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Abstract: This study developed a finite difference method (FDM) for a time-fractional inverse
problem associated with Schrodinger partial differential equations. The main objective of the inverse
problem is the simultaneous identification of the unknown source function p(x) and the state variable
w(t, x). The mathematical model involves the Caputo fractional order derivative (CFOD) of order
0 < @ < 1 and incorporates a spatially variable diffusion coefficient a(x), which significantly
increases the complexity of the problem compared with constant-coefficient models. Homogeneous
Dirichlet boundary value conditions (DBVCs) were imposed on the spatial domain. For the numerical
discretization, the time-CFOD was approximated using a consistent L1-type scheme, while the spatial
derivatives were discretized by second-order central finite difference schemes (FDSs). Stability
estimates and convergence properties of the proposed numerical scheme are rigorously established
using discrete energy techniques. The analysis shows that the method achieves a convergence order
of O(>® + h?*). To validate the theoretical results, numerical experiments were performed for two
benchmark problems with diffusion coefficients a(x) = x>+1 and a(x) = x*+1. The obtained numerical
results confirm the effectiveness and robustness of the proposed approach. Graphical comparisons
illustrate the behavior of solutions for different fractional orders as time evolves, while error tables
demonstrate that the fractional-order solutions provide more accurate approximations to the exact
solution than the corresponding integer-order case.
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1. Introduction

Over the past decades, fractional partial differential equations (FPDEs) have garnered significant
interest owing to their ability to model hereditary and memory properties found in numerous
biological, physical, mechanical, and engineering processes. Applications naturally arise in fields
such as anomalous diffusion, viscoelastic materials, groundwater flow, signal processing, and
financial mathematics. The growing theoretical and computational interest in FPDEs has led to the
development of various analytical and numerical methods for their solution. Recent works include
stability analyses and numerical schemes for fractional telegraph equations [1], the inverse problems
for identifying time-dependent terms in fractional diffusion models [2, 3], and robust semi-analytical
techniques for nonlinear fractional equations such as the Burgers-Huxley and Schrodinger
equations [4, 5]. Spectral and wavelet-based approaches have also been widely employed; for
instance, Gegenbauer wavelets for nonlinear Klein-Gordon equations [6], generalized Jacobi-Galerkin
methods for multi-term diffusion-wave equations [7], and Haar wavelet techniques for fractional
advection-diffusion equations [8].

In the context of fractional Schrodinger-type equations, which are of particular interest in quantum
mechanics and wave propagation with memory effects, both decomposition methods and FDSs have
been investigated. For example, Modanli and Bajjah [9] studied a time-fractional Schrodinger
equation using a double Laplace decomposition method combined with the FDM. Despite these
advances, the numerical solution of inverse time-fractional Schrodinger-type equations, especially
those with variable diffusion coefficients, remains a challenging and relatively underexplored area.
Such inverse problems are inherently ill-posed and require carefully designed stable numerical
schemes. Fractional-order Schrodinger partial differential equations (FOSPDEs) are attracting
increasing interest due to their ability to model memory and inheritance effects arising in quantum
diffusion, anomalous transport, and non-local interactions [10]. When such models are combined with
inverse problems where unknown parameters or source terms need to be defined from limited
observations, analytic solutions become impractical or unusable. This motivates the development of
robust and accurate numerical techniques. Among various approaches, the FDM offers a systematic
and efficient framework for decomposing fractional operators while preserving the fundamental
physical structure of the governing equation. Its flexibility in handling inverse formulations, its
stability under grid refinement, and its compatibility with fractional time derivatives make it
particularly suitable for solving fractional inverse Schrodinger-type problems.

Among FOSPDEs, time-dependent fractional diffusion and the inverse problems play a significant
role in describing diffusion processes with non-local temporal behavior. Compared to classical
integer-order equation models, fractional-order models provide a more accurate description of
long-range temporal dependence. The non-local structure of fractional derivatives fundamentally
hinders both analytical progress and the development of efficient numerical methods. In this study, we
focus on a class of inverse initial boundary value problems (IBVPs) governed by FOSPDEs. Our aim
is to construct a stable and convergent finite difference scheme (FDS) that can accurately capture the
solution behavior for different spatially varying diffusion coefficients. Based on both their theoretical
importance and practical relevance, we examine two representative cases: a(x) = x> + 1 and
a(x) = x>+ 1.

The following points summarize the core contributions of the current study:

AIMS Mathematics Volume 11, Issue 3, 7183-7206.



7185

e An FDM discretization for time-fractional and space diffusion inverse Schrodinger problems is
constructed.

e Rigorous stability estimates and convergence results have been achieved.

e Obtained numerical simulations with MATLAB to validate the theoretical analysis for multiple
diffusion profiles.

