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Abstract: This paper studies cyclic, quantum, and DNA codes over the mixed-characteristic ring
Rpa = Z,2[ul/ (u? — a), where p is an odd prime and « € F,. When « is a quadratic residue modulo
p, the polynomial u* — « splits over Z,» and R, is a semi-local ring isomorphic to Z,» ® Z,». In
this decomposable case, every R, ,-linear cyclic code admits a canonical idempotent decomposition
into two cyclic codes over Z ., leading to explicit descriptions of generator polynomials, dual codes,
and Lee distances. Both the coprime-length case gcd(n, p) = 1 and the repeated-root case n = p* are
analyzed, reflecting their distinct ideal-theoretic behavior. An F,-linear Gray map is constructed that
induces a Lee-to-Hamming isometry from R}, , to F;‘,". Using a compatible bilinear form, we show that
the Gray image of a Euclidean self-orthogonal cyclic code remains symplectic self-orthogonal over
IF,, which enables the construction of p-ary quantum stabilizer codes via the Calderbank—Shor—Steane
method. Explicit computations for small parameters illustrate the resulting quantum code parameters
and show that several examples meet or improve known bounds. For p = 5, the Gray map also admits
an interpretation suitable for DNA coding. By mapping Gray images to the IUPAC nucleotide alphabet
and exploiting the ring involution u — —u, we obtain reversible DNA codes through blockwise reversal
symmetry. Using coterm polynomials, families of reversible DNA codes with prescribed minimum
distance and controlled GC-content are constructed. These results demonstrate how cyclic codes over
the mixed-characteristic ring R, , can be used to derive quantum and DNA codes through the Gray
map and related algebraic structures.
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1. Introduction

Finite commutative rings that are not chain rings play an increasingly important role in algebraic
coding theory. Their richer ideal structures and module decompositions enable the construction of
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linear and cyclic codes that have no direct analogues over finite fields or classical chain rings such
as Zy or F, + ulF, [1-3]. A major turning point was the discovery that several prominent nonlinear
binary codes admit elegant Z,-linear representations [4], revealing deep algebraic connections between
finite-ring modules and highly structured nonlinear codes. Since then, ring—based coding theory has
developed into a substantial research area, supported by foundational treatments such as [5-7] and
extensive studies of cyclic and constacyclic codes over non-chain rings [8—10]. In this paper, we
investigate the coding-theoretic properties of the quadratic extension

Rpa = Zelul/(u* — @), podd, a€F,, (1.1)

where « is embedded into Z . via the canonical inclusion F, < Z,.. The algebraic structure of R, ,
depends critically on the quadratic character of @ modulo p, leading to two fundamentally different
settings for cyclic codes. The binary case p = 2 has been studied separately in [11, 12].

(1) Decomposable case. If « is a quadratic residue modulo p, then u? — a splits over Z », and therefore
Rp,a = sz &) sz.

This decomposition yields two primitive orthogonal idempotents and endows R, , with a semi-local,
non-chain structure. Such decomposability is particularly effective for simplifying the structure of
cyclic and constacyclic codes over related rings [1, 13]. In this setting, every R, ,-linear cyclic code
of length n decomposes canonically as a direct sum of two cyclic codes over Z,.. This reduction
allows generator polynomials, dual codes, and Lee distances to be described explicitly in terms of their
Z,» counterparts. We consider both the coprime-length case gcd(n, p) = 1 and the repeated-root case
n = p*, reflecting their distinct ideal-theoretic behaviors.

(2) Local ring cases. We also distinguish two essentially different local situations.

(i) Local Galois case. Assume that a € Z;z and that its reduction modulo p is a non-quadratic residue
inFF,. Then, u*> — « is irreducible over IF,, and remains irreducible over Z .. Consequently,

Rpa = Zp[ul/(u® — @) = GR(p?,2),

which is a finite local (chain) ring. In this case, u is a unit, the unique maximal ideal is (p), and the
residue field is F ..

(ii) Local non-reduced case. When a = 0, one has
Rpo = Zp[ul /(W) = Zp + uZ,,

which is again a local ring but no longer reduced. Here, u is nilpotent, the unique maximal ideal is
(p,u), and the residue field is F,,.

In both local cases, R, , admits no nontrivial idempotent decomposition. Accordingly, cyclic codes
are studied directly as ideals of R,,[x]/{(x" — 1). Despite being algebraically more rigid than in the
decomposable case, these local settings still admit a structural description of cyclic codes, particularly
when gcd(n, p) = 1; see [14, 15].

To connect the ring-theoretic and classical coding perspectives, we define a Gray map

¥:R,, — F

p’
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generalizing the Gray isometry for Z4-linear codes [4] and its subsequent extensions to finite rings [1,
16,17]. Defined via the Z,.-coordinate representation of elements of R, ,, this map preserves both Lee
and Hamming distances. Extended coordinate-wise, it yields an isometric embedding

. n n
‘P.Rp,a%Fi,

allowing cyclic codes over R, , to be studied through their Gray images as linear codes over F,,.

Using an F,-valued bilinear form compatible with the Gray map, we show that the Gray
image of any self-orthogonal cyclic code over R, , remains self-orthogonal in F;‘,”. This property
enables the construction of p-ary quantum stabilizer codes via the Calderbank—Shor—Steane (CSS)
framework [18-20]. While the CSS method and ring-based constructions of quantum codes are
well established [21-23], our contribution is to apply these techniques to cyclic codes over R, , and
to analyze the resulting new families of quantum codes obtained through the Gray map. Explicit
computations for small parameters illustrate the resulting code parameters and show that several
examples meet or exceed known bounds [24,25].

When p = 5, the Gray map also admits an interpretation suitable for DNA coding applications.
By mapping the coordinates of W¥(r) to nucleotides via the IUPAC alphabet [26, 27], we obtain
DNA codes of length 4n over Rs,. Motivated by constraints from molecular computation and
DNA word design [28-30], we use the ring automorphism u# +— —u to induce a blockwise reversal
symmetry on Gray images. Using coterm polynomials, we construct reversible DNA codes with
prescribed minimum distance and controlled GC-content, extending earlier ring-based DNA code
constructions [11,31,32] to this ring setting.

In summary, this paper studies cyclic, quantum, and DNA codes over the ring R,,. Our main
results concern the decomposable case R,,, = Z,» @ Z,., where cyclic codes admit a componentwise
description in terms of cyclic codes over Z,.. The local cases are also discussed to illustrate the
structural differences that arise when R, , becomes a local ring. Combining these structural properties
with an isometric Gray map, we derive cyclic codes whose Gray images yield p-ary quantum stabilizer
codes and reversible DNA codes.

The remainder of the paper is organized as follows. Section 2 introduces notation and defines the
Gray map. Section 3 analyzes the algebraic structure of R, ,, classifies cyclic codes, and studies
their duals and Lee distances. Section 4 applies these results to quantum stabilizer codes, while
Section 5 develops reversible DNA codes. Finally, Section 6 presents illustrative examples supporting
the theoretical results.

2. Preliminaries and notations

Throughout the paper, let p be an odd prime and let « € F,. We view « as an element of Z > via the
canonical embedding F, < Z,.. We study the mixed-characteristic quadratic extension

Rpa = L ul/® — a). 2.1

Then, R, is a free Z,»-module of rank 2 with basis {1, u}. Since each element of Z > admits a unique
p-adic expansion a + pb with a, b € F,, every element of R, , can be written uniquely as

r=a+ pb+uc+upd, a,b,c,d €F,, (2.2)
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and hence [R,, .| = ph. Multiplication is determined by u? = a; for ry, ry, r, 1y € Z,, one has

(ry + rau)(ry + rhu) = (rry + arr) + (rry + rirn)u. 2.3)

2.1. Algebraic structure according to a

The algebraic nature of R, , depends on whether « is a square in F,. Since « € F,, only the square,
non-square, and zero cases arise.

