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1. Introduction

Fractional calculus (FC) is a new area of mathematical analysis that expands on the traditional
integer order framework to include derivatives and integrals of any order, not just integers [1, 2]. The
rapid expansion of FC is attributable to its applicability across various domains [3]. Scientists in
physics, chemistry, and engineering are very interested in FC because fractional order operators can
often explain complex things better. This is due to their emphasis on long range (global) dependencies
in a system’s behavior, as opposed to merely local variations, similar to integer derivatives [4–7]. In
certain experiments, fractional order models demonstrate superior data fitting compared to their integer
order equivalents [8].

Integro-differential equations (IDEs) are essential for modeling a variety of physical processes.
They have an unknown function, like u(t), and differential and integral operators that work on t. In
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physics, astrophysics, population dynamics, biology, ecology, electromagnetism, reactor kinetics, fluid
mechanics, chemical reactions, and one-dimensional viscoelasticity, these are useful [9–11]. Fractional
integro-differential equations (FIDEs), formulated with fractional operators, can represent complex
systems in scientific research and industrial applications [12–14]. Because it is hard to find closed-
form solutions for many FIDEs, different numerical methods have been created to get an idea of how
they work [15–17].

One of the most well-known FIDEs is Abel’s integral equation (AIE), which is useful in many
mathematical ways. It is utilized in various disciplines, including classical mechanics, electrical
engineering, astrophysics, and viscoelasticity [18–20]. AIE is important for helping us learn more
about science and technology because it is used in both theory and practice.

Artificial neural networks (ANNs) have been very good at solving differential equations in the last
few years. They are often more accurate and faster than traditional numerical methods. Scientists from
many fields are very interested in them because they can model complex solution landscapes. Lagaris
introduced ANN-based methods for solving both ordinary differential equations (ODEs) and partial
differential equations (PDEs) in the late 20th century [21]. This was a big turning point that led to
extensive follow-up research on how ANNs could be used in this field.

Using ANNs to find approximate solutions has many advantages. One of the best things about this
method is that the solution is given in a closed analytical form, which makes it easier to understand
and use in different situations. Also, ANNs are great at generalizing, which means that once they are
trained, they can handle many different situations that they were not trained on. Another big benefit
is that ANNs do not need to discretize derivatives, which is a common step in traditional numerical
methods that can cause mistakes and make calculations more difficult.

Consequently, the literature has witnessed an increasing number of articles addressing the
application of ANNs for approximating solutions to diverse categories of differential equations. Some
of these are ODEs [21–24], PDEs [25–28], and fractional order differential equations [29–31]. More
recently, advanced machine learning and neural network-based techniques have also been developed
for solving fractional models [32–35].

Hybrid approaches combining neural networks with truncated power series (TPS) or similar
polynomial representations have been explored for integer-order differential equations, but their
application to FIDEs remains relatively limited due to the nonlocal nature of fractional operators.
The goal of this study is to create a new iterative method for solving certain types of FIDEs by
combining the TPS approach with ANNs. The proposed method starts by rewriting the equation as
an optimization problem. This problem is then solved using a single-layer neural network. If the FIDE
has an analytical solution over a certain interval, the problem is solved by replacing it with a TPS and
finding the unknown coefficients. Figuring out these coefficients is the hardest part of the process.

The FIDE becomes an optimization problem with a least mean square error function after
discretizing the interval and making the necessary changes. The generalized delta rule, a common
way to learn perceptrons, is used to lower the cost across the coefficient space. The method puts input
samples into the network, figures out the error, and then uses gradient descent optimization to change
the weight parameters (i.e., the series coefficients). The iterative process starts with an initial guess and
then makes small changes to the TPS coefficients over and over again. After the coefficients are found,
the solution function is estimated as a TPS that converges quickly. The novelty of this work is evident
in the following aspects:
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• We integrate ANNs with the TPS method to effectively solve FIDEs.
• Eliminates the need for grid-based numerical schemes, reducing computational cost and avoiding

numerical instability.
• Gradient descent with momentum ensures fast convergence and stable learning, yielding results

with very low absolute error.
• Requires minimal memory and executes rapidly (seconds on GPU), outperforming conventional

numerical solvers.
• The method is easily extendable to other fractional, nonlinear, and delay-type integro-differential

systems.

