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Abstract: The team formation problem is a very important problem in the labor market that has been
proved to be NP-hard. This paper proposes an efficient bicriteria streaming algorithm aimed at striking
a balance between gain and cost in team formation problems with cardinality constraints on the integer
lattice. To address this, we utilized a model optimized for maximizing the difference between a
nonnegative normalized monotone submodular function and a nonnegative linear function. We further
consider the case where the first function of the object function is weakly submodular. Combining the
lattice binary search with the threshold method, we present an online algorithm called bicriteria
streaming algorithmsalgorithm. Concomitantly, we comprehensively analyze both models.
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1. Introduction

Team formation considerations occur in a diverse range of scenarios, including but not limited
to project management, workforce allocation, sports team composition, and academic

" A preliminary version of this paper appeared in the 30th International Computing and Combi natorics Combinatorics
Conference (COCOON 2024), 2025, pp. 324-331.
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collaboration. These problems have received intense attention in recent research efforts [1—4]. In
essence, the primary objective of addressing team formation issues is to strike an optimal balance
between accruing benefits and the costs involved, elements that can largely fluctuate based on the
context. As a case in point, within the realm of project management, one potential goal might be
the maximization of team productivity, or alternatively, minimizing the duration required for project
completion. Similarly, in sports team composition, the key aim could rest upon crafting a well-
balanced team, wherein members’ skills and capabilities complement each other, ultimately
fostering an enhancement in overall performance levels. These contextualized problems can be
carefully crafted into a submodular optimization issue. The primary target herein would involve
choosing a subset V from a larger set £ with an aim to maximize a specific objective function
denoted as g(V'). Given the nature of practical circumstances, often it becomes critical to ensure
an equilibrium between the advantages reaped by selecting V quantified through the function
g(V) and the relative cost implicated, denoted as c(}V). To cater to these application domains,
Nikolakaki et al. [5] formulated the team formation issue as a maximization problem, which can be
characterized as follows:
max g(V)—c(V)
vCE

where the function g(V) is monotone and nonnegative submodular, while c¢(V) represents a
nonnegative linear function that sums up the costs of selected elements. This computational model,
through its robust architecture and flexible algorithms, provides an efficient method of
generalization for different types of data mining applications. Unconstrained models allow for
detailed and thorough exploration in the realm of data mining, ensuring that valuable information
is not lost due to arbitrary element restrictions. Therefore, it assists in providing more accurate and
high-quality results in various data mining applications.

Consider a constrained model to find the optimal number of elements to be part of the solution.
In addressing cardinality constraints, a conventional approach involves employing the standard
greedy algorithm and considering online versions of the above questions. By utilizing a variation
of the continuous greedy method, Sviridenko et al. [6] obtained a solution set V' satisfying
inequalities g(V)—c(V)=(1-e') . g(V)—c(V) under identical model conditions with a
constraint matroid Constraint Matroid constraint. Du et al. [7] proposed a two-criterion
approximation algorithm, which is considered to be a more suitable performance measurement
method than traditional approximation algorithms. Feldman [8] designed the bicriteria
approximation algorithm and obtained similar conclusions as Sviridenko et al. [6].

In the team formation problem, we also encounter that a fixed skill can be owned by multiple
team members at the same time; in that case, we need to decide not only which skill to choose but
also the number of choices. Then, the problem becomes an integer lattice submodule maximization
problem. The concepts of lattice theory and optimization were first proposed by Lovasz [9]. The
modular maximization problem pertaining to integer lattices is a traditional enlargement of the
primary modular maximization problem. For a finite set E ofsize n, where each element e,

belongs to E, we set y, as the i-th unit vector. Then, we use N* to represent the integer grid

defined over E. G, is a set of monotone and nonnegative DR-submodule functions, and C, is
a set of linear functions. We denote g as a DR-submodular function if the following condition is
satisfied: for any z,y, given that z <y, the inequality

g+ x)-gW<fz+x,)-1(2)
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holds. This property is referred to as the fulfilment of DR-submodularity. So- ma

Soma et al. [10] conducted research on the DR-submodular maximization problem, taking into
account constraints such as cardinality, knapsack, and matroid. Utilizing both the threshold
technique and binary search technique, they developed a (1—e™')-threshold greedy algorithm.

