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1. Introduction

Fractional-order models offer greater flexibility compared to integer-order models, resulting in
higher accuracy. Hadamard-type integrals are used in formulating various problems in mechanics, such
as fracture analysis [1–3]. For more applications of these operators, see [4–6]. Non-local conditions
contribute to both intermediate processes within a domain and to boundary processes. Such conditions
arise in wave propagation, elasticity, and thermodynamics, where a controller at the endpoints of a
domain can dissipate or supply energy in response to signals from sensors within the domain [7–9].

Three-point BVPs (boundary value problems) have been widely studied in the classical (integer-
order) framework. A standard prototype is the second-order nonlinear problem x′′(t) = f (t, x(t)), t ∈ (0, 1),

x(0) = 0, x(1) = bx(η), 0 < η < 1, b > 0,

which incorporates an interior-point (nonlocal) boundary condition.
Gupta [10] investigated the solvability of such nonlinear three-point problems and established

existence results by applying topological degree methods, thereby highlighting the role of nonlocal
conditions in nonlinear analysis. In a related direction, Il’in and Moiseev [11] analyzed nonlocal
boundary-value problems of the second kind for Sturm–Liouville operators and established well-
posedness results under interior constraints. Furthermore, Anderson [12] proved the existence of
multiple positive solutions for nonlinear three-point BVPs by employing fixed-point techniques in
cones.

In contrast to the widely studied Riemann–Liouville (RL) fractional integral [13–15], Hadamard
fractional operators possess a logarithmic kernel and distinct structural properties [16–18].
Consequently, the analytical techniques developed for RL-type problems cannot be applied directly,
and Hadamard-type fractional three-point BVPs require a separate and careful investigation.

Motivated by these results, we check and investigate the existence results as well as the uniqueness
of the solution for non-local BVP involving the Hadamard fractional derivative of order 1 < ν ≤ 2, of
the form  HDνx(t) = f

(
t, x(t)

)
, t ∈ Ie = (1, e),

x(1) = 0, x(e) = bx(η), 1 < η < e, b > 0,
(1.1)

in the Hölder spaces having integral of moduli of continuity Jα,β, for 0 < α < 1, and β > ν > α.
To this aim, we will investigate and prove some essential properties of the Hadamard fractional

operators, such as the boundedness, acting, and continuity in the space Jα,β.
The three-point boundary condition in problem (1.1) introduces a nonlocal constraint that relates

the solution at the terminal point to its value at an intermediate point η ∈ (1, e). Such conditions
naturally arise in systems with memory or feedback effects and are consistent with the intrinsic nonlocal
character of the Hadamard fractional derivative. From an analytical viewpoint, three-point fractional
BVPs are less restrictive than classical two-point problems and often allow the existence of solutions
under weaker assumptions on the nonlinearity. Therefore, problem (1.1) provides a more general and
flexible framework than standard two-point fractional BVPs.

An essential technique for examining the existence results of differential or integral issues is the
fixed point approach (FPT). Due to restricted assumptions on superposition operators F f on the
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investigated function spaces Jα,β, we cannot anticipate operators in the examined BVP (1.1) to be either
norm-contractions or compact. This indicates that Banach FPT or Schauder FPT might be difficult to
apply. For the analyzed BVP (1.1), the choice Jα,β enables us to apply methods associated with Darbo
FPT with a measure of noncompactness (MNC) to obtain solutions that are more regular than simply
continuous [19]. It should be noted that when we demand not only continuity of solutions [20] but also
anticipate more regularity, the Hölder space Cα is occasionally utilized as the solution space [21–23].

However, the space Cα poses unanticipated problems, as the acting conditions do not guarantee the
continuity of operators ( [24, Theorems 3.8, 3.9 and 3.13]), and this may also be true for discontinuous
functions f [19]. To highlight natural and less restrictive assumptions, we skip these limitations by
focusing on the space Jα,β as the space of solutions. The space Jα,β is indicated to contain Cα-spaces
and to be a suitable choice for solving the BVP of the form RLDνx(t) = f

(
t, x(t)

)
, t ∈ (a, b),

x(a) = 0, x(b) = B, B ∈ R,

where ν > 0 [19, 25]. In [26], the authors examined the characteristics of the Banach algebra Jα,β and
used their results to prove the existence results of a quadratic equation of RL-type fractional order,

x(t) =
[ ∫ t

1

f1(θ,x(θ))
Γ(ν1)(t−θ)1−ν1

dθ
][

g(t) +
∫ t

1

f2(θ,x(θ))
Γ(ν)(t−θ)1−ν dθ

]
,

in the Banach algebra Jα,β, where β ≥ max
{
ν1, ν
}

and 0 < α < νi < 1, i = 1, 2. Caballero et al., in [27]
proved the existence of results in addition to numerical solutions to the equation

x(t) =
∫ t

0
K(t, θ) f

(
θ, x(θ)

)
dθ,

in the space Jα,β, and apply their results to the case of the capillary rise equation, which describes the
motion of a liquid in a thin tube

x(t) =
∫ 1

0

[
1 − e−(t−θ)

(
1 −
√

2x(θ)
) ]

dθ.

For more existence results on Hadamard fractional problems in various function spaces, we refer
the interested reader to [28–30].

The following concepts are presented in this work:

• Describe and demonstrate some characteristics of the Hadamard-type fractional operator in the
space Jα,β.
• Prove the existence of the results together with the unique solution to the nonlocal BVP, which

contains contributions at both the domain’s boundary and intermediate processes.
• By examining our problem in the space Jα,β, we propose to eliminate the weaknesses of previously

proposed spaces and combine their merits.
• We will employ the techniques related to Darbo FPT with an MNC.
• Because we studied our problem in the space Jα,β, our results are more regular than the prior ones,

which is a suitable choice for solving BVP (1.1).
• We conclude with some examples to support our theorems.
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2. Preliminaries

Denote by C = C(Ie) the space of continuous functions on the interval Ie = [1, e], where e = 2.718 is
the base of the natural logarithm, equipped with the supremum norm ∥ · ∥C. For 0 < α ≤ 1, α < β < ∞,
we represent the integral-form Hölder space using the norm by Jα,β(Ie) (cf. [19]),∥∥∥|x|∥∥∥

α,β
= ∥x∥C + jα,β

(
x, Ie
)α/β
,

where
jα,β
(
x, Ie
)
=

∫
Ie
σ−(β+1)ω(x, σ)β/α dσ,

with the modulus of continuity ω(x, σ) of a function x ∈ C, which is described by

ω(x, σ) = sup
s,t∈Ie

{
|x(t) − x(s)| : |t − s| ≤ σ

}
.

