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1. Introduction

A topological space Y is called hyperconnected if every pair of nonempty open subsets of ¥ has a
nonempty intersection. This concept was introduced in 1970 by Steen and Seebach [1] and has been
extensively studied since then. In this context, Levine [2] showed that hyperconnected spaces are
precisely those spaces in which every nonempty open set is dense, referring to them as D-spaces.
Hyperconnected spaces are also known as irreducible spaces [3]. Various characterizations,
fundamental properties, and extensions of hyperconnectedness, including those in ideal topological
spaces such as =-hyperconnected spaces, have been investigated in several works; see, for
example, [4-7].

Let A be a subset of Y and (¥,0) be a space. A point y € Y is referred to be a condensation
point of A if the set U N A is uncountable for any U € o with y € U. If a set A includes all of its
condensation points, it is said to be w-closed [8]. The complement of a set that is w-closed is w-open.
It’s common knowledge that a subset W of a space (Y, o) is w-open if, and only if, there is U € o
such that y € U and U \ W are countable for every y € W (see [8]). It is well established that 7, is a
topology on Y finer than 7. The notion of w-open sets has been extensively utilized in general topology.
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Notably, Lindelofness has been characterized through w-open sets [8]; meanwhile, several notions
of continuity based on w-open sets have been introduced and investigated in [9, 10]. Furthermore,
various generalizations of paracompactness defined via w-open sets have been investigated in [11]. A
topological space shall be denoted as (Y, o) or Y throughout this article, and the closure (or interior) of
a subset A of Y will be denoted by CI(A) (or Int(A)). With Cl,(A) = N{F : A C F, F is an w-closed set},
we set Int,(A) = U{U : U C A, U is an w-open set}. If Cl,(A) = Y, then a subset A of a topological
space (Y, 0) is o,-dense. In [12] when A C Y, then

(O_A)w = {A NW:We O_w} = (O_w)A-
An ideal on Y is a nonempty collection J of subsets of ¥ [13] if it satisfies two conditions:

(1) If J; € I and J, C Jy, then J; € I (heredity).
2) If J1 € J and J, € I, then J; U J, € I (finite additivity).

An ideal topological space, represented by (¥, 0, ), is a topological space (Y, o) with an ideal J on Y.
For a subset A C Y, the local function of A with regard to J and o is A*(J,0) ={ye Y:AnNU ¢ g
for any open set U containing y} (see [13,14]). If there is no chance for confusion, we simply write
A” instead of A*(J,0). In 1943, Edwin Hewitt introduced the notion of a resolvable space [15]. A
nonempty topological space (Y, 7) is said to be resolvable if Y can be expressed as the disjoint union
of two dense (equivalently, codense) subsets. If this condition fails, the space Y is called irresolvable.
Later, in 1999, J. Dontchev and coauthors [16] studied the concepts of J-density and resolvability
modulo an ideal, and proved that the density topology is resolvable for more details (see [17]). Some
properties pertaining to w-open sets and ideals have been introduced recently by publications [18, 19].
From here on, an ideal topological space (Y, o, J) will simply be ITS.

This work is motivated by the need for a more refined framework to study density and connectedness
in topological spaces. By using w-open sets and the w-local function, we can capture finer structural
properties and unify several existing notions that are not fully addressed by classical approaches.

Definition 1. [20] Consider the ITS (Y, 0, J). For an arbitrary subset A C Y, we define the following
set: w(A)T,0)={yeY:ANU ¢ g forevery U € o,(y)}, where o (y) is the set of all w-open sets
in Y containing y. We write w(A) instead of w(A)(J, o) in case there is no confusion and it is known
as the w-local function of A with respect to J and o.

Remark 2. In an ITS (Y,0,.9), a subset A is w-dense (resp., J-dense) if every point of Y is in w(A)
(resp., A"),i.e.,if w(A) = Y (resp., A* = Y). If D C Y is w-dense, then Y is also w-dense, i.e., w(Y) = Y.

