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Abstract: Interconnection networks are commonly modeled as graphs, where vertices represent
processors or devices and edges represent communication links. In such networks, locating or
identifying components using a small set of reference points is fundamental for routing, fault diagnosis,
monitoring, and navigation. A standard graph-theoretic measure of this capability is the metric
dimension (or locating number), defined as the minimum cardinality of a resolving set whose distance
vectors uniquely distinguish all vertices. Since determining the metric dimension is NP-hard in general,
exact values for structured network families are of both theoretical and practical interest. In this paper,
we studied the metric dimension of the line graph of an optimal 2-fault-tolerant token ring network.
The underlying network T2, augments a simple ring with additional links to ensure robust connectivity
under up to two link or node failures, while the line graph L(T?2) represents the network at the link
level. A lemma was established to prove the lower bound of the metric dimension via contradiction,
while the upper bound was determined by explicitly constructing resolving sets. The analysis was
conducted case by case according to the congruence of the network order modulo 4, which simplified
verification of all representation vectors. Our results showed that the fault-tolerant links increase the
metric dimension compared with ordinary token rings, highlighting the influence of additional links on
network distinguishability and providing insights for the design of robust interconnection networks.
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1. Introduction and literature review

Communication networks, interconnection topologies for multiprocessors, and a variety of
distributed computing architectures can all be described in a natural fashion by graphs, in which
vertices model processors (or stations) and edges model communication channels. This approach to
interconnection network design and analysis allows graph theory to be applied in a unified
mathematical fashion to the problems of connectivity, routing, reliability, and fault tolerance, as
described in references [1, 2]. A formal definition for an interconnection network is a connected
graph, G = (‘V, E), where the vertex set, V, represents the processing elements, and the edge set, E,
represents the communication channels. In traditional interconnection topologies, the ring network,
which is a cycle, is a basic and important construction because it is the simplest and most basic unit
for the construction of larger topologies. Within ring-based local area networks, the traditional token
ring approach controls access to the shared transmission medium using a control packet (token) that
passes around the ring, enabling one station at a time to send data packets [3,4]. Despite token ring
technology having long passed out of common usage, its symmetrical cycle and regular structure
continue to make it useful as a conceptual model of study for certain graph parameters and resources
in interconnection networks [5, 6].

Locating or distinguishing unique objects such as processors, edges, failures, and configurations
with a minimal number of resources has been one of the most important concepts in network analysis.
The most cited distance-related parameter in this area has been “metric dimension.” The metric
dimension was first proposed by Slater [7, 8], and then independently by Harary and Melter [9].

The metric dimension has both strong theoretical foundations and wide-ranging applications.
Apart from path graphs, it is well known that no connected graph has metric dimension 1 [10]. Cycle
graphs satisfy dim(C,) = 2, capturing the intuition that two appropriately chosen landmarks break the
rotational ambiguity in a ring. Beyond classical families, metric dimension has been studied for a
broad spectrum of graphs due to its relevance to navigation and localization in robotics, network
discovery, pattern recognition, and combinatorial optimization [11, 12]. In artificial intelligence and
algorithmic graph theory, resolving sets serve as compact “signatures” that support distance-based
classification, map processing, and strategic game analysis. This practical relevance has motivated
sustained research on both exact computation and bounding techniques, especially because computing
dim(G) is NP-hard in general and remains challenging even on restricted graph classes (see, e.g., the
foundational literature in [13] and the references therein).

A substantial body of work is devoted to computing the metric dimension of well-structured
graphs and graph operations. Chartrand et al. [13] initiated systematic investigations of resolvability
and computed metric dimensions of several fundamental graph classes. For families with high
symmetry, circulant graphs have attracted particular attention: Imran et al. [14] analyzed circulant
graphs of the form C,(1,2,3) and showed boundedness patterns depending on arithmetic conditions
on n. Related investigations include generalizations to Petersen-type structures and multigraph
variants [15]. Several works focus on how metric dimension behaves under graph products and
composition operations: Yero et al. studied the corona product [16]; Szolonki et al. examined joins of
graphs [17]; and other authors developed resolvability results for additional operations and
constrained classes [18]. Moreover, metric notions have been explored in digital geometry and
discrete models of images, emphasizing the interplay between geometry-like distance structures and
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combinatorial resolvability [10]. In parallel, evolutionary and game-theoretic contexts have also
motivated studying structural identifiability and interaction patterns in networks [17,19].