Further, for a function of two variables f (t, x) : Ie × R → R, denoting the modulus of continuity by
(cf. [19]),

ω( f , σ, µ) = sup
s,t∈Ie

{
| f (s, u) − f (t, v)| : |s − t| ≤ σ, u, v ∈ R, |u − v| ≤ µ

}
.

If β→ ∞, we get the classical Hölder space Cα(Ie) i.e., limβ→∞ Jα,β(Ie) = Cα(Ie).

Definition 2.1. [19] For a function f (t, u) : Ie × R → R, we denote the superposition (Nemytskii)
operator F f by F f (u)(t) = f

(
t, u(t)

)
for t ∈ Ie.

Theorem 2.2. [19] Let f : Ie × R→ R verify the following conditions:
a) For any ρ > 0, there is cρ > 0 such that

| f (s, u) − f (t, u)| ≤ cρ|s − t|, ∀s, t ∈ Ie, u ∈ [−ρ, ρ];

b) The function f (t, ·) is differentiable for each t ∈ Ie, and there is Bρ > 0 such that∣∣∣∂2 f (·, u) − ∂2 f (·, v)
∣∣∣ ≤ Bρ · |u − v|, u, v ∈ R.

Then, the operator F f : Jα,β(Ie)→ Jα,β(Ie) is continuous.

Moreover, we have the following results for the acting conditions for the operator F f in the space
Jα,β.

Theorem 2.3. [19] Let ρ > 0, bρ > 0, aρ ∈ L1(Ie), 0 < α < 1, and β > α. Suppose that the function
f : Ie × R→ R satisfies the estimate

ω
(
f , σ, ω(u, σ)

)β/α
≤ aρ(σ)σβ+1 + bρω(u, σ)β/α,

for σ ≥ 0. Then, the superposition operator F f generated by f maps the ball Bρ(Jα,β) into the ball
BR(Jα,β), where

R = max
{
| f (t, u)| : t ∈ Ie, |u| ≤ ρ

}
+
(
∥aρ∥L1 + bρρ

β/α
)α/β

.
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Definition 2.4. [31] The HausdorffMNC χ(X) of a bounded set X ∈ Jα,β(Ie) is known as

χ(X) = inf
{
ε > 0 : X admits a finite ε-net in X

}
.

The MNC in the space Jα,β is given as follows.

Proposition 2.5. [19] The Hausdorff MNC in the space Jα,β is defined by

c(X) = lim sup
s→1

sup
x∈X

jα,β(x, [1, s]),

and the following estimation holds true 2−β/αχ(X) ≤ c(X) ≤ 2β/αχ(X).

Theorem 2.6. [32] (Darbo-FPT) Let ∅ , Ω ⊂ Jα,β be a convex, bounded, and closed set, and
T : Ω→ Ω be a continuous mapping, and verify χ

(
T (X)

)
≤ l · χ(X), 0 ≤ l < 1 (Contraction condition)

for any ∅ , X ⊂ Ω. Then, the map T has at least one fixed point in Ω.

3. The Hadamard fractional operators in Jα,β

We will introduce certain ideas and demonstrate several fundamental characteristics, including
acting conditions, boundedness, and continuity conditions of Hadamard fractional integral operators
in Jα,β.

Definition 3.1. [3] The Hadamard fractional integral HIν of a given integrable function x of order ν > 0
is given by

HIνx(t) =
∫ t

1

(
ln t

θ

)ν−1 x(θ)
θΓ(ν)dθ, t > 0,

with public Gamma function Γ.

Definition 3.2. [3] The Hadamard derivative HDν of fractional order ν > 0 for a function x : [1,∞)→
R is given by (

HDν) x(t) =
(
t d

dt

)n ∫ t

1

(
ln t

θ

)n−ν−1 x(θ)
Γ(n−ν)θ dθ,

where n − 1 < ν < n, n = [ν] + 1, and [ν] refers to the integer part of the number ν.

Theorem 3.3. [3] Letting n − 1 < ν < n, ν > 0, then:
i) The Hadamard fractional differential equation HDνx(t) = 0 is verified if and only if

x(t) =
n∑

i=1

ci
(

ln t
)ν−i

, ci ∈ R.

Particularly, if 1 < ν < 2, the relation HDνx(t) = 0 is verified if and only if

x(t) = c1
(

ln t
)ν−1
+ c2
(

ln t
)ν−2

, c1, c2 ∈ R.

ii) HDν
HIνx(t) = x(t) is verified for every x(t) ∈ Lp(Ie).

iii) Let x ∈ C([1,∞]) ∩ Lp[1,∞]. The following formula is verified:

HIν HDνx(t) = x(t) −
n∑

i=1

ci
(

ln t
)ν−i

.

iv) HIν1
HIν2 x(t) = HIν1+ν2 x(t), ν1, ν2 > 0.
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First, we show that the operator HIν : Jα,β → Jα,β is continuous.