Many studies have been conducted in the literature regarding the inverse problems for PDEs. In [11],
the authors investigated a time-dependent source identification problem based on integral
overdetermination. They established stability and coercive stability inequalities for the solution and
employed an FDM to compute approximate solutions for the inverse elliptic problem subject to
DBVCs [12]. Using positive-definite operators in a self-adjoint Hilbert space, the stability of the
time-dependent source identification problem for the Schrodinger equation was established in [13].
Subsequently, [14] addressed the inverse problem of recovering a stationary source for the
Schrédinger evolution in a bounded domain of R under DBVCs, using a single time-dependent
Neumann boundary measurement to account for a discontinuous principal coefficient a(x). Further
contributions include the study of initial and NBVC problems for linear one-dimensional time
FOSPDEs of order @ € (0,1] in the Caputo sense [15]. Similarly, one-dimensional linear
time-dependent Schrodinger and IBV problems were investigated in [16]. Recent applications of the
inverse problems extend to precision alignment in optics, where inverse methods were used to
determine the relative orientation of space mirrors [17], and to the extraction of implicit field costs via
inverse optimal transport models [18]. The inverse problem of identifying space- and time-dependent
source terms in the Schrodinger equation with dynamic boundary conditions from final data was
studied in [19]. In a related context, [20] investigated the recovery of a time-dependent source term
for the heat equation governed by two NBVCs. More broadly, the inverse problems for fractional
differential equations have attracted considerable attention. For instance, Huntul [21] studied inverse
source problems for multi-parameter space-time fractional equations involving bi-fractional Laplacian
operators. Higher-order models have also been considered; for example, the inverse recovery problem
for sixth-order Boussinesq-Love equations was addressed using septic B-splines in [22]. From a
computational perspective, hybrid projection strategies for large-scale inverse model problems were
surveyed by Chung and Gazzola [23], highlighting modern numerical techniques for such ill-posed
problems. Robin boundary value problems and Bratu-type equations were studied by using a compact
combination of second-kind Chebyshev polynomials [24]. They investigated a collocation-based
numerical method for solving the third-order Gilson—Pickering equation (GPE) and the classical
Rosenau-Hyman equation (RHE) [25]. The authors of [26] used specific polynomials to solve some
DEs, which are generalizations of the first kind of Chebyshev polynomials.

Despite the substantial developments in the numerical analysis of PDEs, much of the existing
research has mainly focused on direct problems with constant coefficients. However, inverse
formulations for time-fractional Schrodinger-type equations have attracted comparatively less
attention, particularly in the presence of spatially variable diffusion coefficients. The introduction of a
variable diffusion coefficient leads to a non-uniform differential operator, which increases the
complexity of both the mathematical analysis and the numerical implementation. In addition, the
simultaneous identification of the unknown source function p(x) and the state variable poses further
computational challenges. Motivated by these issues, this study considers an inverse problem for time
FOSPDEs with a variable diffusion coefficient a(x) and an unknown spatial source p(x). To efficiently
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approximate the solution, an FDS based on the L1-type discretization of the Caputo fractional order
derivative (CFOD) is developed, and the stability and convergence properties of the proposed
numerical method are rigorously analyzed. It is worth emphasizing that the present study considers a
spatially variable diffusion coefficient a(x), which distinguishes the proposed model from many
existing studies that assume constant diffusion parameters. In practical physical systems, diffusion
properties often vary across the spatial domain due to heterogeneity in the underlying medium.
Incorporating a variable coefficient, therefore, provides a more realistic mathematical description of
the process, but it also introduces additional analytical and numerical challenges since the governing
operator becomes spatially non-uniform. The proposed numerical framework is designed to
effectively handle this variability while maintaining stability and convergence of the solution.

In this study, the CFOD is adopted instead of the Riemann-Liouville derivative due to its
suitability for modeling physical problems with classical initial conditions. In particular, the Caputo
formulation allows the initial conditions to be expressed in terms of integer-order derivatives of the
unknown function, which have clear physical interpretations in many applications. In contrast, the
Riemann-Liouville derivative requires fractional-order initial conditions that are often difficult to
interpret and implement in practical problems. For this reason, the Caputo derivative is widely
preferred in the modeling of time-fractional evolution equations, including fractional
Schrodinger-type models, where the initial state of the system is naturally given in terms of standard
physical quantities.

In the current study, we examine an inverse problem governed by a time-FOSPDE. The
mathematical model is described by

ow(t, x)
ox

i$DYw(t, x) — %(a(x) ) = p(x) + f(¢,x), (t,x) €(0,T)x(0,0), (1.1)

wherei = V-1 , gD;’w(t, x) signifies the CFOD, «a € (0, 1], a(x) > 0 is a spatially dependent diffusion
coefficient, p(x) is an unknown time-independent source, and f(z,x) represents a known
time-dependent source term. The unknowns of the inverse problem are the pair (w(t,x), p(x))
satisfying (1.1). Since the function w(¢, x) possesses the partial derivative %—VIV, it is continuous with
respect to ¢t on [0, T]. Therefore, the evaluation of w(z, x) at a fixed time ¢ is well-defined. The
equation is supplemented with the initial and interior measurement conditions

w(0, x) = ¢(x), x €[0,¢], (1.2)
w(4d, x) = O(x), 1€(0,7), (1.3)

and homogeneous DVBCs
w(t,0) =0, w(t, ) =0, te[0,T]. (1.4)

Here g Dw(t, x) stands for the fractional derivative in the notion of Caputo with order . The CFOD «
for a sufficiently smooth function w(z, x) is defined as

" 1 L ow(t, x) o
gD,w(z,x)zr(l_a)fo S (-D7dr,  O0<a<l (1.5)
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In the limiting case o = 1, the Caputo derivative reduces to the classical first-order derivative, namely,

ow(t, x)
ot

The primary goal of the ongoing research study is to develop a stable and convergent FDS to solve
the above inverse problem governed by an FOSPDE, and to analyze its numerical performance for
different choices of the diffusion coefficient a(x).

The remainder of this paper is organized as follows. In Section 1, the introduction and motivation for
the study are presented. Section 2 provides the exact solution of the problem and establishes stability
estimates for problem (1.1). In Section 3, an FDS is developed for the inverse problem associated with
problem (1.1). Section 4 presents numerical results, including benchmark tests and error analysis, to
validate the theoretical findings and figures. Finally, Section 5 concludes the paper with a summary of
the main results and possible directions for future research.

g Dt1 w(t, x) =

: (1.6)

2. Exact solution and stability estimates for the inverse problem

In this section, we present the exact solution of model problem (1.1) and establish stability estimates
for both the solution w(z, x) and the inverse source function p(x).