Path-related and derived graphs form another active direction, as they provide tractable yet
nontrivial instances where exact metric dimension can often be obtained. Ali et al. [20] investigated
the metric dimension of middle and power graphs derived from paths and established explicit
formulas. Alholi et al. [21] later explored boundedness conditions and exhibited families where the
metric dimension remains constant under specific operations. Shahida et al. [22] computed the metric
dimension for joins of two arbitrary graphs, while Pan et al. [23] studied splitting graphs of paths and
cycles, and showed that their metric dimension can be unbounded. Peng et al. [24] contributed further
by determining the metric dimension of Kneser-related graphs, where vertex identification interacts
with combinatorial set systems.

In recent years, several refined variants of resolvability parameters and new graph families have
been explored. Nadeem et al. [25] investigated the locating number of biswapped interconnection
networks, linking network architecture to distance-based identification. Arulperumjothi et al. [26]
determined the metric and fault-tolerant metric dimensions of fractal cubic networks, demonstrating
how self-similarity shapes the size and structure of resolving sets. Vetrik et al. [27] studied circulant
graphs with 2k generators and showed that metric dimension can fall below k, challenging earlier
intuition about generator counts in Cayley graph resolvability. Hakanen et al. [28] classified unicyclic
graphs in which every vertex belongs to all metric and strong metric bases, clarifying structural
membership conditions. Assiri et al. [29] investigated fault-tolerant locating sets in biswapped
multiprocessor networks, determining the minimum fault-tolerant locating number ¢ to ensure all
vertices remain identifiable despite node failures. Nie and Xu [30] derived formulas for doubly metric
dimensions of cactus and block graphs, revealing how cycle blocks impose stronger resolving
requirements. Mhagama et al. [31] analyzed the edge metric dimension of line graphs of antiviral
drug molecular structures, using edge-resolving sets to uniquely identify bonds and study structural
properties. Dolzan et al. [32] connected algebraic constructions and metric basis theory by studying
semiring total graphs, while Nazeer et al. [33] established constant metric dimension for certain
planar pyramid-related families.

In 2025, Hayat et al. determined the fault-tolerant mixed metric dimension and discussed its
application in secure and consistence networks [34]. Azhar et al. discussed the fault-tolerant metric
dimension of carbon nanostructures in [35]. Recently, the computational and structural aspects of this
topic of research have been explored and resolving sets of different families of graphs have been
discussed. Knor et al. [36] emphasized that fault-tolerant metric bases can be significantly larger than
minimum resolving sets, illustrating the combinatorial cost of robustness. Other studies have focused
on graph models and real-world applications like optimization systems, and communication networks,
where this topic plays an important role in supporting system consistency [37, 38]. These
contributions demonstrate that fault-tolerant metric dimension is an active and rapidly developing
research area with strong theoretical and applied significance. In spite of these innovations, existing
studies focused on basic graph classes or common network structures. The application of
fault-tolerant metric dimension to specific network topologies—particularly line graphs derived from
fault-tolerant communication networks such as the token ring network-remains largely unexplored.
Therefore, this study aims to bridge this gap by analyzing the metric dimension of line graphs of
fault-tolerant token ring networks and provide explicit constructions of resolving sets tailored to this
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model.

A closely related and highly studied transformation is the line graph. Given a simple graph G, its
line graph L(G) has the vertex set E(G), where two vertices in L(G) are adjacent whenever the
corresponding edges in G share an endpoint. Line graphs are important in network science because
they convert link-based questions into vertex-based questions, enabling the modeling of link conflicts,
routing transitions, and resource contention. They also appear naturally in chemistry (where edges
encode bonds) and in communication settings, where links rather than processors are the primary
objects of interest. The metric dimension of line graphs has therefore attracted attention as a
link-identification analogue of classical resolvability. Feng et al. [39] investigated dim(L(G)) and
established bounds such as

[log, A(G)] < dim(L(G)) < |[V(G)| - 2,

where A(G) is the maximum degree. Eroh et al. [40] computed the metric dimension and zero-forcing
numbers of wheel and bouquet line graphs, exhibiting strong connections between these parameters.
Farooq et al. [41] studied line graphs arising from molecular families and showed that chemical
structures often yield constant or efficiently computable resolving sets.