This article introduces and explores the concepts of w-dense sets, w-hyperconnectedness (briefly,
w-HYC), strongly w-hyperconnectedness (briefly, strongly w-HYC), and w-irresolvability (briefly,
w-ITRR) utilizing w-open sets and w-local functions in ideal topological spaces,

2. On w-hyperconnected spaces in ideal topological spaces

In this section, we investigate a particular class of topological spaces known as w—hyperconnected
spaces. We first present the basic definitions and fundamental properties associated with this notion
and discuss its relationship with other forms of connectedness studied in the literature. We then focus
on w-hyperconnected spaces satisfying the condition o, N J = {0}, highlighting its significance in
simplifying the structure and unifying several related results.
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2.1. w-hyperconnected spaces

Definition 3. An ITS (Y, 0, ) is described as

(1) w-HYC space if there are nonempty intersections between each pair of nonempty w-open sets of
Y.

(2) w-HYC space modulo 7 if each nonempty w-open set’s intersection does not lie inside 7.

(3) w-HYC space if all nonempty w-open sets in Y are w-dense.

Example 4. Let R be real numbers with left ray topological
T ={(c0,a):a€R}U{D} UR.

Then, 7, = {(c00,a) \ C : a € R and C is a countable set} U {0} U R. Let H,K € 7, be any nonempty
w-open sets. It is clear that H N k # 0, then (R, 7) is a w-HYC space.

Example 5. Let R represent the co-finite topological real numbers 7 = {A € R : Ais finite} U {0}.

Let J ¢ be the ideal of every finite subset. Then, 7, = {A C R : A°is countable} U {0}. It is clear that
7,NY9 =1{0}. Let H, K € 7, be nonempty w-open sets, then R \ H and R \ K are countable. Thus,

R\H)UR\K) =R\ (HNK)
is countable, so H N K is not finite. Hence, HNK ¢ ;. Therefore, (R, 7, J;) is w-HYC space modulo
J.

Remark 6. (1) Let Y be a finite set with |Y| > 2 and o any topology on Y. Then, o, coincides with
the discrete topology on Y. Let J be any finite ideal on Y. It follows that (¥, o, ) is neither an
w-HYC space, nor an w-HYC space modulo T, nor a w-HYC space.

(2) Let R be the real numbers with topology

oc=1{0,R,Q,0%.

Let g+ be the ideal of all finite subsets of R. Then, oo, = {A C R : A = U \ C for every open
set U € o and C is a countable set}. It is clear that (R, o, J) is neither an w-HYC space, nor an
w-HYC space modulo 7, nor a w-HYC space.

Lemma 7. Let (Y,0,9) be an ITS. Then, Y is w-HYC space modulo 7 if, and only if, there are no
w-closed sets U, and U, that are proper with Y \ (U; U U,) € .

Proof. Assume that there are w-closed sets U; and U, that are proper such that Y \ (U; U U,) € J. If
U, =0,then Y \ U, € J,since Y \ U; and Y are nonempty w-open sets with
Yn\u)=x\Upey.

This is in conflict with Y which is w-HYC space modulo J. For this reason, U; and U, are both
nonempty proper w-closed sets. Then, Y \ U, and Y \ U, are nonempty w-open sets. Also,

YNUDNT\U) =Y\ (U V) ed.

This contradicts Y being w-HYC space modulo J as (Y \ U;) N (Y \ U,) € J. Hence, there are no
w-closed sets U; and U, that are proper with Y \ (U, U U,) € J.

Conversely, let V| and V, be any nonempty w-open sets in Y. Then, Y \ V, and Y \ V, are proper
w-closedsetsin Yand Y\ [(Y\ V))U (Y \ V,)] ¢ J. From this it follows that Y \ [Y \ (VN V)] ¢ .
Therefore, (Vi N'V,) ¢ J. Hence, Y is w-HYC space modulo 7. O
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Theorem 8. Let (Y, 0, 9) be an ITS. Then, Y is w-HYC space if, and only if, the union of two non
o ,,-dense sets is a non o,,-dense set.

Proof. Let Uy, U, be two non o ,-dense sets in w-HYC space Y. Then, there exist two w-open sets V,
and V, nonempty such that
VlﬂUl = and V20U2:®.