(I) Square case (decomposable ring). Assume that « is a quadratic residue in F,, and fix g € F,, with
B? = a. Since pis odd, 23 # 0 in F,,. By Hensel’s lemma, there exists a lift 3’ € Z, such that

B =B (mod p), B) =a
Thus, > —a = (u—B)u + ) in Z,2u], and by the Chinese remainder theorem,
Rpa = Zplul/[{u—BYSZp[ul[{(u+p) =2 Zyp & Zp.
Define the orthogonal idempotents

o tF B 2.4)

28" 28"

so that ef = e, e% = ey, eje; =0, and e; + e, = 1. Every element r € R, , then decomposes uniquely
as

r=eir + e, ri,ry € Zy. (2.5)

(II) Non-square and zero cases (local rings). If a = 0, we obtain R, o = Z2[u]/ (u?), a local non-chain
ring studied in [14]. If & # 0 is a quadratic nonresidue, then x> — a is irreducible modulo p, and hence
also irreducible over Z,.. Thus, R,, is the Galois ring GR(p?,2). In both cases, R, 18 local with
maximal ideal (p) (or {p, u) if @ = 0), and residue field F> (or F, if @ = 0). Moreover, if a # 0, then u
is a unit with ™' = u/a.

Therefore, the algebraic type of R, is determined entirely by a. Table 1 summarizes the resulting
possibilities.

Table 1. Structure of R,,, for @ € F,,.

Condition on @ Ring type Maximal ideal Residue
a square Ly @ Ly (pu+p),{p,u-p) F,xF,
a=0 local ring sz[u]/<u2) (p,u) F,
a non-square  Galois ring GR(p?,2) (p) F

2.2. Linear and cyclic codes over R, ,

Letn > 1. A linear code of length n over R, is an R, ,-submodule 4" C R7 ,. We endow R7 , with
the Euclidean inner product

n

XY= ) Xy, XYER,. (2.6)

i=1
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The Euclidean dual is
¢t = {y eER, | (X,y). =0 forallx € ‘5}

A code is self-orthogonal if € C €+ and self-dual if € = €*+. A code % is cyclic if it is invariant
under the cyclic shift

(cosC1yenvsCnot) V= (Cpo1,Coy - - o5 Cp2).
Under the standard identification

(Coy vy Cnol) > Co+CIX+ -+ Cpy X",
cyclic codes correspond to ideals of the quotient ring R, ,[x]/{x" — 1).
For a polynomial f(x) = fo + fix+--- + fix' € R, ,[x] with f; # 0, the reciprocal polynomial is

[1) =X fA)x) = fi+ fiax+--+ fox, (2.7)

used in describing dual and self-orthogonal cyclic codes.
A vector ¢ = (cg,...,C,—1) 1S reversible if its reversal ¢ = (c,—1,...,Co) also lies in the code.
Reversibility will play a central role in the DNA-code constructions below.

Remark 1. Throughout this paper, we primarily consider the case where a € ) is a quadratic residue.
In this situation,
ﬂp,a = sz (&) sz,

and hence admits a nontrivial idempotent decomposition. As a consequence, cyclic codes over R, ,
decompose canonically into pairs of cyclic codes over Z,, yielding explicit generator descriptions,
duality conditions, and manageable Lee-distance formulas. These features are essential for the
quantum and DNA code constructions developed in later sections.

The case @ = 0 is excluded, since Z,[u]/ (u?) is non-reduced and does not admit a compatible
idempotent or distance-preserving Gray-map framework. When « is a non-quadratic residue modulo
p, the ring R, , becomes the local Galois ring GR(p?,2); although cyclic codes exist in this setting,
the lack of orthogonal idempotents prevents the componentwise analysis central to this work.

2.3. Gray maps for R, ,
Define the FF,-linear bijection

Yo :Zy —>Ff,, a+pbvr— (a,b), a,beF,.

We define the Lee weight on Z,» by
wi(z) = wu(Yo(2),

and extend it coordinatewise to ZZQ.
Assume « is a square and use the idempotents e, e, from (2.4). Writing r = e r; + e;r, with
ry, r, € Z,2, define the product Gray map

Wyq(r) = (Wo(r1), Wo(r2)) € ;. (2.8)
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Equivalently, using the unique coordinate expansion (2.2), define the coordinate Gray map
¥,(a + pb + uc + upd) = (a,c,b,d) € F,. (2.9)

The two maps differ by an invertible FF,-linear transformation. More precisely, if r; = a; + pb; with
a;, bi S Fp, then

a a 1 0 1 0

Cc b] _ 1 ﬁ_l 0 —ﬁ_l 0

»|= M L M = 3l o | 0 | € GL4(F)), (2.10)
d b, o pg' o -p!

where 87! denotes the inverse of B in F,. (In particular, only the reduction of 8 modulo p is relevant.)

Let
(0 b
(8
Then, M'SM = AS with A =572 = a ' inF,, so M is a symplectic similitude.

For the remainder of the paper, we fix one such Gray map and denote it simply by ¥ : R,,, — IF;‘T
We define the Lee weight on R, , by

wi(r) = wa(‘P(r)),

and the Lee distance on R}, , by

di(r,s) = wi(r —s).

Lemma 1. The Gray map ¥ : R}, — IF;‘," is an Fp-linear bijection and an isometry from (R} ,.dL)
onto (P;”, dy).

Proof. F,-linearity is immediate from the coordinate description. By the definition of d; via ¥, for any
r, s, we have
di(r,s) = wy(¥(r —s)) = wy(¥(r) - ¥(s)) = du(¥(r), ¥(s)) .

Bijectivity follows from the uniqueness of the expansion (2.2). O

For an R, ,-linear code ¢, we obtain
dimg, W(¢') = logp |E].

In particular, if €9 = (gi(x)) C ZZZ is a cyclic code with deg(g;) = d; in the coprime case, then
|6 = p*™%, and hence dimz, Wo(€'?) = 2(n — d)).

3. Thering R, , and cyclic codes

Let p be an odd prime. Throughout this section, we assume that @ € F is a quadratic residue. By
the structural results of Section 2, the ring

Rpa = Zpplul/(u® — @)

AIMS Mathematics Volume 11, Issue 3, 7497-7528.
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is decomposable and admits orthogonal idempotents ey, e, in (2.4) satisfying
Rpo = e1Rp0 © 2R, 0, eiRpa =2y, eRpo=Zp.

Accordingly, every element r € R, , decomposes uniquely as in (2.5).
Letn > 1. A cyclic code € C R;’m is identified with an ideal of R, ,[x]/{x" — 1). Coeflicientwise
lifting of ey, e, gives the ambient decomposition

Roalx1/(X" = 1) = (Za[x]/(x" = 1)) @ (Zy[x]/(x" = 1)), 3.1)
via
f(x) = e fi(x) + ex f2(x) = (fi(x), f2(x)).

Hence, the structure of cyclic codes over R, , follows from the standard description of ideals in direct
product rings.

Proposition 1. Let ¢ C R} , be a cyclic code. Then, there exist unique cyclic codes ¢V, ¢? c ZZZ
such that
¢ =% & .6, 3.2)

Under the isomorphism (3.1), the ideal corresponding to € is €V & €®.

Proof. Let I be the ideal corresponding to ¢ in R, ,[x]/{x" — 1), and let ® denote the isomorphism
in (3.1). Since ideals of a direct product ring are precisely direct products of ideals, we have ®(/) =
I, ® I, for some ideals I; C Z,2[x]/{x" — 1). Let € be the cyclic code corresponding to ;. Applying
O 'yields I = eI} ® e»]», hence € = ;6" @ e,4®. Uniqueness follows from the relations eje, = 0
ande; + e, = 1. O

Euclidean duality also decomposes componentwise for every n; no coprimality assumption is
needed.

Theorem 1. Let ¢ = ¢,V ® e,6"® be a cyclic code of length n over R, . Then,
C*r =ei(€V) ® e)(€?),
where the duals on the right are Euclidean duals in ZZ2.

Proof. Write ¢ = ej¢; + e,¢; and d = e;d; + e,d, with¢; € €% and d; € Zv,. Using e? = ¢; and
€16 = 0,

(¢.d) = ei{c1,d)z , +ex{Cr, dy)z .
Since ey, e, are orthogonal and sum to 1, this vanishes in R, , if and only if both inner products vanish
in Z,, which gives the claim. O

Corollary 1. A cyclic code € = e,¢"V @ e,€? is self-orthogonal if and only if € C (€P)* for
i=1,2.