Alongside exact results, algorithmic and learning-based approaches have recently emerged for
estimating metric dimension on large instances. Wu et al. [42] proposed a hybrid method combining
graph learning with greedy strategies to approximate dim(G) effectively on random graph models.
Khan et al. [43] proved constant metric dimension for certain bicyclic families regardless of size,
while Pranjali et al. [44] studied unit graphs over commutative rings and classified cases with small
metric dimension values. Mhagama et al. [45] refined the edge metric dimension edim of splitting
graphs, providing smaller edge-resolving sets for paths and cycles, enhancing prior results and
achieving edim(G) = dim(G). Vidya et al. [46] investigated infinite planar graphs and showed that
their metric bases form independent sets and remain constant across each family.

Several studies have investigated the metric dimension of ordinary token ring networks, which
correspond to cycle graphs C,, and contain only adjacent connections between vertices. It is well
known that for such networks, the metric dimension of the underlying cycle is dim(C,,) = 2, and since
the line graph of a cycle is also a cycle, we have dim(L(C,,)) = 2 [7,9]. These results provide a baseline
understanding of resolving sets in simple ring networks.

Motivated by the token passing mechanism in ring networks, a natural way to increase modeling
fidelity is to study not only the underlying communication graph, but also the state space formed by
all possible placements of a fixed number of indistinguishable tokens on the vertices of that graph.
This leads to the notion of a foken graph. In this model, each vertex of the token graph represents a
configuration of tokens (that is, a choice of vertices occupied by the tokens), and two configurations
are adjacent precisely when one token can be moved along a single edge of the underlying graph while
all other tokens remain fixed. Token graphs arise naturally in reconfiguration problems, routing of
indistinguishable agents, and distributed systems where global states are determined by the locations
of multiple identical resources. When the underlying graph is a cycle (the ring network), the associated
token graph provides a mathematically precise framework for describing multiple tokens circulating
around the ring and interacting through adjacency constraints. This perspective connects classical ring
topology with modern state-space methods for analyzing network dynamics.

Although the metric dimension has been extensively studied for many graph families and for line
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graphs, the line graph of a token graph has received comparatively little attention from the viewpoint
of resolvability. The token graph encodes configurations as vertices and single-token moves as edges,
while its line graph transforms these moves into vertices, declaring two moves adjacent whenever
they share a common configuration endpoint. Consequently, studying the metric dimension in this
setting corresponds to identifying a minimum collection of landmark moves whose distance
information uniquely distinguishes every possible move in the configuration space. This viewpoint is
natural in communication and reconfiguration contexts, since in many protocols, the primary objects
of interest are the events (moves, link activations, transitions) rather than static configurations. In
particular, when the underlying network is a ring, the induced symmetry provides a rich yet structured
family in which one may expect sharp bounds and exact results.

Despite substantial progress in understanding the metric dimension of graphs and their line graphs,
several challenges remain open for token-based constructions. First, passing from an underlying
graph to its token graph can substantially alter fundamental distance properties, such as shortest-path
structure and diameter, and can also change the nature of symmetry in the resulting model. These
changes make resolvability questions significantly more delicate than in the base graph. Second,
applying the line graph operation introduces an additional layer in which vertices represent moves in
the configuration space, so resolving sets must distinguish transitions rather than states. Third, much
of the existing work on metric dimension in line graphs and configuration graphs does not address
robustness requirements such as fault tolerance, even though real monitoring devices may fail and
identification must remain reliable under such failures. Therefore, a systematic investigation of the
metric dimension, and subsequently, fault-tolerant variants, for line graphs of token graphs over
ring-based networks remains largely unexplored and strongly motivates the present study.

In this paper, we initiate a detailed study of distance-based resolvability for the line graphs
associated with token graphs, with particular emphasis on token ring networks and closely related
structured base graphs. We develop techniques for constructing resolving sets that exploit the layered
structure inherited from token configurations and move adjacency, and we obtain exact values. These
results extend existing literature on metric dimension in interconnection networks.

2. Preliminaries and basic definitions

Throughout this paper, all graphs are finite, simple, and connected. For a graph G, we write V(G)
and E(G) for its vertex set and edge set, respectively. The distance between vertices x,y € V(G) is
denoted by dg(x,y) (or simply d(x,y) when the graph is clear from context), and equals the length of a
shortest x-y path in G.

2.1. Basic graph notions

Definition 2.1. A graph G is an ordered pair G = (V(G), E(G)), where V(G) is a nonempty set whose
elements are called vertices and E(G) C {{u,v} | u,v € V(G), u # v} is a set of unordered pairs of
distinct vertices called edges.

