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Abstract: In this paper, we study one class of nonlinear binomial differential equation

(f@)" +a(fP@)" = pre" + pre™,

where n,k € N*, a, p;, and A; are nonzero constants for i = 1,2. Some results answer the previous
conjecture given by Linkui Gao and Junyang Gao.
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1. Introduction and results

In this paper, all meromorphic functions are defined on the complex C. Nevanlinna theory is the
main tool to establish our results. Throughout this paper, we assume that the readers are familiar with
the standard notations and basic results in Nevanlinna theory, such as T(r, f), m(r, f), N(r, ), S (1, f),
and so on (see [13]). For convenience of the readers, let’s recall the definition of an exponential
polynomial of the form

f(2) = P1(2)e?'@ + Py(2)e®® + - - + Py(2)e® . (1.1

Let g = max{deg(Q;) : Q;(z) # 0}, and let wy, - - - , w,, be pairwise different leading coefficients of the
polynomials Q;(z) of maximum degree g. Thus, Eq (1.1) can be rewritten as

(@) = Hy@) + Hi(2)e”¥ + -+ + H,(2)e“, (1.2)

where H; are either exponential polynomials of degree < g or ordinary polynomials in z. Due to the
construction, we have H;(z) # 0 for 1 < j < m.(See. [8,11])
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In [8], Zhitao Wen et al. introduced two special sets of exponential polynomials:
Iy = {h(z) = e"@ : a(z) is a nonconstant polynomial}.

I ={h(z) =@ +d:deC\{0}and a(z) is a nonconstant polynomial}.

Similarly, we define two special sets of exponential polynomials,
Ty = {h(z) = c1e" + c2¢™),

Ty = {h(2) = €16 + 26 + ¢3¢},

where ¢y, ¢,, c3 are nonzero constants, and a, @,, a3 are different nonconstant polynomials without a
constant term.

Recently, many scholars have focused on the solutions of nonlinear differential equations (See [6,
14,15]) and the solutions of nonlinear differential-difference equations (See [9, 10, 12]).

In [1], Linkui Gao and Junyang Gao investigated entire solutions of the following equation with
finite order,

(f() + a(f'(2))* = pre® + pre™,

where a, pi, p», and A are nonzero constants. It is inspired by

e2iz + e*2iZ

(cosz)> — ((cosz))* = cos 2z = 7

Theorem A. Let a, py, p,, and A be nonzero constants, and let 9aA> + 4 # 0. Then, the equation

(f(@)* +a(f' @) = pre’ + pre™® (1.3)

has entire solutions if and only if the condition al*> + 1 = 0 or aA> — 4 = 0 holds. Moreover, we have
the following
(i) If aA*> + 1 = O, then the entire solutions of Eq (1.3) are

f2) = rie® + sie + 1,

where t;(i = 1,2,3,4) are the four roots of t* + pip> = 0, r; = p1/2t;, and s; = p»/2t;.
(ii) If ad*> — 4 = 0, then the entire solutions of Eq (1.3) are

f(Z) — aie/lz/z + bie—/lz/z’

where a;(i = 1,2) are the square roots of p/2, and b,(i = 1,2) are the square roots of p,/2.

Naturally, it is interesting to consider a more general binomial differential equation,

(f@) +a(f' @) = pre"™ + pre™, (1.4)

where a, p;, and A; are nonzero constants for i = 1,2. Actually, the situation of 4; + A, = 0 in Eq (1.4)
was considered in Theorem A. In the following, we consider the situation of 4; + 4, # 0 in Eq (1.4).
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Theorem 1.1. Suppose that a, p;, and A; are nonzero constants fori = 1,2, 11 + A, # 0. For the entire
solution f(z) of Eq (1.4),
() if f(z) € Ty, then f(2) = c1e“'* + c e“?, satisfy the condition (i), (ii), or (iii).

(i) 1 + aw,® = 0,4 = 2w, A = Wy + wy, ¢ >(1 + aw,?) = py,2cic:(1 + aw ws) = po.

(ii) 1 + aw,® = 0, 4; = 2wy, Ay = w1 + wy, c2>(1 + aw-?) = py,2cic2(1 + aw w,) = ps.

(iii) 1 + awyw; = 0, 4] = 2wy, Ay = 2w,, ¢1>(1 + aw,?) = p1, (1 + aw,?) = po.
(2) if f(z) € T, then f(z) = c1€“'* + c,“** + c3€“* satisfies the condition (iv).