Proof. This is immediate from Theorem 1 by multiplying the inclusion € C €+ by e; and e,. O

Remark 2. If @ is a non-quadratic residue modulo p, then u* — a is irreducible modulo p and R, , =
GR(p?,2) is a chain ring with no nontrivial idempotents. The componentwise analysis used here does
not apply in that setting.
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3.1. The coprime case gcd(n, p) = 1

Assume gcd(n, p) = 1. Then, Z,2[x]/{x" — 1) is a principal ideal ring, so every cyclic Z.-code has
a monic generator polynomial dividing x" — 1.

Theorem 2. Assume gcd(n, p) = 1 and write € = ¢,V @ e, €. If €V = (gi(x)) in Z,2[x]/{x" — 1)
with monic g;(x) | x* — 1, then

C = (e181(x) + e282(x))
as an ideal of Ry, o[x]/{x" = 1).

Proof. Under @ in (3.1), the ideal of € corresponds to {(g;(x)) ® (g2(x)). Let g(x) = e1g1(x) + e222(x);
then, ®(g(x)) = (g1(x), g2(x)). Hence, ®((g(x))) = (g1(x))®(g2(x)), so (g(x)) equals the ideal of €. O

Corollary 2. Assume gcd(n, p) = 1 and let € = e1{g1(x)) ® ex{g2(x)). Then, € is self-orthogonal if
and only if

X' =1]gi10gi(x)  and  X'"—1]g(x)g5(x).

Proof. By Corollary 1, ¢ is self-orthogonal if and only if each component (g;(x)) is self-orthogonal
over Z,. For gcd(n,p) = 1, if x* — 1 = gi(x)h;(x), then (g;(x))* = (h;(x)), hence (g;) < (g;)* if and
only if /7 (x) | gi(x), equivalently x" — 1 | g;(x)g?(x). O

3.2. The repeated-root case n = p*

We now treat the repeated-root case n = p* with s > 1. Throughout, p is an odd prime and @ € F)
is a quadratic residue, so that R,,, splits as R, , = e,Z,> ® e,Z,> with orthogonal idempotents ey, e, as
in (2.4). We write n = p*® and introduce the ambient rings

A =Zp[x]/(X" = 1), B =R, [x]/{xX" = 1).

Cyclic codes of length n over Z . (resp. R, ,) correspond to ideals of A (resp. B).
Next, we show the (x — 1)-nilpotency in A. The key point is that x* — 1 has the repeated root x = 1
modulo p. This forces (x — 1) to be nilpotent in A. Note that p | (Z) foralll <k<n-1.

Lemma 2. In A = Z»[x]/{x" — 1), one has
(x— 1)" = p f(x) forsome f(x) € A, and hence (x —1)*" = 0.

Proof. Expand

n

k

k=0

n -1
=1y =) (”)xk(—l)"-k -1+ (Z)xk(—l)”_k.
=1

k
Then, each intermediate coefficient is divisible by p, so

x—=D"=x"-1+pgx)

for some g(x) € Z,2[x]. Modulo (x" — 1) we get (x — 1)" = pg(x), ie., (x —1)" = p f(x) in A, where
f(x) is the class of g(x). Multiplying again by (x — 1)" gives

(x=D"=pf(x)*=0

because p* = 0in Z,. |
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Lemma 3. Every element a € A admits a unique (x — 1)-adic expansion
n—1
a= Y ax-1Y,  a;€Zp. (3.3)
=0

Equivalently, {1,(x = 1),...,(x—= 1" isa Z,»-basis of A.

Proof. Every element of A is represented by a polynomial in x of degree at most n — 1, since x" = 1
in A. Thus, it suffices to rewrite each power x' (0 < i < n — 1) in terms of powers of (x — 1). By the
binomial theorem,

ﬂ:«x-n+ﬁ:§ﬂ)u-n£

J=0

Hence, every polynomial in x of degree at most n — 1 is a Z »-linear combination of
L (x=1), ..., x=1"".

Therefore, every element a € A admits an expansion
n—1
a:Zaj(x—l)f, aj € Zy.
J=0

To prove uniqueness, suppose

i
L

aj(x—1Y =0 inA.

Il
[«

J

Then, the polynomial Z?;& aj(x — 1)/ represents an element of the ideal (x" — 1) in Z,»[x]. Since this

polynomial has degree strictly less than n while x” — 1 has degree n, the only possibility is that all
coefficients vanish, i.e., a; = 0 for all j.

Hence, the representation is unique, and therefore {1,(x —1),...,(x—1)*'}isa Z-basis of A. O

Letm: A — A = A/pA be the natural projection. As noted above,
A= Fy[x]/{(x - 1",
whose ideals are exactly ((x — 1)’) for 0 < ¢ < n.
Lemma 4. Every ideal I C A is uniquely of the form I = ((x — 1)) for some 0 < 1 < n.

Proof. This is immediate because A = F,[y]/¢y") is a principal ideal ring generated by the nilpotent
element y. m|

Now, let I be an ideal of A. Define the first invariant ¢y by
() =1={(x-1)°) CA4, (3.4)

S0 ¢y is uniquely determined by Lemma 4. Equivalently, ¢, is the smallest integer such that I contains
an element whose reduction modulo p has (x — 1)-adic order ¢.

AIMS Mathematics Volume 11, Issue 3, 7497-7528.
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Next, define the p-torsion of A:
Tor,(A) ={a€A: pa =0}

Since p?> = 0 in Z,, one has pA C Tor,(A). Conversely, if pa = 0 and a = 27;01 aj(x — 1)/ as in
Lemma 3, then pa; = 0in Z,, so each q; is divisible by p, hence a € pA. Thus,

Tor,(A) = pA. (3.5)
Define the second invariant ¢; by
vy =min{t € {0, 1,...,n}: p(x—1) €I}. (3.6)

This minimum exists because p(x — 1)" = p - pf(x) = 0 by Lemma 2, so the set is nonempty.

Lemma 5. For every ideal I C A, one has
0<y <<n

Moreover,
INpA={px-1)"). 3.7

Proof. Clearly, 0 < ¢y < n by Lemma 4, and 0 < ¢; < n by definition. To show ¢; < ¢y, note that
by (3.4) the ideal I contains some a € I with m(a) = (x — 1) in A. Writea = (x — 1) + pq(x). Then,
p(x — 1) = pa € I, so by minimality of ¢; we get ¢; < ¢.

For (3.7), first observe that by definition, p(x — 1) € I N pA, so {(p(x — 1)"') € I N pA. Conversely,
let z € I N pA. Then, z = pw for some w € A. Write w = Zf};& w;j(x — 1)/. Let  be the smallest index
with w, # 0 (mod p) (if none exists then w € pA and z = pw = 0 is already in (p(x — 1)"')). Then,
w = (x — D'u(x) + p(---) with u(1) # 0 (mod p), hence u(x) is a unit in A (a polynomial in (x — 1)
with constant term a unit in Z, is a unit). Thus, pw = p(x — 1)'u(x) € 1. Since u(x) is a unit and / is an
ideal, this implies p(x — 1) € I. By minimality of ¢; we have ¢ > 1, hence p(x — 1) € (p(x — 1)"'), and
therefore z € (p(x — 1)*). This proves I N pA C (p(x — 1)""). O

Now we construct a normalized generator and the two-generator form. Let I C A be an ideal with
invariants ¢, ¢;. By (3.4) there exists a € I with m(a) = (x — 1)**. Write

a=(x—-1)"°+ pg(x) with g(x) € A.

