation technique selection problem, we first determined the particular 

criterion system and alternatives. Then, the T(p,q)-FNs are introduced to establish the scale, which 

solves the problem of uncertain decision information expression in the modulation technique 

selection process and provides a way to describe subjective preferences. Next, we presented a 

weighted average aggregation operator based on Dombi t-norms and new fundamental operational 

laws. The most suitable decision for the modulation technique was then identified by combining the 

MARCOS and CRITIC methods. This combined approach can show how the criteria relate to one 

another. Finally, the application of the proposed framework is demonstrated through a case study 

with selected modulation techniques, and sensitivity and comparative studies are conducted to 

confirm the performance of the proposed framework. 

Future work will extend the proposed model to applications such as medical diagnostics, 

healthcare, finance, and pattern recognition. The framework can be generalized to advanced fuzzy 

environments, including triangular (p,q)-hesitant fuzzy sets and Type 3 fuzzy systems. Additionally, 

new aggregation operators (e.g., Hamacher, Einstein, Frank, Yager, Aczel–Alsina) will be explored. 

Integration with machine learning models, particularly neural networks [67,68], is also considered to 

improve scalability and performance in complex decision-making problems. 
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