Gottschalk et al. [11] cleverly used the bidirectional greed technique: according to the
predetermined order of indicators, the upper certainty to rise and fall is iterated until the two are
equal to output the final solution. The authors suggested an algorithm that operates in polynomial
time and offers a 1/3 approximation ratio, tackling the issue of maximizing non-monotonic
modular functions on integer lattices. Nong et al. [12] further improved the approximate ratio to
1/2. Based on the optimal budget allocation problem, Soma et al. [13] established a monotone
lattice submodular maximum on integer lattices with knapsack constraints, with an approximation
ratio (1—e'). By using the improved threshold technique, Tan et al. [14] proposed an online
threshold streaming algorithm with 1/3-approximate ratios for the lattice submodular
maximization problems with knapsack constraints in a flow model.

Although the submodular function maximization problem is widely used, many problems that
cannot be properly described remain. Research on the maximization of non-submodular functions has
shown significant progress within the realm of mathematical modelling and optimization. This field
is relevant for a broad spectrum of applications, contributing to our comprehension regarding
highly complex systems. The research of non-submodular function maximization is also expanding
to new application areas, such as social network influence maximization and resource allocation
optimization. These applications are advancing the field and inspiring new research directions [15—
17]. First, scholars used a submodular rate, which quantifies the difference between the function
and the submodular function to describe the non-submodular function. The concept of submodular
rate for a set function was initially proposed by Das et al. [18]. Bian et al. [19] developed a
greedy algorithm for non-submodular maximization problems with cardinality constraints on finite
sets using submodular rates. By introducing the generalized curvature c of the set function, they
achieved an approximation ratio of (1—e“)/c and proved its compactness. Liu and colleagues
[20] conducted research on the issue of maximizing the sum of weakly monotonic submodular
functions and supermodular functions, offering both offline and streaming algorithms for this
problem. Kuhnle et al. [21] extended the notion of submodular rate to lattice submodular function
and designed a threshold greedy algorithm on an integer lattice to solve this problem efficiently.
Zhang et al. [22] devised a greedy algorithm that incorporates curvature to significantly improve
the approximation ratio. Using the threshold technique and lattice binary search technique, Tan
[23] proposed a threshold flow algorithm for the above problems.

Inspired by the above results, we design an efficient bicriteria streaming algorithm to construct
a balance between gain and cost in a team formation problem (G —C), with cardinality constraint

on the integer lattice. The problem is formulated as follows: Let E be a ground set of size n,
z an n-dimensional vector from N”, g a normalized submodular function defined on N”

satisfying nonnegativity and monotonicity, and ¢ a linear function also defined on N*,
maximize g(Z)-c(Z),
s.t. z<bh

Z(E)<k.z(E)<k, (1)
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where the total budget is keN,and B={zeN":z<h} isa box in{NU{+w}}*. G,is a set of
monotone and non-negativenonnegative DR-submodule functions, and C, is a set of

nonnegative linear functions. To address this problem, we initially propose Algorithm 1 when the
objective function is a monotone, nonnegative, submodular function. In Algorithm 1, we call a
binary search algorithm to decide whether to keep the currently arrived element and set a level for
the remaining elements in memory. The effect of Algorithm 2 on the time complexity of the whole
algorithm is so slight that we can ignore it. We continue to delve into the situation where the
objective function stands as a non-submodular function. A streaming algorithm 3 is conceptualized
leveraging the lattice submodular rate. The performance of this particular algorithm is then
meticulously analyzed, namely the space complexity and the memory of the whole algorithm
related to the lattice submodular rate, which is O(klog(k/ )/ €).