Expand ¢g(x) (x — 1)-adically as g(x) = Z;:é qi(x— 1)/. If g(x) = 0, we set e = ¢; and b(x) = 0 below.
Otherwise, let
e=min{j: ¢; #0 (mod p)},

and write g(x) = (x — 1)°b(x) where b(x) has unit constant term (hence is a unit in A). Replacing b(x)
by its truncation modulo (x — 1)"'7¢ (which is legitimate because p(x — 1) € I) gives the normalization

deg,  b<u —e. (3.8)

Lemma 6. With the above choice, one has 0 < e < 4.
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Proof. 1If ¢ = 0, we may set e = 0, and the claim is trivial. Assume g # 0 and g = (x — 1)°b with b a
unit. If e > ¢, then pg = p(x — 1)°b € (p(x — 1)"') C I. Hence,

x—-D"=a-pgel

Then, p(x — 1) € I, forcing ¢; < ¢y (already true). More importantly, we can improve a by subtracting
a suitable multiple of p(x —1)" to reduce the p-part to start before ¢;; explicitly, since pg € (p(x—1)"),
there exists #(x) with pg = p(x — 1)"'#(x), and hence

a—(x-1)"=(pg) € p(x — )"'A.

Thus, replacing a by a — p(x — 1)"'#(x) gives an element in / with the same reduction modulo p but
whose p-part begins in degree < ;. Therefore, a normalized choice always exists with e < ¢;. m|

Define the normalized element
f(x)=(x—=D+px—-1Dx) €1, (3.9)

with 0 < e < ¢; and b(x) either O or a unit satisfying (3.8).

Theorem 3. Let I C A be an ideal and let 1y, 1, be defined by (3.4) and (3.6). Then, I is generated by
two elements:

I'={f(x), plx=1"), (3.10)

where f(x) is the normalized element in (3.9) with 0 < e < ¢; and b(x) either 0 or a unit satisfying (3.8).
Moreover, the pair (1, t1) is uniquely determined by 1.

Proof. Let J = (f(x), p(x—1)"). Since f € I and p(x — 1)" € I, we have J C I. _
_ To prove I C J, take any h(x) € I. Reduce modulo p. Since (/) = {((x — 1)**) in A, we may write in
A:

a(h(x) = (x = 1)° - 1(x)

for some #(x) € A. Choose a lift #(x) € A of #(x). Then,

a(h(x) = f()1()) = 7(h(x)) = 7(LONA(H(X) = (x = 1)°1(x) = (x = D*1(x) = 0,

hence
h(x) — f(x)t(x) € pA. (3.11)

Because h € I and f € I, we have h — ft € I, so (3.11) gives h — ft € I N pA. By Lemma 5,
I N pA = (p(x — 1)"). Thus, there exists u(x) € A such that

h(x) = f(0)1(x) = p(x = 1)'u(x) € J,

and therefore h(x) € J. This shows I C J, hence [ = J.
Finally, uniqueness of (¢, ¢;) follows because ¢, is determined uniquely by n(/) in (3.4), and ¢, is the
minimal ¢ with p(x — 1)" € I by (3.6). O

We find the exact size of an ideal in terms of (¢, ¢;).
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Theorem 4. Let I C A be an ideal with invariants (i, t1). Then,
1| = p>tot), (3.12)

Equivalently, I has F,-dimension 2n — (1 + t1).

Proof. Consider the exact sequence of additive groups
0—>IﬂpA—>Ii>7r(I)—>O,
where surjectivity holds by definition of (). Thus,
[I| = I 0 pA| - |[x(D)].

First, compute |n()|. Since (/) = ((x — 1)) in A = F,[y1/{y"), the quotient Z/ﬂ(]) = TF,[y1/{y°)
has size p*, hence
Al _ Pt
A/m(D]  P"
Next, compute | N pA|. By Lemma 5, I N pA = (p(x — 1)""). Using the (x — 1)-adic basis (3.3), the

ideal pA consists of all Z?;& pei(x — 1)/ with ¢ i € Fp, hence |pA| = p". Similarly, (p(x — 1)"') consists

n—1ig

ln(D)| =

of all Z’};ll pei(x — 1)/, so it has size p"™. Therefore,

2n—(to+t1)
b

Ul =p"=-p"™=p
which is (3.12). O
We now transfer these results from A to R, , via the orthogonal idempotents e;, e,. Because R,,, =

e\Zy @ exZ,», we have
B=R, [x]/{(xX"-1)=A®A

and ideals in B correspond to ordered pairs of ideals in A.

Theorem 5. Let ¥ C R”

D,
¢, €% c ZZZ such that

be a cyclic code with n = p°. Then, there exist unique cyclic codes

€ =e,CV ®e, 6.

Moreover, for each i € {1,2}, there exist integers Lg), L(li) and e?, b (x) such that

¢ = ((x- 1% + plx - DB, plx— DY) (3.13)
in Z[x]/{x" = 1), with
0< Lg) <n, 0< L(li) < min{p*™", Lg)}, 0<e” < L(li), deg,_, ¥ < L(li) — e

when b? # 0 (and b = 0 allowed).

Proof. The decomposition € = e; €V @ e,4® follows exactly as in Proposition 1 by identifying B =
A®A. Each component €' corresponds to an ideal I; C A, and Theorem 3 gives the explicit form (3.13)
with the displayed constraints. Uniqueness of the decomposition follows from the orthogonality of
€1, €. O
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To find the cardinalities and Gray-image dimensions, we let |4"”| = p%. Since the decomposition is
direct,
61 = 166 = pre.

By Theorem 4 applied to each component,
ki =2n— (1 +d). (3.14)

Hence,
K|+ Kk =4n— (L(()l) + L(ll) + Lf)z) + L(lz)). (3.15)

In particular, for the Gray map ¥ used later (assumed F,-linear),
dimg, V(') = k; + ko = 4n — (LE)I) + L(ll) + LBZ) + L(12)).

Moreover, if ¥ is an isometry from Lee to Hamming distance and respects the idempotent splitting into
disjoint coordinate blocks, then

dy(¥(%)) = minfd (6V), d(€?)). (3.16)

The componentwise dual decomposition does not use principality, only orthogonal idempotents and
bilinearity of the Euclidean inner product.

Theorem 6. Let n = p*, and let € = ;%" ® ;6 be a cyclic code over R, . Then,
E*t = ei(€V) @ e)(€?),
where the duals on the right are Euclidean duals in ZZZ.

Proof. Write ¢ = e ¢, + e,¢, with ¢; € €7, and similarly d = e,d; + e,d, with d, € Z,. Using el =e
and ee = 0,
<c’ d> = 61<Cl, dl>sz + 62<c2’ d2>sz .

Since ey, e, are orthogonal idempotents with e; + e, = 1, this equals 0 in R, , if and only if both inner
products vanish in Z .. This gives the stated description of €*. i

Corollary 3. Let n = p°®. Then,
CCctr = €V (@ fori=1,2.
Proof. This is immediate from Theorem 6 by multiplying the inclusion by e; and e,. m|

Corollary 4. Letn = p* and € = e;€V & ;6. If €V has invariants (i, "), then

€| = | €V)E?| = p4n—(tg‘>+t<l'>+1§’+ﬁf>)
- o, 0 .. . .
Proof. By Theorem 4, |¢'?| = p*"~% ™), and the decomposition is direct, so || = |€V||€?)]. o
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Finally, the repeated-root dual generator formula over Z . is as follows.

For a polynomial
u—1

b(Y) = pir = 1) ) bi(x = 1)
i=0

in A, we define its dual polynomial by

ti—1 i
bJ_(x) — Z [ (_1)10+e+j+](l’0 + Lil__je - J)bj) (X _ 1)1
0

i=0 \ j=

Theorem 7. Let 2 = {((x — 1) + p(x — 1)°b(x), p(x — 1)) be a cyclic code over Z,., where

s—1

0<<p’ 0 <y <min{p’™, 10}, e+degh <y,

and
1—e—1

b(x) = Z be(x — 1),

k=0

Then, the Euclidean dual 2" is cyclic and generated by

@J_ = <(X _ l)p“—“ + p(x _ l)px_m—tl+ebJ_(x) + pe(x _ 1)[,&1_“’ p(x _ 1)p“—to> ’

where b*(x) is given by (3.17) and

(=D, i< ptl = <,
€ =
0, otherwise.

