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1. Introduction

Fractional-order models offer greater flexibility compared to integer-order models, resulting in
higher accuracy. Hadamard-type integrals are used in formulating various problems in mechanics, such
as fracture analysis [1-3]. For more applications of these operators, see [4—6]. Non-local conditions
contribute to both intermediate processes within a domain and to boundary processes. Such conditions
arise in wave propagation, elasticity, and thermodynamics, where a controller at the endpoints of a
domain can dissipate or supply energy in response to signals from sensors within the domain [7-9].

Three-point BVPs (boundary value problems) have been widely studied in the classical (integer-
order) framework. A standard prototype is the second-order nonlinear problem

x(1) = f(t, x(1)), 1€(0,1),
x(0) =0, x(1)=bx(n), O<n<l1,b>0,

which incorporates an interior-point (nonlocal) boundary condition.

Gupta [10] investigated the solvability of such nonlinear three-point problems and established
existence results by applying topological degree methods, thereby highlighting the role of nonlocal
conditions in nonlinear analysis. In a related direction, II’in and Moiseev [11] analyzed nonlocal
boundary-value problems of the second kind for Sturm—Liouville operators and established well-
posedness results under interior constraints. Furthermore, Anderson [12] proved the existence of
multiple positive solutions for nonlinear three-point BVPs by employing fixed-point techniques in
cones.

In contrast to the widely studied Riemann-Liouville (RL) fractional integral [13—15], Hadamard
fractional operators possess a logarithmic kernel and distinct structural properties [16—18].
Consequently, the analytical techniques developed for RL-type problems cannot be applied directly,
and Hadamard-type fractional three-point BVPs require a separate and careful investigation.

Motivated by these results, we check and investigate the existence results as well as the uniqueness
of the solution for non-local BVP involving the Hadamard fractional derivative of order 1 < v < 2, of
the form

(1.1)

uD”x(1) = f(t, x(1)), tel,=(1,e),
x(1)=0, x(e)=bx(m), 1<n<e, b>0,

in the Holder spaces having integral of moduli of continuity J,z, forO <a < 1,and g > v > a.

To this aim, we will investigate and prove some essential properties of the Hadamard fractional
operators, such as the boundedness, acting, and continuity in the space J, g.

The three-point boundary condition in problem (1.1) introduces a nonlocal constraint that relates
the solution at the terminal point to its value at an intermediate point € (1,e). Such conditions
naturally arise in systems with memory or feedback effects and are consistent with the intrinsic nonlocal
character of the Hadamard fractional derivative. From an analytical viewpoint, three-point fractional
BVPs are less restrictive than classical two-point problems and often allow the existence of solutions
under weaker assumptions on the nonlinearity. Therefore, problem (1.1) provides a more general and
flexible framework than standard two-point fractional BVPs.

An essential technique for examining the existence results of differential or integral issues is the
fixed point approach (FPT). Due to restricted assumptions on superposition operators F; on the
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investigated function spaces J, g, we cannot anticipate operators in the examined BVP (1.1) to be either
norm-contractions or compact. This indicates that Banach FPT or Schauder FPT might be difficult to
apply. For the analyzed BVP (1.1), the choice J, g enables us to apply methods associated with Darbo
FPT with a measure of noncompactness (MNC) to obtain solutions that are more regular than simply
continuous [19]. It should be noted that when we demand not only continuity of solutions [20] but also
anticipate more regularity, the Holder space C* is occasionally utilized as the solution space [21-23].

However, the space C* poses unanticipated problems, as the acting conditions do not guarantee the
continuity of operators ( [24, Theorems 3.8, 3.9 and 3.13]), and this may also be true for discontinuous
functions f [19]. To highlight natural and less restrictive assumptions, we skip these limitations by
focusing on the space J, 4 as the space of solutions. The space J, 4 is indicated to contain C*-spaces
and to be a suitable choice for solving the BVP of the form