Theorem 3.4. Let 0 < α < 1, 1 < ν < 2, and β > ν > α. Then, the operator HIν : Jα,β → Jα,β is
continuous with the modulus of continuity

ω
(

HIνx, σ
)
≤

ω(x,σ)+νeν−1σ∥x∥C
Γ(ν+1) , 0 ≤ σ ≤ 1,

where
∥∥∥| HIνx|

∥∥∥
α,β
≤ c11 ·

∥∥∥|x|∥∥∥
α,β

, where

c11 = max

 2
1− αβ

Γ(ν+1) ,
1

Γ(ν+1) +

[
νeν−12

1− αβ

Γ(ν+1)

] [
α
(

eβ(1−α)/α−1
)

β(1−α)

]α/β .
Proof. For s, t, θ ∈ Ie, set u = t

θ
(resp. u = s

θ
), which yields

Γ(ν)
∣∣∣∣ HIνx(t) − HIνx(θ)

∣∣∣∣ ≤ ∣∣∣∣∣ ∫ t

1

(
ln t

θ

)ν−1
x(θ) dθ

θ
−

∫ s

1

(
ln s

θ

)ν−1
x(θ) dθ

θ

∣∣∣∣∣
≤

∣∣∣∣∣ ∫ t

1
(ln u)ν−1 x

(
t
u

)
du
u −

∫ s

1
(ln u)ν−1 x

(
s
u

)
du
u

∣∣∣∣∣
≤

∣∣∣∣∣ ∫ t

1
(ln u)ν−1 x

(
t
u

)
du
u −

∫ t

1
(ln u)ν−1 x

(
s
u

)
du
u

∣∣∣∣∣
+

∣∣∣∣∣ ∫ t

1
(ln u)ν−1 x

(
s
u

)
du
u −

∫ s

1
(ln u)ν−1 x

(
s
u

)
du
u

∣∣∣∣∣
≤

∫ t

1
(ln u)ν−1

∣∣∣∣x ( t
u

)
− x
(

s
u

)∣∣∣∣ du
u +

∣∣∣∣∣ ∫ t

s
(ln u)ν−1 x

(
s
u

)
du
u

∣∣∣∣∣
≤

ω(x,σ)
ν

(ln u)ν
∣∣∣∣t
1
+
∥x∥C
ν

(ln u)ν
∣∣∣∣t
s

≤
ω(x,σ)
ν
+
∥x∥C
ν

∣∣∣tν − sν
∣∣∣∣.

Now, for t, s ∈ Ie, |t − s| ≤ σ ≤ 1, then by using the mean value theorem, we get

|tν − sν| ≤ ν eν−1|t − s|, 1 < ν < 2.

Consequently,
ω
(

HIνx, σ
)
≤

ω(x,σ)+ν eν−1σ∥x∥C
Γ(ν+1) .

Therefore,

jα,β
(

HIνx, Ie
)α/β
=

[ ∫ e

1
σ−(β+1)ω

(
HIνx, σ

)β/α dσ
]α/β

=

[ ∫ e

1
σ−(β+1)

(
ω(x,σ)+ν eν−1σ∥x∥C

Γ(ν+1)

)β/α
dσ
]α/β

≤

[
2
β
α −1

Γ
β/α(ν+1)

∫ e

1
σ−(β+1)

(
ω(x, σ)β/α + (ν eν−1σ)β/α ∥x∥β/α

C

)
dσ
]α/β

≤ 2
1− αβ

Γ(ν+1)

[ ∫ e

1
σ−(β+1)ω(x, σ)β/α dσ + (ν eν−1)β/α∥x∥β/α

C

∫ e

1
σ−
(
β+1− βα

)
dσ
]α/β
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≤ 2
1− αβ

Γ(ν+1)

 jα,β (x, Ie)
α/β + νeν−1

[
α
(

eβ(1−α)/α−1
)

β(1−α)

]α/β
∥x∥C

 . (3.1)

Moreover, ∥∥∥HIνx(t)
∥∥∥
C
≤
∥x∥C
Γ(ν)

∫ t

1

(
ln t

θ

)ν−1 1
θ
dθ ≤ ∥x∥C

Γ(ν+1) . (3.2)

Combining estimations (3.1) and (3.2), we get∥∥∥∣∣∣HIνx
∣∣∣∥∥∥
α,β
≤
∥∥∥HIνx

∥∥∥
C
+ jα,β

(
HIνx, Ie

)α/β
≤

∥x∥C
Γ(ν+1) +

2
1− αβ

Γ(ν+1)

 jα,β (x, Ie)
α/β + ν eν−1

[
α
(

eβ(1−α)/α−1
)

β(1−α)

]α/β
∥x∥C


=

 1
Γ(ν+1) +

[
νeν−12

1− αβ

Γ(ν+1)

] [
α
(

eβ(1−α)/α−1
)

β(1−α)

]α/β ∥x∥C + 2
1− αβ

Γ(ν+1) jα,β (x, Ie)
α/β

≤ c11

∥∥∥|x|∥∥∥
α,β
,

where

c11 = max

 2
1− αβ

Γ(ν+1) ,
1

Γ(ν+1) +

[
νeν−12

1− αβ

Γ(ν+1)

] [
α
(

eβ(1−α)/α−1
)

β(1−α)

]α/β ,
which completes our claim. □

4. Three-point Hadamard-type fractional BVP

Next, we study the "non-local" three-point BVP of Hadamard-type FDE (1.1):

Lemma 4.1. For 1 < ν ≤ 2, b (ln η)ν−1 , 1, and ζ ∈ Jα,β(Ie), the BVP HDνx(t) = ζ(t), t ∈ (1, e),
x(1) = 0, x(e) = bx(η), 1 < η < e,

(4.1)

is equivalent to the integral equation

x(t) =
∫ t

1

(
ln t

θ

)ν−1 ζ(θ)
Γ(ν)θ dθ + (ln t)ν−1

Γ(ν)(1−b(ln η)ν−1)

[
b ·
∫ η

1

(
ln η

θ

)ν−1 ζ(θ)
θ

dθ

−

∫ e

1

(
ln e

θ

)ν−1 ζ(θ)
θ

dθ
]
, t ∈ Ie, b (ln η)ν−1 , 1. (4.2)

Proof. The solution of the Hadamard FDE in (4.1) can be given by (cf. [3])

x(t) =
∫ t

1

(
ln t

θ

)ν−1 ζ(θ)
Γ(ν)θ dθ + c1 (ln t)ν−1 + c2 (ln t)ν−2 . (4.3)

Using our boundary conditions, we get that c2 = 0, and

c1 =
1

1−b(ln η)ν−1

[
b
Γ(ν)

∫ η

1

(
ln η

θ

)ν−1 ζ(θ)
θ

dθ −
∫ e

1

(
ln e

θ

)ν−1 ζ(θ)
Γ(ν)s dθ

]
.