(iv) 1 +aws® = 1 +awws = 0,4 = 2w, A = wr + w3, 2wr = Wi + w3, c12(1+aw?) = p1, 2cc3(1+
awrws3) = pa.

Here, we give three examples to explain the existence of solutions for Eq (1.4).

Example 1.2. The function f(z) = —3e* + 2¢é° is the solution of the equation

(f@))* = (f'(2))* = =27e* + 12,

where cy = =3, ¢, =2, wy =2, wy =1,a=-1, py = -27, p, =12, 1} = 4, and 1, = 3 satisfy the

condition (i) of Theorem 1.1.

Example 1.3. The function f(z) = e > + %/? is the solution of the equation

e,

(F@)* + (f'(2))* = 5¢7* +

&~

1 satisfy the

wherecy =1, co=1, w1 =-2, w,=1/2,a=1,p, =5 p,=5/4 4, = -4, and 1,
condition (ii) of Theorem 1.1.

Example 1.4. The function f(z) = e % /2 + 2ie™* + e* is the solution of the equation

1 3
(f(2))* - ny "(2))° = —Ze_gz + 6ie’,

wherecy = 1/2, co=2i,c3=1, w; = -4, w, = -1, w3 =2,a=-1/4 p; = -3/4, p, = 6i, ,; = -8,
and A, = 1 satisfy the condition (iv) of Theorem 1.1.

Remark 1. Equation (1.4) can be rewritten as
(f@) +a(f' (@) = (pr + p2e', (1.5)

where Ay = A,. Then, by [3], we could know that the entire solution of Eq (1.5) is f(z) =
\P1 + padeV¥?, where d € C, d*(1 + adj/4) = 1.

By Theorem 1.1, it is natural to consider the solutions of the equation
(f@)" +a(fO@)" = pre" + pre'™, (1.6)

where k and n(> 2) are positive integers, and a, p;, and A; are nonzero constants for i = 1,2, 41 # A,.
In this paper, we consider this problem and obtain the following result.
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Theorem 1.5. Let k and n(> 2) be positive integers and a, p;, and A; be nonzero constants fori = 1,2,
Ay # Ay. For the entire solution f(z) of Eq (1.6) of the form (1.2), if |w| = |w;| = - -+ = |wp| holds, then
f(2) reduces to

f(z) = co+ 1€’ + e + - - - + e,
where c; are constants fori =0,1,2,--- ,m.

Note that the trigonometric identity (cos z)* — (sinz)> = cos 2z is equivalent to (cos z)* — (sinz)* =
cos 2z. As Gao and Gao in [1] studied the special form f* — (f/)* = (** + e72)/2, it is natural to
consider the entire solutions of the equation

(f@)* +a(f' @) = pre’ + pre™™ (1.7)
and obtain the following result.

Theorem 1.6. Let a, p,, p,, and A be nonzero constants. The entire solution of Eq (1.7) is f(z) =
c1Y? + c2e™%/? where ¢, and c, are nonzero constants if and only if the conditions 1 + al*/16 = 0,
p1 = 4ci’er(1 —ad*/16), and p, = 4cic,>(1 — aa*/16) hold.

In the following, we give an example which is different with Theorem 7 in [1] to explain the
existence of solutions for Eq (1.7).

Example 1.7. The function f(z) = e* + 2e™* is the solution of the equation
(fF@)* = (@) = 16€% + 64¢™ %,

wherea=—-1,1=2,¢c, =1, c; =2, p; = 16, and p, = 64 satisfy the condition of Theorem 1.6.

Motivated by Theorem 1.6, we consider a more general binomial differential equation,

(f@)" + a(f @)™ = p1e* + pre™", (1.8)
where a, p, p»2, and A are nonzero constants.

Theorem 1.8. Let a, py, p, and A be nonzero constants, and let n € N*. Ifn > 3, Eq (1.8) has no
entire solution.

Actually, in [1], Gao and Gao proposed the following conjecture.

Conjecture. Let n, k € N*, a, p;, and A;(i = 1,2) be nonzero constants. If n > 5, then the equation
(f@)" + a(fP(2))" = preh® + pre®® does not have an entire solution.

Remark 2. Theorem 1.8 gives some partial answers to the conjecture.