Since Y is a w-HYC space, V; NV, # 0, then
Vinv)NU,ulU,)=0

and, thus, U; U U, is non o,-dense in Y. Since Y is a w-HYC space, we obtain V| N V, as nonempty
w-open sets. Therefore, U; U U, is non o ,-dense in Y since

(V]ﬂVZ)m(UIUUz):o.

On the other hand, suppose Y is not a w-HYC space, and the union of two non o ,-dense sets is
a non o,-dense set. After that, there are two nonempty w-open sets U;, U, such that Uy N U, = 0.
Therefore, U; C Y\ U, and U, C Y \ U;. Hence, Y \ U; and Y \ U, are w-closed sets, thus, it is non
o,-dense in Y, but
Y\UHLUF\Uy) =Y

which is in opposition to the reality that the union of two non o ,-dense sets is a non o ,-dense set.
Thus, the theorem has been proven.
This completes the proof. O

2.2. w-hyperconnected spaces with o, N J = {0}

Next, we study w-hyperconnected spaces under the condition o, N J = {0}, and show how this
assumption streamlines the structure and brings together a number of related results.

Theorem 9. Let (Y, 0, J) be an ITS, and if o7, N J = {0}, then Y is a w-HYC space if, and only if, ¥
is w-HYC space modulo 7.

Proof. (=) Let Y be w-HYC space modulo J. Let U, and U, be any nonempty w-open sets, then
U nU,¢ Y. Since 0 € g for any ideal, we get U; N U, # 0 and, hence, (Y, 0, J) is a w-HYC space.

(&) Conversely, let Y be a w-HYC space and @ # U, U, € o,. Then, 0 # U, N U, € o,,. Since
oo,NJ ={0}, Uy NnU, ¢ J. Therefore, Y is w-HYC space modulo 7. O

Lemma 10. Let (Y, 0, ) be an ITS. Then, Y is a w-HYC space if, and only if, Y is a w-HYC space
and o, N J = {0}.

Proof. (=) It is clear that every w-HYC space is w-HYC. Let W be a nonempty, w-open set that
belongs to the ideal. Then, (W) = Y. On the other hand, since W € J, w(W) = 0. Hence, Y = 0.
This is a contradiction. Therefore, o, N g = {0}.

(&) Conversely, let ) # W € o,. Let y € Y. Due to the w-HYC space of Y, every w-open set W,
containing y meets W. Moreover, W N W, is a w-open set and W N W; ¢  because o, N J = {0}.
Thus, y € w(W). This demonstrates that W is a w-dense. O
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Remark 11. Let 9/ be the ideal of every finite subset of R. Let o~ be left ray topological as Example 5.
It is clear that o, N J = {0}, and since (R, o) is a w-HYC space by Example 5, hence, (R, o0, J) is a
w-HYC space.

Theorem 12. Let (Y, 0, 9) be an ITS, where o, N J = {0}. Then, a set H is w-dense if, and only if,
(WAJ)N H # O whenever; ) #+ We o, and J € J.

Proof. Let H be w-dense. Then, W N H ¢ J for all nonempty w-open sets W. Hence, for all J € 7,
(W\J) N H # 0, for otherwise (W\J) N H = () and, hence,

O=WnXY\J)NH=WnH)NXY\J).

Therefore, WN H € J. Since J € J, WN H € J which is contrary to W N H ¢ . Therefore,
(WN\J)NH £0.

Conversely, let (W\J) N H # O whenever ) # W € o, and J € J. Then, we claim that H is
w-dense. Let H be non w-dense. Then, there is some nonempty w-open set W such that WN H € 7.
Let WN H = J. Then, since o, N J = {0}, W\J is nonempty but (W\J) N H = (. This is contrary to
our assumption. O

Theorem 13. Let (Y, 0,9) be an ITS, where o, N J = {0}. Then, Y is w-HYC space modulo 7 if,
and only if, (W — J) N H # ( whenever 0 # W,H € o, and J € .