Tan et al. [23] focuses on streaming algorithms for maximizing on the integer lattice under a
knapsack constraint, which takes the form of Za)l.xl. <B (where o, denotes the weight of

1

element i,and B isthe weight upper bound). The design of this algorithm needs to account for
the heterogeneity and accumulativeness of weights. In contrast, this paper switches the constraint
to a cardinality constraint x(E£)<k (where k is the upper bound on the number of elements).
Under the cardinality constraint, the algorithm must directly control the quantity threshold of
selected elements instead of the total weight, making the weight-based greedy strategies in
traditional knapsack constraint scenarios no longer applicable. The cardinality constraint has
stronger universality and practicality in real-world scenarios. For instance, in resource allocation
problems, when the quantity of available resources (e.g., the number of servers, personnel quotas)
is the core limiting factor rather than the total weight, the model proposed in this paper is more
aligned with practical needs. In large-scale data processing scenarios, the algorithm implementation
under the cardinality constraint is more lightweight, as it does not require storing and calculating
element weights, thus reducing the memory overhead and time complexity of streaming processing.

We will divide the main results of this paper into three parts. In Section 2, we will elaborate
on the definitions and properties of integer lattices and submodules. In Section 3, we design two
combination algorithms to solve the above problems and analyze the performance of the two
algorithms. In Section 4, the performance ofthe algorithm is verified through numerical experiments.
Finally, we summarize the main results in Section 5.

2. Preliminaries

In this section, we elucidate numerous symbols, conceptual definitions, and axioms.
We use [k] to denote all positive integers between 1 and k. We establish a base set

E={e.,e,,..,e,} and z as an n-dimensional vector in N®. The segment of coordinate e, € £
for zis represented as z(e;). We employ 0 to depict the null vector and y, as the standard base

vector. Thus, all components are at zero, except for the i-th component that stands at unity.
For any subset Z c E, its characteristic vector is y,, and z(Z)amounts to the summation of

z(e;) over all elements e, belonging to Z. Within the set ze Nf | supp*(z)={ecE| z(e) >0}

signifies the support set of z. We define a multi-set {z }, where e appears z(e) times, and use
|{z}|=2z(E) to express the total amount of z(E), and zAy stands for the coordinate-wise
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maximum and minimum of vectors z and y, respectively. Multi-sets {z} and {y} have their
difference denoted as {z}\{y}={(z\y)VvO0}.

A function f:N” - R, is known as monotone non-decreasing if and only if f (Z) <f ( y)
can be satisfied for any z<y. A function f is deemed nonnegative and normalized if it invariably
fulfills the conditions f(z)>0 (forall zeN” )and f(0)=0.

Definition 1. 4 function f:N* >R, is termed as DR-submodular if f fulfills this particular
inequality for every z and yin N*:
SO+ )~ f () fE+x)-f(2).

The value denoted by f(z|y) presents the marginal increase of a vector z concerning

y expressed as

fzly) =fz+y)-f(y).

Finally, denote z* as the ideal solution vector.
3. Bicriteria streaming algorithms

For the case where the first function is submodular and non-submodular, we will design two
combinatorial algorithms and analyze their performance.

3.1. Maximizing G—C function

First, we give a streaming algorithm for G-C on the integer lattice, which is stated in
Algorithm 1. In the process of running the algorithm, we not only need to decide whether the
current element is preserved, but also count the level of the elements that are preserved. At this
point, we need to call Algorithm 2 to perform the calculation. The Algorithm 2 details are as follows.

Let z" denote the optimal solution, and z is the final solution vector returned by
Algorithm 1, p=z"(E),g=z(E). Assume that z" is the set when the element e, arrives,

i=1,2,..q,7,=0,z,=0. There are two cases z(E)=k (Lemma 1)and z(E)<k ( Lemma 2).

Algorithm 1 Streaming algorithm for G-C on the integer lattice
Input: Data stream E, ge€G, ,ce C, , cardinality constraint k€N, , threshold value 7 .

Output: a vector zeN” .

1: z<«0;
2: for ecEdo
3: if z(E)< k, then

find the level ¢ with BS Algorithm (g,C,Z,b,e,k,T);

4

5 it z+ty, (E)<k, then
6 update z<z+ ¢ X
7: end if

8 end if

9: end for

10: return z
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First, we prove the existence of lower bounds of function & (2)=c(2) for the case ~ (E):k .