Proof. Let
g1(x) = (x = D + p(x — b(x), g2(x) = p(x - D"

Using the relation _ , ‘
X =1= =17+ plx— 1779,

where ,,; is a unit in Z,2[x]/{x”" — 1). One checks that

g1(x)h(x) =0, g2(x)h(x) =0,

where
h(x) = (x = 1) 4 pax— P 749, — p(x — P =07+ep(x),

Hence,
D = (h(x), p(x — 1)” ) C Ann(2).

Since Z has residual degree ¢y and torsion degree ¢,
(21 = pr e,
Because the ambient ring A = Z,2[x]/ (x”" — 1) is Frobenius,

2|1 Ann(2)| = |A| = p*"".

(3.17)

(3.18)
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Thus, | Ann(Z)| = p'**'. Moreover, the two generators of D have residual and torsion degrees p* —
and p°® — 1, respectively, so |[D| = p**. Hence, D = Ann(¥). Taking reciprocals of the generators
of Ann(92) yields the generators of the dual code. Since x* = 1 in A, we have x~! = x""!. Writing
x = (x — 1) + 1 and expanding the reciprocal of the first generator in the (x — 1)—adic basis, while
reducing higher powers using

s s—1
(x= 1" ==plx=1)" Fps,

we obtain
(0= D' 4+ pla = 1P 70 b () + pe(x = 1770,

Similarly, the reciprocal of p(x — 1)”'~© has leading (x — 1)—degree p* — 1, and therefore reduces to
p(x — 1)”"~% in the (x — 1)—-adic representation. Consequently,

T+ = (0= D7 4 pla = 1P D) + pelx = 1P, plx = 1770).

Example 1. Let p =3 and s = 1, so that n = p* = 3. Consider the cyclic code
2 ={(x— 1" +3, 3(x= D) =((x = D + 3(x = Db(x), 3(x—1)")

withiy =2, 1, = 1, e = 0 and b(x) = 1. Since p*~! = 1, we have p*~' — 1, = 0, and therefore € = 0.
Using (3.17), we obtain
b*(x) = 2.

Hence, by Theorem 7,
2+ ={(x= 1)’ +6, 3(x-1)).

Equivalently, since (x —1)> = x> =2x+ 1 = x> + 7x + 1 (mod 9), one may write
D = +Tx+17, 3(x— 1)) C Zo[x]/{x’ — 1.
4. Quantum codes from cyclic codes over R, ,

In this section, we construct p-ary quantum stabilizer codes from cyclic codes over R, using the
Gray map developed earlier. Throughout, p is an odd prime and @ € F} is a quadratic residue, so that

Rpa =Ly © Ly, r=er; + e,

with orthogonal idempotents ey, e, as in (2.4).
For the purposes of quantum-code constructions, we use the symplectic ordering of Gray
coordinates
¥, : Rpo — F, ¥,(a + pb + uc + upd) = (a,c,b,d), 4.1)

extended coordinatewise to ¥ : R}, — F;‘]". This map is FF,-linear and isometric from Lee distance
to Hamming distance, since it differs from the Gray map of Section 2 only by an invertible F,-linear

change of coordinates.
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We identify IF;‘,” with Pf,N , where N = 2n, by grouping coordinates into pairs:
(X1,...,08) = (x| 2), x,z€F.
The standard symplectic inner product on Ff,N is
(12, (12N =x-2" =2 X,
and for a linear code D C IFIZ,N its symplectic dual is
D" ={veF" |(v,w), =0forallwe D}.

Theorem 8 ([2]). Let D C PlzyN be an F,-linear code satisfying D C D*. Then, there exists a p-ary
quantum stabilizer code with parameters

([N, N —dimg, D, d,11,,  d, =min{wy(v)|ve D"\ D).

The relationship between Euclidean orthogonality in R7 , and symplectic orthogonality in F‘;” is
governed by the linear transformation relating the Gray coordinate orderings. Let

A
s_(_12 O).

If M € GL4(FF,) denotes the change-of-coordinates matrix appearing earlier (cf. (2.10)), then

M'SM =S,  A€F;. (4.2)
Thus, M is a symplectic similitude: symplectic orthogonality is preserved (up to a nonzero scalar), and
therefore preserved as a vanishing condition.

Lemma 7. Let € C R ,. If € C ¢+ with respect to the Euclidean inner product over R, o, then
Y (€) C¥(6) in F)'=F), N=2n

Proof. Write € = ;6" ® e,6® with €V C z, cyclic, as in (3.2). For ¢ = ej¢; + e;¢; and d =
e1d; + e>ds, one has
(c,d) = e{cy, d1>zp2 + ex{ca, d2>zp2
using e? = ¢; and eje; = 0. Hence, ¢ C ¢+ implies € C (¢V)* fori = 1,2.
Under the Gray map on ZZZ, Euclidean orthogonality is carried to symplectic orthogonality of the
Gray image. Passing from that coordinate ordering to ¥, is achieved by a block-diagonal matrix with
n copies of M; by (4.2), symplectic orthogonality is preserved. Therefore, ¥ (%) C W,(%)*. O

Theorem 9. Let € C R}, be a cyclic code such that ¢ C €. Set N = 2nand D = Y (%) C JF?,N .
Then, there exists a p-ary quantum stabilizer code with parameters

[[2n, 2n —dimg, D, d,1],, d, = min{wy(v) |ve D™\ D}.

Moreover, since Y, is an isometry,
du(D) = di(€).
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Proof. By Lemma 7, D C D*+. Applying Theorem 8 yields a stabilizer code with parameters [[N, N —
dimg, D, d,]], where N = 2n. Finally, ¥, preserves Lee and Hamming distances, so dy(D) = di(6).
]

The quantum distance d, is controlled by vectors in D** \ D. In general, one always has
d, > dy(D"), (4.3)

since D*+\ D € D*+\{0}. However, the stronger bound d, > dy(D) = d,(¢) requires a purity condition.

Definition 1. A symplectic self-orthogonal code D C Ff,N is called pure if D contains no nonzero vector
of symplectic dual weight below d,; equivalently,

min{wy(v) | v € D* \ {0}} = min{wy(v) | v € D** \ D}.
Proposition 2. Let D C F>" satisfy D € D*. If
dy(D*) > dy(D), 4.4)
then the associated stabilizer code is pure and
d, > dy(D).
Consequently, for D = Y (¢, one obtains
d, > dy(D) = di(C).

Proof. Assume (4.4). Then, every nonzero vector in D*s has Hamming weight at least dy(D*) >
dy(D). In particular, every v € D*s \ D has weight at least dy(D), hence

d, = min{wy(v) | v € D™ \ D} > dy(D).
The last assertion follows from dy (D) = di (7). O

Condition (4.4) is not automatic, but it becomes clean and checkable in several natural families
arising from cyclic constructions.

Family A: designed dual distance via BCH-type bounds. Suppose the Gray image D = W (%) (or
an equivalent monomially-permuted version of it) is a cyclic code over F,. Then, D* is again cyclic,
and one may lower the bound dy(D*) by a BCH bound, using the defining set of D*+. In particular, if
one can guarantee a designed distance ¢ for D, i.e.,

dy(D*™) > 6,
and if simultaneously dy (D) < ¢, then (4.4) holds and hence
dq > dH(D) = dL(%)
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This is especially useful in the coprime case gcd(n, p) = 1, where the cyclic structure is most rigid and
BCH estimates are clean.

Family B: componentwise dual-distance domination. Write ¢ = e,V @ e,6® with €V C z,
cyclic. If in addition the Gray image splits into disjoint coordinate blocks as in (4.5), then one can
ensure (4.4) by imposing the stronger pair of conditions

dYo(TD)) 2 dl(Po(€)  (i=1,2),

because then
dy(D*) = mindi(Fo(€')") = mindy(Fo(6?)) = dy(D).

In practice, one enforces this by choosing component codes whose dual has a known BCH (or other)
designed distance not smaller than that of the code itself.

Family C: enforced purity by excluding low-weight dual vectors. If a construction guarantees that
every vector in D+ of weight < dy(D) actually lies in D, then automatically d, > dy(D). Equivalently,

D n{v: 1 <wy(v) <dy(D)} C D.