Proof. The proof is derived from Lemmas 10 and 12. |
3. On w-resolvable spaces via ideal

Reference [15] states that if Y is the union of two disjoint dense subsets, then a topological space
(Y,0) is a resolvable. The existence of two disjoint J-dense subsets of Y indicates that the ideal
topological space (Y, o, ) is J -resolvable [16]. When two disjoint w-dense sets exist in a topological
ideal space (Y, 0, ), it is said to be w-resolvable; if not, it is said to be w-irresolvable.

Theorem 14. [21] Let (Y, 0, J) be an ITS, then the following characteristics are equivalent:

(1) oo NT =1{0};

) If J € g, then Int,(J) = {0};

(3) For each w-open set U, U C w(U);
@) Y = o(Y).

Lemma 15. Let (Y, 0, ) be an ITS. Then,
(1) If Y is w-resolvable, then o, N T = {0};
(2) Y is w-resolvable if, and only if, Y is the union of two disjoint w-dense sets.

Proof. (1) There are two disjoint w-dense sets A and B since Y is w-resolvable space. Then, by [20,
Lemma 2.4 (1)], we have
Y = w(A) C w(Y).

Therefore, Y is w-dense. Thus, by Theorem 14, o, N T = {0}.
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(2) Assuming Y is w-resolvable, A and B are two disjoint w-dense sets. Thus,
w(A)=Y and Y =w(B) Cw(Y\A)

and, hence, Y = w(Y \ A). Therefore, Y is the union of w-dense sets A and Y \ A. The converse is
clear. O

Example 16. Let R be the real numbers with topology o = {0, R, Q, Q°}. Let J be the ideal of all
finite subsets of R. Then,

oc,={ACR:A=U\CO)
for every open set U € o and C is a countable set}. It is clear that o0, N J # {0} and it is a non

w-resolvable space by item (1) of Lemma 15.

Example 17. Let R be the real numbers with co-finite topology 7 = {A C R : A¢is finite} U {0}. Let
J s be the ideal of all finite subset of R. Then, 7, = {A C R : A°is countable} U {0}. Let H = (—o0,0)
and K = [0, c0) be subsets of R, then for any w-open set U in 7, containing x € R haveing infinite
negative real numbers, we get that w(H) = {x € R : (=00,0) N U ¢ J; forevery U € 7,(x)} =R
andR = w(K) = {x e R:[0,00)NU ¢ g, for every U € 7,(x)}, where 7,(x) is the set of all w-open
sets in R containing x. So, H and K are two disjoint w-dense and R = H U k. Hence, (R,7,J;) is a
w-resolvable space by item (2) of Lemma 15.

Remark 18. Let (Y, 0, ) be an ITS. Reference [20] obtained that CI},(W) = WUw(W) is a Kuratowski
closure operator. We will denote by o=, the topology generated by CI;, that is,

o, ={WCY:CL(Y\W)=Y\W}L
Theorem 19. [20] Let (Y, 0,.9) be an ITS. Then, B(o,,J) = {W —J : W is a w-open set of Y and

J € g} 1s abasis for o7,

Theorem 20. An ITS (Y, 0, J) is w-resolvable if, and only if, (¥, o7})) is resolvable and o, N J = {0}.

Proof. (=) Let (Y, 0, ) be w-resolvable. Then, by Lemma 15 (2), Y = U, U U,, where U, and U,
are disjoint w-dense sets of Y. We know that

Clz)(Ul): UIUE(UI): U1UY: Y.

Hence, U, and U, are 7} -dense. Thus, (Y, 07})) is resolvable. By Lemma 15 (1), o, N J = {0}.
(<) Conversely, let (¥, 07)) be resolvable and o, N J = {0}. Suppose that

Y:UIUUQ, U]ﬂUgZ(Z)

and both U, and U, are o -dense. Let y € Y and y ¢ w(U,), then there is a w-open set V| containing y
such that
Vz = V] NnU 1 € j .

Since U, is o,-dense and o, N J = {0}, V, is nonempty and, moreover, V; € U,. It follows from
Theorem 19 that
0¢W:V1\V2€O'Z) and wWnU, = 0.