Lemma 1. Let z represent the result acquired from Algorithm 1. Provided z(E)=k, it

follows that the computation of g(z)—c(z) yields a value greater than or equal to k7 .
Proof. From Algorithm 2, for any element e, in the set z, we get the following inequality:

gtx, |z ) —sc(ty,)2tT.
By summing up the above inequalities for each element e, intheset z,we can get the following conclusion:

Z [g(t[Zei |ziy) _Sc(ti;(e,. )= Z tr=7z(E).

e e{z} ¢ efz}

By using the submodularity of function & and the linearity of function ¢, we can change the above
inequalities as follows:

g(z)—sc(z)21z(E)=1k .
Since s=>1, we have
g(z)—c(z) > g(z)—sc(z) > 7k,

which completes the proof.

Algorithm 2 BS Algorithm (g,c,z,b,e,k,7)

Input: Data stream E, e e E, submodular function g€ G, ,ceC,,z € N*, and 7€ R,,s>1.
Output: ¢
1: ¢, «1;

¢, < min {b(e) —z(e),k— z(e)} ;

2

3: if g(y,|z)—sc(y,)<t then

4: return 0.

5: end if

6 if 8(.x.|2)-sct,x.) . then
t

n

return Z,

8: end if
9: while ¢ <t +1, do

10: a:VHmJ
2

11: if 8(t.x12)=sct,x) 5 then
tﬂ

12: t, =a,

13: else

14: tn =dAd,

15: end if

16: end while
17: return t,
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Further, we prove the existence of lower bounds of function g(z)—c(z) for the case z (E ) < k.

Lemma 2. Suppose z is the output solution of Algorithm 1, and the condition Z(E) < k. Then,
the function g(z)—c(z) satisfies the following inequalities:

g(2)—c(2)> (1 %)g(z*) ~(s=De(z") + kr[iv (- é)u]

where p,v:0<u,v<ls>1.
Proof. We denote {z}={z"}\{z},b=Z(E). Let z,_, be the corresponding output solution for each
arrived element ¢,(i € {L,...,b}), in which y, has not been added to z.

Now, we will complete the proof of this lemma in two steps.
Step 1: We will prove that the function g(z) has a lower bound and c¢(z) has an upper

bound. First, we prove the existence of a lower bound of function g(z). From Algorithm 2, for
any element e, €{z}, we obtain

g(x, 1z )—sc(y,)z7.

By summing up the above inequalities for each element e, in the set {Z}, we obtain the

following conclusion:

Z g(}(e, |z)—s Z C(Ze,)z Z Z':T|‘{E}| (2)

e e{z} e;e{z} e;e{z}

With the submodularity of the function g, we get

z g(ﬂ(e, |zi2))
e,e{z}
> > gz, |2)
e,e{z}
>g(z|z)

>g(z +z)-g(z).
Since function  is a nonnegative linear function, we get

D c(x,)=c(@) <e(x")

ee{z}

From the above two inequalities and the monotonicity of function g, we can get the following

inequalities:
g(z*)—g(z)—sc(z*) <] E(E) |,
that is,

g(z)Zg(z*)—sc(z*)—T|E(E)| 3)

AIMS Mathematics Volume 11, Issue 3, 7555-7572.
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Second, we show that the function c(z) has an upper bound associated with function g(z) .

According to the running process of the algorithm, we get that all the elements in the output
solution z satisfy the following inequalities:

g(tizei | Zifl) _Sc(tiZe,. ) Z tiT *
By summing up the above inequalities for each element e, in the set {z}, we have

D> gty 1z)-s D, clty,)z D, tr=1z(E).

e;e{z} e e{z} ee{z}
Since g(z) is a monotonic submodular function and ¢ is a linear function, we can obtain
the upper bound c¢(z) that is associated with function g(z), that is,

1 T
c(2) S;g(Z)—EZ(E)- 4)
Step 2: We prove the existence of a lower bound of function g(z)—c(z). According to
inequality (3) and inequality (4), we get

g(2)—c(2)
> g(z)—%g(z){z@)

s—1

> ST_I 2(z") = (s =)e(z%) - 2—Z(E)r + EZ(E) (5)