The proposed TPS-based formulation evaluates fractional derivatives of polynomial basis functions
analytically using Gamma-function identities, thereby avoiding the repeated numerical approximation
of fractional operators that is typically required in physics-informed neural network (PINN)
frameworks. Unlike PINNs, where computing fractional derivatives is mathematically complex and
computationally expensive, the proposed method naturally incorporates fractional terms within the
power-series formulation.

This article is organized in the following way. Section 2 starts with a review of the most important
definitions and basic ideas in the theory of FC. We go into more detail about the ANN approach in
Section 3. We talk about the fractional order Volterra integro-differential equations (FOVIDEs) and
AIE in Section 4. In Section 5, we explain the proposed method. In Section 6, we give examples that
show how well the proposed method works for finding solutions to the types of FIDEs we are interested
in. Section 7 talks about the results. Section 8 talks about the conclusions and suggestions.

2. Preliminaries

First, we review essential concepts and core definitions of fractional order derivatives that form
the foundation for subsequent developments. As is well known, advances in FC have led to the
development of various definitions by researchers. In this work, we focus exclusively on the widely
used fractional derivative definition introduced by Caputo, as detailed in [36, 37].
Definition 1. Let u(x) be a continuously differentiable function on a finite interval [a, b] up to order k.
The Caputo derivative aDα

x and fractional integral operator aIαx of order α > 0 are defined as follows:

aDα
x [u(x)] =


dku(x)

dxk , α = k ∈ N,

1
Γ(k−α)

∫ x

a
u(k)(τ)

(x−τ)k−α dτ, x > a,

0 ≤ k − 1 < α < k,

(2.1)

aIαx [u(x)] =
1

Γ(α)

∫ x

a

u(τ)
(x − τ)1−α dτ, (2.2)

respectively.
Extensive research has explored the behavior and utility of the Caputo fractional operator. In this

section, we highlight its principal properties and practical applications. In particular, the fractional
derivative of a constant function is zero for any order, and the operator additionally satisfies the
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following properties:

aDα
x

[
xk

]
=


0, k ∈ N, k < dαe,

Γ(k+1)
Γ(k+1−α) xk−α, x > a, k ∈ N, k ≥ dαe,

(2.3)

0Iαx
[
xk

]
=

Γ(k + 1)
Γ(k + 1 + α)

xk+α, k ∈ N. (2.4)

In these formulas, dαe denotes the least integer that is not less than α. For further information and
detailed mathematical properties of FC, readers are encouraged to consult [38].

3. Artifcial neural network

First, we talk about ANNs in this section. Then we talk about how they fit into our problem. Many
complicated problems in the real world can be thought of as optimization tasks that need strong ways
to solve them. Out of all the options, ANNs have become a flexible and powerful way to model math
and solve problems related to natural events. Neural networks have already shown that they work well
in many different scientific fields. It is important to understand how the proposed network architecture
works before judging how well it works. The goal of this section is to give readers an idea of why
ANNs are becoming more popular in modern applications.

ANNs are advanced models for processing information that are based on how the biological nervous
system works. ANNs are made up of units that are linked to each other. These units take signals from
many different sources, change them (usually in a non-linear way), and then send them out. This ability
to get useful information from unclear data is what makes ANNs so useful for solving tough problems
that regular programming methods can not handle.

In short, ANNs are made to solve very complicated problems in the real world that regular
computers have a hard time with. In traditional computing, algorithms require a problem to be fully
defined and then broken down into smaller formulas in order to create a high-level language program.
ANNs, on the other hand, provide a more flexible and intuitive way to solve problems. For a more
in-depth look at ANNs and their different meanings, refer to [39, 40].

To create a strong iterative method for finding the approximate solution to the FOVIDEs and AIE,
we present a systematic approach for the suggested ANN architecture. Figure 1 shows a simple three-
layer ANN with one external input, n hidden neurons, and one output. In this architecture, w and v are
the 1 × n weight vectors, and b is the bias term.

Here, the input signal, denoted by t, is first multiplied by the connection weight wi, resulting in a
weighted input. This weighted input is then passed through the activation functions σi, producing an
intermediate result. The network output, N(t, θ), is calculated by summing the product of the hidden
layer outputs and the weight parameters vi, along with the bias term b.

For every neuron in the proposed architecture, the mapping between its input and output is defined
as follows:

• Input unit
α1 = t. (3.1)
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• Hidden units
α2

i = σi(t · wi), i = 1, . . . , n. (3.2)

• Output unit

N(t, θ) =

n∑
i=1

(
α2

i · vi

)
+ b. (3.3)

Compared to traditional numerical techniques, neural network-based approaches provide several
benefits:

• Once trained, neural networks can predict the solution of a differential equation at any point within
the defined domain.
• Owing to their expressive capability, neural network solutions are inherently analytical, meaning

they are represented as continuously differentiable functions.
• These methods exhibit high accuracy in solutions while also demonstrating strong generalization

abilities.
• The computational burden of neural network techniques does not grow significantly as the number

of training points increases.