Substituting the values of the constants c1, c2 in (4.3), we get (4.2). Conversely, by direct calculations,
it can be shown that (4.2) verifies the BVP (4.1). This completes the proof. □
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4.1. Existence of solution in Jα,β

Regarding Lemma 4.1, the solution to BVP (1.1) can be written as

x(t) = 1
Γ(ν)

∫ t

1

(
ln t

θ

)ν−1 f (θ,x(θ))
θ

dθ

+
(ln t)ν−1

Γ(ν)(1−b(ln η)ν−1)

[
b ·
∫ η

1

(
ln η

θ

)ν−1 f (θ,x(θ))
θ

dθ −
∫ e

1

(
ln e

θ

)ν−1 f (θ,x(θ))
θ

dθ
]
, t ∈ Ie. (4.4)

Let us write Eq (4.4) in operator form:

x(t) = H(x)(t) = HIνF f (x)(t) + (ln t)ν−1

(1−b(ln η)ν−1)
(
b · HIνF f (x)(η) − HIνF f (x)(e)

)
,

where F f is the superposition operator as in Def. 2.1, and HIν is the fractional integral of Hadamard
type as in Def. 3.1.

Theorem 4.2. Let 0 < α < 1, 1 < ν < 2, and β > ν > α in addition to the following set of assumptions:
i) Let the functions f : Ie × R→ R verify for all s, t ∈ Ie, u ∈ C(Ie), and x, y ∈ R,

1) ∃ ρ > 0, bρ > 0 and functions aρ ∈ L1(Ie) such that

ω( f , σ, ω(u, σ))β/α ≤ aρ(σ)σβ+1 + bρω(u, σ)β/α, σ ≥ 0. (4.5)

2) For any ρ > 0, there exists cρ > 0 such that | f (s, x) − f (t, x)| ≤ cρ|s − t|.
3) For any ρ > 0, there exists Bρ > 0 such that | f (s, x) − f (s, y)| ≤ Bρ|x − y|.
4) The function f (t, ·) is differentiable, and for any ρ > 0, there exists a constant Bρ1 > 0 such that

|∂2 f (t, x) − ∂2 f (t, y)| ≤ Bρ1 |x − y|.

ii) Denote N = ∥ f (t, 0)∥C, and assume that

L :=
bρ8

2β
α −1

Γ
β
α (ν + 1)

< 1.

Then, BVP (1.1) has at least one solution x ∈ Jαβ defined on Ie.

Proof. We present the proof due to Darbo-FPT 2.6.
Step I. First, in view of Theorem 3.4, the Hadamard operator HIν : Jα,β → Jα,β is continuous.

Assumption (i) and Theorem 2.2 indicate that F f : Jα,β → Jα,β, is continuous. Consequently, the
operatorH : Jα,β → Jα,β is continuous.

Step II.We shall demonstrate thatH is bounded on the ball

Br(Jα,β) =
{
x ∈ Jα,β :

∥∥∥|x|∥∥∥
α,β
≤ r
}
,

where r is given by

r = 1
1−c22

[
4

1− αβ

Γ(ν+1)

∥∥∥aρ∥∥∥α/βL1
+ c22 · N

]
,
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where

c22 = max
{

4
1− αβ b

α/β
ρ

Γ(ν+1) ,
Bρ
Γ(ν+1)

[
(1 + δ) + 41− βα

[
α(νeν−1)β/α

(
eβ(1−α)/α−1

)
β(1−α)

]α/β
+ δ
[
α
(
eβ(ν−1−α)/α−1

)
β(ν−1−α)

]α/β]}
,

with δ = b(ln η)ν+1
M , M =

(
1 − b (ln η)ν−1

)
, 0, and N = ∥ f (t, 0)∥C. For x ∈ Jα,β, we have

∥∥∥|H(x)|
∥∥∥
α,β
=

∥∥∥∥∥∣∣∣∣ HIνF f (x)(t) + b
M

(
ln t
)ν−1
· HIνF f (x)(η) + 1

M

(
ln t
)ν−1
· HIνF f (x)(e)

∣∣∣∣∥∥∥∥∥
α,β

≤

∥∥∥∥ ∣∣∣HIνF f (x)
∣∣∣ ∥∥∥∥

α,β
+
|b·HIνF f (x)(η)|

M

∥∥∥∥ ∣∣∣(ln t)ν−1
∣∣∣ ∥∥∥∥

α,β
+
|HIνF f (x)(e)|

M

∥∥∥∥ ∣∣∣(ln t)ν−1
∣∣∣ ∥∥∥∥

α,β

≤

∥∥∥∥ HIνF f (x)
∥∥∥∥
C
+

[
b·|HIνF f (x)(η)|

M +
|HIνF f (x)(e)|

M

] ∥∥∥( ln t
)ν−1∥∥∥

C

+ jα,β
(

HIνF f (x), Ie
)α/β
+

[
b·|HIνF f (x)(η)|

M +
|HIνF f (x)(e)|

M

]
· jα,β

(
(ln t)ν−1 , Ie

)α/β
. (4.6)

Note that
∥∥∥( ln t

)ν−1∥∥∥
C
= sup

{
(ln t)ν−1 : t ∈ Ie

}
≤ 1. Then, we get the estimation

∥H(x)∥C =
∥∥∥HIνF f (x)

∥∥∥
C
+ b

M

∥∥∥HIνF f (x)(η)
∥∥∥
C
+ 1

M

∥∥∥HIνt=eF f (x)(e)
∥∥∥
C

≤
∥F f (x)∥C
Γ(ν)