2.1. Abstract form for the exact solution
Let the spatial operator be defined as follows:

0

Aw(x) = " (a(x) Iwix)

0x

), x €(0,0),

where the domain D(A) is given by
D(A) = H*(0,£) N Hy(0,0),

subject to the homogeneous DBVC
w(0) = w(€) = 0.

This ensures that A is self-adjoint and positive definite. Suppose that a(x) € C'([0,£]) and a(x) >
ap > 0. Then the operator A admits eingenpairs {( s,, )}, satisfying A r,(x) = s, r,(x), r,(0) =
r,(€) = 0, where { r,,} forms an orthonormal basis of L*(0, £) and s, > 0. We expand the solution and
the given data as follows:

Wit 0 = D Wa® 1), PO =D para(®),  f6,0)= )" Fil0) 1. 2.1)
n=1 n=1

n=1

By inserting the equations (2.1) into (1.1) yields the fractional ODE
iSDIYW,(1) + s,W,(t) = pu + (), O<a<l. (2.2)

Using the Laplace transform method and formulas (2.1), one can find the exact solution of the model
problem (2.2) as follows:

Wn(t) = ¢nEa(1 Snta) - 1 f (l - T)a_lEa,a(i sn(t - T)a) (pn + fn(T)) dT’
0
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where ¢, = (¢, r,) and E,, E,, are Mittag—Lefller functions. Finally, the exact solution of the model
equation (1.1) is given by

(o)

w(t, x) = Z [¢nEa(i Sal") —1 f (1 = 1) Eqo(i 52(t = DY) (pa + fu(D) d | 1, (). (2.3)
0

n=1

To avoid degeneracy of the diffusion operator and ensure the ellipticity condition a(x) > ay > 0, we
choose the diffusion coefficient as a(x) = x*> + 1 and a(x) = x> + 1. This guarantees a(x) > 1 for all
x € [0, xr], so that the stability estimates in the following Theorems 2.1 and 2.2 remain valid.

2.2. Stability estimate for the exact solution

Theorem 2.1 (Stability estimate with explicit dependence on o and T'). Let w(t, x) be the solution given
by formula (2.3). Suppose that ¢ € L*(0,€), p € L*0,0), f € L*0,T;L*0,¢)). Then, there exists
a constant C,(T) > 0, depending explicitly on the fractional order a and the final time T, such that

[w(, 2.0 < CQ(T)(||¢”L2(O,€) + Ipllz2.0) + ||f||L2(0,z;L2(o,f))), te[0,T]. (2.4)

Moreover, for any finite T > 0, the constant C,(T) remains bounded and exhibits mild growth as
a— 0",

Proof. Using the representation formula (2.3), the solution w(¢, x) can be expanded in terms of the
eigenfunctions of the Laplace operator. The expansion coefficients involve Mittag—Leffler functions:

E,(is,1%), 1" E g o(isnt™),

where A, are the eigenvalues and i = V—1. From known bounds for Mittag—Leffler functions with
complex arguments (see, e.g., [27]):

|E,(ist™)] < C,(T), [t Eyo(ist™)| < C(T), t€]0,T],

where the constant C,(T) depends on « and the final time 7. For finite T', C,(T") remains bounded, and
as & — 0%, it shows mild growth due to the factor *~'. Applying Parseval’s identity and the triangle
inequality to the series expansion gives

[w(, 2.0 < Ca(T)(||¢||L2(0,f) + Ipll2.0) + ||f||L2(0,z;L2(0,{f))),
which proves the stability estimate (2.4). O

Here, C, > 0 denotes a generic constant depending only on the fractional order @ (and possibly on
T and the coefficient a(x)), but independent of w, ¢, p, and f.

2.3. Stability inequality for the inverse source

Suppose that the final-time observation
w(d,x) = D(x), A€(0,T],

is given.
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Theorem 2.2 (Conditional stability of the inverse source). Assume w(d,x) = O(x) is present and
suppose the hypotheses of the previous theorem hold. Then the inverse source p(x) satisfies the
following stability inequality:

pll20.0 < C (||(D||L2(o,e) + @l 20,00 + ||f||L2(O,/l;L2(O,€))) , (2.5)
where C > 0 depends on «, A, and A;.
Proof. Evaluating formula (2.3) at t = A yields

A
q)n = ¢nEoz(iSn/la) —-1i f (ﬂ - T)Q_1E’a,a(isn(/1 - T)a) (pn + fn(T)) dT-
0
Let N
A, =—i f A =1 Eyalis,(d — 1)) dr.
0
Then, .
ch = (bnEa(isn/la) + Anpn - 1f (/l - T)a_lEa,a(isn(/l - T)a) fn(T) dT-
0

Since s, > 0, the argument of the Mittag—Lefller function is non—zero. Moreover, the function E, ,(2)
is continuous and does not vanish in the considered sector of the complex plane. Therefore, there exists
a constant ¢ > 0 such that:

|Ecw(isn(/l - T)“)| > c, 0<r<a

Consequently,

4 C
1A, > ¢ f A-1)*'dr==2">0.
0 (04

Hence, the coeflicient A, is bounded away from zero, and the above relation can be solved for p,.
Using the boundedness of the Mittag—Lefller functions, we obtain

A
|pn|s0(|<1>n|+|¢n|+ fo Ifn(T)ldT).