Figure 1. Well-labeled structure of single-layered ANN.

4. Problem statement

In this section, we will discuss AIE and FOVIDEs. We will first state FOVIDEs, and then we will
talk about AIE. FOVIDEs are very important in many areas of science and engineering, especially when
it comes to modeling systems that have memory effects and hereditary properties. These equations
naturally emerge in the fields of physics, biology, finance, and engineering, where historical conditions
affect current dynamics.

FIDEs, which include non-integer derivatives, are better at modeling real-world events than classical
integer-order equations. The Caputo fractional derivative in these equations makes it easier to model
strange diffusion, viscoelastic materials, the spread of diseases, and signal processing. In physics, these

AIMS Mathematics Volume 11, Issue 3, 7610–7632.



7615

kinds of equations show how heat moves through fractal media. In biomedical applications, they show
how drugs spread and tumors grow. Fractional-order models have also been more effective at capturing
system dynamics with long-range dependencies in control systems.

In this study, we consider an ordinary linear FOVIDE given by

P(t)0Dα1
t [u(t)] + Q(t)0Iα2

t [u(t)] = H(t), (4.1)

1 < α1, α2 ≤ 2, a ≤ t ≤ b,

subject to the initial condition
u(0) = β1, and u′(0) = β2,

where P, Q, and H are specified real-valued analytic functions on the continuous region (a, b).
We now discuss AIE. Imagine a particle sliding without friction under gravity along a smooth path

in a vertical plane. If it takes a time Ψ(t) to descend from height t down to a fixed endpoint (denoted
0), then finding the curve’s equation is equivalent to solving an integral equation. In this setup, Abel’s
formulation can be expressed as:

Ψ(t) =

∫ t

0

F (x)
√

t − x
dx. (4.2)

Here, Ψ(t) denotes the prescribed time function, while F (t) represents the unknown curve function that
must be determined.

Even though these equations can be used in many different situations, it is still very hard to find
analytical or numerical solutions because they have both differential and integral parts, and fractional
derivatives are not local. The interaction of differentiation and integration in fractional order systems
creates problems that standard numerical methods don’t handle well.

This research aims to develop a novel computational approach for solving FOVIDEs. The primary
objectives are to:

• Construct an accurate and computationally efficient scheme for approximating the solution.
• Demonstrate the effectiveness of the approach through numerical simulations and real-world

applications.

5. Methodology

The main aim of this section is to utilize an ANN-based strategy to approximate solutions for a
particular class of FIDEs. Accordingly, we first introduce an initial formulation of the ordinary linear
FOVIDEs involving the Caputo derivative in the form:

P(t)0Dα1
t [u(t)] + Q(t)0Iα2

t [u(t)] = H(t), (5.1)

1 < α1, α2 ≤ 2, a ≤ t ≤ b,

under the influence of initial condition

u(0) = β1, and u′(0) = β2.
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In this context, P, Q, and H denote real-valued analytic functions that are defined and continuous
on the interval (a, b).

The proposed ANN–TPS framework combines the analytical representation of the TPS with the
optimization capability of neural networks. The TPS provides a systematic approximation of the
unknown solution, while the neural network is used to determine the unknown series coefficients by
minimizing the residual of the governing equation at selected collocation points. This hybrid approach
preserves the analytical structure of the solution and enables efficient computation for FIDEs. One of
the most powerful tools for tackling functional equations is the power series technique, in which the
unknown function u(t) is expanded as a sum of terms that converge rapidly. Each term represents a
component of the overall solution. In the setting of fractional differential equations, this expansion
takes the form of a generalized power series:

u(t) =

∞∑
i=0

aiti. (5.2)

Suppose we have initial condition u(0) = β1 and u′(0) = β2. Thus, Eq (5.2) can be written as:

u(t) = β1 + β2t +

∞∑
i=2

aiti. (5.3)

Substituting (5.3) into (5.1), we have the formula:

P(t)0Dα1
t

β1 + β2t +

∞∑
i=2

aiti

 +

Q(t)0Iα2
t

β1 + β2t +

∞∑
i=2

aiti

 = H(t). (5.4)