For the remaining part of the proof, we approach this by introducing two parameters, u
(where 0<pu<l)and v (where 0<v<1),that are reliant on either the ultimate output set or the

present set. Without loss of generality, we can assume that Z(E)=uk and z(E)=vk. In the

algorithm analysis below, we use only mu and nu to represent multiple factors, so they need
to be consistent with the other parameters in the current analysis. Then, we can translate the
inequality (5) into the following form:

g(2)—c(2)

> (=Yg = (s= ez ) ==y kr + Evik
S S S

= 1-Ygz) (s Dez) + kel v—a-Dya.
S S S
Therefore, we get
g(2)—c(2)2 (1 —%)g(z*) ~(s—De(z) + kr[%v (- %)u]

for 0< u,v<1,s>1,which completes the proof.

Theorem 1. Suppose s :M,éz ,u2 +4-4v,0<uv<l,p= &
2 s+ u(s—1)—v

Algorithm 1’s bicriteria ratio is (p,p-S).

Proof. For the case of z(E)=k, Lemma 1 shows that

g(z)—c(z)=kr.

, then

AIMS Mathematics Volume 11, Issue 3, 7555-7572.
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For the case of Z(E ) <k, Lemma 2 shows that

1 . . 1 1
g(z2)—c(2) Z(I—E)g(z )—(s=Dc(z )+kT[§V—(l—;)ﬂ]
for any (< v <ls>1. So, the value of the final objective function is the minimum of k7 and

(1- l)g(z*) —(s—De(z")+ kr[lv —(1- 1) u]- Let
S Ky S

ke =(1=)g(=) = (s~ Dez) + kv = (1= )l
we have
kr=pg(z")—p-s-c(z)
We choose the value of satisfying
prs=1,

that is, by choosing the value of s, we can make the coefficient of ¢(z*) equal to 1. From the
above equation, we can calculate the value of s

:M>l+ﬂ
2 b

Sl
and

S, <1+u,

_2+u—s
2

where §=Q2+u) —4(u+v)=4+p —4v and &> 0,46 > 4 under the assumption 0< <1
and 0<v<I.
From the range of §, we can get the value of §, which is s =35,. Therefore,

kt = pg(z")—p-s-c(z')

and the threshold value

1 o1 .
T=— ——p-s-c(z),
kpg(Z) P (z")

where

S=4+u’ —4v,
0<u<l, 0<v<l.

So, we get the bicriteria ratio as (p, p-s).
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From our earlier discussion on the above theorem, it is evident that
o 1 .
T=pglz )—zp-s-C(z ).
So, we need to calculate the optimal value of function
f(2)=pg(z)—p-s-c(z)

In order to estimate the value f(z"), we opt for taking the averaged maximum singleton value m
instead, where m =max__, f(x,),anapproach inspired by the concepts proposed by Ene [5]. Also, form

their discussion above the OPT, we can ensure that m < OPT <km . It takes O(log k/ 8) values

falling in [m,km] to geta (l1+¢)- approximation to OPT. Unfortunately, with this approach, we need

to read the whole stream data two passes. In order to reduce the number of data reads to one, we set m
equal to the maximum singleton value among all the elements that have arrived. When different
thresholds are selected, we can parallel-run the original algorithm with a run count of 0(10g k/ 6‘).

Therefore, the total memory is O (k log k/ 8) .

In addition, we discuss the query number per element. During the run of Algorithm 1, we
need to call Algorithm 2 to determine the elements retained in storage and the level of each

12)

preserved element, that is, any / should satisfy both NZ+ >7 and f(y,|z+ ly, )<T7.

In order to obtain a valid level /, we need to query function f with O(log k) times in

Algorithm 2. So, we can obtain that the query number per element is O(log k) .

3.2. Streaming algorithm for aG—C

In numerous real-world applications, the marginal gain of adding an element to a set is not
necessarily non-increasing at all times (the core property of submodularity); instead, it may
fluctuate slightly within a limited range. The weak submodularity assumption is an extension of
the classical submodular property. It allows for a certain degree of supermodularity, making it
more suitable for real-world scenarios since pure submodularity is often an oversimplification in
many practical problems.