[ ∫ t

1

(
ln t

θ

)ν−1 dθ
θ
+ b

M

∫ η

1

(
ln η

θ

)ν−1 dθ
θ
+ 1

M

∫ e

1

(
ln e

θ

)ν−1 dθ
θ

]
=
∥ f (t,x)− f (t,0)+ f (t,0)∥C

νΓ(ν)

[
−
(
ln t

θ

)ν ∣∣∣∣t
1
+ −b

M

(
ln η

θ

)ν ∣∣∣∣η
1
+ −1

M

(
ln e

θ

)ν ∣∣∣∣e
1

]
≤

Bρ∥x∥C+N
Γ(ν+1)

[
1 + b(ln η)ν+1

M

]
=

Bρ∥x∥C+N
Γ(ν+1) · (1 + δ). (4.7)

Moreover, recalling Theorem 3.4, we obtain

jα,β
(

HIνF f (x), Ie
)
=

∫ e

1
σ−(β+1)ω

(
HIνF f (x), σ

)β/α
dσ

≤ 2
β
α−1
∫ e

1
σ−(β+1) ω(F f (x),σ)β/α+(νeν−1σ)β/α∥F f (x)∥

β/α
C

Γ
β/α(ν+1)

dσ

≤ 2
β
α −1

Γ
β/α(ν+1)

[ ∫ e

1
σ−(β+1)ω

(
F f (x), σ

)β/α
dσ

+

∫ e

1
σ−(β+1)(νeν−1σ)β/α∥F f (x)∥β/α

C
dσ
]

≤ 4
β
α −1

Γ
β/α(ν+1)

[ ∫ e

1
σ−(β+1)

(
aρ(σ)σβ+1 + bρω (x, σ)β/α

)
dσ

+
α(νeν−1)β/α

(
eβ(1−α)/α−1

)
β(1−α)

∥∥∥ f (t, x) − f (t, 0) + f (t, 0)
∥∥∥β/α
C

]
≤ 4

β
α −1

Γ
β/α(ν+1)

[ ∫ e

1
aρ(σ) dσ + bρ

∫ e

1
σ−(β+1)ω (x, σ)β/α dσ

+
α(νeν−1)β/α

(
eβ(1−α)/α−1

)
β(1−α)

(
Bρ∥x∥C + N

)β/α]
≤ 4

β
α −1

Γ
β/α(ν+1)

[
∥aρ∥L1 + bρ jα,β (x, Ie) +

α(νeν−1)β/α
(
eβ(1−α)/α−1

)
β(1−α)

(
Bρ∥x∥C + N

)β/α]
. (4.8)
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Moreover, for 0 < ν − 1 < 1 and |t − s| ≤ σ, the function (ln t)ν−1 satisfies∣∣∣(ln t)ν−1 − (ln s)ν−1
∣∣∣ ≤ |t − s|ν−1 ≤ σν−1.

Consequently,
ω
(
(ln t)ν−1, σ

)
≤ σν−1

and

jα,β
(
(ln t)ν−1, Ie

)α/β
=

[ ∫ e

1
σ−(β+1) · σ

β(ν−1)/α dσ
]α/β
=

[
α
(
eβ(ν−1−α)/α−1

)
β(ν−1−α)

]α/β
. (4.9)

By substituting (4.7)–(4.9) into (4.6), we have

∥∥∥|H(x)|
∥∥∥
α,β
≤

Bρ∥x∥C+N
Γ(ν+1) · (1 + δ) +

4
1− αβ

Γ(ν+1)

[
∥aρ∥L1 + bρ jα,β

(
x, Ie
)
+

α(νeν−1)β/α
(
eβ(1−α)/α−1

)
β(1−α)

[
Bρ∥x∥C + N

]β/α]α/β
+

Bρ∥x∥C+N
Γ(ν+1) · δ

[
α
(
eβ(ν−1−α)/α−1

)
β(ν−1−α)

]α/β
=

Bρ∥x∥C+N
Γ(ν+1) · (1 + δ) +

4
1− αβ

Γ(ν+1)

[
∥aρ∥

α
β

L1
+ bα/β

ρ jα, β
(
x, Ie
)α/β
+

[
α(νeν−1)β/α

(
eβ(1−α)/α−1

)
β(1−α)

]α/β[
Bρ∥x∥C + N

]]
+

Bρ∥x∥C+N
Γ(ν+1) δ

[
α
(
eβ(ν−1−α)/α−1

)
β(ν−1−α)

]α/β
= 4

1− αβ

Γ(ν+1)∥aρ∥
α/β
L1
+ 1
Γ(ν+1)

[
(1 + δ) + 41− βα

[
α(νeν−1)β/α

(
eβ(1−α)/α−1

)
β(1−α)

]α/β
+ δ
[
α
(
eβ(ν−1−α)/α−1

)
β(ν−1−α)

]α/β]
· N

+
Bρ
Γ(ν+1)

[
(1 + δ) + 41− βα

[
α(νeν−1)β/α

(
eβ(1−α)/α−1

)
β(1−α)

]α/β
+ δ
[
α
(
eβ(ν−1−α)/α−1

)
β(ν−1−α)

]α/β]
∥x∥C

+
4

1− αβ b
α/β
ρ

Γ(ν+1) jα,β
(
x, Ie
)α/β

≤ 4
1− αβ

Γ(ν+1)∥aρ∥
α/β
L1
+ c22 · N + c22

∥∥∥|x|∥∥∥
α,β
,

where

c22 = max
{

4
1− αβ b

α/β
ρ

Γ(ν+1) ,
Bρ
Γ(ν+1)

[
(1 + δ) + 41− βα

[
α(νeν−1)β/α

(
eβ(1−α)/α−1

)
β(1−α)

]α/β
+ δ
[
α
(
eβ(ν−1−α)/α−1

)
β(ν−1−α)

]α/β]}
.

Consequently,H : Jα,β → Jα,β is continuous. Now, for x ∈ Br(Jα,β), we obtain∥∥∥|H(x)|
∥∥∥
α,β
≤ 4

1− αβ

Γ(ν+1)∥aρ∥
α/β
L1
+ c22 · N + c22 · r ≤ r.