Finally, applying Parseval’s identity yields the stability estimate (2.5). O

Remark 2.1. Estimate (2.5) demonstrates that the inverse source problem is conditionally stable,
which is characteristic of the inverse problems governed by fractional-order Schrodinger parabolic
differential equations.

3. FDS for the inverse problem

Let the space and time domains be discretized as follows:
x,=nh, n=0,1,...,M, and th=kr, k=0,1,...,N,

where h = % and 7 = % The L1 scheme approximated for the Caputo derivative formula (1.5) at
t =ty 18

k
1 . .

Cpna,, n+l OS2 R

oDiWT & —T"F(Z 2 j:EO b; (wj w; ), (3.1
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where b; = (j + 1)!7* — j'=%. In formula (1.1), the diffusion operator is (a(x)aw(’ "))x.
9 )k 1[ —wh) — ) 3.2
o a(x)wy = 1(wnJrl wh) an_%(wn wh DI, (3.2)
with a ntl =a(x,, 1 ). Using formulas (3.1) and (3.2) in formula (1.1), we can obtain

k-1

) 1 . e 1 ;
1m§bj(wﬁf—wﬁ’1)—ﬁ[an+;(wn+1—wﬁ)—a 1(w —w 1)] p(x,) + f(t, x,), (3.3)

where u = 7°T'(2 — a)/h?, and

wk = 2wk + Wk
n

owh = - I - (3.4)
denotes the standard second-order central difference operator in space. Now, we will establish the
unconditional stability and convergence of the present FDS. Let 2 = Ax denote the spatial mesh size.

The discrete L? norm is defined by

M-1
IsI? =1 ) I = (s, 9),

=1
where (s, r) denotes the corresponding discrete inner product defined by

M-1
(s,r)=h St

=1
Lemma 3.1. The LI coefficients

b] — (] + 1)1—(1/ _ jl—a/, k > O,

satisfy
k
bj>0, bj>bj+1, ij:(j+1)l_a.
Jj=0
Proof. The proof follows directly from the monotonicity of the function x'~* for 0 < @ < 1. O

Lemma 3.2 (Discrete fractional energy inequality). For any grid function {wX},
k
Z bj(wk+1—j — Wk Wk+1) > = (||Wk+1||2 _ ||Wk||2)-
=0
Proof. Using summation by parts and the positivity of b;, we get
1
W —wf ot > E(IIWMII2 — W 1P,

while the remaining terms are nonnegative due to Lemma 3.1. O
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Remark 3.1. In the proof of Theorem 3.2, the discrete fractional energy inequality (Lemma 3.2) is
applied to establish stability. Since the diffusion coefficient a(x) is variable, the standard discrete
Laplacian must be modified to a weighted form:

|52Wn,

_ 2
(LnW)n = @y 1OWn = @, 10}

where a,.\ > are the values of a(x) at the half-grid points. This weighting ensures that the coercivity of
the discrete operator is preserved, i.e., the contribution of w, to the discrete energy functional properly
reflects the spatially varying diffusion. Consequently, when Lemma 3.2 is applied, the inequality

k

k+1—j k—j | k+1 k+1112 k2
Db Ty > (A - )
j=0

| =

remains valid, with the discrete inner product implicitly incorporating the weights an.12. This
highlights how the variable diffusion affects the discrete energy while maintaining stability.

Remark 3.2. Lemma 3.2 holds under the assumption of uniform time steps 1, = kt for all k. For
non-uniform time steps, the LI-type coefficients b; depend on the varying step sizes, and the discrete
fractional energy inequality requires a more careful analysis, in general, Lemma 3.2 cannot be directly
applied without modification.

3.1. Stability analysis

Before proceeding to the stability proof, we note that the imaginary unit i in eq (3.3) does not
affect the norm of the discrete solution in the standard L*-type discrete energy functional. Specifically,
taking the discrete inner product of both sides of (3.3) with w*! (the complex conjugate) and applying
the real part operator R(-) eliminates i, ensuring that the resulting energy estimate involves only real
non-negative quantities. This justifies the use of the discrete energy method for establishing stability,
despite the presence of the complex coeflicient.

Theorem 3.1 (Unconditional stability). The fully discrete FDS for the time-fractional inverse
Schrodinger problem is unconditionally stable in the discrete L*-norm.

Proof. Consider the fully discrete scheme

k
iZ bW — Wy — (an+%(5xwﬁ+% —a, 16w ) =1TQ2 - a)f*.
=0

2 n-x

Taking the discrete inner product with w&*! and summing over j = 1,..., N — 1, we obtain
k
iZ bj(wk+1—1 — Wk Wk+1) _ﬂ(‘cmwk,wkﬂ) = T2 - a,)(fk’wkﬂ),
=0

where £,, denotes the discrete diffusion operator. By discrete integration by parts, the operator £,

satisfies:
M-1

(L,v,v) = Z Ayl

n=0

|2

5xvn+% >0, Vv
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Hence, the mixed term (£,,w*, w**!) is estimated using the Cauchy—Schwarz and Young inequalities:
|(Lw*, W) < ells w1 + Collw 1P

Taking the imaginary part of the inner-product equation and applying Lemma 3.2 for the convolution
coeflicients {b;} yields
WP = TP < CelL .

Applying the Cauchy—Schwarz and Young inequalities to the right-hand side, we arrive at
WP < WP+ CrollfIP.

Iterating the above inequality with respect to k gives
k
P < WL+ O IR,
=0

which proves that the numerical solution remains bounded independently of the step sizes 7 and .
This completes the proof. O

3.2. Convergence analysis

Let W* = w(z, x,) demonstrate the exact solution evaluated at grid points, and define the global
error
eh = wh -k

Lemma 3.3 (Local truncation error). Assume w(t,x) € C*([0, T1; H*(0, ¢)). Then the local truncation

error satisfies:
75 < C(x* + h?).