The paper is organized as follows. In Section 2, we introduce some indispensable lemmas. Section 3
contains the detailed proofs on Theorems 1.1,1.5, 1.6, and 1.8. In Section 4, we discuss the main results
obtained in the paper.
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2. Some lemmas

In order to prove our result, we need the following lemmas. The first lemma plays an important role
in the research the differential equation related to the exponential polynomial. The second lemma is the
lemma of logarithmic derivative, which is the basic result in Nevanlinna theory. Lemmas 2.3 and 2.5
are related to Wiman—Valiron theory, which plays a key role in proving Lemma 2.6 and Theorems 1.6
and 1.8.

Lemma 2.1. (See [13]) Suppose that f, f>,-- - , fu(n > 2) are meromorphic functions and g\, 8>, - , gu
are entire functions satisfying the following conditions:

(i) 3"y fie® = 0;

(ii) gj — gk are not constants for 1 < j <k <n;

(iii) For 1 < j<n,1 <h <k <n,T(r,fj) =o{T(r,e¥"¥)}(r — oo, r ¢ E), where E is a set of (r, )
with finite linear measure. Then, f; = 0(j = 1,2,--- ,n).

Lemma 2.2. [4,5] Let f be a nonconstant meromorphic function, k € N*. Then,

o)
m(r, %) =S f).

If f is of finite order, then
(k)
m(r, —ff ) = O(logr).

Lemma 2.3. [5] Let P be a polynomial with the degree p. Then, all nontrivial solutions f of
f"+Pf=0
have the order of growth p(f) = (p + 2)/2.

Lemma 2.4. [5] Let g be an entire function with order p. Then, we have

log* v(r,
p(g) = lim sup BCEAUT-Y v, 8)

rosoo logr ’
where v(r, g) is the central index of g.

Lemma 2.5. [5] (Wiman—Valiron theorem) Let g be a transcendental entire function, and let 0 < § <
1/4 and z be such that |z| = r and that

82| > M(r, g)v(r, g) 4"

holds. Then, there exists a set F C R, of finite logarithmic measure, this is fF dt/t < +oo, such that

m

BV 4 o))

g(’")(z) — (T

holds for allm > 0 and allr ¢ F.

Lemma 2.6. If k and n(> 2) € N*, a, p; and A; are nonzero constants for i = 1,2, and f is a
transcendental entire function solution of Eq (1.6), then p(f) = 1.
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Proof. By differentiating Eq (1.6), we have
nfn—lf/ i na(f(k))n—lf(k+1) — pl/lle/llz + pz/lze/lzz.

Differentiating Eq (2.1), we obtain

n(n = D2 +nf " f7 +nn = Da(fFO) 2 (FEDY + na(roy™ f&2

22 2 2
= p1d;7e" + padyTe™ .

Multiplying A; on both sides of Eq (2.1), we get
nA o+ na/ll(f(k))n_lf(k”) = pi 4 2eM 4 prdi e,
It follows from Eqgs (1.6) and (2.1) that
Af"+adi(FO) = nff = na(FO) P = pody = Apet.
From Egs (2.2) and (2.3), we have

nAf7 4 nadi (F P == D =

_ n(n - 1)a(f(k))”_2(f(k+l))2 _ na(f(k))n_lf('”z)
= p2/12(/ll - /lz)e/bz.

By multiplying 4, on both sides of Eq (2.4), we can obtain
7 n n—1 g1 n—1
A f" + ai o(fO) = nof' f = nado(fO) f5D = pada(i = A)e™.
By Egs (2.5) and (2.6), we can get

n( + L+ a(fO)Y ™ DT = L L + a(FR)'] = n(n = D)

=nf 7 = nln = Da(F (D) = na(rO)
= 0.

Hence,

n(d, + @[? + a(%)n_lf(i:”] - /11/12[1 ; a($)] —nin — 1)(?)2
i n? v l)a(]%k))n—z(ft:l))z ) na(f(k) )n—l f(i:z) o

Applying Lemma 2.5 to Eq (2.8), we have

f

— n2a((r)™ (1 + o(1)) + n(A; + )az(v(@))™ (1 + o(1))
— ali L)) (1 + o(1)) = R*Z*(v())*(1 + o(1))
+ (A + )@ + o(1)) — 4 72

(2.1

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)
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=0,

where v(r) — oo if r — oco. Because v(r) is a functional solution of its coefficient in Eq (2.9), and v(r)
is a function of its coefficient, the solution of Eq (2.9) is asymptotically equal to the solution of the
following equation:

— n2a(w(r)™? + n(A, + )az(v(r))™" = at, L,22(w(r)™*
— 2% () + n(A, + )7 — 7 (2.10)
=0.