Now, simplifying Eq (5.4), we get

P(t)

0Dα1
t (β1 + β2t) +

∞∑
i=2

ai(0Dα1
t )(ti)

 +

Q(t)

0Iα2
t (β1 + β2t) +

∞∑
i=2

ai(0Iα2
t )(ti)

 = H(t), (5.5)

where

0Dα
t [ti] =

0, i ∈ Z+, i < dαe,
Γ(i+1)

Γ(i+1−α) t
i−α, t > c, i ∈ Z+, i ≥ dαe

and

0Iαt
[
tk
]

=
Γ(k + 1)

Γ(k + 1 + α)
tk+α, k ∈ Z+.

We can calculate the fractional derivative and integral term by term for Eq (5.3). Here, ai (for
i ∈ N) are the unknown coefficients of the power series that must be determined. For m ∈ Z+, let
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Ω = {λ0, . . . , λm−1} (λ j = [t j, t j+1]) be a discretization of interval [0,T ] with the points t j =
jT
m , (for

j = 0, . . . ,m). Now, let us substitute the collocation point t j into the Eq (5.5), as below:

P(t j)(γ1(t j) + γ2(t j)) + Q(t j)(η1(t j) + η2(t j)) = H(t j), (5.6)

where,

γ1(t j) = 0Dα1
t (β1 + β2t), γ2(t j) =

∞∑
i=2

ai(0Dα1
t )(ti),

η1(t j) = 0Iα2
t (β1 + β2t), and η2(t j) =

∞∑
i=2

ai(0Iα2
t )(ti)

at t = t j.

Next, we present the method for calculating the unknown coefficients in the power series expansion.
For a specific objective, only the first (n + 1) terms defined in Eq (5.3) are employed. Consequently,
by expressing the solution as a TPS, we approximate it by determining the unknown coefficients ai for
i = 1, 2, . . . , n. Ultimately, the solution u(t) is approximated using this TPS.

un(t) = β1 + β2t +

n∑
i=2

aiti.

Below, we use the notations wi = ti−1, vi = ai, each σi(t) = t (to mimic the polynomial basis of the
TPS), and b = β1 + β2t. With these assumptions, it can easily be argued that the output of the designed
ANN is equivalent to the mentioned TPS (i.e., N(t) = β1 + β2t +

∑n
i=2 aiti).

Now, γ2(t j) and η2(t j) can be written as,

γ2(t j) =

n∑
i=2

ai(0Dα1
t )(ti) and η2(t j) =

n∑
i=2

ai(0Iα2
t )(ti) (5.7)

at t = t j.

To train the network for optimization, it is essential to fine-tune the connection weights ai to
minimize the overall network error. The error is typically measured using the mean squared cost
function. Therefore, for Eq (5.6), the network’s instantaneous error can be expressed as:

E j =
1
2

(P(t j)(γ1(t j) + γ2(t j)) + Q(t j)(η1(t j) + η2(t j)) − H(t j))2, j = 0, . . . ,m. (5.8)

Finding ways to lower the prescribed error function across a group of node points is a very
interesting problem. To do this, you need to use an effective error correction method that slowly
brings the total network error down to zero. For more information on this topic, see [41].

In ANNs, learning means looking for the best weight values that will lower the overall error in a
specific area. For this purpose, an incremental learning strategy is presented as a self-adaptive method
for lowering a given cost function. This cost function is analytic, so the gradient descent method
naturally comes to mind as a great way to come up with a good learning rule. An example of this
method is coming up with an unsupervised backpropagation algorithm that updates the parameters
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over and over again to lower the target function across the weight space. Here is a summary of how
well the algorithm works:

Initially, the weight parameters ai (with i = 1, . . . , n) are randomly initialized. Successive iterations
then leverage the training samples to adjust the network’s connection weights through incremental
updates aimed at minimizing the objective function. The standard algorithm proceeds as follows:

ai(r + 1) = ai(r) + ∆ai(r), i = 1, . . . , n, (5.9)

∆ai(r) = −η
∂E j

∂ai
+ γ∆ai(r − 1), (5.10)

where

∂E j

∂ai
= (P(t j)(γ1(t j) + γ2(t j)) + Q(t j)(η1(t j) + η2(t j)) − H(t j))

((P(t j)(
∂γ1(t j)
∂ai

+
∂γ2(t j)
∂ai

) + (Q(t j)(
∂η1(t j)
∂ai

+
∂η2(t j)
∂ai

)),

where
∂γ1(t j)
∂ai

= 0,
∂η1(t j)
∂ai

= 0,
∂γ2(t j)
∂ai

=
(

0Dα1
t )(ti

) ∣∣∣∣∣
t=t j

,

and
∂η2(t j)
∂ai

=
(

0Iα2
t

) (
ti
) ∣∣∣∣∣

t=t j

.

