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Abstract: In modern signal processing applications, denoising signals remain an essential task, as
it is difficult to reduce noise without compromising essential structural information. While standard
Laplacian operators are limited in their capacity to handle long-range interactions and maintain fine-
scale features, classical diffusion models offer a sound mathematical foundation for signal smoothing.
To overcome these limitations, in this study, we developed a novel numerical and deep learning
approach driven by a nonlocal fractional Laplacian operator of the form (-A)* (0 < s < 1),
which captures long-range interactions within signals. To accurately approximate the fractional
Laplacian dynamics, a classical second-order finite difference (FD) discretization of the Laplacian
was constructed in space, and the fractional operator was defined through its spectral matrix power.
The resulting semi-discrete system was integrated in time using an unconditionally stable Crank-
Nicolson (CN) scheme. In addition to this model-based method, a convolutional neural network (CNN)
architecture was employed as a refinement step, trained to learn the nonlinear mapping from noisy to
clean signals. To evaluate the denoising capability and effectiveness of the proposed methods, different
input signals contaminated with additive white Gaussian noise at prescribed signal-to-noise (SNR)
ratios were considered. The SNR and root mean square error (RMSE) were used as quantitative
performance measures. The results showed that the FD-CN and the CNN methods perform well
in conjunction. The numerical scheme smooths the data in a numerically controlled way, and
the CNN captures complex local structures and adapts to non-Gaussian noise patterns. In addition,
the proposed framework was extended to multichannel real-world ECG signals, demonstrating its
robustness in handling correlated noise across multiple leads. The multichannel experiments confirmed
that the FD-CN and CNN-based approaches remain effective under realistic, real-data conditions.
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1. Introduction

Fractional partial differential equations (PDEs) have recently attracted significant research interest
due to their capability to represent phenomena with memory effects that cannot be captured by normal
PDEs. Among other things, fractional calculus has demonstrated itself to be a practical instrument in
the fields of material science [1], finance [2], image processing [3], porous medium flow [4], and
bioengineering applications, including anomalous diffusion in biological tissues [5], among other
applications. The fractional Laplacian plays a central role in fractional calculus. In their seminal
work, Caffarelli and Silvestre [6] proved that this operator can be realized as a Dirichlet-to-Neumann
map associated with a degenerate elliptic equation posed on the half-space R"*! := R” x (0, 1). The
degeneracy arises from a weight function which, depending on the fractional exponent, either vanishes
or blows up on the boundary dR™*! = R". This extension technique was later adapted to bounded
domains Q C R" in [7, 8], leading to a degenerate elliptic boundary-value problem formulated on the
infinite cylinder C := Q X (0, 1). Since the associated weight belongs to the Muckenhoupt A, class,
the analysis naturally fits within the framework of weighted Sobolev spaces, and the classical elliptic
theory extends with only minor modifications.

Data transformation is a key component of signal processing, as it facilitates the analysis,
optimization, and correction of signals such as scientific data, seismic activity, stock market
movements, photographs, and video data. In predictive and decision science applications, such as
seismic monitoring networks in areas prone to seismic activity, signal processing is a useful tool.
Signals are inevitably prone to disruptions from both natural and man-made sources, which can
happen both during data collection and transmission. The term “noise” in signal processing describes
unneeded changes made to a source signal during the stages of collection, storage, and transmission.
Therefore, before further processing the information in the data, it is essential to eliminate the noise
in the signals (denoise). This important step makes the signal more reliable as data by getting rid
of unnecessary information. It also makes sure that its complicated patterns and inherent qualities
are easy to understand. Numerous signal processing techniques have been proposed in the literature,
including Fourier analysis [9, 10], wavelet transform [11, 12], variational mode decomposition [13, 14],
and empirical mode decomposition [15]. When analyzing transitory and non-stationary signals, like
ECGs, the wavelet transform has proven useful. In contrast to Fourier analysis, wavelet analysis breaks
a signal into scaled and decaying oscillatory components. Alfaouri and Dagrouq employed the wavelet
transform method with thresholding in order to get rid of extra or small wavelet coefficients [16]. The
result eliminated a variety of errors in single-dimensional ECG signals.

Dixit and Sharma [17] examined different approaches for implementing wavelet thresholding to
remove noise from two-dimensional data. Variational mode decomposition (VMD) is an excellent
means to look at signals that are not stationary and have a number of components. This is because
it does not depend on fixed frequency bands or pre-defined basis functions, as Fourier and wavelet
transformations do. VMD is very flexible so it can record both low- and high-frequency sounds. This
can be useful for processing audio, analyzing biomedical signals, and building communication systems.
VMD is very useful when other ways of breaking down signals don’t work because it can handle signals
that change their spectral components over time [18]. The empirical mode decomposition (EMD)
method separates a signal into a small number of intrinsic modal functions, but it does this by
filtering the signal [19]. The EMD method has some problems, which is why better versions like the
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ensemble empirical mode decomposition (EEMD) method have been made [20]. Principal component
analysis (PCA) [21] and singular value decomposition (SVD), and its many variations [22, 23] are
two other ways to process signals. Intrinsic modes, basis functions, and orthogonal components are
the building blocks of these methods. The Fourier and wavelet analysis methods, for instance, show
signals as linear combinations of basis functions. However, in wavelets, the frequencies can change.
VMD and EMD look at intrinsic modal functions, while SVD and PCA use linear algebra to break
signals down into orthogonal parts so that the most important parts of the signals stand out. On the
other hand, the diffusion equation shows how signals change over time and gives us a way to process
signals that is always changing. Many fields of science and engineering that work with signals use the
diffusion equation, which is a parabolic partial differential equation. For example, it can be used to
model the behavior of processes driven by signals [24], image processing tasks where images are seen
as two-dimensional signals [25,26], and finance, where the diffusion equation is used to predict how
the market will behave [27].

