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Abstract: In this study, we propose a Bayesian Empirical Likelihood (BEL) method for linear mixed-
effects models by integrating Huber-type influence functions and random effects annihilation matrices.
At the group-level, we constructed several interpretable moment conditions, including robust residual
balance moments and slope-related moments obtained after eliminating random intercepts through the
annihilation matrix. We employed a block-diagonal weighting matrix to harmonize scaling across
moment blocks. The BEL posterior distribution was derived by combining empirical likelihood with
the prior distribution, and a Metropolis-Hastings algorithm for practical computation was designed. In
simulation studies under adverse conditions, the finite-sample behavior of the proposed BEL method
was compared with that of standard empirical likelihood (EL), restricted maximum likelihood (REML),
maximum likelihood (ML), fully parametric Bayesian estimation (Bayes), and generalized moment
estimation (GMM). The results showed that under correctly specified Gaussian LMMs, BEL attains
efficiency comparable to parametric methods; whereas under adverse conditions, BEL generally
achieves smaller mean squared errors than other methods, and its robustness is comparable to GMM.
The application of real panel data further demonstrated that BEL can mitigate the impact of
observations in extreme regions while preserving the major trend relationships, thus obtaining a more
stable and reliable fixed effects estimate in real-world situations where model misspecification and
atypical observations are difficult to avoid.
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1. Introduction

Linear mixed-effects models (LMMs) are a core tool for analyzing longitudinal and clustered data.
Laird & Ware [1] first proposed a framework for longitudinal data analysis based on random effects
and formalizing the decomposition into fixed and random effects. Pinheiro & Bates [2] developed the
theoretical foundations and practical construction of mixed-effects and nonlinear mixed-effects models,
which has shaped contemporary mixed-effects modeling. Mixed-effects models have been widely
applied across psychology and related fields, including education [3], medical clinical trials [4], and
linguistics [5].

In the conventional LMMs inference, parameter estimation and inference typically rely on
likelihood-based procedures such as maximum likelihood (ML) and restricted maximum likelihood
(REML) procedures. These methods are efficient when the model is correctly specified with high-
quality data, but they are sensitive to misspecification and outliers. With the growing availability of
complex hierarchical, nested, and unbalanced data in population health monitoring, education quality
tracking, and financial risk supervision, there is increasing demand for the efficient estimation and
robust inference of LMMs. This has motivated extensions of LMMs parameter estimation methods
from robustness and semi-parametric and non-parametric directions.

From the perspective of robust estimation, one approach is to modify the likelihood distribution
model by introducing t-distributions, skewed normal distributions, or skewed heavy-tailed
distributions to attenuate the influence of outliers and heavy-tailed distributions. Some scholars have
introduced robust linear mixed-effects models into the random effects and prediction terms and
develop high-likelihood-based inference procedures [6]; Wang [7] extended the model to mixed
normal distributions, improving the ability to accommodate heavy tails at the random effects level.
These methods mitigate the impact of outliers on estimation to some extent, but they typically require
explicit specification of the heavy-tailed distribution and covariance structure. When the random-
effects dimension is large or the covariance structure is complex, model specification and numerical
implementation become difficult. Another approach is robust regression based on M-estimation and
Huber loss. Huber [8] proposed the Huber loss function, which combines the advantages of least
squares and minimum absolute bias, and the associated y function maintains linearity in small
residual intervals and truncates in large residual intervals, thereby balancing between efficiency and
robustness. Building upon this, Mohammadi & Kazemi [9] introduced robust regression methods into
a parameterized environment, constructing robust models based on multivariate skew-Huber
distributions. This framework is suitable for longitudinal data with heavy tails and skewed structures.
Wu [10] introduced Huber loss into a mixed-effects model of longitudinal data. Overall, studies
indicate that the Huber function is effective in mitigating heavy tails and anomalous perturbations.
Nevertheless, these approaches largely remain within the parametric paradigm: On the one hand, a
complete data generation distribution needs to be provided in the likelihood; on the other hand,
robustness is usually achieved through weight functions or the shape of the distribution tails, and its
performance may be limited when the model is severely misspecified or the distribution of random
effects is unknown. In large-scale longitudinal and stratified data, outliers, heavy-tailed errors, and
stratified outliers are rare in practice. They may appear at the observation level or be reflected in the
skewness and heavy tails of the stratified random effects distribution. ML and REML inferences for
classical LMMs are prone to fixed-effects bias, variance component distortion, and overconfident
interval estimation when the distribution setting deviates. Furthermore, robust inference of mixed-
effects models also faces the following structural challenges: (1) Random effects and error
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distributions are often difficult to parameterize reliably, and a misconfiguration of the covariance
structure will amplify the inference error; (2) when the dimension of random effects and the dimension
of covariates increase, the cost of likelihood integration and numerical optimization increases
significantly; and (3) when using high-dimensional moment conditions to characterize robust
constraints, empirical likelihood may show “feasibility failure” where the convex hull does not contain
zeros, requiring an operable diagnostic and correction mechanism; otherwise, it is difficult to
determine when the method fails. The above factors together illustrate that it is practically necessary
to build a robust inference system with weak distribution dependence, computability, and diagnostics
under the LMMs framework.