Here, T* denotes the local truncation error of a numerical scheme at the k-th time step.

Proof. The L1 approximation for the Caputo derivative operator has accuracy O(r>~), while the central
difference approximation of the spatial operator is second-order accurate. O

Theorem 3.2 (Convergence). Let w(t, x) be the exact solution of the continuous problem and Wlf; be the
numerical solution. Then

Iw(t, ) —whll < CG** +h?), 0<k<N.

Proof. Deriving the numerical scheme from the exact discrete equation gives the error equation
k
iz bj(ek”_f — N —p Lt =T - )T,
Jj=0

Applying the same energy argument as in Theorem (3.1) and using Lemma (3.3), we have
||en+1||2 < ”enllz + C(TZ—a + h2)2.

A discrete Gronwall inequality completes the proof. O
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Remark 3.3. Since the governing eq (1.1) contains the imaginary unit i, the solution w(t, x) is complex-
valued. In the numerical implementation, the discrete solution is stored as complex numbers, and
all operations are performed in the complex domain. For clarity, one can equivalently consider the
real and imaginary parts separately: if w = u + iv, then the scheme can be written in terms of the
coupled real system for (u,v). However, the discrete energy functional used in the stability analysis
of Theorem 3.2 naturally accounts for the complex inner product (w,w) = 3, w,W,, which implicitly
incorporates the contributions of both the real and imaginary components. Therefore, the stability
estimate holds for the full complex-valued solution without requiring additional separation of real and
imaginary parts. In MATLAB, the complex solution w* can be stored directly as a complex array, and
all linear algebra operations (e.g., multiplications, inner products) automatically handle both real and
imaginary components.

Remark 3.4. While this section focuses on the error analysis for the state variable w(t,x), it is
important to note that, in the context of the inverse problem, the convergence of the unknown source
p(x) is equally significant. Let Wapprox(A, X) denote the numerical solution at the measurement time
t = A. The reconstruction of p(x) typically relies on a relation of the form

Wapprox(A, X) — other terms
A ’

puppr()x(x) =
so that the error in w at t = A propagates directly into the error of pupprox(x). Thus, one can bound

lP(X) = Papprox(OIl < ClIW(A, X) = Wapprox(A, 2,

where C depends on the inverse formula and the diffusion coefficient a(x). A rigorous derivation of
this bound is an important extension and will be included in future work. This remark emphasizes the
connection between the state variable error and the accuracy of the reconstructed source.

Remark 3.5. One of the main computational challenges of L1-type FDSs for fractional PDEs is the
nonlocality of the Caputo derivative, which requires storing all previous time steps. For a uniform
grid with N time steps and M spatial points, the memory requirement is O(N - M), and the total
computational complexity is O(M - N?). In the present implementation, no acceleration techniques
such as the sum-of-exponentials (SOEs) approximation or fast convolution methods were employed;
the full L1 memory is retained. For larger N, one can significantly reduce memory and computational
cost using these acceleration strategies, which is an important direction for future work.

Remark 3.6. As the diffusion coefficients a(x) = x* and a(x) = x> vanish at the boundary x = 0, the
solution gradients may become steep in that region. On a uniform spatial grid, these sharp gradients
could reduce the local accuracy, potentially affecting the global 2 —a convergence order. To accurately
capture the boundary behavior, a graded mesh with finer spatial steps near x = 0 or adaptive temporal
steps can be employed. Such non-uniform grids concentrate points where the solution changes rapidly,
thereby maintaining the theoretical convergence order. In the present work, to avoid the singularity at
x = 0, we have considered the modified coefficients a(x) = x* + 1 and a(x) = x> + 1, which are strictly
positive, ensuring uniform ellipticity and allowing a uniform grid to be sufficient for the intended
accuracy.

AIMS Mathematics Volume 11, Issue 3, 7183-7206.



7194

4. Numerical results

In this section, two examples are presented to validate the proposed FDM for the FOSPDE:s.
Numerical experiments are carried out to verify the stability and accuracy of the given method. A
manufactured exact solution satisfying the IBC is employed to evaluate the numerical error. An
algorithm of the FDM for the FOSPDEs can be given as follows:

(1) Initialization of parameters: Set the fractional order a € (0, 1], spatial domain [0, €], and final
time 7. Choose the number of spatial and temporal grid points M and N, and define

Construct the spatial grid x, =nh,n=0,1,..., M, and time grid t, = k7, k=0,1,...,N.
(2) Compute L1 fractional weights: For the CFOD, compute the L1 coefficients

by =(j+ )i~ —j, j=0,1,...,N-1.

Define the scaling constant
1

IrQ2-a)r

(3) Apply the initial condition: Initialize the numerical solution matrix

C(y =

wl =@ - Dsin(x,), n=0,1,...,M.
(4) Construct the finite difference system: For each time level k = 1,2,..., N, form the tridiagonal
matrix A corresponding to the spatial operator
0 ow
“ax (a(x)a) ,

where a(x) = x> + 1. The coefficients are computed using
h\3 h\3
an+%:(xn+§) +1, an_%:(xn—i’) + 1.