This is in conflict with the fact that U, is 7} -dense. Thus, y € w(U,) and, hence, U, is w-dense. The
same reasoning demonstrates that U, is w-dense. Thus, (Y, 0, J) is w-resolvable. m]
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Lemma 21. Let (¥, 0, J) be an ITS. Then, the nonempty o7 -open subspace of an w-resolvable space
is an w-resolvable.

Proof. First, we are aware that an open set intersecting a dense set is dense, so the resolvability is an
open hereditary. Furthermore, for all A € o, we have o7, = (0°4);,- Thus, by Theorem 20, if (¥, 0, J)
is w-resolvable and A is o7 -open, then (Y, o)) is resolvable; hence,

A,0,,) = (A, (0a),)
is resolvable and, thus, (A, T4, J4) is w-resolvable. m]

Theorem 22. An ITS (Y, 0, 9) is w-resolvable if, and only if, there exists w-dense set W such that for
all nonempty H € o, and all J € J, H\ J # 0 implies (H\ J) € W.

Proof. Let (Y, 0,.9) be w-resolvable. Then, by Remark 6 and Theorem 14, o7, N J = {0}. Hence, there
is two disjoint w-dense sets, say W, and W,. We show that (H \ J) ¢ W; whenever H \ J # 0 for all
0+ Heco,and J € 7. If possible, let (H\ J) C W, forsome @ +# H € o, and J € . Then,

(H\J)NW, =0.

Now, since o, N J = {0}, by Theorem 12, W, is not w-dense. This is contrary that W, is w-dense.
Hence, (H \ J) £ W, whenever, H\ J # O forall) # H € 0, and J € .

Conversely, let the condition hold in (Y, o, J). Then, there exists a w-dense set W such that (H\J) ¢
Wif H\J #0forall® # H € o, and J € J. We show that Y \ W is w-dense. Let Y \ W be non
w-dense. Then, there exists ) # K € o, such that K N (Y \ W) € J. Clearly, K N (Y \ W) # 0, for
otherwise K € W, which is contrary to our assumption. Let

J=Kn{\W).

Then, K \ J # 0. For if K \ J = 0, then K C J and, hence, K € J which implies K " W € J. This is
contrary that W is w-dense. Therefore, K \ J C W, which is again contrary to our assumption. Thus,
Y \ W is w-dense and, hence, (Y, 0, J) is w-resolvable. O

Lemma 23. [14] Let A be a subset of Y and J be an ideal in Y. Then,
Ja=JegJ:JCA={UJNA:JeT}

is an ideal in A.

Corollary 24. An ITS (Y,0,.9) is w-irresolvable if, and only if, for each w-dense set W, there exist
Heo,andJ € J suchthatQ = (H\J) C W.

Theorem 25. Let (Y, 0, J) be an ITS such that o, N J = {0}. If W is w-dense in (Y, 0, ), then for all
A=H\J,where0 + Heo,andJ € J,AN Wis w-densein (A, T4, T4).

Proof. Clearly, we suppose o, N J = {0}. Then, a w-open set in A is of the form
ANK=H\J)NK=HNK)\J,
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where K is a w-open setin (¥, o). Let ) # (HNK)\ J. Consider, D # (HNK)\J)\ Ja, J4 € Ta. Then,
since W is a w-dense and H N K is a w-open set in (¥, ), by Theorem 12, (HNK)\ (JUJ))NW # 0.
Hence,

(HNK\ND\NJH)NANW)=(HNK)\NDH\J)NW #0.

Therefore, again by Theorem 12, A N W is w-dense in (A, 04, T 4). O

Theorem 26. Let (Y, 0, J) be an ITS such that
c,Ng ={0} and BCA=W;\/,

where 0 # W, € 0, J € J. Then, B is w-dense in (A, 04, J4) if, and only if, B = A N D, where D is
w-dense in (Y, 0, 9).