Then,H : Br(Jα,β)→ Br(Jα,β) is continuous.
Step III. It is obvious that the ball Br(Jα,β) , ∅ is bounded and closed; in addition, it is convex.
Step IV.We prove that H verifies the contraction condition. Assume that ∅ , X ⊂ Br(Jα,β) and

for x ∈ X, 1 < s < e, we have

jα,β(H(x), [1, s]) =
∫ s

1
σ−(β+1)ω(H(x), σ)β/α dσ

≤ 2
β
α−1
[ ∫ s

1
σ−(β+1)ω

(
HIνF f (x), σ

)β/α dσ
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+

[
Bρ∥x∥C+N
Γ(ν+1) · δ

]β/α ∫ s

1
σ−(β+1)ω

(
(ln t)ν−1, σ

)β/α dσ
]

≤ 4
β
α −1

Γ
β/α(ν+1)

[ ∫ s

1
σ−(β+1)ω

(
F f (x), σ

)β/α dσ +
∫ s

1
σ−(β+1)(νeν−1σ)β/α∥F f (x)∥β/α

C
dσ

+
[(

Bρ∥x∥C + N
)
· δ
]β/α ∫ s

1
σ−(β+1)σ

β(ν−1)/α dσ
]

≤ 8β/α−1

Γ
β/α(ν+1)

[ ∫ s

1
aρ(σ) dσ + bρ

∫ s

1
σ−(β+1)ω

(
x, σ
)β/α dσ

+ ∥F f (x)∥β/α
C

(νeν−1)β/α
∫ s

1
σ−(β+1)+ βα dσ

+
[(

Bρ∥x∥C + N
)
· δ
]β/α ∫ s

1
σ−(β+1)+β(ν−1)/α dσ

]
.

Taking the limit as s→ 1, we get

c
(
H(X)

)
≤

bρ8
β
α −1

Γ
β/α(ν+1)

c(X).

Employing Proposition 2.5, we obtain

χ
(
H(X)

)
≤ 2

β
α c
(
H(X)

)
≤ 2

β
α

bρ8
β
α −1

Γ
β/α(ν+1)

c
(
X
)
≤ 2

β
α

bρ8
β
α −1

Γ
β/α(ν+1)

· 2
β
αχ(X).

Therefore,

χ
(
H(X)

)
≤

bρ8
2β
α −1

Γ
β/α(ν+1)

χ(X). (4.10)

We conclude that the operatorH verifies all requirements of Theorem 2.6 with L < 1, which completes
the proof. □

4.2. Uniqueness of the solution

Now we show that BVP (1.1) has exactly one solution.

Theorem 4.3. Let assumptions of Theorem 4.2 be verified by replacing inequality (4.5) by

ω
(
F f (u) − F f (v), σ

)
≤ b∗ρ · ω (u − v, σ) , ∀ u, v ∈ C(Ie), σ ≥ 0 (4.11)

and assume that

c33 = max


2

1− αβ b∗ρ
Γ(ν+1) ,

Bρ
Γ(ν+1)

(1 + δ) +
α
(
νeν−1
) β
α

2
β
α −1
(
eβ(1−α)/α−1

)
β(1−α)


α/β

+ δ
[
α
(
eβ(ν−1−α)/α−1

)
β(ν−1−α)

]α/β
 < 1,

where δ is defined in Theorem 4.2. Then, problem (1.1) has a unique solution x ∈ Br(Jα,β).

Proof. By employing inequality (4.11), we have

ω
(
F f (u) − F f (0), σ

)
≤ b∗ρ · ω (u, σ) . (4.12)
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Moreover,

ω
(
F f (u) − F f (0), σ

)
= sup

s,t∈Ie

{∣∣∣ f (s, u) − f (t, v) − f (s, 0) + f (t, 0)
∣∣∣ : |s − t| ≤ σ, u, v ∈ R, |u − v| ≤ µ

}
≥ sup

s,t∈Ie

{∣∣∣ f (s, u) − f (t, v)
∣∣∣ : |s − t| ≤ σ, u, v ∈ R, |u − v| ≤ µ

}
− sup

s,t∈Ie

{∣∣∣ f (s, 0) − f (t, 0)
∣∣∣ : |s − t| ≤ σ

}
≥ ω
(
F f (u), σ

)
− cρ · sup

s,t∈Ie

{
|s − t| : |s − t| ≤ σ

}
= ω
(
F f (u), σ

)
− cρ · σ. (4.13)

Combining (4.12) and (4.13), we get

ω
(
F f (u), σ

)
− cρ · σ ≤ ω

(
F f (u) − F f (0), σ

)
≤ b∗ρ · ω (u, σ) ,

and so ω
(
F f (u), σ

)
≤ cρ · σ + b∗ρ · ω(u, σ). Thus,

ω
(
F f (u), σ

)β/α
≤ 2

β
α −1
(
cβ/αρ · σ

β/α +
(
b∗ρ
)β/α
· ω(u, σ)β/α

)
,

which implies that inequality (4.5) is verified with aρ = 2β/α−1cβ/αρ · σ
β/α−β−1 and bρ = 2β/α−1(b∗ρ)β/α. Then,

Theorem 4.2 implies that BVP (1.1) has at least one solution x ∈ Br(Jα,β).
Now, letting x and z be any two different solutions of Eq (4.4), we get∥∥∥|H(x) −H(z)|

∥∥∥
α,β
=
∥∥∥H(x) −H(z)

∥∥∥
C
+ jα,β (H(x) −H(z), Ie)

α/β

≤
∥∥∥H(x) −H(z)

∥∥∥
C
+ jα,β

(
HIν
(
F f (x) − F f (z)

)
, Ie
)α/β

+
b·|HIν(F f (x)−F f (z))(η)|+|HIν(F f (x)−F f (z))(e)|

M jα,β
(
(ln t)ν−1, Ie

)α/β
. (4.14)

Therefore,∥∥∥H(x) −H(z)
∥∥∥
C
≤
∥F f (x)−F f (z)∥C

Γ(ν)