Let p(f) = p < 00o. When r — oo(r ¢ F), v(r) ~ az’, where « is a nonzero constant, and p is a nonzero
finite number, Eq (2.10) becomes

_ nZaank+2r(nk+2)p + I’l(/l] + /lz)d(l’nk+] r(nk+l)p+] _ a/ll/lzankrnkp+2
— PP 4 (A + )ar’ T — A (2.11)
=0.

Therefore, we can obtain (nk + 2)p = (nk + 1)p + 1 or (nk + 2)p = nkp + 2 or (nk + 2)p = 2p + nk or
(nk +2)p = p+nk + 1 or (nk + 2)p = nk + 2, which implies p = 1.

If p(f) = oo, then for any large N(> 0), we have for sufficiently large r,,, v(r,,) > rY (see Lemma
2.51n [7]). By (2.9), we obtain that

*lalv(r,)(1 + o(1)) < Mr,(1 + o(1)),
where M(> 0) is some constant. This gives that
nPlalr < n?lalv(r,)(1 + o(1)) < Mr,,(1 + o(1)),

which contradicts with any large number N. This completes the proof.
3. The proofs of theorems

In the following, we will give the detail of the our main results. Some ideas of the paper come
from [1] and [7].

3.1. The proof of Theorem 1.1

Case 1. If f(z) € T,, by Lemma 2.6, we have f(z) = c1e“'* + c,e“**, where w, w, are different
nonzero constants, and ¢, ¢, are nonzero constants, then

(fQ) +a(f () = e’ (1 + aw, )™ + o2’ (1 + awy”)e** (3.1

+ 2¢1¢2(1 + aw w,)e TP,

By Eqgs (1.4) and (3.1), without losing generality, we consider the following three subcases.
Case 1.1. If p;et? = ¢;2(1 + aw,*)e**'* and pre® = ¢,%(1 + aw,?)e*“**, by Lemma 2.1, then we
have 1 + aw,w, = 0.

AIMS Mathematics Volume 11, Issue 3, 7098-7114.



7105

Case 1.2. If p,;eM* = ¢,2(1 + aw;>)e**'? and p,e™* = 2¢icy(1 + aw w,)e“ )%, by Lemma 2.1, then
we obtain 1 + aw,? = 0.

Case 1.3. If p;eM = ¢22(1 + aw,?)e*@ and p,e™ = 2c cy(1 + aw w>)e )% by Lemma 2.1, then
we obtain 1 + aw;* = 0.

Case 2. If f(z) € T,, by Lemma 2.6, we have f(z) = c;e“'* + c,e“** + c3e“**, where w;, w,, w3 are
different nonzero constants, and ¢, ¢, c3 are nonzero constants, then

(F@)* + a(f () = c12(1 + aw He* ™ + ¢2(1 + aw,)e*™ + c32(1 + aws)e*™

+ 2¢162(1 + aw w2)e Y 4 2¢105(1 + aw; ws)el 1T (3.2)

+ 2¢2¢3(1 + awyws)e' @27,

It is easy to know that among
2(1)1,20)2,2(4)3,(.01 + Wy, w1 + W3, W + W3, (33)

they are either different, or there exist only one of the following three items:

21 = Wy + W3, 2wy F Wy + W3, 2W3 F W] + W), (34)
2wy = W + W3, 2W) # Wy + W3, 2W3 # W] + W), (35)
23 = W1 + Wy, 2W1 # Wy + W3, 2wy # W + W3. (3.6)

As above, by Eqgs (1.4) and (3.2), without losing generality, we consider the following cases.
Case 2.1. 1; = 2w; and A, = 2w,. If the six constants of (3.3) are different, by Eqs (1.4) and (3.2)
and Lemma 2.1, we have

1 +aws? =1 +aww, = 1 + aww; = 1 + awsw; = 0,
which leads to w; = w, = w3, a contradiction. If (3.4) holds, by the same way, we have
1 +aw;®> = 1 + awywy = 1 + awyws = 0,
so there is w; = w, = w3, a contradiction. If (3.5) holds, by a similar discussion, we obtain
1 +aw;’> = 1+ awywy = 1 + awyws = 0,
and it yields w; = w; = w3, a contradiction. If (3.6) holds, as above, we can get
1 +awws =1+ aw,ws = 0;

therefore, we obtain w; = w,, a contradiction.
Case 2.2. 1) = 2w; and 4, = w; + w,. If the six constants of (3.3) are different, by Eqs (1.4)
and (3.2) and Lemma 2.1, we have