In this section, we shall discuss the case where the first function g in the objective function

does not satisfy submodularity. We assume that the first function g in the objective satisfies «

-weakly submodular, nonnegative, and monotone. The second function ¢ in the objective satisfies
nonnegative linearity. The problem is described as follows:

maximize  g(z)—c(z),

z(E)<k, (6)

We first define ¢ -weakly submodular function in the integer lattice.

AIMS Mathematics Volume 11, Issue 3, 7555-7572.
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In Algorithm 3, the first step involves setting a specific threshold value for the element
present in the data stream. This becomes our preliminary standard when determining whether
these data points should be incorporated into the current solution set. However, this decision-
making process is not solely reliant on the set threshold. We also refer to Algorithm 4, which
helps us finalize the exact level (denoted as 1 here) of the current element that should be included in
the solution. To better understand this, consider reaching an element in the stream in which the

value g(yz, | z)—(l + a)c( %.) does not exceed the previously established threshold. Under such

circumstances, we follow through with the decision to discard that element, choosing not to
maintain it within our current solution. The rationale behind this decision arises from the fact that
this element does not meet the defined threshold condition, indicating that its contribution to
resolving the problem is likely insignificant or counterproductive. Conversely, if the same
evaluation results in a value exceeding the threshold, the element is deemed essential and retained
within the solution. When it comes to determining the number of the element that can be kept, we
rely on inequality

g(ln;{e|2)_(l + a)c(lnle)zz-a.

The intricacies of these mechanisms and steps are better explained and extensively covered within
the respective descriptions of Algorithm 3 and Algorithm 4.

The analytical approach is similar to the proof methodology detailed in Section 3.1. To make
explanations clearer and easier to understand, we have based our discussions on several assumptions.
First, we define z* to be an optimal solution, with z representing the final solution vector
generated by Algorithm 3. Subsequently, from the vectors mentioned earlier, we identify two key
values: p and ¢. Here, p equals the value of z'(E), while ¢ corresponds to the value of
z(E). Following this, we assume z,, represents the set when element ej arrives, for each instance
of i ranging from 1 to ¢, z,=0,z, =z. Within the context of this discussion, we mainly

examine two special scenarios; when z(E) equals £k, our discussion primarily revolves around
Lemma 3, and when z(FE) is less than £, our discussion is included in Lemma 4.

Algorithm 3 Streaming algorithm for aG—C on the integer lattice
Input: Data stream E, function g and c, cardinality constraint k€N, threshold value

7,0<a<l.

Output: a vector zeN” .

I: z<«0;

2: for eec £ do

3 if z(E)<k, then

4 find the level /with BS Algorithm (g, ¢,z,b,ek, Ta)
5 if z+/ly, (E)<k, then
6: update z<«—z+ Iy, ;
7 end if

8 end if

9: end for

10: return -
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Definition 2. [21] For any s,teB, with s<t and ecFE, the a-weakly submodular function
g in G, is the maximum scalar «a, such that
a,8(x. 10=<g(x.15),
where t+y,€B..
Algorithm 4 BS algorithm (g, c,z,b,e k, 7, )

Input: Data stream E, ecFE, function g and c, zeN*f |, and 7,eR,.

Output: 1.

1: [, «1;

2: [ < min {b(e) —z(e),k —z(e)} ;

3: if g(x.|12)—(1 + a)c(x,)<t, then
4: return 0.

5: endif

6 if S IZ)—(; + a)e(l,x.) -

7: return [

8: end if

9: while [ <!/ +1, do

10: a:V’”JrZ”J
2

11: ifg(lnle |Z)_(1 + a)c(lnle)

; 27, then
12: [, =a,
13: else
14: ln:a’
15: end if

16: end while
17: return [

Lemma 3. Assume z is the solution output by Algorithm 3, when z(E)=k, then the lower bound
of function g(z)—c(z) is kr, .