In this case, η is a small, constant learning rate, and γ is the momentum coefficient. Backpropagation
depends on gradient descent, so its performance is very sensitive to the values of these parameters. If
you choose the wrong values at the start, learning will take longer. In this case, the index r in ai(r)
stands for the iteration number, and the subscript j in x j stands for the training point.

We use the chain rule to find the partial derivatives, which gives us the learning rule we want for the
weights in the hidden layer. If a solution is guaranteed to exist, one can use the derived relationships to
get close to it in a limited number of steps. The word “cycling” usually refers to the learning process
in which the network goes through all of the training node points once. In practice, you need to go
through the set of training points several times to get an accurate solution vector.

Algorithm:

• Initialization
– Define the number of terms in the TPS approximation: n.
– Select m + 1 training points in the given interval: {t0, t1, ..., tm}.
– Initialize weights {a1, a2, ..., an} randomly.
– Set learning rate η and momentum constant γ.

• Construct the TPS approximation and the approximate solution
– Define the approximate solution:

un(t) = β1 + β2t +

n∑
i=2

aiti.
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– Define the objective function:

E j =
1
2

(P(t j)(γ1(t j) + γ2(t j)) + Q(t j)(η1(t j) + η2(t j)) − H(t j))2,

j = 0, . . . ,m.

• Train the neural network

– Repeat for a fixed number of iterations or until convergence:

* Compute the gradient of the objective function.

* Update weights using gradient descent with momentum.

• Output

– Trained weights a1, a2, ..., an.
– Approximate solution un(t) for the given problem.

End Algorithm.

6. Numerical examples

There are six numerical examples that show the theoretical development is correct. The results of
the proposed method are compared to the exact analytical solutions. We ran all of the examples below
on Google Colab with a T4 GPU as the hardware accelerator and Python 3 as the runtime type. The
following specifications were used in these simulations:

• Number of neurons: n = 20.
• Number of training points: m = 200.
• Learning rate: η = 0.1.
• Momentum constant: γ = 0.05.
• Iterations=10,000.

Example 6.1. Consider the following higher-order linear FOVIDE:

D1.5
t [u(t)] + I2

0,t [u(t)] =
Γ(3)

Γ
(

15
10

) t
1
2 +

Γ(3)
Γ(5)

t4, 0 ≤ t ≤ 1, (6.1)

u(0) = 1, and u′(0) = 0. (6.2)

The exact solution is u(x) = t2 + 1. The proposed method’s performance is shown in Figure 2(a),(c).
Figure 2(a) shows the exact and predicted solutions, showing that they are very close to each other.
Figure 2(c) shows the absolute error, which further proves that the approximation is correct. Figure 2(b)
shows how the training loss gets closer together over time, which shows that the model is being trained
well. Table 1 shows the exact and predicted values for different times t, as well as the absolute errors
for each. Table 4 shows the method’s computational efficiency by showing how long it takes to run in
seconds.

AIMS Mathematics Volume 11, Issue 3, 7610–7632.



7620

(a) Exact vs predicted for Example 6.1. (b) Training loss for Example 6.1.

(c) Absolute error for Example 6.1.

Figure 2. Exact versus predicted solution, training loss convergence, and absolute error for
Example 6.1.

Table 1. Exact and predicted values with absolute error for Examples 6.1–6.3.
Example 6.1 Example 6.2 Example 6.3