Many important contributions have led to a strong mathematical basis for fractional Laplacian
operators. Silvestre [28] was one of the first people to find a regularity result for the fractional
obstacle problem. This work set the stage for the current study of nonlocal operators. Thanks to
Caffarelli and Silvestre’s work, it is now possible to write fractional Laplacians as local degenerate
elliptic problems [29]. This made it much easier for both theoretical and numerical work to get done.
Kwasnicki [30] improved the field by giving ten different ways to write the fractional Laplace operator.
This made it possible to fully understand its analytical features. Du et al. [31] progressed the study
of nonlocal diffusion models by analyzing well-posedness and volume-constrained approximation
methods. These are very important for computer simulations of things that happen outside of a
certain area. Ros-Oton and Serra [32] made important contributions to the Dirichlet problem about
the fractional Laplacian, especially in terms of how it behaves near the edge. This is very important for
using nonlocal PDEs in real life. Recent studies have looked into better numerical and fractional-order
methods for modeling systems that are driven by diffusion and for processing signals. Owolabi and
Pindza used Riesz fractional derivatives to model diffusion processes that do not happen in a normal
way. This is a good way to show when patterns show up in unusual ways [33]. In image processing,
Jin et al. [34] showed a fast and effective numerical method for segmenting and denoising images that
greatly improved the speed and accuracy of the calculations. Chen et al. [35] made a new way to
get arterial pulses that can be used to reliably test methods for denoising multichannel signals. This
made it possible to assess their work fairly and accurately. Lanza et al. [36] made a model that used a
symmetrized fractional variation framework with L; precision to get rid of noise in signals. They used
the Griinwald—Letnikov method to break it up into smaller pieces. This gets rid of the noise and keeps
the important parts of the signal. These works together set up the theoretical framework for modern
research on fractional diffusion, nonlocal operators, and how to get close to their numbers.

CNNs are now better than models that use mathematical fractional Laplacians to get rid of noise.
They are good at cleaning up signals that are too noisy because they can change shape and identify
patterns. Fractional Laplacian operators smooth out and make data that is not local more frequent
while keeping the edges sharp. CNNs learn hierarchical representations straight from the training data
to avoid these issues. They can use what they learn about various types of signals and levels of noise
to help them figure out what is noise and what is important. Recent research has shown that deep
convolutional architectures can improve noisy vibration measurements, distributed acoustic sensing
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seismic data, and ECG signals. These methods are much better than older filtering or PDE-based
methods at getting the right results. By combining CNNs with fractional Laplacian operators, we
get a hybrid framework. This framework brings together the stability and interpretability of nonlocal
diffusion with the flexibility and ability to learn deep modern networks.

This paper develops a complete discrete numerical model of the one-dimensional fractional
diffusion problem. We first break the spatial operator down into smaller parts using a standard finite-
difference Laplacian. We then use spectral matrix-power mapping to get the fractional diffusion
operator. The CN method is used to move the semi-discrete system forward in time. This sets up
a time-stepping method that is second-order and unconditionally stable for second-order dynamics.
The proposed framework’s efficacy in denoising is assessed using synthetic one-dimensional signals
influenced by additive white Gaussian noise. The fully discrete fractional diffusion solution is first
applied to these noisy inputs to see how well it works at reducing noise and finding the underlying clean
structure. The primary contribution of this study is the integration of the FD—-CN discretization of the
fractional Laplacian with a supplementary CNN-based residual denoising module, accompanied by a
comprehensive stability analysis of the entirely discrete operator. The e-pseudospectra of the discrete
fractional diffusion matrix are utilized to assess stability and resilience. This gives us information
about how well the scheme works and how reliable the numbers are, showing that the suggested hybrid
numerical-deep learning framework for signal denoising works well.

The rest of the paper is organized as follows. Section 2 describes the mathematical model, the
numerical method, and a deep learning technique based on CNNs. Section 3 consists of results and
discussion, while Section 4 concludes the summary of the main findings.

2. Description of the mathematical model and numerical scheme

In this study, we consider the following diffusion equation with a noise-removing property to
numerically approximate the evolution of a one-dimensional signal governed by a fractional diffusion
process. We consider the initial-boundary value problem

0
a—f(x, 0 =k(-A)'Skx,1), xe(-L£.L), t>0, 2.1)
with homogeneous Dirichlet boundary conditions
S(—L,t) =8(L,t) =0, (2.2)

and initial data,
S(x,0) = Sp(x), (2.3)

where « > 0 is the diffusion coefficient and 0 < s < 1 denotes the fractional order of the operator.
When s = 1, the model reduces to the classical heat equation, whereas 0 < s < 1 produces a nonlocal
fractional smoothing effect. In the conventional case s = 1, the function S(x, t) represents the evolving
signal, Sy(x) is the given noisy input, and the parameter k controls the rate of diffusion. The spatial
operator A = a‘% is a second-order derivative that measures how quickly the signal changes with respect
to space and how curved it is. This curvature-driven mechanism controls how information moves
through signal regions with steep gradients or high-frequency oscillations. These regions diffuse more
quickly, which smooths them out, while larger structural features stay mostly the same. The first
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noisy signal Sy(x) is spread out over time (t > 0) in a way that lets noise move from areas where
it is very concentrated to areas nearby. The magnitude of the diffusion coefficient « determines how
quickly this smoothing takes place. Solving the diffusion equation with the given initial and boundary
conditions thus provides a natural means of attenuating noise: as t increases, the solution S(x,t)
becomes progressively smoother, yielding a cleaner representation of the underlying signal. To solve
the model Eq (2.1), subject to given initial and boundary conditions, the spatial discretization is first
constructed using a classical second-order FD approximation of the Laplacian. The fractional diffusion
operator is then defined through a spectral fractional power of the resulting discrete Laplacian matrix.
Consider a uniform grid with N interior nodes on (- £, L),