D' x(t) = f(t, x(1), te(ab),
x(a) =0, x(b)=B, BeR,

where v > 0 [19,25]. In [26], the authors examined the characteristics of the Banach algebra J, 3 and
used their results to prove the existence results of a quadratic equation of RL-type fractional order,

t t
— f1(6.x(6)) 12(6,x(0))
‘x(t) - [ L\ F(Vl )(t_e)l—\/] de:l [g(t) + ﬁ l"(v)(t_g)l—v d0:| ]

in the Banach algebra J, 5, where 8 > max {v;,v}and 0 < @ < v; < 1,i = 1,2. Caballero et al., in [27]
proved the existence of results in addition to numerical solutions to the equation

x(t) = f t K(t,0)£(6, x(9)) dé,
0

in the space J, g, and apply their results to the case of the capillary rise equation, which describes the
motion of a liquid in a thin tube

x(t) = f 1 [1 —e (1 - \/2x(9))]d0.
0

For more existence results on Hadamard fractional problems in various function spaces, we refer
the interested reader to [28-30].
The following concepts are presented in this work:

e Describe and demonstrate some characteristics of the Hadamard-type fractional operator in the
space J,g.

e Prove the existence of the results together with the unique solution to the nonlocal BVP, which
contains contributions at both the domain’s boundary and intermediate processes.

e By examining our problem in the space J, 3, we propose to eliminate the weaknesses of previously
proposed spaces and combine their merits.

e We will employ the techniques related to Darbo FPT with an MNC.

e Because we studied our problem in the space J, g, our results are more regular than the prior ones,
which is a suitable choice for solving BVP (1.1).

e We conclude with some examples to support our theorems.
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2. Preliminaries

Denote by C = C(l,) the space of continuous functions on the interval I, = [1, e], where e = 2.718 is
the base of the natural logarithm, equipped with the supremum norm || - ||c. ForO <@ < 1, @ < 8 < oo,
we represent the integral-form Holder space using the norm by J, g(1.) (cf. [19]),

1]l 5 = xlle + JgCxs 1)

where
ja,ﬁ(x’ Ie) = fo-—(ﬁﬂ)w(x’ O_)ﬂa dO',

le

with the modulus of continuity w(x, o) of a function x € C, which is described by

w(x, o) = sup {Ix(t) —x(s)| : |t—s < 0'}.

s,t€l,

Further, for a function of two variables f(z, x) : |. X R — R, denoting the modulus of continuity by
(cf. [19]),

W(f, o 1) = sup{lf(s,u)—f(t,v)| S ls—f <o, u,veR,u—vl S,u}.

s,t€l,
If B — oo, we get the classical Holder space C*(l,) i.e., limg_,o Jop5(l.) = C*(l,).

Definition 2.1. [19] For a function f(t,u) : I, X R = R, we denote the superposition (Nemytskii)
operator F by Fy(u)(t) = f(t, u(t)) fort € |,.

Theorem 2.2. [19] Let f : |, X R — R verify the following conditions:
a) For any p > 0, there is ¢, > 0 such that

|f(sa I/l) - f(t’ I/l)l < Cpls - tla vs,t € Iea ue [_p’p]’
b) The function f(t,) is differentiable for each t € |,, and there is B, > 0 such that
|02 Cow) = 02f V)| < By - lu—vl,  uveR.

Then, the operator Fy : Jo5(l.) — Jop(le) is continuous.

Moreover, we have the following results for the acting conditions for the operator F; in the space
Jop.
Theorem 2.3. [19] Letp > 0, b, > 0, a, € Li(l,), 0 < @ < 1, and B > a. Suppose that the function
f 1. X R — R satisfies the estimate

w(f, o, w(u, 0'))% < a,()d? + byw(u, o),

for o > 0. Then, the superposition operator Fy generated by f maps the ball B,(J,p) into the ball

Br(Jop), where
_ : #la)
R = max {|f(t.u)] : 1€l lul < p} + (llg,ll, + b,p")
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Definition 2.4. [31] The Hausdorftf MNC y(X) of a bounded set X € J,4(l.) is known as
x(X) = inf {s > (0 : X admits a finite &-net in X}.
The MNC in the space J, 4 is given as follows.
Proposition 2.5. [19] The Hausdorff MNC in the space J,z is defined by

C(X) = hm Sup Sup j(l’,ﬁ(x’ [19 S])’

s—1 xeX
and the following estimation holds true 27" y(X) < c¢(X) < 27y (X).
Theorem 2.6. [32] (Darbo-FPT) Let O # Q C J,p be a convex, bounded, and closed set, and

T : Q — Q be a continuous mapping, and verify y(T(X)) < [- x(X), 0 < I < 1 (Contraction condition)
forany @ # X C Q. Then, the map T has at least one fixed point in €.