t Exact Predicted Absolute Error Exact Predicted Absolute Error Exact Predicted Absolute Error
0.0 1.000 1.000 1.20e-04 0.000 0.000 1.68e-04 0.000 0.000 4.30e-04
0.1 1.010 1.010 3.41e-04 0.010 0.010 1.06e-04 0.010 0.010 2.44e-04
0.2 1.040 1.041 9.60e-04 0.040 0.040 2.87e-04 0.040 0.040 2.61e-04
0.3 1.090 1.091 1.31e-03 0.090 0.090 1.39e-04 0.090 0.090 1.45e-04
0.4 1.160 1.160 4.36e-04 0.160 0.160 3.01e-04 0.160 0.160 4.76e-04
0.5 1.250 1.247 2.74e-03 0.250 0.250 4.91e-04 0.250 0.250 1.39e-04
0.6 1.360 1.361 9.00e-04 0.360 0.360 4.26e-04 0.360 0.359 1.25e-03
0.7 1.490 1.491 1.27e-03 0.490 0.490 4.40e-04 0.490 0.488 1.90e-03
0.8 1.640 1.641 1.14e-03 0.640 0.640 4.01e-04 0.640 0.638 1.82e-03
0.9 1.810 1.811 1.21e-03 0.810 0.810 1.09e-04 0.810 0.809 9.14e-04
1.0 2.000 1.997 2.73e-03 1.000 1.000 2.93e-04 1.000 0.998 1.75e-03

Example 6.2. Consider the following fractional initial value problem:

D2
t [u(t)] + D

1
2
t [u(t)] + u(t) − I1

0,t [(t − s)u(s)] = R(t), (6.3)

AIMS Mathematics Volume 11, Issue 3, 7610–7632.



7621

0 ≤ t ≤ 1,

where

R(t) = −
1

12
t4 + t2 +

2

Γ
(

5
2

) t
3
2 + 2,

u(0) = 0, and u′(0) = 0. (6.4)

The exact solution is u(x) = t2. The proposed method’s performance is shown in Figure 3(a),(c). In
particular, Figure 3(a) compares the exact and predicted solutions and shows that they are very close to
each other. Figure 3(c) shows the absolute error, which further shows that the approximation is correct.
Figure 3(b) shows the convergence of the training loss over iterations, which shows that the model is
being trained well. Table 1 shows the absolute errors for different time points t by comparing the exact
and predicted values. Table 4 shows the method’s computational efficiency by showing how long it
takes to run in seconds.

(a) Exact vs predicted for Example 6.2. (b) Training loss for Example 6.2.

(c) Absolute error for Example 6.2.

Figure 3. Exact versus predicted solution, training loss convergence, and absolute error for
Example 6.2.

Example 6.3. Consider the FIDE of the form
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cDα
t u(t) =

Γ(3)

Γ
(
2 − 1

3 + 1
) t2− 1

3 −
t5

4
+

∫ t

0
tr u(r) dr (6.5)

subject to

u(0) = 0, and u′(0) = 0, (6.6)

u(t) = t2 when α =
1
3
.

Figure 4(a),(c) shows how well the suggested method works. Figure 4(a) compares the exact and
predicted solutions, showing that they are very close to each other. Figure 4(c) shows the absolute
error, which further proves that the approximation is very accurate. Figure 4(b) shows that the training
loss converges over iterations, which means that the model is being trained well. Table 1 shows a
comparison of exact and predicted values for different time points t, as well as the absolute errors that
go with them. The computational efficiency of the method is summarized in Table 4, which reports the
execution time in seconds.

(a) Exact vs predicted for Example 6.3. (b) Training loss for Example 6.3.

(c) Absolute error for Example 6.3.

Figure 4. Exact versus predicted solution, training loss convergence, and absolute error for
Example 6.3.
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Example 6.4. Consider the FIDE of the form

cDα
t u(t) = 1 −

(2α + 3)
Γ(α + 3)

tα+2 +

∫ t

0
(t + r) u(r) dr (6.7)

subject to

u(0) = 0, (6.8)

u(t) =
tα

Γ(α + 1)
.

Figures 5(a),(c),(e) and 6(a)–(c), for different values of α, illustrate the performance of the proposed
method. Figure 5(a),(c),(e) shows the exact and predicted solutions, showing that they are very close
to each other. Figure 6(a)–(c) shows the absolute error, which further proves that the approximation is
correct. Figure 5(f) shows how the training loss converges over time, which means that the model is
being trained well. Table 2 shows the absolute errors for different time points t as well as a comparison
of exact and predicted values. Table 4 shows how fast the method works by reporting the time it takes
to run in seconds.