Proof. Let B be w-dense in (A, 04, T 4). Consider the set BU (Y \ A). Then,
BUX\NA)NW, =(BNW)U((Y\A)N W),
where 0 # W, € o,. Now if W, C Y \ A, then B C A and BN W, = 0, and we have
(BUXY\A)NW, =W,

which is not in J because o, N J = {0}. Finally, if W, N A # 0, then since B is w-dense in (A, 04, T 2),
BN (W, NA) ¢ J4, and, hence, BN W, ¢ . Therefore, (BU (Y \ A)) N W, ¢ . Thus,

(BU(Y'\A)) =D,

which is w-dense in (¥,0,9) and, hence, B = A N D. Conversely, let B = A N D, where D is w-
dense in (Y, 0, J). Then, by Theorem 25, B is w-dense in (A, 04, J4). This completes the proof of the
theorem. O

4. On w-irresolvable spaces with ideal

We shall now define and discuss properties of a w-irresolvable (briefly, w-7RR) space.

Definition 27. An ITS (Y,0,.9) is said to be a w-ITRR space if for each w-dense set D and each
0+ W, € 0,and J; € J such that ® # W, \ J;, there exist ) # W, € o, and J, € J such that
0+ W\ J)c(W\J)ND.

Theorem 28. An ITS (Y,0,9) is a w-IRR space if, and only if, the intersection of any two w-dense
sets is a w-dense set, when o, N J = {0}.

Proof. (=) Let (Y,0,9) be a w-ITRR space and o, N J = {0}. Let D, and D, be two w-dense sets in
(Y,0,9). We show that D; N D, is w-dense. Consider W, \ J;, where 0 # W, € o, and J, € J. We
show that (W, \ J;) N D; N D, # 0. Since D, is w-dense, 0 # W, € o, and J;, € J witho,NYJ = {0};
hence, by Theorem 12, (W, \ J;) N Dy # 0. Since (Y, 0, .9) is a w-I'RR space, there exist O # W, € o,
and J, € J suchthat @ # (W,\J,) € (W;\J;)ND,. Again, since D, is w-dense, there exist ) # W5 € o,
and J3 € J suchthat 0 # (W3 \ J3) € (W, \ J,b) N D,. Hence, 0 # W3\ J3 € (W, \ J;) N D; N D,.
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Therefore, (Wi \ J)) N (DyNDy) #0, 0 # Wy, € 0, and J; € J with o0, N J = {0}, hence, by
Theorem 12, D; N D, is w-dense.

(&) On the other hand, if the intersection of any two w-dense sets is w-dense, assume that (Y, o, )
is not w-7RR space. Then, there exist a w-dense set Dy, 0 # W. € o, and J, € I, where 0 # W, \ J,
such that (W, \ J;) N D; does not contain W, \ J, for any @ # W, € o, and J € J. Consider the set

Dy = (Y \(Wi \J)U (W, \J)\ (Wi \ J)) N Dy).

Since (Wy\J)ND, #0,0 # Wy € 0, and J € J with o, N J = {0}, hence, by Theorem 12, D, is
w-dense. However,
Wi\NJ)nNnD NDy,=0.

This is in opposition to the reality that the intersection of two w-dense sets is an w-dense set. Hence
(Y, 0, 9) must be a w-7RR space. The proof of the theorem is thus finished. O

Theorem 29. Let (Y, 0, J)beanITS and o,Ng = {0}. If (¥, 0, 9) is a w-ITRR space, then (A, 04, T4)
is a w-7RR space whenever A = W\ J forevery ) # W e o, and J € J.

Proof. Let D" and D" be w-dense sets in (A4, 074, J4). Then, by Theorem 26,
D =(W\J)NnD, and D" =(W\ J)N D,,
where D, and D, are w-dense sets in (Y, o, J). Hence,
DnD =(W\J)nD,ND,

and, since D; N D, is a w-dense set in (Y, o, J), again by Theorem 26, D'ND" is w-dense in (A, o4, T ).
Hence, by Theorem 28, (A, 04, 94) is a w-IRR space. O

Definition 30. An ITS (Y, 0,.9) is said to be a strongly w-HYC space if each W \ J # 0 is w-dense,
where W € o0, and J € 7.

Example 31. Let R be the real numbers with topology o = {0, R, Q, O°}. Let J, be the ideal of all
finite subsets of R. Then, o, ={A CR: A = U\ C for every open set U € o and C is a countable set}.