3. The Hadamard fractional operators in J, 4

We will introduce certain ideas and demonstrate several fundamental characteristics, including
acting conditions, boundedness, and continuity conditions of Hadamard fractional integral operators
in Jaﬂ.

Definition 3.1. [3] The Hadamard fractional integral /" of a given integrable function x of order v > 0
is given by

t
v—1 X
ol x(1) = fl (Inf)" 2%dg,  t>0,
with public Gamma function I'.

Definition 3.2. [3] The Hadamard derivative ;D" of fractional order v > 0 for a function x : [1, c0) —

R is given by
!
n n—-v—1 X
(4 V)x(t):(t%) fl (1ng) 0 do,

wheren — 1 <v <n, n =[v] + 1, and [v] refers to the integer part of the number v.

Theorem 3.3. [3] Lettingn—1<v <n,v >0, then:
1) The Hadamard fractional differential equation (D" x(t) = O is verified if and only if

n

()= Y c(ln)™,  ceR.

i=1

Particularly, if 1 <v < 2, the relation ;D" x(t) = 0 is verified if and only if
x(t) = ¢;(In t)v—1 +c(In t)v_2, c1,¢ € R.

ii) yD” 4" x(t) = x(1) is verified for every x(t) € LF(l,).
iii) Let x € C([1, c0]) N LP[1, co]. The following formula is verified:

n

o’ WD"x(0) = x(t) = > ci(Ing)”.

i=1

V) gl G x(t) = {72 x(1), v, vy > 0.
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First, we show that the operator I" : J,3 — J, 1s continuous.

Theorem 3.4. Let0 < a < 1,1 <v <2, and B > v > a. Then, the operator pI" : Jo3 — Jop is
continuous with the modulus of continuity

w(x,o)+ve’ L alxlle 0<o<1
— = 1,

w(yl"x,0) < To+1) ’

where ||| - "xl“aﬁ <cppe |||x|||aﬁ, where

-2 1= eﬁ(l —®)/a_
B v-151"5 a 1
1) = max { =2 ! +["e 2 ][ ( )]

I(v+1)’ T(v+1) r(v+1) B(l-a)

Proof. For s,t,0 €l,, setu = é (resp. u = g), which yields

T (1) = " x(6)| < f t (in2)"™" x©)% - f (n2) " x@)¥
1 1

!