Table 2. Exact and predicted values with absolute error for Example 6.4 with different α’s.
For α = 1

2 For α = 3
2 For α = 5

2
t Exact Predicted Absolute Error Exact Predicted Absolute Error Exact Predicted Absolute Error

0.0 0.000 0.001 7.78e-04 0.000 0.00 7.25e-04 0.000 0.000 5.15e-06
0.1 0.357 0.356 1.01e-03 0.024 0.024 6.05e-05 0.001 0.001 6.78e-06
0.2 0.505 0.504 6.81e-04 0.067 0.068 2.32e-04 0.005 0.005 1.10e-04
0.3 0.618 0.618 4.32e-04 0.124 0.123 8.78e-04 0.015 0.015 2.17e-04
0.4 0.714 0.713 7.04e-04 0.190 0.190 2.92e-04 0.030 0.031 1.36e-04
0.5 0.798 0.799 1.29e-03 0.266 0.266 3.13e-04 0.053 0.053 4.88e-04
0.6 0.874 0.873 6.85e-04 0.350 0.350 2.74e-04 0.084 0.084 1.48e-04
0.7 0.944 0.944 1.67e-04 0.441 0.441 5.61e-04 0.123 0.123 3.14e-05
0.8 1.009 1.009 5.82e-05 0.538 0.537 1.49e-03 0.172 0.172 4.28e-04
0.9 1.070 1.070 5.42e-04 0.642 0.643 5.38e-04 0.231 0.231 6.25e-04
1.0 1.128 1.130 1.40e-03 0.752 0.751 1.05e-03 0.301 0.300 6.64e-04
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(a) Exact vs predicted for Example 6.4 when α = 1
2 . (b) Training loss for Example 6.4 when α = 1

2 .

(c) Exact vs predicted for Example 6.4 when α = 3
2 . (d) Training loss for Example 6.4 when α = 3

2 .

(e) Exact vs predicted for Example 6.4 when α = 5
2 . (f) Training loss for Example 6.4 when α = 5

2 .

Figure 5. Exact versus predicted solution and training loss convergence for Example 6.4
with different α’s
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(a) Absolute error for Example 6.4 when α = 1
2 .

(b) Absolute error for Example 6.4 when α = 3
2 . (c) Absolute error for Example 6.4 when α = 5

2 .

Figure 6. Absolute errors for Example 6.4 with different α’s.

Example 6.5. Consider the following AIE:

[
1 + t + t2 =

∫ t

0

u(r)
√

t − r
dr

]
. (6.9)

The exact solution is given by

u(t) =
1
π

[
t−1/2 + 2t1/2 +

8
3

t3/2
]
.

Figure 7(a),(c) shows how well the suggested method works. Figure 7(a) shows the exact and
predicted solutions, showing that they are very close to each other. Figure 7(c) shows the absolute
error, which further proves that the approximation is correct. Figure 7(b) shows how the training loss
changes over time, which shows that the model is being trained well. Table 3 shows the differences
between the exact and predicted values at different times t, as well as the absolute errors that go with
them. Table 4 shows the method’s computational efficiency by showing how long it takes to run in
seconds.
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(a) Exact vs predicted for Example 6.5. (b) Training loss for Example 6.5.

(c) Absolute error for Example 6.5.

Figure 7. Exact versus predicted solution, training loss convergence, and absolute error for
Example 6.5.

Table 3. Exact and predicted values with absolute error for Examples 6.5–6.7.
Example 6.5 Example 6.6 Example 6.7

t Exact Predicted Absolute Error Exact Predicted Absolute Error Exact Predicted Absolute Error
1.0 1.804 1.799 4.42e-03 1.000 1.001 8.08e-04 0.637 0.638 9.55e-04
1.1 1.950 1.952 1.32e-03 1.032 1.032 3.03e-04 0.668 0.667 3.89e-04
1.2 2.104 2.106 1.76e-03 1.063 1.063 7.01e-05 0.697 0.697 3.49e-04
1.3 2.263 2.262 1.06e-03 1.091 1.091 1.50e-04 0.726 0.727 9.03e-04
1.4 2.428 2.427 9.13e-04 1.119 1.119 4.06e-04 0.753 0.753 8.43e-05
1.5 2.599 2.601 1.67e-03 1.145 1.144 3.88e-04 0.780 0.779 4.04e-04
1.6 2.775 2.775 5.78e-04 1.170 1.170 5.01e-05 0.805 0.805 1.44e-04
1.7 2.956 2.953 2.67e-03 1.193 1.194 4.59e-04 0.830 0.830 4.39e-05
1.8 3.141 3.143 1.56e-03 1.216 1.216 3.13e-04 0.854 0.854 3.62e-04
1.9 3.331 3.333 1.20e-03 1.239 1.238 2.49e-04 0.878 0.877 1.09e-04
2.0 3.526 3.523 3.65e-03 1.260 1.260 5.77e-04 0.900 0.901 7.53e-04

Table 4. Execution time of the proposed method on Google Colab using a T4 GPU.
Examples Example 6.1 Example 6.2 Example 6.3 Example 6.4 (α = 1

2 ) Example 6.4 (α = 3
2 ) Example 6.4 (α = 5

2 ) Example 6.5 Example 6.6 Example 6.7
Time 35 s 27 s 42 s 39 s 33 s 37 s 33 s 33 s 32 s
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Example 6.6. Consider the following fractional order AIE:

2π

3
√

3
t =

∫ t

0

u(r)
(t − r)1/3 dr.