(5) Evaluate the fractional history term and source function: Compute the memory term

k-1

k _ k+1-j k—j
Hn_ij‘*'l(Wn ]—Wn J),

J=1

and evaluate the source function
f(t,x) = (éF(a + AP+ (7 + D) - 1) sinx — 3x%(1** = 1) cos x.
Then, assemble the right-hand side vector.
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(6) Solve the linear system and compute the error: Solve the system
Aw"! = RHS

to obtain the numerical solution at the time level k + 1. After completing all time steps, compute
the maximum error

E = mE}{X |W(-xna tk) - Wexact(xn’ tk)l )
n,
where the exact solution is

Wexact(ta X) = (ta+3 - 1) sin x.

Using the FDM for the inverse problem FOSPDEs, we will apply two numerical examples.
Example 1: This example presents an application of model (1.1) with IBVCs:

a(x) = x> + 1,

p(x) = —(x* + 1) sin x,

w(0,x) = —sinx, x€[0,n],

w(%,x) = ((%)"+3 - 1) sinx, xe[0,x], A=
w(t,0) =0, w(m)=0, rel0,1],

4.1

1
27

1
f(t,x) = (gt3f‘(a/ +4)i+ (% + 1):‘”3) sin x — 2x(t*** — 1) cos x.

Using the FDM and formula (3.3), we can get the following Figures 1-11 and Table 1. Figure 1 shows
the absolute error between the exact and numerical solutions obtained by the FDM. The small
magnitude and smooth distribution of the error indicate that the numerical scheme provides an
accurate approximation over the entire computational domain. The heatmap visualization provides a
clear physical interpretation of the solution evolution, where the gradual transition of color intensity
reflects the nonlocal temporal memory effect associated with the fractional order @ = 0.75 in Figure 7,
leading to slower diffusion compared to the classical case where @ = 1 in Figure 8.

Ermror surface

%1074

Figure 1. Three-dimensional error surface plot for @ = 0.5 obtained using M = 100 spatial
grid points and N = 200 time steps (h = n/M, Tt = 1/N) on the domain 0 < x <7, 0 <r < 1,
a(x) = x> + 1.
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Figure 2. Three-dimensional exact surface plot for o
0<t< 1 u(t,x) = (£ - 1)sinx.

08

Exact Solution for o = 0.5

:

= 04

0.2

0

1

4
05 3
2
5
t 0 0 X

0.5 on the domain 0 < x < 7,

Numerical Solution fora = 0.5

Figure 3. Three-dimensional approximate solution surface plot for @ = 0.5 obtained using
M = 100 spatial grid points and N = 200 time steps (h = n/M, v = 1/N) on the domain

0<x<m0<t<l,a(x)=x*+1.

0.2

Re(w(1.5708,1))
& & &
o - (&} o

o
=

-12

Time evolution at x = 1.5708 for different «

02 03 0.4 05 08

t

Figure 4. Comparison of numerical solutions for diverse fractional orders @ = 0.25,0.5,0.75,
and 1, illustrating the influence of the fractional order on the solution behavior.
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08

oxact

-

Exact Solutien for o = 0.75

06
2 04
02
0
4
05 3
2
P
t 0 o x

Figure 5. Three-dimensional surface plot of the exact solution corresponding to @ = 0.75,
illustrating the space—time behavior of the fractional inverse parabolic model on 0 < x < 7

and0 <r< 1.

08

-

x<mand 0 <tr<1.

Time t
o
o

o

Numerical Solution fore = 0.75

Rotated Heatmap of |w(t,x)| for o = 0.75

0 05 1 15 2 25 3

Space x

3 06
=

0.4
0.2

o

4
05 &
2
1
t 0 o x

Figure 6. Three-dimensional surface plot of the approximate solution corresponding to «
0.75, illustrating the space—time behavior of the fractional inverse parabolic model on 0

a

IA

Figure 7. Heatmap representation of the numerical solution for @ = 0.75 obtained with M =
100and N =200 (h =n/M,7=1/N)on 0 < x <m, 0 <t < 1. Warmer colors correspond to
higher solution amplitudes, while cooler colors indicate lower values, illustrating the gradual
diffusion and long-memory effects inherent to fractional inverse parabolic dynamics.
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Rotated Heatmap of |w(t,x)| for & =1

1 1
0.9 09
0.8 0.8
07 07
08 08
05
0.4 04
0.3 03
02 02
0.1 0.1

o o

o 05 1 15 2 25 3

Time t
o
=

Space x

Figure 8. Heatmap representation of the numerical solution for @ = 1 obtained with M = 100
and N =200(h =n/M,7=1/N)on0 < x <m0 <t < 1. Warmer colors indicate higher
solution amplitudes, while cooler colors correspond to lower values, revealing the gradual
diffusion and long-memory behavior characteristic of fractional inverse parabolic dynamics.

Mass evolution, o =0.75

0.8

Mass

0.6

0.4

0.2

o
0 01 0z 0.3 04 05 06 07 08 09 1

t
Figure 9. Time evolution of the discrete mass corresponding to @ = 0.75, illustrating the
non-conservative and memory-dependent nature of the fractional inverse parabolic model.

Log-decay of Mass, o = 0.75

log{Mass)
B
S

0 01 02 0.3 04 05 06 07 08 09 1
t

Figure 10. Logarithmic decay representation of the discrete mass decay for @« = 0.75,
highlighting the slow, memory-driven dissipation induced by the CFOD.
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Figure 11. Logarithmic representation of the discrete mass decay for @ = 1, highlighting the

10!

Log-decay of Mass, o« =1

0

0.1

02 03

04 05 06

07 08 09 1

slow, memory-driven dissipation induced by the integer-order derivative.