1 +aw> =1+ aw;’> =1+ awws = 1 + awrws =0,
which leads to w; = w, = w3, a contradiction. If (3.4) holds, by the same way, we have

1 +aw,> =1+ aw;®> =1+ awyws =0,
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so there is w; = w3, a contradiction. If (3.5) holds, by a similar discussion, we obtain
1 +aw,? = 1 + awrw; = 0,
and it yields w, = ws, a contradiction. If (3.6) holds, as above, we can get
1 +aw,?> =1 +awjw; = 1 + awrws = 0;

therefore, we obtain w; = w, = w3, a contradiction.
Case 2.3. 1; = 2w; and 4, = w; + ws. If the six constants of (3.3) are different, by Eqs (1.4)
and (3.2) and Lemma 2.1, we have

1 +aw? =1+ aw;’> =1+ aww; = 1 + aww; =0,
which leads to w; = w, = w3, a contradiction. If (3.4) holds, we have
Al = wy + w3 = Ay,
a contradiction. If (3.5) holds, by a similar discussion, we have
1 +aws* =1+ aww, = 0.
If (3.6) holds, as above, we can get
1 +aw> =1+ awjw; =0,

which is equivalent to the condition we obtain above.
Case 24. 1, = w; + wy and A, = w; + ws. If the six constants of (3.3) are different, by Eqs (1.4)
and (3.2) and Lemma 2.1, we have

1 +aw;’> =1+ awr’ = 1 +aws’ = 1 + aww; = 0,
which leads to w, = w3, a contradiction. If (3.4) holds, we have
1 +aw? =1+ aw;*>=0.

For w, # w3, we can get w, = —w3 and then 2w; = w, + w3 = 0, a contradiction. If (3.5) holds, by a
similar discussion, we obtain

1 +aw> =1+aw;® =1+ awrws =0,
which yields w, = w3, a contradiction. If (3.6) holds, as above, we can get
1 +aw>=1+aw)’ =1+ awyws =0;

therefore, we obtain w, = w3, a contradiction.
This completes the proof of Theorem 1.1.
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3.2. The proof of Theorem 1.5

Suppose f(z) is the entire solution of Eq (1.6) of the form (1.2). By Lemma 2.6, we get f(z) =
Hy(2) + Hi(2)e“'* + Hy(2)e“* + - - - + H,,(2)e“"*, so then we have

n ! - N
(@ +afP@) = Y, [ @@y (37
m- =0

1. 1.
1o+t -+t =n fo:ty:

m

n! ot

va Y [ ]Gy,
tolty! -1, i1

to+t+e o+t =n
where wy = 0, 1y, 11, - - - , 1,, are natural numbers,

k

Gy = ), (i} @,

i=0

It is easy to know Gy(z) = H(()k)(z) and degG;(z) = degH;(z) for j = 1,2,--- ,m. Because |w;| =
lws| = -+ = |w,l|, we can write |w;| = |wy| = -+ = |w,| = r. In the following, we first claim that for
Vie{l,2,---,m}, we have nw; # sjw; + Srwy + - -+ + 8w, where s, s,,---, 5,(m > 2) are natural
numbers, and s; + s, + - + 5, = .
If not, suppose dj € {1,2,--- ,m}, s,, s, € {1,2,---,n} and natural numbers s, $2, -, Su—1,5u+1>
ce e Sy_1s Sutls t S, SO that
nw;j = s1w + Sowy + -+ SpWy,

satisfy s; + s, + -+ + 5, = n. Because w,, w, are two different constants, and |w,| = |w,|, we have
[s,wy + syw,| < |s,wy| + |s,w,] = (s, + 5,)r, so that we get

nr = [nwj| = [siw; + w2 + -+ + Sy < |siwi| + [s200| + -2 + S04 = 1,

a contradiction.

Next, we know that for Yu,v € {1,2,--- ,m}(u # v), nw, # nw,.