Definition 2.2. Let G be a simple connected graph and let x,y € V(G) be two vertices. The distance
between x and y, denoted by ds(x,y), is the length of a shortest path connecting x and y in G.
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Definition 2.3. Let G be a graph. The neighborhood of a vertex x € V(G) is
No(x) ={y € V(G) | {x,y} € E(G) }.

More generally, for an integer k > 1, the k-neighborhood of x is
NZ(x) = {y € V(G) | da(x,y) < k).

Clearly, NiG(x) = Ng(x).

Definition 2.4. In applied settings, a network is a graph N = (V(N), E(N), ¢), where ¢ is a mapping
that assigns additional information (such as weights, directions, or capacities) to elements of V(N) or
E(N).

2.2. Line graphs
Definition 2.5. Let G be a graph. The line graph of G, denoted by L(G), is the graph defined by
V(L(G)) = E(G), E(L(G)) ={eej|e,e; € EG), esNe; + 0}

Equivalently, each vertex of L(G) represents an edge of G, and two vertices of L(G) are adjacent if and
only if the corresponding edges of G are incident.

2.3. Resolving sets and metric dimension

Definition 2.6. Let G be a connected graph. A set S C V(G) is a resolving set for G if for every pair
of distinct vertices x,y € V(G), there exists s € S such that

dg(x, s) # dg(y, 5).

Definition 2.7. The metric dimension of a connected graph G, denoted by dim(G), is the minimum
cardinality of a resolving set of G, that is,

dim(G) = min{[S| : S € V(G) and S resolves G }.
Any resolving set of size dim(G) is called a metric basis of G.

2.4. Optimal K-fault-tolerant networks for token rings

We also recall a classical augmentation of the cycle used as an optimal K-fault-tolerant topology
for ring-like networks.

Definition 2.8. (Circulant graph) Let n > 3 and let D = {d,,...,d;} C{1,2,...,|n/2]}. The circulant
graph Circ(n; D) is the graph with vertex set V = {vy, vy, ...,v,_1} and edges

vivife E & (i—jimodneDor(j—i)modn e D.
Equivalently, v; is adjacent to v, for each d € D, with indices computed modulo n.
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Definition 2.9. (Optimal K-fault-tolerant token ring augmentation [47]) Let m and K be integers with
m > 2K and V = {vy,v1,...,vu_1} labeled cyclically in clockwise order. The graph TE is constructed
on V so that it contains the elementary cycle

<V0’ Viseoos Vi1, VO)&
and additional links are added to provide K-fault tolerance as follows:
(i) K even. In this case, TE is the circulant graph with connection set D = {1,2, ...,
K . ._K
{vi,visj} € E(T,,) foralliand1 < j < 3 + 1.
(ii) K odd and m even. Then TE is the circulant graph with distance set D = {1,2, ..., %, 1
(iii) K odd and m odd. Then T% is obtained by joining each v; to v, for 1 < j < % (indices modulo
m), and adding the additional long chords prescribed in [47] (including the special edge {v, Vil }
when required) to achieve the optimal K-fault-tolerant design.

Visual construction of the 2-fault-tolerant token ring. To illustrate Definition 2.9, we consider the
case K = 2 and m = 9. Since K is even, case (i) of the definition applies and the graph T3 is the
circulant graph with connection set D = {1, 2}.

First, the elementary cycle (vy, v, v2, ..., Vg, Vo) is constructed, forming a simple token ring. Next,
additional links are introduced so that each vertex v; is joined not only to its immediate neighbors v;.;
but also to the vertices v;., (indices taken modulo 9). These additional chords increase the connectivity
of the ring and ensure tolerance to two link failures.

Figure 1 illustrates the resulting 2-fault-tolerant token ring augmentation T2, where the circular
edges represent the elementary cycle and the inner chords correspond to the additional connections of
distance two. Figure 2 shows the corresponding line graph L(T3), whose vertices represent the edges
of Tg and where two vertices are adjacent whenever the corresponding edges in Tg share a common
endpoint.

Figure 1. T3.
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Figure 2. L(T3).

Definition 2.10. (Indexing of the vertices of L(T2)) Let T, be an optimal 2-fault-tolerant token ring of
order m with V(Ti) = {Vo, V15 .5 Vm1} (indices modulo m). For eachi € {0,1,...,m — 1}, define the
edges

a; = {vi, Vis1} and bi = {vi, visa},

(indices modulo m). Then E(T?) = {ao,...,an_1, bo, . ..,by_1} and |E(T2)| = 2m = n.
We label the vertices of the line graph L(T?) by

I _ > _ [ _ .
Vi+l_ai forl_oala---ym_l, vm+i+1_bi fOl”l—O,l,...,m—l.