IA
~~~
—

=

<
N
<

=
—
< I~

IA
—
&

~
—

=

<
~
<
—_

=
—
S I~

— SN—" N—"

=g
<

|
~
—

=

<
~
b
—_

=
—~
< |w
~—
o
=g

IA
~
—
=
<
N
b
< —_
- =
—
< I~
N—

t
+ ble (1n w)”
v N

IA

w(x,0) + lixlle
v %

v

-

IA

Now, for t,s € |, [t — 5| < o < 1, then by using the mean value theorem, we get

I —s | <vel—s, 1l<v<2.

Consequently,
w(x,o)+ve’  allxle

w (yl"x,0) < To+D)

Therefore,

/g

ja,ﬁ (HIVX, le)tl/ﬁ - f O-—(ﬂ+1)w (HIV)C, O_)ﬂ/a do_]
LJ1

_ e _ Bla o/p
_ -(+1) ((wx.o)+ve olxdie
= j]‘ o ( T(v+1) ) do‘]

P e
7B —(B+1) o v=1__\Bla Bla
[ bt o ) ]

/g

IA

! a/g

a ¢ 14
2 B —-(B+1 Bfa —1\Blay| |1l 1-
< F(V+1)[f1 o BV u(x, " do + (ve Y ||x||C/ f -(s+ )da]

1
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a

o/
2 B . 7 —1 (l’(éﬁ(lia)/a—l)
< o+ []a/,ﬁ (x, 1) e + ve” [W [Ixllc! -

Moreover,

t
v B vl [
x| < %fl (ng) 56 < Foles.
Combining estimations (3.1) and (3.2), we get

/B

|||H "X |a,ﬁ < ”Hlvx”c + jmﬁ (Hlvx, |e)

/g
a (1-a)/q
Ixe , 277 | . ap ot | a7 e1)
S to+n T oD (]a,,@ (x,1)" +ve [W l|xlc

a - u/ﬂ @
_ 1 ve 127 B "(Bﬂ(] a)/a_l) 2B . /g
= [rml) + [ TOo+D) ] [ B(1-a) Ixlle + Form o (£ 1e)

< 011|||X|||mﬁ,

p
_a -2 (l—(l)/n_
— 2 B 1 ve-12'75 | [ o 1)
C11 = max {F(V+1)’ T(v+1) + [ I'(v+1) ] [ B(l-a) ’

which completes our claim.

where

4. Three-point Hadamard-type fractional BVP

Next, we study the "non-local" three-point BVP of Hadamard-type FDE (1.1):
Lemma4.1. For1 <v <2, b(In 77)"_1 # 1,and { € J,45(l.), the BVP

gD x(t) = (1), te(l,e),
x(1) =0, x(e) = bx(n), 1<n<e,

is equivalent to the integral equation
1 1
_ ARG (n ! )" ¢©
x(1) = j; (ln 5) Te 90 + ) (1-bnn"") b- ' (ln 5) *o do
¢ v—1
—f (In¢) @d@], tel, b(inp™" # 1.
1

Proof. The solution of the Hadamard FDE in (4.1) can be given by (cf. [3])

!
x(t) = f (ng) L0 gt ey (niy + e (ni) 2
1

Using our boundary conditions, we get that ¢, = 0, and

7 - e 1
-1 |b 1\ O 49 _ 2 <)
¢ = l_b(lnn)v-l[r(y)f] (In2) 42 do f] (ng)" &2 de].

(3.1)

(3.2)

4.1

4.2)

4.3)

Substituting the values of the constants ¢y, ¢, in (4.3), we get (4.2). Conversely, by direct calculations,

it can be shown that (4.2) verifies the BVP (4.1). This completes the proof.

O
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4.1. Existence of solution in J, g

Regarding Lemma 4.1, the solution to BVP (1.1) can be written as

!
_ 1\ Fe.x)
x(z)_—m)fl (Ing) £ gg

7] e
___(np! 7\~ f0.x0) N1 Fox0)
" r(v)(l—bann)v-')[b ' fl (Ing) K5 do - fl (ng) 252 d9], tel. (44

Let us write Eq (4.4) in operator form:

X(1) = HO0) = " F 00 + s (bl () =l F(0(0)).

where F is the superposition operator as in Def. 2.1, and /" is the fractional integral of Hadamard
type as in Def. 3.1.

Theorem 4.2. Let0O < a < 1,1 <v <2, andB > v > a in addition to the following set of assumptions:
i) Let the functions f : 1, Xx R = Rverify for all s,t € l,, u € C(l,), and x,y € R,

1) Ap > 0,b, > 0 and functions a, € L,(l,) such that
w(f, o, o, )" < a, () + bw(u, P, o >0. (4.5)

2) For any p > 0, there exists c, > 0 such that |f(s, x) — f(t,x)| < cpls — 1.
3) For any p > 0, there exists B, > 0 such that |f(s, x) — f(s,y)| < By|x —yl.