Therefore, we can know that there are m terms which are different from each other on the right of
Eq (3.7); they are

k n
&% [(Hj(z))" + a[Z (i)wjk‘PHﬁ-”)(z)] ] (=12 m). (3-8)

p=0

By Eqgs (1.6) and (3.7), we consider the following three cases.
Case 1. If pje“'® and p,e“>* come from (3.8) without losing generality, suppose that

k "]
pie = " |(H@) +a| ) (o THP )] |,
=0

<

k "]
P2 = & (@) +a| Y (ot PHY 2)
=0

<
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By Eqgs (1.6) and (3.7) and Lemma 2.1, we have

k n
(Hj(2))" + a[Z (ﬁ)w/‘"’H}”(z)] =0.(j=3.4, ,m).

p=0
Therefore, we have

k

deg {(Hj(z))" + a( (lﬁ)w ,-"-PH;'”(Z)J } =0.(j=1,2,---,m).
=0

P
IfdegHj(z) > 1(j = 1,2,--- ,m), we can get
k n
deg [(sz»" - a[Z (f,)w/“ﬂHﬁ”(z)] ] >n—1,(=12,m),

p=0

a contradiction. Thus, we have deg Hj(z) = 0(j = 1,2,--- ,m).

Case 2. If only one of p;e“'* and p,e“** comes from (3.8), by a similar discussion as Case 1, we
have deg Hij(z) = 0(j = 1,2,--- ,m).

Case 3. If p,e®'* and p,e*“** do not come from (3.8), by the same way as Case 1, we have deg H;(z) =
0j=1,2,---,m).

Then, we have

f(@) = Hy(z) + c1e”% + re + -+ + ¢en,

where ¢y, ¢, - , ¢, are constants. Substitute this expression into Eq (3.7) to obtain the polynomial
(Ho(2))" + G(Ho(2), Hy (2))

about Hy(z) and H\"(z)) in the right of Eq (3.7), which satisfy deg [(Hy(z))"] > deg G(Hy(z), H}" ().
By Eqgs (1.6) and (3.7) and Lemma 2.1, we have

(Hy(2))" + G(Ho(z), Hy (2)) = 0.

If deg Hy(z) > 1, then
deg | (Ho(2))" + G(Ho(2), HY(2))] = n,

a contradiction. Therefore, we have deg Hy(z) = 0. Let Hy(z) = ¢, leading to
f(Z) =co+ cre’'"* + e + - -+ + ¢, e,

where ¢, ¢y, -+ , ¢,y are constants.
This completes the proof of Theorem 1.5.
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3.3. The proof of Theorem 1.6
Let f be a transcendental entire solution. By differentiating Eq (1.7), we have
A3 +da(f')’ f = pide® — prle™ . (3.9)

It follows from Eqs (1.7) and (3.9) that

Af +ad(f) + AL f +da(f) f7 = 2p e, (3.10)
and
Af* +ad(f) = 4AFF —da(f')’ f7 = 2prde ™. (3.11)
Differentiating Eq (3.9) and eliminating ¢** and ¢~ we obtain
A+ al(f) = 12f2(f) = 4f*f7 = 12a(f)V(f") = 4a(f')' f" = 0. (3.12)
From Eq (3.12), we obtain
ACLf +4al>(f'Y [ =24 () =362 f " =4 " (3.13)

= 24af'(f") = 36a(f'Y'f"f" = 4a(f)'f* = 0.
We simplify Eq (3.13) and get
FTACL +4al ()" = 24f(f)* = 36" (3.14)
—24a(f")’ = 36af f"f" — 4a(f V' fU1 = AL f".
By Eq (3.14) and Lemmas 2.4 and 2.5, using the same method as in the proof of Lemma 2.6, we obtain

p(f) = p(f") = limsup 2520 _

rF—00 ogr

It is easy to see that the zeros of f’(z) are zeros of f(z) or f”/(z) by Eq (3.14). From (3.10), it is
easy to see that f(z) and f’(z) do not have the same zero. Therefore, f”'(z)/f’(z) is an entire function.
Now, we set b(z) = f"(z)/f’(z), and then by Lemma 2.2, we have

I(r,b) =m(r,b) = S(r, f') = O(logr);
hence, b(z) is a polynomial. Note that f is a solution of
f"@ - b)f' (@) =0. (3.15)

By Lemma 2.3, we obtain that p(f) = p(f’) = (p + 2)/2 = 1, where p is the degree of b(z).
Consequently, p = 0. This means b(z) is a constant. It follows from Eq (3.15) that there exists a
constant d such that

'@ =0bf(2)+d. (3.16)
We substitute f” = bf” and f® = bf” into (3.12) and (3.13), respectively, and get

L fH+ (@l = dab)(f) = 12£2(FY — 4L 7 = 12a(f Y (f") =0 (3.17)
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and
(42 = 4D f' + (4ad® = 40ab)(f') f" = 24f(f')* = 36£°f " = 24af'(f")’ = 0. (3.18)