Thus V(L(T,zn)) = {vll, vlz, e, v,a}.

Lemma 2.1. For K = 2, the graph T? is the circulant graph Circ(m;{1,2}), and hence it is 4-regular.

Consequently, its line graph L(T?) is 6-regular.

Proof. By the definition of T,%, with K = 2, each vertex v; is adjacent to v;; and v;., (indices modulo
m), which matches the definition of the circulant graph Circ(m; {1,2}). Therefore, each vertex has
degree 4.

In a line graph L(T?), each vertex corresponds to an edge of T2. Since each edge in T2 is incident
to two vertices, each of degree 4, the corresponding vertex in L(T,%l) is adjacentto(4—-1)+(4—-1)=6
vertices. Hence, L(T,%l) is 6-regular. O

3. Main results

In this section, we determine the metric dimension of the line graph of an optimal 2-fault-tolerant
token ring network. The main result is stated in Theorem 3.1, which establishes the exact value of the
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metric dimension for this class of graphs. The lower bound in Theorem 3.1 follows directly from
Lemma 3.1, whereas the proof of the upper bound is divided into four cases according to the structural
symmetry of the graph. In each case, we construct appropriate resolving sets and present the
corresponding distance representations. These cases are addressed separately in Theorems 3.2-3.5.

Theorem 3.1. Let T2 be an optimal 2-fault-tolerant token ring of order m and size n := 2m. Let L(T?)
be its line graph, which has order n := 2m. Then

dim(I(T2)) = 4.

m

Lemma 3.1. Let T2 be an optimal 2-fault-tolerant token ring of order m and size n := 2m, and let
L(T2)) denote its line graph. Then
n = |V(L(T2))| = 2m

with m > 10, and the metric dimension of L(T2) satisfies
dim(L(T})) > 4.

Proof. We aim to prove dim(L(T2)) > 4. Assume, for the sake of contradiction, that dim(L(T?)) < 4.
By Theorem 1.1, the metric dimension is not equal to 1.
Suppose first that dim(L(T?)) = 2, and let

r_ ol
ST ={v, vl
be a resolving set. Then, for every pair of distinct vertices vi, v; eV (L(Tﬁi)), we must have
o 18" # r(v, 189,

i.e., the metric representations with respect to S’ are distinct.
However, due to the structural symmetry and regularity of L(T2), there exist two distinct vertices
Viu vy € Np(vi) U Ng(vé) whose metric representations are identical with respect to S, i.e.,

r0/ 18" = r(4 181,

contradicting the assumption that S’ is a resolving set.
Now suppose that dim(L(Tfn)) = 3, with a resolving set

ro_ o
S —{vn,vf,v{}.

As in the previous case, the graph’s symmetry and uniform connectivity imply the existence of two
distinct vertices v, vi, € N,(vi)) UN (vé) UN (vé) such that

r(0 18" = r(v 181,

which again violates the resolving set condition.
In both cases, we arrive at a contradiction. Therefore, no resolving set of cardinality less than 4
exists for L(T?), and we conclude that

dim(L(T2)) > 4. O
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Theorem 3.2. Let T2, be an optimal 2-fault-tolerant token ring of order m, where m = 4k + 6 for some
integer k > 1 and size n := 2m. Let L(T?2) be its line graph, which has order n := 2m. Then

dim(L(T2)) = 4.

Proof. Let L(T2) be the line graph of T2, and denote its vertices by v/. Our aim is to show that the
metric dimension of L(T ,zn) equals 4.
First, Lemma 3.1 yields the required lower bound

dim(L(T2)) > 4.

Thus, it suffices to construct a resolving set of cardinality 4.