2L

=L +iAx, =1,2,....N, AX = ———,
X L +iAx i X Nl

and enforce the boundary conditions by setting S(Xg, L) = S(Xn+1, T) = 0.
Let the vector of nodal values be

S(x,0)
S(X29 t)

S(t) = RN

S, 1)
The second derivative at interior points is approximated by the centered FD formula,

9*S S(xi-1) = 28(x;) + S(Xi41) .
S~ o L =L N,

leading to the standard discrete Laplacian of the form:

-2 1 0]
1 -2 1
K
- o Lo € RNN (2.4)
1 =2 1
0 1 -2

where the matrix A is real, symmetric, and strictly negative definite.

2.1. Spectral construction of the discrete fractional Laplacian
Since A is symmetric, it admits the eigen decomposition of the form:
A=VAVT, (2.5)
with V € RV*N orthogonal, and
A =diag(Ay,...,Ay), 1;<0.

The eigenpairs satisfy
ﬂVj = /lej.
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To discretise the fractional Laplacian, we apply the fractional spectral mapping 4; — —(=4;)°,
defining
AS = dlag(ﬂla see 5MN)5 /-l] = _(_/1])5’

and the discrete fractional diffusion operator
Ly := VAV, (2.6)

The matrix L; is symmetric negative definite and provides a consistent finite-dimensional
approximation of «k A®. Using this operator, the spatially semi-discrete form of (2.1) becomes

dS
E(t) = L, S(t), t> 0. 2.7)

2.1.1. Crank-Nicolson time discretization scheme
Lett; = kAt, k= 0,..., K, with uniform time step At = 7/K, and denote
Sk~ S(1y).
Applying the CN method to (2.7), we approximate:
ds Sk+1 _ Sk Sk+1 + Sk
—r ——— = L|——]|,
= u (5

leading to the fully discrete system
k1 At k
I——LSS = I+?LS S5, k=0,...,K—-1. (28)

Since L, is symmetric and negative definite, the CN scheme is unconditionally stable and preserves the
dissipative character of the fractional diffusion operator. Given the initial vector,

So(x1)
g So(x2)

b

So(Xn)
the recurrence (2.8) provides the complete numerical solution. In practice, the matrix

M:=1 AI‘L
= > Ls

is factorized once, and each time step is computed via

At
S = pm! (1 =y LS) Sk,

The FD-CN scheme (2.8) thus yields a robust and accurate fully discrete approximation of the one-
dimensional fractional diffusion equation (2.1), and forms the basis of the numerical computations
presented in this work.

AIMS Mathematics Volume 11, Issue 3, 7235-7263.



7241

2.2. Time-fractional diffusion model with memory effects

To incorporate temporal memory effects into the diffusion process, we extend model (2.1) by
replacing the classical first-order time derivative with a Caputo fractional derivative of order 0 < o < 1.
The resulting time-fractional diffusion model is given by

“DIS(t) = Ly S(t), t>0, (2.9)

subject to the same initial condition
S(0) =S°.

Here €D? denotes the Caputo fractional derivative defined by

C na _; ! _ —QM
DIS(Z)—F(I_Q)ﬁ(I T) o7 dr,

where I'(+) is the gamma function. When @ = 1, the model reduces to the classical semi-discrete
system (2.7).
2.2.1. L1 time discretization scheme

Lett, =nAt,n=0,1,..., K, and denote
S" ~ S(t,).

The Caputo derivative is approximated using the classical L1 scheme,

n—1
CDa ~ § n—-k _ Qn—k-1
Stn) ~ t“l“(2 @) & ak S S )

where the weights are defined by
ap = (k+ 1) = k'™

Substituting this approximation into (2.9) yields the fully discrete system

| 1 -
LS = n-lk 1. 2.10
(Azar(z — ) ) S = Moo ; @S nz 2.10)

The matrix |

—— I - L

AT (2 — @)

is symmetric positive definite since L, is symmetric negative definite. —Therefore, the linear
system (2.10) is uniquely solvable at each time step. The fractional order @ controls the strength
of temporal memory. The values of @ < 1 introduce long-range memory effects, resulting in slower
diffusion dynamics compared to the classical case. In the context of signal denoising, this provides
additional flexibility in balancing smoothing and feature preservation.

@ =
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2.3. Deep learning method for the model equation (2.1)

Along with the FD method and the CN scheme for solving the fractional diffusion model (2.1),
we employ a data-driven convolutional neural network (CNN) for signal denoising. We also use a
data-driven CNN to clean up signals. The CNN acts as a nonlinear filter that learns how to change
a noisy input signal into a clean or regularized output. It works like the fractional diffusion operator,
which smooths out noise and sometimes improves it. The formulation is based on recent progress in
using fully convolutional architectures to clean up electrocardiogram (ECG) data [37]. CNNs are well
known for how well they can fix images, but their basic structure, which combines hierarchical feature
extraction with local convolutional filtering, also works well for getting rid of noise in signals. Because
of this, more and more research is being done on how CNNs can be used to improve time-series data
in areas like biomedical engineering, geophysics, and audio processing.