Now, we claim that d = 0. If not, let z; be a zero of f(z). Then, f”” = bf + d and Eq (1.7) show that
f"(z1) # 0, and f’(z;) # 0. By Egs (3.17), and (3.18), we have

(A = 4b)(f")(z1) = 12(f")(z1) = 0 (3.19)
and
(A% = 10b)(f)*(z1) — 6(f")*(z1) = 0. (3.20)
Combining Eq (3.19) and (3.20), we have b = A?/16. Substituting it into f" = bf + d, we can get
Ny 16d

f(2) = c1ei% + cre7d (3.21)

e
By substituting this expression into Eq (1.7), we obtain a contradiction.
Hence, f” = bf. Rewrite Eq (3.17) as

FO2L = 12f(f) = 4f2f" = 12ab(f')?) + (aA* — dab)(f)* = 0. (3.22)

It can be verified that N(r, 1/f) # S(r, f) by Eq (1.7). If not, suppose f(z) = p(z)e®***, where A(p) =
A(f) < p(f), a(# 0), and B are constants, so that we get f* + (f)* = [p + a(p’ + ap)*]e*@P a
contradiction.

If f = 0, analyzing the multiplicity of zeros of (f(z))* +a(f’(z))* and p,e® + p,e~* in Eq (1.7), then
we have f” # 0; hence, from (3.22), we have

al’> —4ab = 0.

As aresult, b = A2/4. Hence, " (z)—(12/4)f(z) = 0, and its general solution is f(z) = c¢;e*¥/? +c,e™/2,
where ¢, # 0, ¢, # 0. Substituting £(z) = c;e*? + c,e™*/? into Eq (1.7), we have

A4 A4 A4
(1 + aE)eMZ + [4cPer(1 — aE) — p1le® + [4cic’(1 - aE) — prle® (3.23)

A4 A4
+otd + 611—6)@_21Z + 66126‘22(1 + a1—6) =0,

and by Lemma 2.1, we get (1 + ad*/16) = 0, 4cjco(1 — ad*/16) = py, and 4cic3(1 — ad*/16) = ps.
This completes the proof of Theorem 1.6.

3.4. The proof of Theorem 1.8
Let f be a transcendental entire solution. By differentiating Eq (1.8), we have
2nf" 1+ 2an(f )" f7 = pide’™ — pae . (3.24)
It follows from Eqgs (1.8) and (3.24) that

AL+ ad(fy" + 2nf>" 7 f 4 2an(f)" f7 = 2p1det, (3.25)
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and
A+ ad(f)" = 2nf> = 2an(f)" 7 f7 = 2ppae. (3.26)

Differentiating Eq (3.25) and eliminating e*?, we obtain

/12f2n + a/l2(f/)2n _ 27’[(211 _ 1)f2n—2(f/)2 _ 2nf2n—lf// (327)
_ 2611’1(21’1 _ 1)(f/)2n—2(f//)2 _ zan(f/)Zn—lf/// =0.
From (3.27), we have
zn/lZonflf/ + 2an/12(f’)2”71f” _ 271(271 _ 1)(27’l _ 2)f2n73(f/)3
—6n2n— D2 f 7 = 2nf L = 2ann — 1)2n = 2)(f)*" 3 (")} (3.28)
_ 6an(2n _ 1)(f/)2n—2f//fm _ 2an(f/)2ﬂ-lf(4) =0.
We simplify Eq (3.28) as
f/[zn/IZon—l + 2an/{2(f/)2n—2f// _ 211(2]’1 _ 1)(2]’1 _ 2)f2n—3(f/)2
—6n2n— D)2 " = 2an2n — 1)2n = 2)(f)*" (")} (3.29)
_ 661)’1(211 _ 1)(f/)2n—3f//f/u _ 2an(f/)2n—2f(4)] — anzn_lf”’.
By Eq (3.28) and Lemmas 2.1 and 2.5, using the same method as in the proof of Lemma 2.6, we obtain

p(F) = p(f) = limsup 251D _

r—co 10g r

It is easy to see that the zeros of f’(z) are zeros of f(z) or f”'(z) by Eq (3.29). From (3.25), we
know that f(z) and f’(z) do not have the same zero. Therefore, f"’(z)/ f’(z) is an entire function. Now,
we set b(z) = f"(z)/ f'(2), and then by Lemma 2.2, we have