Define

I _ g0 1 I
ST =V Vi Vet Vit -

We claim that S' resolves L(T2). Equivalently, every vertex v/ has a unique metric representation
! Sl

rlv, | S').
The metric representations with respect to S’ are given explicitly as follows:

Fort=1,2,3,
012 = (5] 15 - L5l 5] 55+ )
For: =4,5,6,
r(vfls’):({ﬂ,zr_zﬂ,n;‘-{t;?’ ,”;4_L+4).
For¢=7,8,9,

09)= (2[5 5 e 15

For¢=10,...,m—4,
ey [lE] [tt2] n—4 -1
4”|S)_QZL{ 4|’ 8 _{ 4

Fortc=m-3,...,m—1,

=3

T8

L+2| n—2 {ZL—n+lO
s -,

)

4 2 4
Fort=m,...,.m+ 2,
1wl t] [t+2] |[2t—-n+6 2t—-n+2 2t—-n+6 2t—-n+2
=||- - 2 - = :

r(VLls) ([4J7 4 |7\‘ 4 6 ’ 4 6

Fore=m+3,...,n,
ey (P4 |20-n—6| n+4 |2t-n-2| |2t.—-n+8
4”|S)_( 8 _{ s "' s | 8 || s 'Y
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where
2|22t ife=m43,.m+S,

[2‘%,?*4J , otherwise.

Since the above formulas yield distinct metric representations for all vertices of L(T?2) when n := 2m
and m = 4k + 6 for some integer k > 1, it follows that S’ is a resolving set. Hence

dim(L(T%)) < 4.

Combining this with Lemma 3.1, we conclude that dim(L(T?)) = 4. m]

Theorem 3.3. Let T2 be an optimal 2-fault-tolerant token ring of order m, where m = 4k + 7 for some
integer k > 1 and size n := 2m. Let L(T2) denote its line graph, which has order n := 2m. Then

dim(L(T2)) = 4.
Proof. Let L(T?) be the line graph of T2, and denote its vertices by v/. We claim that
dim(L(T2)) = 4.
By Lemma 3.1, we already have the lower bound
dim(L(T2)) > 4.
Thus, it remains only to establish the upper bound
dim(L(T2)) < 4

by exhibiting a resolving set of size 4.
Consider the set
I Lo,

I _ g,
St = {Vl’ Vios Vm+6’ Vin+s

It can be verified that every vertex of L(T?) has a distinct metric representation with respect to S';
hence, S' is a resolving set for L(T2). Since |S'| = 4, it follows that

dim(L(T2)) < 4.

To derive the distance representations, we compute the distances from each vertex v/ to the vertices

of the resolving set

Iyl i
S" = {vy, Yo Vintes Vinsg)
2

in the line graph L(T?). Recall that each vertex of L(T? ) corresponds to an edge of T2, and two vertices
in the line graph are adjacent whenever the corresponding edges in T2 share a common endpoint.
Therefore, the distance between two vertices in L(T?) is obtained by counting the length of the shortest
path between the corresponding edges in the original network. Using the cyclic structure and symmetry
of the token ring network, these shortest-path distances can be expressed in closed form, which leads
to the following representation vectors.

For completeness, the metric representation r(vf | S’) is given explicitly as follows:
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Fort=1,2,3,

19 =512 -5 - )

Fort=4,...,m+3,
N TR N AP
P R e T C
([sz—[_TGJ%Z‘HSJ%‘HJ ifi=8,...,10,
(LLTJ’ [%J, nt2 _[§J, %_l§J), otherwise.

Fort=m+4,...,n,let:

(D(L):n—6+r—3|_2{t—3|, T(L,k)=n+2—{t_k|.

8

The values are then given by:

151, 7 -1, D), DW), ift=4,5,6,

(
151 < |31 2LEL 00.00). =,
| (L£) 2= 158), P 5). W@, 7)), if e =8,9,10,
(

[4], 152), (. 5), ¥(. 7)), otherwise.

Since these formulas yield distinct metric representations for all vertices of L(T2) when n := 2m
and m = 4k + 7 for some integer k > 1, we obtain

dim(L(T7,)) < 4.
Combining this with the lower bound from Lemma 3.1, we conclude that
dim(L(T2)) = 4.
This completes the proof. O

Theorem 3.4. Let T2 be an optimal 2-fault-tolerant token ring of order m, where m = 4k + 8 for some
integer k > 1 and size n := 2m. Let L(T?) denote its line graph, which has order n := 2m. Then

dim(L(T2)) = 4.
Proof. Let L(T?) be the line graph of T?, and label its vertices by v/. Our goal is to prove that
dim(L(T7,)) = 4.
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By Lemma 3.1, we already have the lower bound
dim(L(T2)) = 4.
Therefore, it suffices to establish the upper bound
dim(L(T2)) < 4

by constructing a resolving set of size 4.
Consider the set
S'= (1 Vi Vo V-
It can be verified that every vertex of L(T2) has a distinct metric representation with respect to S';
hence, S’ is a resolving set for L(T2)). Since |S/| = 4, it follows that

dim(L(T2)) < 4.