Table 1. Comparison of CPU time, memory usage, error norms, and fractional memory cost

(FMC) for different @ and N

a N CPU Time (s) Memory (MB) Max Error (L,,) L2 Error FMC
0.25 50 1.11 x 107! 4.16 x 1072 3.18 x 107* 1.41x10™* 1.00
100 6.56 x 1072 8.24 x 1072 3.12x 107 1.37x10™*  0.59

150 1.05x 107! 1.23 x 107! 3.11x 107 1.36 x 107 0.94

200 1.54x 107! 1.64 x 107! 3.10x 107* 1.35x10™*  1.39

0.50 50 1.78 x 1072 4.16 x 1072 4.62x 10 220%x 107*  1.00
100  4.35%x107? 8.24 x 1072 3.58 x 107* 1.66 x 10™*  2.44

150 8.58 x 1072 1.23 x 107! 3.40 x 107* 1.54x 10™* 4.82

200 1.41x 107! 1.64 x 107! 3.33x 107 1.49x 10™* 791

0.75 50 2.09 x 1072 4.16 x 1072 2.04 x 1073 7.48 x 107 1.00
100 4.96 x 1072 8.24 x 1072 9.06 x 107 3.92x107*  2.37

150 8.75x107? 1.23 x 107! 6.22 x 107* 292x107*  4.19

200 1.41x107! 1.64 x 107! 5.34x107* 247 x107*  6.74

1 50 2.01 x 1072 4.16 x 1072 1.31 x 1072 3.94x 107 1.00
100 9.60 x 1072 8.24 x 1072 6.81 x 1073 2.10x 1072 4.77

150 8.81x107? 1.23x 107! 4.63x1073 1.47 x 107 4.38

200 1.39x 107! 1.64 x 107! 3.53x 1073 1.15x 107 6.92

The logarithmic decay plot (Figure 10) of the mass provides complementary information to the
standard mass evolution curve. Although the mass evolution in Figure 9 illustrates the global temporal
behavior of the solution on a linear scale, the log-decay representation reveals the long-time dissipation
rate more clearly. For @ = 0.75, the nearly linear trend in the logarithmic scale indicates a slow, history-
dependent decay, which is characteristic of fractional-order dynamics. This behavior contrasts with the
classical case where @ = 1, where a steeper slope is observed, corresponding to faster mass dissipation.
The agreement between the mass evolution and its logarithmic decay confirms the numerical stability
of the proposed scheme and the physical consistency of the fractional inverse parabolic model. Three-
dimensional surface plots, heatmaps, and log-decay error curves confirm excellent agreement between
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exact and numerical solutions for various « values.

Remark 4.1. The inverse problems are well known to be sensitive to measurement errors. To assess
the robustness of the proposed method, it would be valuable to include a ’noisy data” test where the
measurement at t = A is perturbed, e.g.,

Whoisy(4, X) = w(d, x) + &(x), |le(x)|| < 1. 4.2)

This allows us to examine how errors in the observed data propagate into the reconstruction of the
unknown source p(x) and to quantify the stability of the numerical scheme under realistic measurement
conditions. Such a study could be included in future work or as an additional numerical experiment.

Figure 12 shows the effect of additive Gaussian noise on the exact solution of the fractional model
for different noise intensities. The computational domain is discretized using M = 50 spatial grid
points and N = 100 temporal grid points.

1% noise 3% noise 5% noise

0
0
0.1
0
02 02 o1 02
0.2
0 0 02 0
0.2
0.2 03 02 03 02
0.4 0.4 0.4 -0.4 0.4
0.4
0.6 0s 06 05 06
08 08 06 08
0.6 ) 0.6
-1 -1 07 -1
-0.7
1.2 1.2 1.2
-0.8 -0.8
1 08 N
3 3 09 3
-0.9
05 \ 5 05 2 . . 4
1 -1 1 1
t t t
0o x 0 o x 0 o

Figure 12. Comparison of noisy observational data for different noise levels (1%, 3%,
and 5%) added to the exact solution for @ = 0.75. The results illustrate the sensitivity of
the inverse problem to measurement errors and demonstrate the robustness of the proposed
numerical scheme.

Example 4.2: This example presents an application of model (1.1) with IBVCs:

a(x) = 2+ 1,

p(x) = —(x* + 1)sin x,

w(0,x) = —sinx, x € [0,n],

w(%,x) = ((%)"Jr3 - 1)sinx, xe[0,x], A= %, (4.3)
w(t,0) =0, w(n)=0 tre]0,1],

1
ft,x) = (gﬁr(a +4)i+ (2 + 1)z“+3) sin x — 3x*(1*" = 1) cos x.

By using the FDM formula (3.3), we can get the following Figures 13 and 14, and Table 2. The FDM
described in formula (3.3) is applied to solve the inverse fractional problem numerically. The scheme
is implemented with discretization parameters M (spatial grid points) and N (time steps), where the
spatial step size is h = w/M and the temporal step size is T = 1/N. Numerical results are presented
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for the case with diffusion coefficient a(x) = x> + 1. Figure 13 displays the exact solution of the
fractional inverse parabolic problem for @ = 0.5, while Figure 14 shows the corresponding numerical
approximation obtained with M = 100 and N = 200. Both solutions are computed on the domain

0 <x <m0 <t < 1. The visual comparison illustrates the accuracy of the proposed numerical
scheme in capturing the solution behavior.

Exact solution

08

Figure 13. Exact solution of the fractional inverse parabolic problem for @ = 0.5 with
diffusion coefficient a(x) = x> + 1, computed on the domain 0 < x < 7,0 <7 < 1.

Numerical solution

0.8

Figure 14. Numerical solution of the fractional inverse parabolic problem for @ = 0.5 with
diffusion coefficient a(x) = x* + 1, computed on the domain 0 < x < 7, 0 < ¢t < 1 using
M = 50 spatial grid points and N = 100 time steps (h = n/M, T = 1/N).