Deep learning has recently become a useful way to remove noise from signals. CNNs are great
in figuring out the difference between noise and important structure because they can quickly learn
spatial and temporal patterns from data. One big benefit of deep learning is that it does not depend
on any ideas you already have about the noise model or the way you get the data. This flexibility
makes it good for datasets that are not all the same, where the noise statistics change depending on
the measurement, device, or conditions used to collect the data. Biological signal processing made a
lot of progress in the early stages, but significant early advancements occurred in biological signal
processing, particularly in the enhancement of ECG signal clarity. Recent advancements in deep
learning have significantly enhanced the capacity to eliminate noise from biological and geophysical
signals. Qiu et al. [38] demonstrated a two-stage deep convolutional architecture for ECG applications
that effectively eliminates noise while preserving the integrity of the features’ shape. Chiang et al. [39]
employed fully convolutional denoising autoencoders to eliminate noise in high-quality ECG readings.
Dong et al. [40] introduced a deep-learning approach specifically designed for multiarea surface
seismic data, while Zhu et al. [41] created a deep neural network framework for the denoising and
decomposition of seismic signals. Pan et al. [42] introduced a bidirectional denoising convolutional
autoencoder model for the purification of noisy vibration signals acquired by wavefront sensors, while
Li et al. [43] employed self-supervised and transfer learning techniques to refine distributed acoustic
sensing data without prior knowledge of its content. When taken as a whole, these studies demonstrate
the adaptability and potent denoising capabilities of contemporary deep learning architectures across a
variety of signal types.

Numerous studies demonstrate that CNNs are not only useful for image restoration but also offer
a strong and efficient framework for recovering clean signals in a range of scientific and engineering
applications. Their capacity to learn nonlinear, context-dependent denoising operators makes them
particularly attractive in situations where conventional PDE-based or transform-based approaches tend
to smooth significant structures. This supports the current work’s use of a residual 1D CNN, whose
efficacy can be directly compared to that of diffusion and fractional Laplacian filter techniques.

We design a special one-dimensional CNN denoiser that learns the nonlinear mapping
between noisy observations and their clean counterparts. This architecture integrates effectively
with the FD solver for the fractional diffusion model. The CNN takes a noisy signal segment of
length N = 512 sample bits long and processes it through a symmetric encoder-decoder structure with
skip connections that are made by upsampling layers. A one-dimensional convolution (Conv1D) comes
first in each convolutional block, and then a nonlinear activation comes next. The encoder uses max-
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pooling layers to gradually compress the representation, while the decoder uses UpSampling1D and
ConvIDTranspose layers to bring the resolution back to what it was before. This hierarchical feature
extraction enables the model to perceive both the local oscillations and the global smoothness patterns
generated by fractional diffusion. Figure 1 shows how the CNN is put together in detail. The CNN
takes a noisy signal segment S,y € R3'? (512 samples, one channel) and runs it through a symmetric
encoder-decoder structure with upsampling layers that let you skip connections. A ReLU activation
comes after a 1D convolution (Conv1D) in each convolutional block. The encoder uses max-pooling to
slowly make the representation smaller, and the decoder uses UpSampling1D and Conv1DTranspose
layers to bring the original resolution back. Let S, (x) be a reference clean signal defined on (—£, £)
and sampled on the uniform grid {x;};' that the numerical solver uses. We create a noisy realization by

Snoisy(xi) = Sclean(xi) + 1, i=1,...,512,

where 7, 1s additive white Gaussian noise at a prescribed SNR (between 3 and 7 dB during training).
Each training sample is a pair

512
(Snoisya Sta.rget) €R )

where S, corresponds either to the clean signal or to the fractional diffusion solution at the final
time. As opposed to using outputs from the fractional diffusion solver as targets, the CNN is trained
on clean reference signals. This lets the network learn the true structure of the signal without getting
the smoothing bias that comes from diffusion. The network is a fully convolutional autoencoder that
preserves the grid structure and avoids dense layers. All convolutions use kernel size 7, the same
padding, and increasing filter counts. Table 1 lists every layer with its output shape.

Table 1. Layer-by-layer specification of the CNN architecture.

Layer Type Kernel/Stride  Filters Output shape
Encoder

Convl Conv1D + ReLLU 7x1,stride 1l 32 (512,32)
Pool3 MaxPool1D size 2, stride 2 — (256, 32)
Conv2 ConvlD + RelLLU Tx1,stridel 64 (256, 64)
Pool2 MaxPool1D size 2, stride 2 - (128,64)
Conv3 ConvlD + ReLLU 7x1,stridel 128 (128, 128)
Pooll MaxPool1D size 2, stride 2 — (64, 128)
Bottleneck

Bottleneck Conv1D + ReLLU Tx1,stridel 256 (64,256)
Decoder

TConvl ConvIDTranspose + ReLU 7 x 1, stride 2 128 (128, 128)
Upl UpSampling1D factor 2 - (256, 128)
TConv2 ConvIDTranspose + ReLU 7 x 1,stride 1 64 (256,64)
Up3 UpSampling1 D factor 2 - (512,64)
TConv3 ConvIDTranspose + ReLU 7 x 1,stride 1 32 (512,32)
Output