To derive the distance representations, we compute the distances from each vertex v/ to the vertices

of the resolving set
§'= V1 Ve Yo Vi)

in the line graph L(T?). Recall that each vertex of L(T? ) corresponds to an edge of T2, and two vertices
in the line graph are adjacent whenever the corresponding edges in T2 share a common endpoint.
Therefore, the distance between two vertices in L(T?) is obtained by counting the length of the shortest
path between the corresponding edges in the original network. Using the cyclic structure and symmetry
of the token ring network, these shortest-path distances can be expressed in closed form, which leads
to the following representation vectors.

For completeness, the metric representation r(vf | S’) is given explicitly as follows:

Fort:=1,2,3,
ey [lE] (L3 o i1 n e
r(v‘ls)_({zJ’{z '8 {2|’8 {2 ‘

Fori=4,...,m+4,
| 7-va+ 2] - 2] 52+ -2|2)). ite=4.....6,
J2- |5 )=,

Ho2-|58] -] wE-|2). ift=8,...,10,
) 1%

_ [HJ ,me8 [‘—5J), otherwise.

(v 18') =

Fort=m+5,...,n,

[2L—n—4J’al,a2)’ ift=m+35,...,m+ 10,

r(vf | Sl) = '
(g _ [ZL—Z—IOJ , % _ {ZL—E—ZZJ , [2L—n—4J , {ZL—n—SJ) , otherwise,

8
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where

21—n—8
8

L +6, ife=m+5m+6, 1-|

J, ifi=m+5,...,m+8,
ay =

) =

lMJ , otherwise,

< [MJ , otherwise.

8

Since these formulas yield distinct metric representations for all vertices of L(T2) when n := 2m
and m = 4k + 8 for some integer k > 1, we conclude that

dim(L(T2)) < 4.
Combining this with the lower bound from Lemma 3.1, we obtain
dim(L(T7,)) = 4.
This completes the proof. O

Theorem 3.5. Let T2, be an optimal 2-fault-tolerant token ring network of order m, where m = 4k + 9
for some integer k > 1 and size n := 2m. Let L(T2) denote its line graph, which has order n := 2m.
Then

dim(I(T2)) = 4.

m

Proof. Let L(T?) be the line graph of T2, and label its vertices by v. We claim that
dim(L(T7,)) = 4.
By Lemma 3.1, we already have the lower bound
dim(L(T2)) = 4.
Hence, it remains only to prove the upper bound
dim(L(T3)) <4

by constructing a resolving set of size 4.
Consider the set

I _ gyl [ ! /
S - {vl’ V4’ Vm—Z’ Vm}'

It can be verified that every vertex of L(T2) has a distinct metric representation with respect to S';
therefore, S' is a resolving set for L(T?). Since |S!| = 4, it follows that

dim(L(T2)) < 4.

To derive the distance representations, we compute the distances from each vertex v/ to the vertices
of the resolving set
Il /

Sl = {Vll’ Vas Vip—2o Vm}

in the line graph L(T?2 ). Recall that each vertex of L(T? ) corresponds to an edge of T2, and two vertices
in the line graph are adjacent whenever the corresponding edges in T2 share a common endpoint.
Therefore, the distance between two vertices in L(T?) is obtained by counting the length of the shortest
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path between the corresponding edges in the original network. Using the cyclic structure and symmetry
of the token ring network, these shortest-path distances can be expressed in closed form, which leads
to the following representation vectors.

For completeness, the metric representation r(vf | S’) is given explicitly as follows:

For:=1,2,3,
ey [l [et3] n=2 =1 n=-2 |i-1
r(ms)_(bJ’{ 2 | 8 _{ 2 '8 |2 )

(2.7 )] o e 2] 2] o=

, a/z) , otherwise,

where

{2—[%, ife=4,...,10, {"5”[%]—2[%} if = 4,
g = ay =

26 _ [%J , otherwise.

. o |2t | a0y | 2ol | gy ), ife=m+3,...,m+ 10,
(v 18) =
(2] L) 2] [ 2] omenvie
where
|22 | - [22=2], ifue=m+3,.. m+5,
B = L—§—6, ife=m+6,...,m+8,
[%J , otherwise,
d
" 2|2t | 4| 2t ife=m+3,...,m+6,

B2 =

1 - [ZL—Z‘HJ + |_2“’é“ZJ +2 [%J, otherwise.