Proof. For each element selected into the output solution, according to the selection rule in
Algorithm 3, the following inequality must be satisfied:

g(li)(e, |Zi—l)_(1 + Q)C(li}(e{) >z

a

i

For all elements selected into the output solution z, by adding the inequalities they satisfy, we can
obtain the following comprehensive inequality:

> gz, |z.)-(1+ @) Y clz)2 Y 7, =l7,2(E)

e;e{z} e e{z} e e{z}
Rearranging the inequality, we can deduce the following inequality:

AIMS Mathematics Volume 11, Issue 3, 7555-7572.
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g2)-(A+a)(z)2r,z(E)=1,k
Since 1+a>1, we can draw the following conclusions:
g(2)—c(2) 2 g(2) - (I+ a)c(2) =k,

The proof of the conclusion of Lemma 3 is completed.
Lemma 4. Suppose z is the output solution of Algorithm 3 and satisfying Z(E )<k, then we

have

V_’ukra
l+a

M

g(2)—c(2) zﬁg@*)—c(z*w

where 0< <1, 0<v<1, a>0.

Proof. Suppose {z}={z"}\{z},/=Z(E) . Let z (ie{l,.,/}) be the corresponding output
solution when the current element ¢, arrives but y, is notadded to the output solution. Next,
we will separately prove the lower bound of g(z) and the upper bound of ¢(z).

According to the rule of selecting elements in Algorithm 3, for each element e, € {z}, we have

gz, 17.)-(1+ a)e(r,) <7,

For all elements selected into the output solution e, € {Z}, by adding the inequalities they satisfy, we

can obtain the following comprehensive inequality:

Y gz )-(1 + a)e(z)< X 7, =7, |{Z}] (7)

e e{z} ¢efz}
Further, from the definition of weakly submodular (Definition 2), we can derive

> ez, |z.)2ag(Z|2)2ag(z +2)-g(2)

e€{Z}
Consider the monotonicity of function g, and we have

g(z)-g(z)<g(z"+2)-g(z) = gZ+2)-g(z)

Since function . is nonnegative linear, we get

D cx,)=c@)<c(z)

e,e{z}
Considering the inequalities satisfied by Z g(y, |z_,) and Z c(y,) together, we can

ee{z} ee{z}

rewrite inequality (7) as follows:
alg(z") —g(z)] —(1 + a)c(z*) <7, |Z(E)|

which can be formulated as
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(04

zZ(E
g(z)zg(z*)_I”L_ _M
a

c(z)

Now, we are in the position to prove the upper bound of ¢(z).

According to Algorithm 3, all the elements in the output solution z satisfy the following
inequalities:

g(li)(ei |Zi—1)_(1 + a)c(lilei) 21z, )

Summing up all the above inequalities, we get

> glx, 1z.)-(1+ ) clx)z D lr,=7,2(E)

e e{z} e efz} e;e{z}

Given the monotonic and submodular nature of function &, and the linear aspect of function ¢,
we can transform the inequality as follows:
T

((2) < —— g(2) - = z(E)-
l+a 1+«

So, we can get the bound of the value of objective function

g(z)—c(2)

1 T
2g(z2)———g(z2)+—*—z(E)
1+« 1+
o
-——g()+
l+ o

e A(E)
1+«

[0/ T

(') - %E(E)] e (E)

o *
>——7/g(z')- ¢
1+ l+a

= g()—e(z)+ D)
l+o

(E)

Similar to Lemma 2, we also define parameters E(E ) = uk and Z(E ) =vk by introducing
parameters u and v with the range of values for ¢ and v: 0<u<1,0<v<1. Then we have

g(z)—c(2)

kv—k,uz_a
I+a

zlig(z*)—c(z*)—
+a

:Lg(z*)—c(z*)+v_’ukra-
1+ 1+

So, the output solution, denoted as z, in Lemma 4 satisfies

g(2)—c(2) 2 —2—g(z)—c(z") + L kz,
1+« 1+a

for 0<pu<1,0<v<Lt>1.
The proof of the conclusion of Lemma 4 is completed.
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Theorem 2. Assume O0<a<1,0<u<1,0<v<I1, then we have that the bicriteria ratio for
a I+a