This is often verified computationally for short lengths (and then used as a design constraint in
searches), and it is exactly the classical notion of purity for stabilizer codes.
To express dimg, D and d;(%) in terms of cyclic components, write

€ =e, ¢V ® e, 6?,

with €@ C Z;z cyclic. Since ¥ is F,-linear and acts componentwise with respect to the idempotent
decomposition, write
dimg, ¥,(€) = dimp, Yo(€"") + dimz, Wo(€'?). (4.5)

Because the Gray map acts on the two idempotent components in disjoint coordinate blocks, one has
di(€) = min{d ("), di(€P)). (4.6)

Theorem 10. Let € C R"

"« be cyclic and self-orthogonal, and write € = 1€V @ e, 6. Set

ki = dimIF‘p lI’o((g(l‘)), di = dL((g(i))-

Assume that
ki + ky < 2n.

Then, Y,(€) yields a p-ary quantum stabilizer code with parameters
[[2n, 2n — (ki + k), dy]1]p,

where
d, = min{wy(v) | v € D\ D}, D =Y (%).

If, in addition, dy(D**) > dy(D) (e.g. by Proposition 2), then the code is pure and satisfies

dq > dH(D) = min{dl,dg}.
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Proof. The dimension condition ensures dimg, D < N = 2n. Lemma 7 gives D C D*s, so Theorem 8
applies and yields the stated parameters. Finally, dy(D) = min{d,,d,} follows from (4.6) and the
isometry of W;. The purity refinement is exactly Proposition 2. O

Remark 3. A nontrivial quantum dimension requires ky + k, < 2n. When searching for good quantum
codes, one typically enforces simultaneously: (i) self-orthogonality € C €*, (ii) the dimension
constraint ky + ky < 2n, and (iii) a purity constraint such as dg(D**) > dy(D), which guarantees
d, > di(6).

5. DNA codes over Rs,

In this section, we use Rs,-linear codes to construct reversible DNA codes. We fix p = 5 and
assume that @ € F7 is a quadratic residue. Then, Rs, = Zys @ Zs via the orthogonal idempotents ey, e,
from Section 3, and every r € Rs, decomposes uniquely as

r=er + e, ri, 1 € Zos.
We use the IUPAC alphabet with wildcard
> ={AT,G,C,N},
together with the bijection ¥ : Fs — X defined by
H0)=N, H)=4 I2)=G I93)=T, 3“4 =C (5.1)
Forv = (vq,...,v,) € F”, we write
IW) = Hv)dv2) - - - Fvn),

viewed as a DNA string of length m.
We encode ring symbols using the product Gray map adapted to the idempotent splitting. Let
Yo : Z»s — F2 be the standard Gray map

Yola + 5b) = (a, b), a,b € Fs.

Define
¥ Rs, — Fi, Y(eir, + exry) = (Wo(r1), Yo(r2)), (5.2)

and extend ¥ coordinatewise to ¥ : R ~— P‘S*” This Gray map is Fs-linear and preserves Lee
and Hamming distances (as established earlier). This choice is convenient here because each ring
coordinate gives rise to a natural Gray block of length 4.

Definition 2. For r € Rs,, define the DNA block of length 4 by

n(r) = 9(¥(r)).
For a code ¢ C R; ,, define its DNA image by

n(®) = {nlen(ca)---nlcn) | (c1,....c0) € €},
which is a set of DNA strings of length 4n.
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Reversibility of DNA strings corresponds to invariance under reversal of coordinates. Let rev,, :

R — 7%’; , be the coordinate reversal

S5,
rev,(ci,...,¢cy) = (Cpy...,C1),

and let revy, denote the reversal on F{" that reverses the order of the n length-4 Gray blocks
(equivalently, reverses the DNA sequence of length 4n). Since V¥ is applied coordinatewise, it
commutes with reversal at the block level.

Lemma 8. For every c € RE , one has

5,

Y(rev,(c)) = revy,(P(c)).

Consequently, if € C R; , satisfies rev, (%) = €, then W(¢) C Fg” and (%) are reversible under revy,,.

Proof. The first identity follows immediately from the coordinatewise definition of ¥, because
reversing the n coordinates of ¢ reverses the order of the corresponding n Gray blocks. If rev,(€) = €
and y = ¥(c) € ¥Y(%), then revy,(y) = ¥(rev,(c)) € W(¥), so the Gray image is reversible. Since # is
applied coordinatewise, it commutes with reversal, hence n(%) is reversible. O

The ring automorphism u +— —u plays a structural role because it interchanges the two idempotent
components. Define ¢ : Rs, — Rs, by ¢(u) = —u and ¢(a) = a for a € Z,s, extended Z,s-linearly.
Since (—u)?> = u?> = a, ¢ is a ring automorphism. On Gray coordinates, ¢ induces a swap of the two
}Fg—halves within each length-4 block.

Lemma 9. One has ¢(e,) = e, and ¢(e;) = e1. Hence, for r = eyry + exr,
o(r) = ejry + epry.

Moreover,
Y(p(r)) = SW(‘P(”)), SW(X1, X2, X3, X4) = (X3, X4, X1, X2),

and the same identity holds coordinatewise on R5 , and IF‘S‘” by applying sw inside each length-4 block.

Proof. Using the explicit idempotents e; = (u + £')/(26’) and e; = (B’ — u)/(2B’) from (2.4), the
substitution # — —u interchanges them, so ¢(e;) = e, and ¢(e;) = e;. Therefore, p(e;r; + exr;) =
exry + eiry = ejry, + epry. Applying (5.2) gives the stated swap on F?, and extending coordinatewise
gives the length-4 blockwise swap on IF‘S‘”. m|

We now give a convenient algebraic condition ensuring reversibility for a cyclically generated
family. Let

g(x) = ﬁO +ﬂ1x +o "‘ﬁn—lxn_1 € RS,(Y[X]’ g= (ﬁo’ﬂl’ s ’ﬁn—l) € Rg,a’
and write g/ for the jth cyclic shift of g (indices modulo 7).

Definition 3. The polynomial g(x) is called coterm if 5; = B,_; forall 1 <i < |n/2].
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The coterm condition is exactly the statement that the coefficient vector is palindromic: rev,(g) = g,
and more generally rev,(g/) = g~/ for all j (with indices taken modulo n). Fix an integer ¢ with
0 <t <|(n—-1)/2] and define a matrix with rows

[o(g™ )]

e(g™h
G, = g’ , € =(G;) SRS, (5.3)
gl

t

g

Theorem 11. Let g(x) be coterm and let € be the Rs o-linear code generated by (5.3). Then, rev,(€) =
€. Consequently, ¥Y(€') C F‘s‘" is reversible under revy,, and the DNA code n(€) is reversible.

Proof. Because g is coterm, rev,(g’) = g™/ for all j. Since ¢ is a ring automorphism, it commutes with
taking Rs ,-linear spans and satisfies

rev,(p(g™) = ¢(rev,(g7)) = ¢(g)).

Indeed, for each j = 0,...,t, one has rev,(g/) = g/, while for j = 1,...,t+ 1,

rev,(¢(g™)) = ¢(g’),

and these vectors lie in the Rs,-span generated by the rows of G,. Therefore, the row span ¢ = (G,)
is stable under rev,, i.e., rev, (%) = %. The remaining conclusions follow from Lemma 8 and the
coordinatewise nature of . O

The Gray map allows us to read distance and GC-content directly from the Fs-image. Since W is a
Gray isometry,
du(Y(?)) = di.(6),

and the natural DNA distance induced via ¢ agrees with Hamming distance on W(%’). Thus, the metric
properties of 1(%¢’) are controlled by the Lee distance of ¢ (equivalently, the Hamming distance of
Y(%')). Under the fixed bijection (5.1), the GC-content of a DNA word is the number of symbols in
{G, C}, hence it is determined by the frequency of field symbols 2 and 4 in the Gray vector. Because
each ring coordinate contributes a length-4 Gray block, the distribution of 2 and 4 can be influenced
through the choice of the coterm polynomial g(x) and the parameter ¢ in (5.3), which together control
the set of Gray words that occur.

Finally, we record a simple closure property for the wildcard deletion operation, which is often used
when one wishes to remove unspecified bases from a code over X.