Since these formulas yield distinct metric representations for all vertices of L(T2) when n := 2m
and m = 4k + 9 for some integer k > 1, it follows that

dim(L(T2)) < 4.
Combining this with the lower bound from Lemma 3.1, we conclude that
dim(L(T7)) = 4.
This completes the proof. O
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Example 3.1. Let T%l be an optimal 2-fault-tolerant token ring of order 11 and size 22. Let L(T%I) be
its line graph, which has order 22. Then

dim(L(T7,)) = 4.
Table 1 shows the representation of all vertices of L(T%l) with respect to

I gl 0 1
S ={Vi, vigs Vigs Viol-

Table 1. Representation of the vertices of L(T;1?) with respect to S'.

v’v r(vf | Sl) vf, r(vf | S’)

Vi 0, 2, 3,2) v, (3, 1,2,2)
v 1,2,3,2) v, (3,1, 1,2
Vi 1,3,2, 1) v, (3,2, 1,2
vy (1,3,2,2) Vi 3,2,2, 1)
v 1,2, 3,3) v (3,2, 1, 1)
v (1, 1, 3, 3) v (3,2,0,2)
v 1,2,2,2) Vg (3,3, 1, 1)
v 2, 1,3,3) v 2, 3,2, 0)
V) 2, 1,2,3) vy 2,3, 1, 1)
v, 2,0, 2,3) vh, 2,3, 1,2
v 2,1,2,2) vl 2, 3,2, 1)

4. Comparative analysis with the ordinary token ring

In order to illustrate the influence of fault-tolerant links on the metric dimension, we compare our
results with the ordinary token ring network. The ordinary token ring corresponds to the cycle graph
C,,, which contains only adjacent connections between consecutive vertices.

It is well known that the metric dimension of a cycle satisfies

dim(C,,) =2, m>3.
Moreover, the line graph of a cycle is again a cycle, that is, L(C,,) = C,,. Consequently,
dim(L(C,)) = 2.

In contrast, the optimal 2-fault-tolerant token ring network T2, contains additional links joining vertices
at distance two in the basic ring. These extra edges increase the connectivity and symmetry of the
network and introduce more adjacency relations in the corresponding line graph. As established in
Theorems 3.2-3.5, the metric dimension of the line graph L(T? ) satisfies

dim(L(T2)) = 4.
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Hence, compared with the ordinary token ring, the introduction of fault-tolerant links increases the
metric dimension from 2 to 4. This demonstrates that the additional fault-tolerant edges make the
structure of the line graph more complex, requiring a larger resolving set to uniquely distinguish all
vertices.

5. Conclusions

In this work, we investigated the distance-based resolvability of line graphs arising from
fault-tolerant token ring topologies. Specifically, for the optimal 2-fault-tolerant token ring network
T,Zn of order m, we studied the metric dimension of its line graph L(T,zn) (of order n := 2m), where
vertices represent links of T2 and distances in the line graph capture compatibility through shared
incidences. Since metric dimension (locating number) provides the smallest number of landmarks
needed to uniquely identify vertices through distance profiles, our results admit a natural
interpretation in network monitoring: a small set of carefully placed link-monitors can uniquely
localize every link-event in the underlying fault-tolerant ring.

Our main contribution is twofold. First, we established a uniform lower bound

dim(L(T%)) > 4

for m > 10, showing that at least four landmarks are necessary for unique identification in the
line-graph setting. Second, we constructed explicit resolving sets of cardinality 4 for the principal
congruence classes m = 4k + 6, m =4k +7, m = 4k + 8, and m = 4k + 9 (k > 1), thereby proving that

dim(L(T3)) = 4

for these families. In particular, the metric dimension remains constant, independent of the network
size, highlighting a strong stability phenomenon for resolvability under the combined operations of
optimal fault-tolerant augmentation and line-graph transformation.

Several directions naturally arise from this study. A first extension is to investigate other
resolvability parameters on the same structures, such as edge metric dimension, mixed metric
dimension, and partition dimension, which are often better aligned with monitoring tasks that involve
both nodes and links. A second direction is robustness: determining the fault-tolerant metric
dimension of L(T2) would quantify the additional landmark cost required to maintain unique
identification under monitor failures. Finally, the framework may be generalized to optimal
K-fault-tolerant token ring augmentations T and to configuration-based constructions (such as token
graphs) built over ring-derived topologies. These problems remain open and are expected to further
strengthen the connection between resolvability theory and practical monitoring of fault-tolerant
interconnection networks.
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