Output Conv1D (linear) 7x1,stridel 1 (512,1)
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Encoder
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Decoder Residual leaning
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512 d T
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l l N @ e e e e e e e e - /
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v ! USRI S,
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Pooll —» MaxPool1D (2) Up2 —» UpSampliing 1D (2) { Smoothing —  Filter S |
(256 x 32) | - !
1 (256 x 128) 1 Senn =S (Seww) :
1
1
Conv2 —» ConviD A i
(7 % 1,64), ReLU TConv2 —» Conv1D Transpose (7 x 1,64)
¢ 256 X 64
Pool2 —» MaxPool1D (2) } _ —
(128 x 64) Up3 —» UpSampling 1D (2) Final Output —, Denoised signal
v (512 X 64) Senn € R512
Conv3 —» ConviD *
7 x1,128), ReL
e E TConv3 —» Conv1D Transpose (7 X 1,32)
¢ 256 x 32
Pool3 — MaxPool1D (2)
(64 x 128) l
¢ Output (Residual) 1
Conv1D (7 x 1,256) Ro (Snoisy)

(64 x 256)

Training Information

Training Targets: (i). Clean signal S;jeqn

(ii). Fractional-diffusion Laplacian Sgp (T)

Loss function

M

1 2

£6) =32 ) |5y = 55, = RoSSampe)|
m=1

Figure 1. Convolutional neural network architecture.

The encoder compresses the spatial dimension from 512 to 64 while increasing the channel count,
and the bottleneck expands the channel dimension to 256 to capture nonlocal interactions. The decoder
symmetrically restores the length to 512 while reducing the number of channels. The final linear
Conv1D produces the predicted residual

RG(SnOisy)-

The denoised signal is obtained through residual addition.

SCNN = Snoisy + RH(Snoisy)9

which accelerates convergence and improves accuracy by allowing the network to focus on learning
the correction rather than the entire signal mapping. This formulation closely mirrors the incremental
smoothing effect of the fractional diffusion equation.
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The network parameters 6 are optimized by minimizing the mean-squared error loss

1 M
LOy=7> |
m=1

which explicitly enforces the residual formulation. The Adam optimizer ensures fast and stable
convergence without overfitting. Training data are generated by contaminating a parametric family
of Gaussian peaks with additive white Gaussian noise at SNR levels between 3 and 7 dB. Once
trained, the CNN reproduces the qualitative features of nonlocal diffusion smoothing at negligible
computational cost. It thus provides an effective surrogate for the fractional diffusion solver, reducing
the computational burden by several orders of magnitude while maintaining high denoising quality.

S(m) _ S(m)

target noisy

: 2.11
g @.11)

~ R(S™ )‘

noisy

2.4. Pseudospectral behavior of the discrete fractional diffusion Laplacian operator

In this section, we investigate the pseudospectral properties of the discrete fractional diffusion
operator obtained after semi-discretizing the one-dimensional model equation of the form:

0SS = —(-A)°, xe(-L,L), 0<s<l,

using a second-order centered finite difference scheme with homogeneous Dirichlet boundary
conditions. Let (—£, £) be partitioned into N, interior nodes with uniform spacing:

Y,
- A/int + 1
The resulting discrete Laplacian Dy, € RNt ig given by
-2 1
1 -2 1
1
Dy = ﬁ .. .. s
1 -2 1
1 -2

which is real symmetric and strictly negative definite. Let {(4;, v j)}?]:‘"{ denote its eigenpairs, where
Dxij:/lej, ﬂj<0.

Collecting the eigenvectors in the orthogonal matrix V = [vy, ..., vy, ], the discrete fractional diffusion
generator is defined spectrally by

B = —(—DXX)S = Vdiag(,ul, e ,,uNim) VT, Hj= —(—/lj)s < 0.

Although 9y is normal, the nonlinear spectral transformation 4 — —(-A)° generally destroys
normality under perturbations. Consequently, the spectral behavior of B cannot be deduced solely from
its eigenvalues, and one must instead study its e—pseudospectra. For a matrix B, the e—pseudospectrum
is defined by

AB)={zeC:llI-B) 2 &'} = U (B +y),
Illl<e
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and is approximated numerically via Trefethen’s poor—man’s method [44]. In particular, for each
prescribed perturbation level £ € {1072, 107*}, as shown in Figures 2 and 3, we generate random
Hermitian perturbations y, satisfying ||y, || £ and compute the eigenvalues of the perturbed generators

Bp:_(_Dxx +Xp))s, p = 1,...,P.

The sets o(B,) form a cloud of sample points approximating A.(B). To explore the effect of spatial
resolution, we parametrize the number of interior grid points as

A/int = Qra Q’r € {4’ 8’ 16}7

mirroring the hierarchical structure used in overlapping spectral-element constructions. To interpret
the pseudospectra in the context of time discretization, we overlay the stability boundary of the Crank-
Nicolson method. The absolute stability region of CN is the left half-plane,

R(w) <0, w=AtA,

so unconditional stability is ensured provided that the spectrum (and pseudospectrum) lies entirely
in R(z) < 0. The qualitative outcome of the numerically calculated e-pseudospectra is as follows.
First, according to the dissipative nature of the continuous fractional Laplacian, the unperturbed
eigenvalues strictly lie on the negative real axis and drift further to the left as the spatial resolution
increases. Second, the pseudospectral cloud expands but stays completely contained in the left half-
plane for the larger perturbation & = 1072, suggesting moderate non-normal sensitivity brought on by
the fractional spectral mapping. Third, all pseudospectral approximations satisfy R(z) < 0 for both
g € {1072, 107}, confirming the CN method’s unconditional stability for the fully discrete fractional
diffusion operator. Increasing Q or r results in tighter spectral localization and reduced pseudospectral
spreading, indicating enhanced accuracy of the finite difference approximation.