To quantify the convergence and accuracy of the method, a comprehensive error analysis is
performed. Table 1 tabulates the maximum values of error norms and the corresponding convergence
rates for different values of the fractional order o and for both diffusion coefficients

a(x)=x*+1 and a(x) = x> + 1.
The error is evaluated as

k
Eo(h,7) = max le, |,

AIMS Mathematics Volume 11, Issue 3, 7183-7206.
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and the experimental convergence rate in time is computed via

Eo(h,
Rate = logz( (k. 7) )

E(h/2,7/2)

The results in Table 2 demonstrate that the method achieves the expected convergence behavior, with
errors decreasing systematically as the mesh is refined. Notably, the convergence rate approaches the
theoretical order as « varies, confirming the stability and reliability of the FDS.

Table 2. Maximum error E,(h, 7) and convergence rates for different fractional orders «
witha(x) = x>+ land a(x) = x> + 1

a N E.(alx)=x*+1) Rate E,(a(x)=x>+1) Rate
025 25 2.65709 x 1074 - 3.46517 x 1074 -
50 8.42417 x 107> 1.657 9.05595 x 107 1.936
100 2.63508 x 107 1.677 2.39356 x 107 1.920
200 8.15789 x 107° 1.692 6.40710 x 107° 1.901
0.50 25 1.72708 x 1073 - 9.24905 x 1074 -
50 6.30006 x 1074 1.455 3.32391 x 10 1.476
100 2.27490 x 107* 1.470 1.18686 x 10~* 1.486
200 8.15791 x 107 1.480 422413 x 107 1.490
0.75 25 9.25622 x 1073 - 4.67673 x 1073 -
50 3.98096 x 1073 1.217 1.98499 x 1073 1.236
100 1.69386 x 1073 1.233 8.38119 x 10~ 1.244
200 7.16636 x 107* 1.241 3.53184 x 10 1.247
1 25 4.42768 x 1072 - 2.49230 x 102 -
50 2.29279 x 1072 0.949 1.30080 x 1072 0.938
100 1.16690 x 1072 0.974 6.65621 x 1073 0.967
200 5.88584 x 1073 0.987 3.36871 x 1073 0.983

Figure 13 shows that the analytical solution is given by
w(x, ) = (t"" = 1) sin(x),

which satisfies the prescribed initial and boundary conditions of the problem. The surface plot
illustrates the smooth variation of the solution with respect to both space and time. As time increases,
the amplitude of the solution evolves according to the fractional time-dependent term **3. The spatial
structure is governed by the sinusoidal function sin(x), producing a wave-like profile along the spatial
domain. Figure 14 illustrates the approximate numerical solution of the fractional inverse problem.
The numerical approximation is obtained using the FDM. In this approach, the spatial derivative
terms are discretized using finite difference approximations on a uniform spatial grid, while the
fractional time derivative is approximated using the L1 discretization scheme.

The computational domain is divided into discrete spatial and temporal grid points, and the resulting
difference equations are solved sequentially at each time level. The surface plot depicts the evolution
of the numerical solution with respect to both space and time. The obtained solution preserves the
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smooth structure of the underlying analytical model and reflects the diffusion behavior governed by
the spatially varying coefficient a(x) = x* + 1. The figure demonstrates that the finite difference
scheme effectively captures the dynamics of the fractional inverse parabolic equation across the entire
computational domain.

Remark 4.2. In Table 2, the convergence rates for different values of a and different steps of N and
M in Example 4.1 and Example 4.2 show a slight drop compared to the expected value. This deviation
is likely due to the nonlinear behavior introduced by the diffusion coefficient a(x) = x* + 1 and a(x) =
x° + 1, which produces sharper gradients near x = 0 and affects the discrete approximation locally.
As a result, the global convergence rate is marginally reduced. Using a graded spatial mesh near the
boundary could mitigate this effect, but for the present study, the uniform grid provides sufficiently
accurate results for demonstration purposes.

5. Conclusions

In this study, an FDM for inverse source problems relying on time-fractional-order Schrodinger
equations is analyzed and proposed. The fractional time derivative operator is interpreted in the
Caputo sense, allowing for the inclusion of physically meaningful initial conditions. Under
appropriate regularity assumptions on the exact solution and problem data, exact stability estimates
and prior error bounds are constructed in appropriate discrete norms. It is proven that the approximate
solution converges to the exact solution with a well-defined degree of accuracy in both time and space
discretizations. Furthermore, it is shown that the inverse source problem is unconditionally stable and
provides a continuous dependence of the reconstructed source term on the measured final time data.
Numerical examples are in full agreement with the theoretical analysis and confirm the efficiency and
reliability of the suggested scheme. Additionally, the “memory effect” observed in the heatmaps
(Figures 7 and 8) reflects the intrinsic fractional-order dynamics: past states influence the present
evolution, leading to slower diffusion or persistence of spatial patterns compared to integer-order
models. Summarizing this physical implication helps the reader connect the numerical results to the
underlying physics. Finally, future work should explicitly consider high-dimensional extensions (2D
or 3D domains), as real-world applications often require solving inverse fractional Schrodinger-type
problems in multiple spatial dimensions. This sets a clear direction for practical and theoretical
extensions of the proposed method. The proposed method is flexible and can be extended to more
general linear and nonlinear models, including the Gross-Pitaevskii equation, which governs
Bose-Einstein condensates and is a nonlinear Schrodinger-type model, as well as to other
fractional-order models based on the Caputo derivative or alternative fractional operators.
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