Proposition 3. Let D be a reversible DNA code over ¥ = {A, T,G,C,N}. For s € D, let's be the string
obtained by deleting all occurrences of N, and set

D={5|seD).

Then, D is reversible.

AIMS Mathematics Volume 11, Issue 3, 7497-7528.



7518

Proof. Let d(-) denote deletion of all N-symbols, and let rev denote reversal of a DNA string. Since
deletion is performed symbolwise and reversal only permutes positions, one has

d(rev(s)) = rev(d(s))
for every DNA string s. If s € D, then rev(s) € D by reversibility. Hence, if s = d(s) € D, then
rev(3) = rev(d(s)) = d(rev(s)) € D.

Therefore, D is reversible. O
6. Numerical examples and code constructions

This section illustrates the theoretical results of Sections 4 and 5 through explicit computations and
concrete code constructions. We also compare the parameters of the resulting codes with the best-
known values reported in the literature. Throughout this section, all computations were performed
using the computer algebra system Macma [33]. Unless stated otherwise, distances reported for Gray
images are Hamming distances over the field Fs.

We begin with the ternary settings p = 3, @ = 1, for which the ring

Ry = Zolul/(u* — 1) = Zo ® Zg

is decomposable. This decomposition plays a central role in the construction of cyclic codes over Rj3
and in the analysis of their Gray images.
Since @ = 1 is a square in F3, we take 8’ = 1 € Zy as a Hensel lift of 8 = 1 € F;. The idempotents

in (2.4) specialize to
u+1 1 —u

5 € = 5’
where 1/2 = 2 in both Zy and F;. Every element r € R;; can therefore be written uniquely as

e =

r=er + e, ri=a;+3b; € Zy, a;,b; €F;.
The product Gray map used in the classical and DNA-code discussions is
¥(r) = (Po(r), Yo(r) = (a1, b1, a2, b2) € F, Yo(a +3D) = (a, D).

For the construction of quantum stabilizer codes we use the symplectic ordering. Writing r =
a+ 3b + uc + 3ud with a, b, ¢, d € Fs, we set

¥(r) = (a,c,b,d) € F;.

These two Gray descriptions are related by the linear change-of-coordinates matrix in (2.10). For
B’ =1, this matrix becomes
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hence, using 1/2 =2 and -1 = 2 in F3,

2020 2200
2010 L o022
M=o 202 M =2100
0201 0021

In particular, ¥ and ¥, are linearly equivalent and hence induce the same Lee/Hamming isometry.

We first consider the case of coprime lengths. Let n be a positive integer with gcd(n,3) = 1. By
Proposition 1, every cyclic code 4" C Rj | decomposes as

¢ =e 6" ®er6?, C = (gi(x)) € Zo[x]/(¥" ~ 1),

where g;(x) are monic divisors of x" — 1 in Zo[x].
The Gray image (%) is then a ternary linear code of length N = 4n and dimension

k = dimp, ¥(%) = 2[(n — deg g1) + (n — deg g2)] = 4n — 2(deg g; + deg g»). 6.1)

Example 2. For the values of n listed in Table 2, we fixed Hensel lifts in Zo[ x] of factorizations of x" — 1
over F3[x] (unique up to the standard Maema normalization). The auxiliary factors used are

n=7: x' —1l=(x-Dhhy, hi=xX+x+1, hh=x>+2x+1,

n=11: xM"=1=x-Dqiqs, i =+ +x*+2, ¢»p=x +2x> +2x* + 2,
n=13: xB-1=((x-Dhhhshy, h3=xX+x>+2, hy = x> +2x*> + 2,
n=17: x7"=1=x-1fiex),

n=19: x°-1=x-1fizgkx),

where, for reproducibility,

fie(x) = KO 2B 2 260 2 a2 28+ X
+ 22X+ 2 + P+ x4 1,

fis(x) = A X7 2x X 2 2B 2x P M 2410 200 + P 24
+2x5 + 0+ 2+ P 2% o+ 1.

Table 2. Parameters of Gray images of cyclic codes over Rs; for gcd(n,3) = 1.

n Generator pair (g1, £2) deg g1 deg g» [N, k,d]; Status

7 (hihy, x—=1) 6 1 [28, 14, 8]5 optimal

11 (g1, x—1) 5 1 [44,32,10]; optimal

13 (hihy, h3) 6 3 [52,34,12]; optimal

13 (hihyhs, x—1) 9 1 [52,32,14]5 best known
13 (hihyhshy, x—1) 12 1 [52,20,3]; optimal

17 (fie» x—1) 16 1 [68, 34,2013 optimal

19 (fig, x—=1) 18 1 [76,38,22]; optimal
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In Table 2, the dimension k follows from (6.1), while the minimum distance d was computed in
MacMma by applying minimum-distance routines to the ternary Gray generator matrices. The status of
each code was determined by comparison with the database of best-known linear codes maintained by
Grassl [24]. In Table 2, the label optimal indicates that the code attains the best possible minimum
distance for the given length and dimension, while best known indicates that it matches the largest
currently recorded distance in [24].

These examples demonstrate that the decomposable structure R3; = Zg & Zg can produce strong
ternary linear codes through the Gray map. A recurring effective strategy is to choose one component
generator of relatively large degree to increase the minimum distance while keeping the other
component close to x — 1 in order to maintain dimension. Notably, the code [52,32, 14]; improves
the previously listed minimum distance for the same parameters in [24].

Remark 4. In our search for p = 3 and prime lengths n € {5,7, 11,13, 17, 19}, we found no nontrivial
Euclidean self-orthogonal cyclic codes over R arising from the componentwise criterion

CCEr = €Y@, i=1,2,

together with the reciprocal-divisibility condition over Zo. This reflects the rigidity of defining sets
at these prime lengths; the negation-closure obstruction makes it difficult to select large defining
sets avoiding —T simultaneously. For such prime lengths, quantum constructions are therefore more
naturally pursued via asymmetric CSS pairs (€ ®)* € €V, or via repeated-root lengths n = 3* where
dual-containing conditions can be enforced through the vanishing-order parameters (1, ().

Next, we illustrate the construction of optimal quantum codes obtained from cyclic codes over
the ring Z,> using the structure theory of Section 3.2 and the quantum construction in Theorem 10.
In contrast with the classical finite-field setting, the ring framework provides additional algebraic
flexibility through its repeated-root structure. The following examples show how this extra structure
leads to quantum stabilizer codes with optimal parameters, and therefore highlight one of the main
contributions of this work.

Example 3. Let p =7 and n = 6. Then, N = 2n = 12, and the symplectic Gray image lives in
F' =FN =F
First, consider the cyclic code Cy C Fg generated by
g(x) =X +3x2 + x +6.
A MaGMA computation shows that g(x) | (x® — 1) and that C has parameters
[6,3,4];.
Viewing Cy as an F7-subspace of wa via the natural embedding F; — Zy9, set
¢V =1C, ¢ =1C,.

Let
Ry = Zaolul [u* — 1) = Zyo @ Zyo
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with orthogonal idempotents ey, e, and define
¢ =V CRS,.
Let D =Y (%) C IF"%A'. The associated Gray-image component codes satisfy
ki =k, =3, d=d, =4.

Hence,
k=12-k -k, =12-3-3=06, d, = min{d,,d,} = 4,

and this construction yields a T-ary stabilizer code with parameters
[[12,6,4]].

Since the quantum Singleton bound gives

12-6
d, <

+1=4,

this code is quantum MDS and therefore optimal. It also matches the optimal parameters listed in the
database of [24] for length 12 and dimension 6 over ;.
Next, consider the cyclic code Cy C FS generated by

g(x) = A+ +1.
Again, g(x) | (x° = 1), and Cy has parameters

[6,2,3]5.

6
49’

¢V =17C,, ¢? =17C,,

Viewing Cy as a Zso-submodule of Z,,, set

and define
¢ =V o CRS,.