4) The function f(t,-) is differentiable, and for any p > 0, there exists a constant B, > 0 such that

021 (2, x) — 02 f (2, )| < By, |x = yl.
ii) Denote N = ||f(t,0)||c, and assume that
2%
b8!
L:=—F——<1
re(v+1)

Then, BVP (1.1) has at least one solution x € Joz defined on |,.

Proof. We present the proof due to Darbo-FPT 2.6.

Step I. First, in view of Theorem 3.4, the Hadamard operator ,/* : J,3 — J,z 1S continuous.
Assumption (i) and Theorem 2.2 indicate that F; : J,3 — Jup, is continuous. Consequently, the
operator H : J, 3 — J,p i continuous.

Step II. We shall demonstrate that H is bounded on the ball
B(Jop) = {x € Jog + Il 5 < 7},

where r is given by

1-2
= | Form ol + e
"'=1Ts [F(v+1) Ql|,, TN,

AIMS Mathematics Volume 11, Issue 3, 7047-7065.
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where

TO+1) F(v+l) B(l-a) Bor—1-a)

1-% ap alve-1Yle(SA-Dje_1) 18 o P11\ 18
en :max{4—ﬁb" |1+ 0 + 415 e 1)] +5[—(e/3 ‘)] Il

with § = 2802 a7 = (1 - b(Iny)™") # 0, and N = ||£(£, 0)llc. For x € J, 5, we have

IHDI, , = ||l Fro@ + £(n ™" - P F ) + £(Ine) ™ (P Fy(e)

apB
b-yl"F p(x)(m) - ["Fr(x)(e) -1
< b Frcol ||+ Bl fan gy + WL o1 |
ap aB
Pl F0m)| [ Froe) y-1
< HIVFf(x)HC+[ [
, o8 [ bl IF ) I'F (x)(e) 1o\
# gua(l Fr0, 1)+ | ARy W] G (a1 L)

Note that ||(In t)H” o =sup{(ns)' : rel,} < 1. Then, we get the estimation

IHCle = [l Fl + & I Froam]|, + % e o)

Wbl [“ng) vt [m2) " g ()"
|If(t,x)—f(t,0)+f(t,0)||c[ _ (ln L)V ‘L = (ln g)v ‘:17 pel (ln é)v m

vI'(v) 6
Byllxllc+N bingy+1] _ Bolllo+N
) [1+ M ]— o (1 +0).

Moreover, recalling Theorem 3.4, we obtain

ja,,B (HIVFf(x)’ le) = fe 0-_(/3‘*'1)0) (HIVFf()C), O_)ﬁ/n dor
1

< b f i (@) e PR
1

P (y+1)

B_ ¢ Bla
2a~! —(B+1) .
rﬁ/n(wl)[ ﬁ o w (Ff (x), 0') do

; f U_(ﬁ+1)(vev_1O')ﬁ/”llFf(x)llﬁC/”dO']
1

451

rﬁ/ﬂ(v+1)[f o~ Brh (ap(o')o'ﬁ” +bw (x,0) ”) do

a(ve"‘l)ﬂ/" PV _ 1
a0 - v

B e e
47! ~(B+1) o
e 1)[ ‘fl a,(o)do + b, vf1 o w(x,0)" do

(r(ve"_l)ﬂ/" P _q Bla
+ B(l(—a) )(Bp”xHC + N) ]

IA

IA

IA

B_ v—1\P/a eB(l—O)/(y_
4a-! . a(ve yB ( 1) Bla
< 1l + By s () + S Bl + N

(4.6)

4.7)

(4.8)
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Moreover, for 0 < v—1 < 1 and |t — 5| < o, the function (In?)"~! satisfies

|(ln "' = (In s)"_1| <lt-s"' <ot

Consequently,
w(np) o) <o!
and . ) )
a/p Fo-1-0ya_{)19/6
. —1 af —(B+1 -1/ @
Jag(n 0%, 1) = [f o dg] - [ (ﬁ(V—l—a) )] (4.9)
1
By substituting (4.7)—(4.9) into (4.6), we have
_a v— @ —)a a//;
Bylldlc+N 45 . a(ve’ (S —t) Bl
IH@I|, , < s - (1 +6) + m—m[naanl + bpjap(x, o) + ——51-5—| Bllxllc + N|
B+ of (1) e
To+D) B—1-a)
v—1\Bla( -0 1\ 78
_ Bylilig+N ol N i G|
= BN (1 4.6) + r(m)[napuh B o g, 1) [ e |Bllxllc + N]|
Bpllxl\c+N6 a(eﬁ(vfl—a)/(y_l) a/p
T(v+1) BOo—1-a)
v— @ ~)/a H/ﬁ (v—1-a)/q a//3
_ ,J/ﬁ 1-8] alve 175/ (eﬁ(l s 1) a(eB —1)
- r(v+1)||ap|| F(v+1)[(l +0) +4 [ B(I-a) + BO—1-a) "N
v—11Ba /o /B (v-1-0a)/q /B
1-L| a(ve ')F/ (eﬁ(l s 1) (1(e/3 —1)
F(v+l)[(1 +0)+4 [ B-a) +0| = oo | [IHle
4 ﬁb ar/ﬁ
+ Forn Tor Jes(x, le)
< r(v+1)”ap”% ten N+ C22”|x|||a,5’
where
-2 ap v=1\Ba( S-a_1) 198 SO 1= _1) 18
_ 4 ﬁb 1- B a(ve )ﬂ( l) a( 1)