[ ∫ t

1

(
ln t

θ

)ν−1 dθ
θ
+ b

M

∫ η

1

(
ln η

θ

)ν−1 dθ
θ
+ 1

M

∫ e

1

(
ln e

θ

)ν−1 dθ
θ

]
≤

∥∥∥ f (t,x)− f (t,z)
∥∥∥
C

νΓ(ν)

[
−
(
ln t

θ

)ν ∣∣∣∣t
1
+ −b

M

(
ln η

θ

)ν ∣∣∣∣η
1
+ −1

M

(
ln e

θ

)ν ∣∣∣∣e
1

]
≤

Bρ∥x−z∥C
Γ(ν+1)

[
1 + b(ln η)ν+1

M

]
=

Bρ∥x−z∥C
Γ(ν+1) · (1 + δ). (4.15)

Using assumption (iii), we have the following estimations:

jα,β
(

HIν
(
F f (x) − F f (z)

)
, Ie
)
=

∫ e

1
σ−(β+1)ω

(
HIν
(
F f (x) − F f (z)

)
, σ
)β/α

dσ

≤ 2
β
α −1

Γ
β/α(ν+1)

∫ e

1
σ−(β+1)

[
ω
(
F f (x) − F f (z), σ

)β/α
+ (νeν−1σ)β/α

∥∥∥F f (x) − F f (z)
∥∥∥β/α
C

dσ
]

≤ 2
β
α −1

Γ
β/α(ν+1)

∫ e

1
σ−(β+1)

[ (
b∗ρ
)β/α

ω (x − z, σ)β/α + (νeν−1σ)β/α
∥∥∥Bρ|x − z|

∥∥∥β/α
C

]
dσ
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≤ 2β/α−1

Γ
β/α(ν+1)

[ (
b∗ρ
)β/α ∫ e

1
σ−(β+1)ω (x − z, σ)β/α dσ + (Bρνeν−1)β/α∥x − z∥β/α

C

∫ e

1
σ−(β+1)σ

β/α dσ
]

≤ 2β/α−1

Γ
β/α(ν+1)

[
b∗ρ

β/α

∫ e

1
σ−(β+1)ω (x − z, σ)β/α dσ +

α(Bρνeν−1)β/α
(
eβ(1−α)/α−1

)
β(1−α) ∥x − z∥β/α

C

]
≤ 2β/α−1

Γ
β/α(ν+1)

[ (
b∗ρ
)β/α

jα,β (x − z, Ie) +
α(Bρνeν−1)β/α

(
eβ(1−α)/α−1

)
β(1−α) ∥x − z∥β/α

C

]
. (4.16)

Therefore, by using (4.9) and (4.16), we have

jα,β
(
H(x) −H(z), Ie

)α/β
≤ 2

1− αβ

Γ(ν+1)

[
b∗ρ · jα,β (x − z, Ie)

α/β +

[
α(Bρνeν−1)β/α

(
eβ(1−α)/α−1

)
β(1−α)

]α/β
∥x − z∥C

]
+

Bρ·δ
Γ(ν+1)

[
α
(
eβ(ν−1−α)/α−1

)
β(ν−1−α)

]α/β
∥x − z∥C. (4.17)

By substituting (4.15) and (4.17) into (4.14), we have∥∥∥|H(x) −H(z)|
∥∥∥
α,β
≤

Bρ∥x−z∥C
Γ(ν+1) (1 + δ) + 2

1− αβ

Γ(ν+1)

[
b∗ρ jα,β (x − z, Ie)

α/β +

[
α(Bρνeν−1)β/α

(
eβ(1−α)/α−1

)
β(1−α)

]α/β
∥x − z∥C

]
+

Bρ·δ
Γ(ν+1)

[
α
(
eβ(ν−1−α)/α−1

)
β(ν−1−α)

]α/β
∥x − z∥C

=
Bρ
Γ(ν+1)

(1 + δ) +
α
(
νeν−1
) β
α

2
β
α −1
(
eβ(1−α)/α−1

)
β(1−α)


α/β

+ δ
[
α
(
eβ(ν−1−α)/α−1

)
β(ν−1−α)

]α/β ∥x − z∥C.

+
2

1− αβ b∗ρ
Γ(ν+1) jα,β (x − z, Ie)

α/β
≤ c33

∥∥∥|x − z|
∥∥∥
α,β
,

where

c33 = max


2

1− αβ b∗ρ
Γ(ν+1) ,

Bρ
Γ(ν+1)

(1 + δ) +
α
(
νeν−1
) β
α

2
β
α −1
(
eβ(1−α)/α−1

)
β(1−α)


α/β

+ δ
[
α
(
eβ(ν−1−α)/α−1

)
β(ν−1−α)

]α/β
 < 1.

This wraps up the proof. □

5. Application

Now, we conclude with an example that verifies our set of assumptions.

Example 5.1. For t ∈ Ie = [1, e], consider the non-local FDE of the form HDνx(t) = sin
(

t+x(t)
100

)
,

x(1) = 0, x(e) = 3
2 x(2),

(5.1)

in Hölder space with the module of continuity Jα,β, for any β > ν > α, 0 < α < 1 in two cases as
follows:

Case 1 : α = 0.60
0.05
−→ 0.95, β ∈

{
23
20 ,

5
4 ,

13
10

}
, ν = 11

10 ,
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Case 2 : α = 0.60
0.05
−→ 0.95, β = 6

5 , ν ∈
{

21
20 ,

5
4 ,

23
20

}
.