T(r,b) = m(r,b) = S(r, f') = O(logr).
Hence, b(z) is a polynomial. Note that f is a solution of
(@ - b(2)f(2) = 0. (3.30)

By Lemma 2.3, we get that p(f) = p(f") = (p +2)/2 = 1, where p is the degree of b(z). Consequently,
p = 0, which means b(z) is a nonzero constant. It follows from Eq (3.30) that there exists a constant d
such that

f"@=0bf(2)+d. (3.31)
Substituting £ = bf’ and f® = bf” into Eqs (3.27) and (3.28), we get

2+ (@A = 2abn)(f)" - 2n(2n - D" 2(f') (3.32)
—2nf2 7 = 2ann - V()" 2(f7)? =0

and

(2nA* = 2bn) f"~' f' + (2anA® — 6abn(2n — 1) - 2abn)(f)*"' f”
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—2n2n - 1)2n = 2) 73 ()} - 6n@2n - D2 f” (3.33)
—2an(2n — 1)2n = 2)(f)*"3(f")* = 0.

Now, we claim that d = 0. If not, let z; be a zero of f(z). Then, f” = b(z)f + d and Eq (1.8) show
that f(z;) # 0, and f'(z;) # 0. By Egs (3.32) and (3.33), we have

(22 =2bn)(f)? - 2n2n— ("> =0 (3.34)
and
(A% = (6n = 2)b)(f)* = 2n - D2n - 2)(f")* = 0. (3.35)
Combining Eqs (3.34) and (3.35), we have b = A?/4n?. Substituting it into f” = bf + d, we can get
Ll 4n*d

f(z) = cleTInAZ + cre (3.36)

2
By substituting this expression into Eq (1.8), we get a contradiction.
Hence, f” = bf. Substituting it into Eq (3.32), we have

f(/IZon—l _ 211(2” _ 1)f2n—3(f/)2 _ 2nf2n—2f// (337)
—2ab*n(2n — 1) f(f)*%) + (aA*> = 2abn)(f')** = 0.

Similarly, it can be verified that N(r, 1/f) # S (r, f) by Eq (1.8). If f = 0, analyzing the multiplicity of
zeros of (f(2))*" + a(f'(z))*" and p,e* + p,e~* in Eq (1.8), we have f’ # 0; hence,

aA’> = 2abn = 0,
that is, b = A2/2n. Using the same method as in the proof of Theorem 1.6, we get

L -
f@) = cre " + e,

where ¢; # 0, ¢, # 0. Then

a < 2 2(k—n)—=
o+ a(f’)Z” = (1 +af ) ) n\ o ko 21k Az (3.38)
v ) et
n. 2n—1
+ (1 - a(i)2 ) Z (2_")01jc22n—j62(j—n)\,%z’
V2n = /

where k is an even number, and j is an odd number. Because n > 3, and k # j, we have that 2(k —
n)Az/ V2n, 2(j — n)Az/ V2n, Az, and —Az are different from each other. By Egs (1.8) and (3.38) and

Lemma 2.1, we know
2n

1 +a(i) =0,
n

V2
and 5
ﬁ n
l-a(——) =0.
V2n
Therefore, we get
f+a(fy” =0,

which is a contradiction.
This completes the proof of Theorem 1.8.
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4. Conclusions

Gundersen et al. in [2] studied the equation f?(z) — f’(z)> = cos2z and proved that the equation
has only four entire solutions: f(z) = +cosz, +isinz, which are linked to the classic trigonometric
identities cos? z — sin’z = cos 2z. In [1], Gao and Gao studied the entire solution of the more general
form f%(z) + af’*(z) = p1e®® + pre™%, where a, py, p», and A are nonzero constants. Naturally, one can
consider the more general form f"(z)+a(f*)"(z) = p1eV*+ p,e®?, where a, py, p», A1, and A,(# A,) are
nonzero constants. It is very difficult to give the entire solution of the general equation. In this paper,
we first consider the exponential polynomial solution of the general equation under set condition. Next
we consider two special cases of the general equation (i) f*(z) +af"*(z) = p1e** + p,e™*, and we obtain
the entire solution is f(z) = c;e*/? + c,e™%/2. (ii) Given f*'(z) + af®(z) = pi1e™ + p,e ¥, we prove
that the equation has no entire solution when n > 3. The conclusion gives some partial answers to the
conjecture of Gao and Gao in [1].
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