Let D = Y (¢) C F3*. In this case

Therefore,
k=12—-k -k, =12-2-2=8, d, = min{d,, d,} = 3,

and we obtain a stabilizer code with parameters
[[12’ 8’ 3]]7

Since the quantum Singleton bound gives
12-8

d, < +1=3,

this code is also quantum MDS and therefore optimal.
These examples demonstrate that the ring-based construction can produce optimal stabilizer codes
of different quantum dimensions for the same ambient length.
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The next example gives a coprime-length example whose parameters meet the quantum Singleton
bound and improve upon the previously recorded minimum distance.

Example 4. Let p =5, @ = 1, and n = 12. Then, N = 2n = 24, and the symplectic Gray image lives in
Fi" = P2V = F28,
Let €, C Fi* be the cyclic code generated by
g(x) = X +4x° + X0+ 2x* + 2x% + 4 € Fs[x).
A MacMa verification shows that g(x) | (x'2 — 1), and that 6, has parameters
[12,5,6]s.

View 6 as a Z,s-submodule of Zg by lifting the coefficients

{0,1,2,3,4} C Zys,

and set
&V = 5C, C Zg, €? = 5C, C Zg

Let
Rs1 = Zzs[u]/@l2 — 1) = Zys © Zys

with orthogonal idempotents ey, e,, and define the cyclic code
1 2 12

Let
D =¥ (%) CF&®.

A MaGMa computation confirms that D is an Fs-linear code with
dimg, (D) = 10, dy(D) =6, D C D*.
Hence, by Theorem 8, D yields a 5-ary stabilizer code with parameters
[[N, N —dimg(D), d,1ls = [[24, 14, d,]1]s, dy = min{d,, dp} = 6.

Computing d, directly from the definition in MaGma gives d, = 6. Since the quantum Singleton bound
implies

24-14

q S
2

+1=6,

the resulting code has parameters

[[24, 14’ 6]]5a

and is therefore quantum MDS.

For comparison, the database of [24] lists the entry [[24, 14, 5]]s for length 24 and dimension 14
over Fs. Thus, the present construction improves the previously recorded minimum distance, and at the
same time, meets the quantum Singleton bound.
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The preceding examples follow a common construction pattern, which we summarize below.
[[2n, ky, dg11,

from cyclic codes ¢ over R, ,. Let N = 2n. The construction proceeds as follows:

Step 1. Construct two cyclic codes
¢V, 62 c Z;z.

Step 2. Form the combined code
€ =e 6V @ e, 6.

Step 3. Apply the symplectic Gray map to obtain
D=Y(¢)CF".
Step 4. Verify the symplectic self-orthogonality condition
D c Db,
Step 5. Compute the Hamming distances of the component Gray images
di = du(Po(€")), i=1,2,

and set
d, = min{d,, d}.

Step 6. Report the parameters of the resulting quantum code as
[N, K, d,l1p,

where
K=N- dime D.

We close with reversible DNA constructions over Rs; obtained via the coterm method of
Theorem 11. By selecting coterm polynomials g(x) € Rs;[x] together with a parameter #, one obtains
families of reversible DNA codes whose algebraic, metric, and biochemical properties can be tuned
explicitly.

Example S. Throughout this subsection, we fix @ = 1, so that
Rs.1 = Zys ® Zos,

and we use the nucleotide correspondence ¥ from (5.1). Reversibility is enforced algebraically through
the coterm condition together with the involution u — —u, while the Hamming distance and GC-content
can be controlled through the coefficient structure of the coterm polynomial g(x).

Table 3 lists representative reversible DNA codes obtained from coterm constructions over Rs ;. In
each case, the resulting DNA code has length 4n, is reversible by construction, and exhibits controlled
GC-content. In particular, several examples achieve exact 50% GC-content, while longer coterm
polynomials allow nontrivial deviations when desired.
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Table 3. Reversible DNA codes from coterm constructions over Rs .

n Coterm g(x) t DNAlength4n dy GC-content

3 ei(X>+4x+1)+e(x+4) 0 12 3 50%

4 (P +4x7 +4x+ D +er(x>+ 1) 0 16 4  50%

6 ei(x+ 1 (x+4)+e(x+4) 1 24 3 50%

7 e+ +x+3+x%+x+D+e(x®+ 0 28 28 42.9%
C+xr+3+x+x+1)

8 (X + D> +3x+3)+e(x+4) 1 32 4  50%

Example 6. Let n = 3 and consider the coterm polynomial
g =ei (P +4x+ D +e(x+4) e Rs.1[x].
With t = 0, the generator matrix Gy in (5.3) defines an Rs 1-linear code ¢ C Rg,r Its Gray image
C =¥(¥)CF?

is a reversible linear code with minimum Hamming distance dy(C) = 3.

Applying the DNA map n = 9oW¥ produces a reversible DNA code n(€’) of length 12. Representative
DNA strings generated by this coterm polynomial are listed in Table 4. Each string appears together
with its reverse, and all listed codewords contain exactly six symbols from {G, C}, yielding GC-content
equal to 50%.

Table 4. DNA strings from the coterm polynomial g(x) = e;(x*> + 4x + 1) + es(x + 4).

DNA string Reverse GC-content
CGGTTAGCGTCA ACTGCGATTGGC 6/12
GCTGCGATATGT TGTATAGCGTCG 6/12
ATGCGCTTACGA AGCATTCGCGTA 6/12
GCGATATGCTGC CGTCGTATAGCG 6/12

Taken together, Tables 3 and 4 show that the decomposable structure of Rs; provides an effective
algebraic setting for DNA code design. Reversibility is guaranteed at the ring level, Gray isometries
preserve distance, and biochemical constraints such as GC-content can be incorporated directly through
algebraic choices of coterm polynomials, without the need for postprocessing at the DNA-symbol level.

Example 7. We continue with the coterm construction of Example 6 and describe explicitly the
associated Gray blocks and DNA symbols, see Table 5. Let n = 3 and

gx) = e (X +4x + 1) + ex(x + 4) € Rs [ x].
Then, g = (Bo, B1,2) with
Bo = ei(1) + ex(4), Bi = ei(4) + ex(1), B = ei(1) + ex(0).
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Under the product Gray map,
Y(By) = (1,0,4,0), Y(B)) = 4,0,1,0), Y(B,) = (1,0,0,0).
Using the nucleotide correspondence ¥3(0) = N, ¥(1) = A, 9(4) = C, we obtain
n(Bo) = ANCN, n(B1) = CNAN, 1n(B>) = ANNN.
Hence, the DNA word associated with g is
n(g) = ANCNCNANANNN,

which has length 4n = 12.

Table 5. Exact alignment of Gray coordinates with DNA symbols (product Gray map).
r = ei(ar +5b1) + ex(az + 5b) W(r) = (a1, b1, a2, b,) n(r) = ¥a1)9(b1)Haz)9(b,)

e1(1) + ex(4) (1,0,4,0) ANCN
e1(4) + ex(1) 4,0,1,0) CNAN
e1(1) + e(0) (1,0,0,0) ANNN

7. Conclusions

This work studies cyclic, quantum, and DNA codes over the mixed-characteristic ring R,, =
Zylul/ (u* — @), € F, with particular emphasis on the decomposable case where a is a quadratic
residue. In this situation, the ring splits as R,, = Z,» ® Z,>, which yields canonical descriptions of
cyclic codes through two cyclic Z,» components, together with explicit generators, duals, and self-
orthogonality criteria. An F)-linear Gray isometry R}, — Pﬁ” transfers Lee distance to Hamming
distance and produces classical p-ary codes with optimal or best-known parameters. Using a
symplectic ordering, the same Gray map supports CSS quantum stabilizer constructions. In particular,
repeated-root lengths n = p* are well suited for producing dual-containing families, while coprime
lengths exhibit inherent self-orthogonality restrictions. For p = 5, the product Gray map combined
with a nucleotide bijection yields DNA codes of length 4n. Reversibility is enforced algebraically
through the involution # — —u and coterm polynomials, enabling direct control of distance and GC-
content through ring-linear design.

Future work includes constacyclic and skew-cyclic analogues over R, ,, extensions to Z[u]/ W -
@), and investigating whether Gray images of cyclic families exhibit LDPC-type sparsity properties.
On the DNA side, incorporating reverse-complement constraints and establishing bounds for reversible
codes with prescribed GC-content remain promising directions.
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