The exact solution is given by

u(t) =
2π

3
√

3 Γ
(

4
3

)
Γ
(

2
3

) t1/3.

Figure 8(a),(c) shows how well the proposed method works. Figure 8(a) shows the exact and
predicted solutions, showing that they are very close to each other. Figure 8(c) shows the absolute
error, which further proves that the approximation is correct. Figure 8(b) shows how the training loss
changes over time, which shows that the model is being trained well. Table 3 shows a comparison of
exact and predicted values for different time points t, as well as the absolute errors that go with them.
Table 4 shows the method’s computational efficiency by showing how long it takes to run in seconds.

(a) Exact vs predicted for Example 6.6. (b) Training loss for Example 6.6.

(c) Absolute error for Example 6.6.

Figure 8. Exact versus predicted solution, training loss convergence, and absolute error for
Example 6.6.

Example 6.7. Consider the following AIE:

t =

∫ t

0

u(r)
(t − r)1/2 dr.
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The exact solution is given by

u(t) =
2
π

t1/2.

Figure 9(a),(c) illustrates the performance of the proposed method. Specifically, Figure 9(a)
compares the exact and predicted solutions, demonstrating a high degree of accuracy, while Figure 9(c)
presents the absolute error, further confirming the precision of the approximation. Additionally, the
convergence of the training loss over iterations is depicted in Figure 9(b), indicating effective model
training. Table 3 provides a comparison of exact and predicted values for various time points t, along
with the corresponding absolute errors. The computational efficiency of the method is summarized in
Table 4, which reports the execution time in seconds.

(a) Exact vs predicted for Example 6.7. (b) Training loss for Example 6.7.

(c) Absolute error for Example 6.7.

Figure 9. Exact versus predicted solution, training loss convergence, and absolute error for
Example 6.7.

7. Results and discussion

The proposed ANN–power series (ANN–PS) method was applied to several FOVIDEs and AIE.
The obtained results show excellent agreement with the exact solutions, achieving absolute errors in
the range of 10−04 − 10−06, confirming the method’s high accuracy and fast convergence. Compared to
conventional numerical methods, the ANN–PS approach avoids symbolic computation and truncation
errors by learning the series coefficients adaptively. It also outperforms PINNs, as fractional derivatives
are difficult and computationally expensive to handle in PINN frameworks, while they are naturally
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incorporated here. The method is computationally efficient, requiring fewer iterations and less memory,
and provides an analytical, closed-form solution. The gradient descent-momentum algorithm ensures
stable and smooth convergence without oscillations. Overall, the proposed ANN–PS framework
offers a robust, accurate, and interpretable alternative to existing numerical and neural network-based
methods for FIDEs.

8. Conclusions

The primary objective of this paper is to develop a numerical framework for addressing FOVIDEs
and AIE. This was achieved by progressively integrating neural networks with the power series
framework, resulting in an approximate solution articulated as a generalized TPS. Seven numerical
examples, with both the predicted and actual values, show how useful it is. Additionally, the
absolute errors for specific values of t are presented in Tables 1–3, highlighting the method’s accuracy.
The numerical experiments show that, with an appropriate selection of step parameters such as the
learning rate and momentum constant, the proposed algorithm is an effective tool for determining
the unknown series coefficients. Furthermore, the simulation results, when compared with exact
solutions, underscore the method’s reliability. Ultimately, the iterative framework presented here is
adaptable to a variety of other sophisticated fractional order problems, thereby expanding its range of
applicability. Although the proposed ANN–TPS framework demonstrates good accuracy and efficiency
for the considered problems, the method assumes that the solution can be well approximated by a
TPS. For problems with limited smoothness, higher truncation orders may be required, which could
increase computational cost. Furthermore, the present study focuses on one-dimensional fractional
Volterra integro-differential and Abel-type equations. Future work will explore extensions to more
complex nonlinear systems, higher-dimensional fractional models, and systematic comparisons with
other neural-network-based solvers.
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