The results indicate that the discrete operator —(—Dix)* preserves the fundamental dissipative
characteristics of the continuous fractional diffusion generator, providing a solid basis for the CN
time-stepping scheme used in the numerical experiments.
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Figure 2. Pseudospectra of the discretization of the diffusion fractional Laplacian operator

with perturbation € = 1072, s = 0.7.

Figure 3. Pseudospectra of the discretization of the diffusion fractional Laplacian operator
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3. Results and discussion

In this section, we perform some numerical experiments to confirm the efficiency of the two
denoising strategies. The methods are utilized on the six prototype one-dimensional signals given
in Table 2, each corrupted with a well-known harmonic function and spectral profile, such as Gaussian,
Lorentzian, Cauchy-Lorentz, and Voigt peaks. These profiles, which are defined by precise analytical
expressions, are necessary for spectroscopy and are often used to model physical phenomena in many
scientific fields. They work well with high-order numerical schemes like the FD-CN methods because
they are naturally smooth. This makes them great ways to see how well denoising works. So, being able
to successfully recover these signals after they have been contaminated is both important for science
and useful in the real world. Here are the analytical forms of the test profiles:

¢ Gaussian profile:

(x — ;)
Gi(xsuj,05,A) =A; eXP[——; .
20'j
e Lorentzian profile:
Ly Ap=—2
SR O Aj) = ———=.
1+ (%)

J

In both Gaussian and Lorentzian profiles, A; denotes the peak amplitude, u; the peak location,
and o ; the width parameter.
e Cauchy-Lorentz peak:

1

T

Vi

Cixsupy)=-|l"—75
s [

)

where 7| is the half-width at half-maximum.
¢ Voigt profile:

(V(X; g, 7) = f Q(T’ o)Cx —T; ’y) dr = —%[(A)(Z)], 7= X+ l’)/,
e oVN2n V2

where the constituent functions are given by

Y

i Y@= e erfe(—iz).

Gx0) = — =107 Gy =

e
o\2n

We accomplish a set of numerical experiments with the six benchmark signals given in Table 2.
Each profile has additive white Gaussian noise added to it in order to make it look similar to real
measurement noise. These datasets serve as a rigorous framework to evaluate the denoising efficacy
and stability of the numerical methods.
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Table 2. Clean signal used for numerical experimentation, noised by additive
white Gaussian.

fTest Clean signal description
Signal 1 G(x;5,0.7,1) + G2(x;0,0.8,2) + G3(x; =5,0.4,0.5)

Signal 2 L(x;5,0.7,1) + L»(x;0,0.8,2) + L3(x; =5,0.4,0.5)
Signal 3  C;(x;-0.4,0.5) + C»(x;0.4,0.5)

Signal 4  V(x;1,0.5)

Signal 5 cos(4nx) + 0.5 cos(27x) + 0.25 cos(57x)

cos(5nx), 0<x<0.5
Signal 6  Sg(x) = 3x + cos(10mx) +
0, 05<x<1

To see how well the proposed denoising framework works, different quantitative metrics can be
used to see how close the filtered signal is to the original clean signal. In this work, we focus on two
commonly used metrics: The SNR and the RMSE. These metrics offer additional perspectives on the
efficacy of numerical and learning-based methods in reducing noise while maintaining critical signal
characteristics. The SNR is a logarithmic measure of the ratio between the energy of the real signal
and the noise that is left over after filtering. This tells us how clear the reconstructed signal is and is
given by:

N
D Gex))
SNR = 10log,o| ——— . 3.1)
D (Gex) = S(xi, T))
i=0

Here G.(x;) give us the exact clean signal at certain points, and S((x;, T') provides the denoised signal
at time ¢t = T, which is the last level. A higher SNR value means that the denoising worked better,
which means that the processed signal has more of the original structure than the noise. The RMSE
tells us how different the filtered and real signals are on average. It is characterized by

1 N
RMSE = J ~ zo] (G.(x)) — S(x;, T)). (3.2)

A smaller RMSE means that the reconstruction is more accurate and has less distortion. When used
together, SNR and RMSE give a strong and complementary measure of denoising quality, which
makes it possible to objectively compare numerical schemes and check the reliability of the suggested
fractional diffusion—CNN approach.

In all of our simulations, we used N = 256 grid points, with « = 0.5 for all signals. The strength
and nonlocality of the diffusion process were controlled by the fractional order s. As s gets closer to 1,
the model gets closer to the classical heat equation. This makes smoothing better, which helps get rid
of noise, but it might hide sharp features. The diffusion effect is weaker but more nonlocal when s
is smaller. This helps keep the peaks, but it could cause some noise behind. In these simulations,
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we chose s by finding the best balance between improving the SNR and lowering the RMSE. Our
tests show that moderate values, like s ~ 0.7, are a good balance between denoising performance and
structural accuracy. For this reason, we chose s = 0.7 in our simulations a final diffusion time 7" = 0.3,
and a time step At = 2x 1073, The CNN denoiser learns by predicting the difference between the clean
and noisy signals, Sciean — Snoisy- The final output of the CNN is the predicted difference added to the
noisy input and a short moving-average smoothing filter. We demonstrated the denoising results for
Signals 1-6 using both the FD method and the CNN method for the model equation (2.1). Each signal
had a lot of extra noise added to it at first (initial SNR ~ 5 dB), which made it a tough test for the
denoising algorithms. The SNR and RMSE metrics show how much better the quality of the signal is
and how closely the reconstructed signals match the real signals. Both methods improve the SNR over
the noisy input, but the CNN method always gives the best SNR for each signal. The RMSE values,
which were about 1072, show that most of the important information in the signal is still there after
filtering. Both methods raised the SNR for Signal 1 from 4.98 dB (noisy) to 12.27 dB (FD) and 17.30
dB (CNN). The CNN result had an SNR that was about 5 dB higher and an RMSE that was almost 44%
lower than FD’s (0.08108 vs. 0.14471). This means that it is better at getting rid of noise.