e = max{w’ r(v+1)[(1 +0)+4 [ Bi-a ol | S

Consequently, H : J,3 — Jop is continuous. Now, for x € B,(J,4), we obtain

|||7{(x)||| g S 1_(er)||ap||f’/ﬁ +cpn-N4+cp-r<r
Then, H : B,(Jop) = B.(Jop) is continuous.
Step III. Itis obvious that the ball B,(J,z3) # 0 is bounded and closed; in addition, it is convex.

Step IV. We prove that H verifies the contraction condition. Assume that @ # X C B,(J,p) and
forxe X, 1 < s < e, we have

Jap(H(x), [1, 5]) = f S o P Da(H(x), o) do
1

§2§‘1[f o P D I'F(x), o) dor
1
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Bla &)
Bylixllc+N —(B+1 -1 Bla
+[ ”réfl) -5] ﬁ o B Du((nr) !, o) dO‘]
g_l ’ - Ao a /30
< Fﬁiy(wl) f o (B“)a)(Ff(x),O') d0'+f o By gy ||Ff(x)||/
1 1
o (7 _ +1) _Bo-1)
+[Bldlc + M) -] [ oo "do-]
1
S S
Sﬁ/nfl _(ﬂ+ 1) ﬁ/a
< oo ‘fl a,(o)do + bp‘fl o w(x, o) do

S
L
1

A -
+|Bylallc + V) - 5] f o B ”/"da].

1

Taking the limit as s — 1, we get

b,85-1
c(H(X)) < g eX).

Employing Proposition 2.5, we obtain

MHX)) < 25 c(H(X)) < 25 28 - _o(X) < 25 bt - 25,

Pla(yt1) Pea(y+1)
Therefore,
2%
b8 7!
X(HX) < Gy (X). (4.10)
We conclude that the operator H verifies all requirements of Theorem 2.6 with L < 1, which completes
the proof. O

4.2. Uniqueness of the solution

Now we show that BVP (1.1) has exactly one solution.

Theorem 4.3. Let assumptions of Theorem 4.2 be verified by replacing inequality (4.5) by

w(Fyu) = Fs(v), 0)<b,-wu-v,0), Yu,vyeC(,), o >0 4.11)
and assume that
st
Zli%b* al ver1 Zﬁ—l(eﬁ(l—a)/a_l) a(eﬁ(v,l,a)/a_l) a/g
¢33 = max F(v+1§’ F(v+1) (1+0)+ ) + 5[ BOr—1-a) ] <1,

where 0 is defined in Theorem 4.2. Then, problem (1.1) has a unique solution x € B.(J,p).

Proof. By employing inequality (4.11), we have

W(F(u) = F(0), o) < b, - w(u, o). (4.12)
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Moreover,
W(F ;) — Ff(0), o) = sup {| fls,u) = f(t,v) = f(5,0) + f,0)| : Is—A < oyu,v eR, Ju—v| < p}

> sup {|f(s.u) = ()] : Is—f <o uv €R, fu—vl < pf

s,t€l,

= sup {|£(s.0) = £(2.0)| : Is =1 < o}

s,tel,

Zw(Ff(u), 0')—cp~sup{|s—t| Dls =1 SO'}

s,t€l,

=w (Ff(u), 0') —c, 0. 4.13)
Combining (4.12) and (4.13), we get
w(Ff(u), 0') —¢p 0 S w(Fru) = Fp0), 0) < b, - w(u, o),
and so w(F(u), o) < ¢, - 0 + b, - w(u,o). Thus,

Bla

w(Ff(”)’ O')ﬂ/a < 2571 (Cf,/a o+ (b;) - w(u, o‘)ﬁ/w) ,

which implies that inequality (4.5) is verified with a, = 27~'¢J* . o*/*#~ and b, = Zﬁ/"‘l(b;)ﬁ/ “. Then,
Theorem 4.2 implies that BVP (1.1) has at least one solution x € B.(J,z).
Now, letting x and z be any two different solutions of Eq (4.4), we get

IH) = H@I|, 5 = [|HE) = H@| o + o (H) = H @), 1™
< | H) = HE| | + s (o (Fr0) = Fr2) 1)

b- v _ v . _ , . _ @
+ | (Fr(x) Ff<z))(rz)|M+|H (Fs(x) Ff(z>)<e)ljaﬁ((ln £y L) 4 (4.14)

Therefore,

e -l s PR i) ¢ o [T ng)™ e [ ne)
<ol gy gy [ 2 ns)

< Byllx—zllc [1 + b(lnr])v+1] _ Bpllx—zllc (1 + 6) (415)

= To+D) M TO+1)

Using assumption (iii), we have the following estimations:

A

Jog (6l (F(x) = Ff(2)), 1) = fl V0 ((J(Fp(x) - Fy(2), o) dor

Bla

c da’]

571 ¢ — Bla yv— @
< rﬁi(v+l>fl o (F 1) = Fy(2), o+ e o[y = Fy(2

B_ € Bla
2! B+ (1% Bl v=1__\Bla
<