We can note that f (t, x) = sin
(

t+x
100

)
with cρ = Bρ =

1
100 and Bρ1 =

1
100 , where∣∣∣ f (t, x) − f (s, x)

∣∣∣ = ∣∣∣∣sin
(

t+x
100

)
− sin

(
s+x
100

)∣∣∣∣ ≤ ∣∣∣ t+x
100 −

s+x
100

∣∣∣ = 1
100 |t − s|,∣∣∣ f (t, x) − f (t, y)

∣∣∣ = ∣∣∣∣sin
(

t+x
100

)
− sin

(
t+y
100

)∣∣∣∣ ≤ ∣∣∣ t+x
100 −

t+y
100

∣∣∣ = 1
100 |x − y|,∣∣∣∂2 f (t, x) − ∂2 f (t, y)

∣∣∣ ≤ 1
104 |x − y|,

and

ω
(
f , σ, ω(x, σ)

)β/α
=
∣∣∣∣sin
(

t+x(t)
100

)
− sin

(
s+x(θ)

100

)∣∣∣∣β/α
≤
∣∣∣ t+x(t)

100 −
s+x(θ)

100

∣∣∣β/α
≤ 100

β
α −1

100β/α
|t − s|β/α + 100

β
α −1

100β/α
|x(t) − x(θ)|β/α

≤ 1
100σ

β/α + 1
100ω(x, σ)β/α,

then aρ(σ) = 1
100σ

β
α−β−1, bρ = 1

100 .

Case 1: By choosing the values of parameters in this case, we have

∥aρ∥L1(Ie) =
α
(
eβ(1−α)/α−1

)
2β(1−α) ≈


0.5154, β = 23/20,

0.5168, β = 5/4,

0.5175, β = 13/10,

and

L = bρ8
2β
α −1

Γ
β/α(ν+1)

≈


0.1817, β = 23/20,

0.2802, β = 5/4,

0.3480, β = 13/10,

 < 1.

These numerical estimations are shown in Table 1, and are plotted in Figures 1 and 2.

Table 1. The estimated results for non-local FDE (5.1) with α = 0.60
0.05
−→ 0.95 and three

values of β in Example 5.1 for Case 1.

α β = 23/20β = 23/20β = 23/20 β = 5/4β = 5/4β = 5/4 β = 13/10β = 13/10β = 13/10

∥aρ∥L1(Ie) L < 1 ∥aρ∥L1(Ie) L < 1 ∥aρ∥L1(Ie) L < 1
0.50 0.9383 16.0597 0.9961 36.5617 1.0267 55.1660
0.55 0.8302 6.7953 0.8706 14.3554 0.8917 20.8651
0.60 0.7517 3.3184 0.7806 6.5868 0.7956 9.2799
0.65 0.6924 1.8094 0.7133 3.4071 0.7241 4.6752
0.70 0.6462 1.0759 0.6614 1.9364 0.6692 2.5977
0.75 0.6093 0.6857 0.6203 1.1866 0.6258 1.5611
0.80 0.5793 0.4623 0.5869 0.7731 0.5908 0.9997
0.85 0.5543 0.3265 0.5594 0.5297 0.5620 0.6747
0.90 0.5333 0.2397 0.5364 0.3785 0.5379 0.4757
0.95 0.5154 0.1817 0.5168 0.2802 0.5175 0.3480
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Thus, all assumptions of Theorem 4.2 are verified, and then (5.1) has at least one solution x ∈ Jα,β
in Case 1.

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95
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β = 23/20

β = 5/4

β = 13/10

Figure 1. Representation of ∥aρ∥L1(Ie) for non-local FDE (5.1) with α = 0.60
0.05
−→ 0.95 and

three values of β in Example 5.1 for Case 1.
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Figure 2. Representation of L for non-local FDE (5.1) with α = 0.60
0.05
−→ 0.95 and three

values of β in Example 5.1 for Case 1.

Case 2: By choosing the values of parameters in this case, we have ∥aρ∥L1(Ie) ≈ 0.5161 and

L = bρ8
2β
α −1

Γ
β/α(ν+1)

≈


0.2325, ν = 4/3,

0.2257, ν = 3/2,

0.2187, ν = 5/3,

 < 1.

These numerical estimations are shown in Table 2 and are plotted in Figure 3.
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Table 2. The estimated results for non-local FDE (5.1) with α = 0.60
0.05
−→ 0.95 and three

derivative orders ν in Example 5.1 for Case 2.

α ν = 21/20ν = 21/20ν = 21/20 ν = 11/10ν = 11/10ν = 11/10 ν = 23/20ν = 23/20ν = 23/20

∥aρ∥L1(Ie) L < 1 ∥aρ∥L1(Ie) L < 1 ∥aρ∥L1(Ie) L < 1
0.50 0.9667 25.6376 0.9667 24.2316 0.9667 22.8195
0.55 0.8501 10.3963 0.8501 9.8767 0.8501 9.3520
0.60 0.7660 4.9002 0.7660 4.6752 0.7660 4.4471
0.65 0.7028 2.5930 0.7028 2.4829 0.7028 2.3709
0.70 0.6538 1.5027 0.6538 1.4434 0.6538 1.3828
0.75 0.6148 0.9366 0.6148 0.9020 0.6148 0.8666
0.80 0.5831 0.6193 0.5831 0.5978 0.5831 0.5758
0.85 0.5569 0.4299 0.5569 0.4159 0.5569 0.4014
0.90 0.5349 0.3108 0.5349 0.3012 0.5349 0.2913
0.95 0.5161 0.2325 0.5161 0.2257 0.5161 0.2187

Thus, all assumptions of Theorem 4.2 are verified, and then (5.1) has at least one solution x ∈ Jα,β
in Case 2.
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Figure 3. Representation of L for non-local FDE (5.1) with α = 0.60
0.05
−→ 0.95 and three

values of derivative orders ν in Example 5.1 for Case 2.

6. Conclusions

In this article, some fundamental properties of Hadamard fractional operators are examined,
including their boundedness, acting, and continuity in integral-form Hölder Banach space Jα,β. It is
better to consider the space Jα,β as a space of solutions to differential problems because it has much
better properties than the space of continuous solutions C and the classical Hölder spaces Cα. The
existence and uniqueness of the solutions to the non-local FBVP containing a Hadamard-type fractional
operator Jα,β are established by utilizing such characteristics in conjunction with Darbo’s FPT and
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MNC techniques. The results are confirmed with a numerical example. Interested readers can solve a
variety of problems and add some numerical results to the examined space, as well as extend and apply
these conclusions to various fractional operators in the space Jα,β.
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