(1) Let W ={1,2,3} e o, and let J = {3} € J, then W\ J = {1,2} and (W \ J) = 0, thus W\ J is
not w-dense. Hence, (R, 0, J) is not a strongly w-HYC space.

(2) It is clear that o, N J # {0} and by item (2) of Remark 6, (R, o, J) is not a w-HYC space.
Hence, (R, 0, ) is not a strongly w-HYC space which is illustrative the following theorem.

Theorem 32. AnITS (Y, 0, J) is a strongly w-HYC space if, and only if, (Y, o, J) is a wo-HYC space
and o, N g = {0}.

Proof. (=) Let (Y,0,9) be a strongly w-HYC space. Clearly, (Y,0,7) is a w-HYC space. Let
W, # 0 be an w-open set and a member of the ideal. Then, w(W;) = Y since (¥, 0, ) is a wHYC space.
On the other hand, since W; € J, o(W;) = 0, which is a contradiction. Consequently, o, N J = {0}.
(&) Conversely, let (Y,0,9) be a w-HYC space and o, N J = {0}. Consider W; \ J, where
0+U¢€oc,and J € J. Then, W; \ J # 0 because o, N J = {0}. We demonstrate that W; \ J is
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w-dense. Let y € Y and W, be a w-open set containing y. By Lemma 10, (Y, o) is a w-HYC space and
Wy N (Wi \ J) # 0 because

WQﬁ(Wl\J):Wzﬂwl\Ji(D and O'wﬂj:{m}.
Thus, (Y, 0, ) is a strongly w-HYC space. O

Theorem 33. If an ITS (Y, 0,.9) is a strongly w-HYC space and w-irresolvable space, then it is a
w-IRR space.

Proof. Let (Y,0,9) be a strongly w-HYC space and w-irresolvable space, then o, N J = {0} by
Theorem 32. Let D; and D, be two w-dense sets in (Y, o, ). Now, we show that D; N D, is w-dense.
By Theorem 12, it is sufficient to prove that (D N D) N (W \ J;) # @ for all 0 # W, € o, and
J1 € J witho, N g = {0}. Since (Y, 0, ) is w-irresolvable, by Corollary 24, there exist O # W, € o,
and J, € J such that 0 # W, \ J, € D;. Similarly, there exist @ # W3 € o, and J; € J such that
0 # W5\ J3 C D,. Now, (Y, 0) is a w-HYC space by Theorem 32, and W, N W5 # 0 since

coNJ ={0}, W \J)NW3\J3)=WnW3)\ (J,UJ3)#0

and, hence, (W, N W3) \ (J» U J3) € Dy N D,. Therefore, by strongly w-HYC space of (Y,0,.9),
(W, N W)\ (J, U J3) is w-dense and we have 0 # (W; \ J;) N [(W, N W3) \ (J, U J3)] and, hence,
Wi\NJ)N(DyNDy)#0 with® # Wy € o, and J; € . Also by Theorem 32, o, N J = {0}; thus,
by Theorem 12, D; N D, is w-dense. Thus, by Theorem 28, (Y, 0, ) is a w-IRR space. O

5. Conclusions

In this paper, we introduced the notion of w-hyperconnected spaces in the setting of ideal
topological spaces and examined their fundamental properties. A key contribution is the
characterization of strongly w-hyperconnected spaces, where Theorem 32 establishes that this
concept is equivalent to w-hyperconnectedness under the condition o, N J = 0. Moreover,
Lemma 10 clarifies the relationship between w-hyperconnected and w-hyperconnected spaces,
showing that they coincide precisely when the family of w-open sets intersects the ideal only empty
set. These results highlight the essential role of the ideal in determining the hyperconnected structure
of the space. Future research may further distinguish the proposed theoretical framework from
rough-set-based approximation spaces induced by neighborhoods and ideals [22], while exploring
potential applications in decision-making, medical modeling, data analysis, network theory, and
information systems, as well as extensions to fuzzy [23] and intuitionistic environments and deeper
studies of topological approximation methods for complex relational systems.
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