< FeorD j; o [(bp) wx—2z,0)"+ (e o)

B,|x — zl”lzn ] do
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, . .
—zﬁ/a—l * G — 1 Bla —1\Bla Bla — 1 a
< Fom| () | oot s o do s B Yol | o0 o
[ ¢ v=1\Bla( B-D)a

zﬁ/(i—l «Bla —(B+1) Bl a(pre If/ (gﬁ —]) Bla
S PagrD b, \[1 o w(x—z,0)"" do + e Ix — 2l

a1 [\l a(preV_lW"(eﬁ(lw)/"—l) 5o
< | (B) g (e =2 1) + e - 2l | (4.16)

Therefore, by using (4.9) and (4.16), we have

_a . o Q/ﬁ
. /B 2B . . N «(B,ve 1)/f/a(eﬁ<l Yer_q
Jes(HE) = H@, )T < 1655 [bp Jap (X =2 1) + [ = ) N
B..S a(ep(v—l—zr)/a_l) o/
* F(vp+1)[ Bo—1-a) llx = zll- (4.17)

By substituting (4.15) and (4.17) into (4.14), we have

_a _ —a (Y/ﬁ
B,lx—zl 25 [ o [aBve (-1
IH) = HE|, , < “Foro (1 +6) + —r(v+1)[bpja,ﬁ (x =z, l) /ﬂ+[ : B(l_(a) 7 = 2l

afB =
v—1-a ('/,B
B,0 a(eﬂ( ! )/”—1)
[ Br—1—-a) ”-x - Z”C

TGo+1)
B a/g
1) 5B 1 eB(l—‘Z)/a_l (v—1-a) a/p
g o B G| I P L)
= foun (L +0) + Bl-a) +O|=gomim | |1~ Zle-
1-2
2By «
+ Foridas (8 =2 107 < el = s
where
B o/p
_a 1\ 5B 1 pa-a) i p
1 B B a(yev 1) X 1(eﬁ /01_1) a(eB(v 1 (y)/(,_l) /B
— P 0
€33 = MAX\ T T4 (1+0)+ Bia) + 5[—B(V_]_a) ] < 1.
This wraps up the proof. m|

5. Application

Now, we conclude with an example that verifies our set of assumptions.
Example 5.1. For 7 € |, = [1, e], consider the non-local FDE of the form

uD"x(t) = sin (532),
x(1) =0, x(e) = 3x(2),

(5.1)

in Holder space with the module of continuity J, 4, for any 8 > v > @, 0 < @ < 1 in two cases as
follows:

Casel: a=0.60-5095 BB 31} =1
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Case2: a=0.60"5095 =2 ve(d 32

We can note that f(z, x) = sin (T(r))(;) withc, = B, = 100 and B, = ﬁ, where
+x S+x +x s+x| — 1
|f(t,x) - f(s, x)| = ‘Sm(mo) - Sm(wo) < |m = ol = 100t — s,
_ +x t+y t+x ty| _
(1,0 = 2, )] = [sin (42) = sin (55)] < [502 = ] = shghe = o,

and

then a, (o) =

1021 (1, %) = B2 (2, 9)| < Thrlx = ¥,

Bla

w(f, o, w(x, U))ﬁ/" = 'sin (’J;gg)) —sin (%ﬁf))

< |t+x(t) _ stx() Pl
= 17100 100

100 a” ﬂ/a 100 @ Bla
< 10051 s+ 100y — x(O)

L He, 1 fe
1000ﬁ + 100w(x o)

I/\

1 Ep — 1
1000‘1 »bp = 105+

By choosing the values of parameters in this case, we have

and

(eﬁ(l—a)/a_l) 05154, ﬁ = 23/20’
laplleian = —5ga=— = 0-5168, B =734,
0.5175, B =13/,

" 0.1817, B = 23/,
= 2 ~! 02802, =% <l
0.3480, B = 1310,

These numerical estimations are shown in Table 1, and are plotted in Figures 1 and 2.

0.05

Table 1. The estimated results for non-local FDE (5.1) with @ = 0.60 — 0.95 and three
values of 8 in Example 5.1 for Case 1.

AIMS Mathematics

a  B=20 B =2 B =10

lapllz, ) L<1 lapllz, ) L<1 lapllz,q,) L<1

0.50 0.9383  16.0597 0.9961  36.5617 1.0267  55.1660
0.55 0.8302 6.7953 0.8706  14.3554 0.8917  20.8651
0.60 0.7517 3.3184 0.7806  6.5868 0.7956  9.2799
0.65 0.6924  1.8094 0.7133  3.4071 0.7241  4.6752
0.70 0.6462 1.0759 0.6614  1.9364 0.6692  2.5977
0.75 0.6093  0.6857 0.6203  1.1866 0.6258  1.5611
0.80 0.5793  0.4623 0.5869  0.7731 0.5908  0.9997
0.85 0.5543  0.3265 0.5594  0.5297 0.5620  0.6747
0.90 0.5333  0.2397 0.5364  0.3785 0.5379  0.4757
095 0.5154 0.1817 0.5168  0.2802 0.5175  0.3480