Algorithm 3 is ( , .
l+a+u—v l+a+u—v

Proof. Based on the cardinality of z, we start to prove the conclusion. Lemma 3 and Lemma 4
show that forany 0< 4 <1,0<v <1,7>1, the objective value satisfies

g(z)-c(z)=kz, ,Z(E)Ik’

and

VvV —

g(z)—c(z)Zﬁg(z*)—c(z*wkra(

Y7,
1+a)’Z(E)<k

Therefore, the value of the final objective function is minimum of k7, and

1Lg(2*)—0(2*)+kfa(v_ﬂ)
+a I+a
Denote k7, =Lg(z*)—c(2*)+kra(v_’u),
1+ I+
k‘[a :Lg(z*)_“_—ac(z*)
l+a+u—v l+a+pu—v
So, the threshold value
1 a o1 I+ .
=gz )—————«c(z') .
kl+oa+u-v kl+a+u-v

Therefore, the solution z output by Algorithm 3 satisfies

(D) -c@) ke, 2 — % gz E o2y,
l+a+u—v l+a+u—v

o 1+

so the bicriteria ratio is ( ,
l+a+pu—v’ l+a+u—v

where 0<a<1,0<u<1,0<v<1.
We denote

h(z)2—2 () -— L)
l+a+u—v l+a+u—v

According to the definition of « -weakly submodularity, we can easily prove that 7, (z*)

also satisfies «-weakly submodularity. Using the same proof method applied in Section 3, we
can obtain that #, (z*) falls in [m,km/a].

The memory is O(klog(k/a)/¢€).

4. Numerical examples

We now conduct numerical experiments to compare our algorithm with the stream greedy
algorithm and validate the effectiveness of our approach. This paper considers the influence
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maximization problem with weighted budget allocation under the stream model. Specifically,
elements from the set of marketing channel nodes arrive sequentially in a stream, and only
information about the already arrived nodes and their adjacent customer node sets is known. The
budget allocated to a node must be determined before the next node arrives. After processing
the entire set of marketing channel nodes once, the budget allocated to each marketing channel
node is finalized, aiming to maximize the expected number of activated customers.
Simultaneously, this process consumes certain resources, requiring the subtraction of a cost
function; thus, the objective function is a nonnegative submodular function minus a linear
function. The experimental data comes from the MovieLens movie rating data set. From this
dataset, we obtain a bipartite graph G(Vl,V2,E ) We select a subset of nodes (—VI—=500,

—V2—=2000). We choose some nodes from F1 as initially activated seeds. Through network
propagation, we aim to activate as many nodes in V2 as possible. We set epsilon = 0.1. For each
selected seed node and its neighbors, a random number between (0, 1) is chosen as the initial
activation probability. If a node is selected multiple times, the probability of activating its neighbor
for the second time is 1/5 of the initial activation probability, and so forth. The knapsack constraint
weights and the weights for the linear function are obtained by random sampling of integers between
1 and 10. The upper bounds for the integer lattice are obtained by random sampling of integers
between 1 and 5. By treating the cardinality n and the knapsack capacity K as independent
variables, we obtain the results of the numerical experiments.

Figure 1 shows the changes in the outputs of the two algorithms as the cardinality of the
ground set increases. The graph shows that the result of Algorithm 1 is always above that of the
stream greedy algorithm. Furthermore, the stream greedy algorithm is insensitive to the increase
in cardinality, whereas the output of Algorithm 1 increases with the cardinality, indicating that our
algorithm performs better than the stream greedy algorithm.

160 y [
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e Stroamgroady
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750
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100 700
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600 500 1
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100 150 200 250 300 350 400 450 500
Cardinality n

Figure 1. Solution quality when cardinality n is a variable.
5. Conclusions

In this paper, we present the development of combinatorial approximation algorithms designed
to address the maximization problem of a monotone nonnegative submodular function minus a
nonnegative linear function in an integer lattice. The problem is tackled under a cardinality constraint
and by establishing an appropriate threshold, starting with the creation of a bicriteria streaming
algorithm. Running parallel to this, we utilize the lattice binary search algorithm as a subalgorithm.
Further into the subject matter, we explore scenarios where the first function of the objective function is
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a-weakly submodular and a non-submodular function. For these situations, we design a combinatorial
bicriteria streaming algorithm. Simultaneously, we present comprehensive analyses for both models.
Features of these models include that the overall memory is while the query number per is.
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