Signal 2 had a similar pattern, where SNR went up from 4.98 dB to 12.83 dB (FD) and 17.16
dB (CNN). CNN again had about 4.3 dB more SNR. The RMSE of the CNN output (0.08053) was
much lower than that of FD (0.13255), which means that the output was more accurate. The CNN
method worked even better in Signal 3. The FD method raised the SNR to 13.32 dB, while the CNN
method raised it to 22.06 dB, which is almost 9 dB more. The CNN reconstruction for Signal 3 had an
RMSE of 1.78 x 1072, which was about one-third of the FD error, which was 4.88 x 1072. This huge
improvement means that the CNN method is especially good at removing noise from signals that have
more complicated features or higher-frequency content. For Signal 4, which was the hardest case, the
FD method did not really improve the SNR (it went from 5.28 dB to 4.99 dB, which was basically the
same), but the CNN method did improve the SNR to 12.56 dB. The FD’s output for Signal 4 had an
RMSE of 7.24 x 1072, which was much higher than CNN’s 3.03 x 1072, The substantial variation in
Signal 4 shows that the learning-based CNN is capable of handling specific noise patterns or signal
features that the fixed FD diffusion process has trouble with. In the end, the CNN method is the best
way to get rid of noise in all four signals because it always has the highest SNR and the lowest RMSE.
This means that it gets rid of noise better and keeps the real signal features better. The FD method
still worked well to get rid of noise in Signals 1-3, which shows that the diffusion model works well
for signals that are just a small amount out of shape. However, it failed to perform as well as the
CNN, especially if problems get really hard, like with Signal 4. The difference in performance is
mostly due to the fractional diffusion operator’s linear smoothing nature. It slowly takes away parts
with high frequencies, which can make sharp shapes look unreal. The CNN, on the other hand, uses
residual learning to perform nonlinear, feature-adaptive filtering, which helps keep localized peaks and
irregular features better.

Due to their complicated content, Signals 5 and 6 are hard test cases: Signal 5 is made up of several
sinusoids, and Signal 6 has a linear trend with high-frequency oscillations and a piecewise discontinuity
at x = 0.5. Both signals were denoised by strong noise (initial SNR ~ 5 dB), which made the task of
removing the noise more difficult. Both methods made the SNR much better than the noisy baseline,
almost doubling it for Signals 5 and 6. In every case, the CNN method always had the best post-
denoising SNR and the lowest RMSE. With FD, the SNR for Signal 5 went from 5.1160 dB (noisy) to
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10.2759 dB, and with CNN, it went up even more to 12.0012 dB. The RMSE went down from 0.0779
for FD to 0.0570 for CNN-sm. Signal 6 showed a similar pattern; the SNR went from 5.0220 dB to
10.8324 dB (FD) and 12.1411 dB (CNN), while the RMSE went from 0.0680 (FD) to 0.0526 (CNN).
The CNN method had about 1.3—1.7 dB higher SNR (about 15%—17% more) and about 20%—-25%
lower RMSE than the FD scheme for these signals. The fact that this kept getting better shows that the
CNN-based method does a better job of getting rid of noise while keeping the signal features for both
complex waveforms.

Figures 4-9 describe the noisy signal, the cleaned-up outputs from the FD-CN and CNN, and
the original clean signal for comparison for Signals 1 to 6, respectively. These comparisons help
us understand how each method smooths things out and changes the details of the signal. These figures
show that both methods can get rid of loud noises. The output curves are much smoother than the
noisy input, and they are closer to the real signal. The CNN outputs are better at matching the original
signal’s peaks than the FD-CN outputs. For instance, the CNN method makes sure that the most
important peaks in each signal are at the right level and in the right place. The FD-CN method, on
the other hand, results in the peak slightly wider or shorter. Signals 3 and 4 indicate what separates
them the best. The CNN reconstruction makes the peaks look sharp and clear, but the FD-CN result
makes them look less sharp. In the flat areas between the peaks, the FD-CN outputs change a little
bit. The CNN outputs, on the other hand, usually have a smoother baseline. These observations match
the data that shows the CNN gets rid of noise more effectively without changing important signal
characteristics. On the other hand, the FD-CN keeps a little more low-level noise and hides certain
features. The Signal 5 plot in Figure 8 shows that both the FD-CN and CNN were able to get very
close to the real sinusoidal waveform by getting rid of noise over a wide range of frequencies. The
CNN output looks more like the original signal’s highs and lows than the FD-CN output does. Both
methods can put the oscillations back together on top of the piecewise linear trend, as seen in Figure 9
for Signal 6. This makes it easier to see the signal.

The denoising tests on Signals 1-6 show that the CNN-based smoothing method works better for
both numbers and words than the FD-CN method. The CNN method always gets better SNR gains and
makes fewer errors. The visual tests also show that the reconstructions are clearer and that the edges
and peaks are still there. The FD-CN method is still a good place to start because it makes most signals
a lot better. But when things get tough, like with Signal 4, it is clear that it has some issues. These
results show that the CNN-driven method works well to get rid of noise in one-dimensional signals
without changing the signal’s quality. The FD-CN method that uses fractional diffusion is also good,
but it might need some work. It still cannot keep up with how learned CNN filters can change to keep
complex signal details.