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Thus, all assumptions of Theorem 4.2 are verified, and then (5.1) has at least one solution x € J,z

in Case 1.

T T T T T T T T T T
b 3 = 23/20
L —w— B =5/4 —
—b— B =13/10

0.8 -

llapll, ey

0.6

| | | | | | | | | |
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

ae,1)

Figure 1. Representation of [la,|lz,q,, for non-local FDE (5.1) with & = 0.60 — 0.95 and
three values of 8 in Example 5.1 for Case 1.

T T T T T —]
———ey=1

e 3 = 23/20
—— 3 = 5/4 |
—6— B =110

0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

ae(0,1)

Figure 2. Representation of L for non-local FDE (5.1) with @ = 0.60 2% 0.95 and three
values of 8 in Example 5.1 for Case 1.

By choosing the values of parameters in this case, we have ||a,|lz,q,) ~ 0.5161 and

% 0.2325, v =4/3,
L= ”P"i ~{ 02257, v=3h V<.
02187, v =50,

These numerical estimations are shown in Table 2 and are plotted in Figure 3.
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Table 2. The estimated results for non-local FDE (5.1) with @ = 0.60 ) 0.95 and three

derivative orders v in Example 5.1 for Case 2.

a v =21/ v = 11/ v = 23/20
lapllz,qy) L<1 lapllz,qy) L<1 llapllL,ay) L<1
0.50 09667 25.6376 0.9667 24.2316 0.9667 22.8195
0.55 0.8501 10.3963 0.8501 9.8767 0.8501 9.3520
0.60 0.7660 4.9002 0.7660 4.6752 0.7660 4.4471
0.65 0.7028  2.5930 0.7028  2.4829 0.7028  2.3709
0.70 0.6538 1.5027 0.6538 1.4434 0.6538 1.3828
0.75 0.6148 0.9366 0.6148  0.9020 0.6148  0.8666
0.80 0.5831 0.6193 0.5831 0.5978 0.5831 0.5758
0.85 0.5569 0.4299 0.5569 0.4159 0.5569 0.4014
090 0.5349 0.3108 0.5349  0.3012 0.5349  0.2913
095 0.5161 0.2325 0.5161 0.2257 0.5161 0.2187

Thus, all assumptions of Theorem 4.2 are verified, and then (5.1) has at least one solution x € J,z

in Case 2.

Figure 3. Representation of L for non-local FDE (5.1) with @ = 0.60 — 0.95 and three

I
ey =1
e v = 21/20
—— ) = 11/1(]
—_— v = 23/20 N
SO S Sk Sl e Py
P . —a |
| | | | | | | | | |
0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95
ae(0,1)
0.05

values of derivative orders v in Example 5.1 for Case 2.

6. Conclusions

In this article, some fundamental properties of Hadamard fractional operators are examined,
including their boundedness, acting, and continuity in integral-form Holder Banach space J, . It is
better to consider the space J, 4 as a space of solutions to differential problems because it has much
better properties than the space of continuous solutions C and the classical Holder spaces C*. The
existence and uniqueness of the solutions to the non-local FBVP containing a Hadamard-type fractional
operator J, 5 are established by utilizing such characteristics in conjunction with Darbo’s FPT and

AIMS Mathematics
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MNC techniques. The results are confirmed with a numerical example. Interested readers can solve a
variety of problems and add some numerical results to the examined space, as well as extend and apply
these conclusions to various fractional operators in the space J, .
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