We used the time-fractional diffusion model with L1 Caputo discretization (@ = 0.9) and spatial
fractional order s = 0.7 on a grid of N = 256 points to get the denoising results for Signals 1 and 2,
which are shown in Figures 10 and 11. The time-fractional derivative adds memory effects to the
diffusion process, which makes the signals that are reconstructed more stable and better at regularizing.
The discrepancy principle chooses the best value for the parameter k = 0.15 for Signal 1. The algorithm
stops at T = 1.2, and the reconstructed signal has an SNR,,, = 4.23 dB and an RMSE = 1.83 x 107!
from an input SNR;, = 5.11dB. When using « = 0.5, final diffusion time 7 = 0.3, and time step
At = 2 x 1073 for Signal 2, the method gives SNR,,, = 3.85dB and RMSE = 1.85 x 10! from an input
SNR;, = 5dB.
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We ran additional tests on real multichannel ECG data from the MIT-BIH Arrhythmia
Database (records: 100, two leads, 360 Hz) to improve the performance of our proposed method.
The model was trained and evaluated using real physiological signals with correlated noise, which is
different from the previous simplified scenario [45,46]. For SNR;, = 5 dB, the CNN improved Lead 1
from 5.00 dB to 8.49 £ 0.51 dB, while the FD-CN (s = 0.70) achieved only 5.39 +0.02 dB. On Lead 2,
which exhibits higher variability, the CNN achieved 4.32 + 1.44 dB compared to 5.28 +0.11 dB for the
FD-CN. These results confirm that the proposed framework has been validated on real multichannel
data under nontrivial noise conditions, shown in Figures 12 and 13, respectively. We then performed an
additional real-world, two-lead denoising experiment (records: 100) under correlated ECG-type noise
at SNR;, = 5 dB, and compared the proposed shallow residual CNN against a small one-dimensional
U-shaped convolutional neural network (1D U-Net) baseline, where both networks were trained using
balanced lead sampling and per-segment normalization to avoid amplitude mismatch between leads.
The results shown in Figures 14 and 15 show that both deep learning models significantly improve the
denoising quality compared to the noisy input, while the U-Net baseline yields slightly higher average
SNR/RMSE improvement than the proposed CNN in this setting, confirming the competitiveness of
the proposed architecture. Overall, this experiment demonstrates that the proposed CNN achieves
strong performance with a lighter architecture, whereas the U-Net provides a stronger but more
complex baseline. We also implemented the classical diffusion model corresponding to the integer-
order Laplacian (s = 1) and compared it with the fractional-order case (s = 0.70) under identical
multichannel real ECG conditions. Numerically, both operators provide comparable smoothing
effects, with the classical model yielding an SNR = 5.33 + 0.06 dB and the FD-CN acquiring an
SNR = 5.34+0.06 dB (average over two leads, 30 segments), shown in Figures 16 and 17, respectively.
This confirms that the improvement observed in the hybrid framework is not solely due to diffusion
strength, but to the structural difference between fractional and classical operators combined with the
CNN refinement stage. The FD—CN diffusion operator performs best with additive white Gaussian
noise. In contrast, the CNN refinement stage improves robustness to structured, correlated, or non-
Gaussian noise, as shown in real multichannel ECG experiments.

The proposed framework integrates fractional nonlocal diffusion with residual deep learning
refinement. This differs from variational and level-set-based segmentation-denoising algorithms, which
primarily focus on region partitioning and edge detection. This hybrid method guarantees spectral
stability while still enabling adaptive feature preservation. The FD-CN scheme requires stepping
through time and solving linear systems for each new signal. The CNN, on the other hand, requires
only one forward pass to denoise. CNN training is computationally expensive initially, but for tasks
that require repeated denoising, inference is much faster.
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Figure 12. Denoising results for Lead 1 under realistic noisy conditions.

Figure 13. Denoising results for Lead 2 under multichannel real-world conditions.
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4. Conclusions

In this work, we introduced a fully discrete numerical framework for denoising one-dimensional
signals utilizing the fractional diffusion equation. A centered finite difference scheme was used
to discretize the fractional Laplacian, and the CN method was employed to construct a second-
order, unconditionally stable temporal integrator. An e-pseudospectral analysis of the discrete
diffusion operator further confirmed stability, demonstrating its robustness under perturbations.
To enhance the denoising capability, a CNN was incorporated as a supplementary data-driven
module, enabling nonlinear noise suppression beyond the capability of the linear PDE model.
Numerical experiments on synthetic noisy signals showed that the proposed hybrid fractional diffusion-
CNN approach outperforms diffusion-only methods in terms of SNR and RMSE, consistently
recovering the underlying signal with higher accuracy. Furthermore, the framework was extended
to multichannel real-world ECG data, where correlated noise across multiple leads was considered.
The results confirmed that both the fractional diffusion model and the hybrid diffusion CNN
approach remain robust under realistic data conditions, with the hybrid strategy achieving improved
reconstruction quality. These findings demonstrate that the combined numerical-learning methodology
provides a reliable and effective tool for signal restoration, with strong potential for applications
to multichannel biomedical data and more advanced fractional models. The outlined fractional
diffusion—CNN framework can be adapted for two- and three-dimensional datasets, including images
and volumetric signals.
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