Against the backdrop of the increasing limitations of robust parameterized models, empirical
likelihood (EL) avoids the requirement for complete parameterization of random effects and error
distributions based on moment conditions. Combined with robust estimating equations, it can improve
performance in heavy-tailed and anomalous scenarios and is widely used for nonparametric and
semiparametric inference based on estimation equations. Wang [11] reviewed the foundations of
empirical likelihood. Qin & Lawless [12] combined empirical likelihood with generalized estimating
equations (GEE) and revealed the effectiveness of empirical likelihood in estimation equation
scenarios. Subsequently, Tang et al. [13] and Leng [14] further extended empirical likelihood to more
complex scenarios, such as missing data and high-dimensional estimation equations, establishing
improved and penalized empirical likelihood methods. In the context of mixed-effects and longitudinal
data, Chen et al. [15] constructed an effective and robust empirical likelihood statistic for linear mixed-
effects models, enabling distribution-free inference for fixed-effects parameters through appropriate
moment conditions. The empirical likelihood method achieves an inference framework that combines
flexibility and efficiency through moment conditions, providing a natural basis for its subsequent
combination with Bayesian methods. Liu [16] discussed the hierarchical structure and inference
strategy of mixed-effects models from a Bayesian perspective. Ouyang & Bondell [17] used empirical
likelihood to perform Bayesian analysis on longitudinal data and developed a fully Bayesian method
to analyze longitudinal data based on a set of moment equations parallel to the form of the generalized
estimation equation.

To incorporate prior information while retaining the advantages of nonparametric and moment-
conditional empirical likelihood, Lazar [18] first proposed BEL and established its theoretical validity;
Lancaster & Jae Jun [19] discussed the statistical inference problem of Bayesian quantile regression
from the perspective of empirical likelihood; Porter et al. [20] introduced a general hierarchical
Bayesian framework that integrates flexible nonparametric data model specifications using empirical
likelihood methods. Vexler et al. [21] developed BEL in quantile regression; Wang et al. [22] extended the
Bayesian empirical likelihood (BEL) method to composite quantile regression models; Dong et al. [23], to
avoid the arduous task of directly optimizing empirical likelihood, constructed a BEL function under
B-J estimation and used the M-H algorithm to obtain point estimates and confidence regions.
Furthermore, BEL has been explored in complex structures such as spatial small-area estimation [24],
stochastic fluctuation models [25], variable selection, and partially linear regression. Studies show that
Empirical likelihood (EL) can achieve distribution-free inference at the estimation equation level and
has been incorporated with mixed-effects and longitudinal data background to avoid full likelihood
specification. BEL, by embedding EL into a Bayesian framework to introduce prior information, can
stabilize posterior uncertainty quantification in small samples and complex structures. However, there
are important gaps that remain when extending BEL to classical LMMs: The high-dimensional
integrals and covariance structures brought about by random effects significantly increase the
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computational burden of “direct Bayesianization”; robust moment conditions, if not addressed for the
structure of random effects, are easily driven by group outliers and become unbalanced; furthermore,
the convex hull feasibility, dual solution stability, and failure diagnosis of EL in high-dimensional
moment systems can degrade. Therefore, there is an urgent need for a robust inference scheme for
BEL-LMMs that can eliminate the influence of random effects at the moment condition level, stabilize
high-dimensional moment systems at the numerical level, and provide a diagnostic mechanism at the
inference level.

Based on the above motivations and research gaps, we propose a robust BEL framework for
LMMs: The residuals are robustly processed by a Huber-type influence function to down-weight of
outlier observations and heavy-tailed distributions at the estimation equation level; further, the random
effects annihilation matrix is used to construct group-level moment conditions that do not explicitly
depend on the form of random effects distribution, thereby avoiding strong specification of high-
dimensional random effects integrals and covariance structures; and block-diagonal scaling is
introduced to standardize different moment blocks to alleviate the instability of dual solutions caused
by heterogeneous numerical scales in high-dimensional moment systems. Finally, the posterior
distribution of fixed effects parameters and uncertainty quantification are obtained under the BEL
framework.

Introducing robust BEL inference into linear mixed-effects models presents key challenges in the
following four aspects: (1) Data anomalies in LMMs not only originate from the observation layer but
also often appear in the form of “group-level clustering”. If the complete parameterization of random
effects and error distributions is relied upon, fixed-effects inference is easily dominated by a few
extreme groups and produces systematic bias. (2) Under the mixed-effects structure, directly using
residual moments often introduces random effects terms, making moment conditions sensitive to the
distribution of random effects. Furthermore, when fixed effects include intercepts and
multidimensional slopes, it is not straightforward to construct an over-identification system that can
identify each component while avoiding moment condition degradation and collinearity. (3) In high-
dimensional moment systems, empirical likelihood depends on convex hull conditions. After multiple
types of moment conditions are combined, the dimension increases. EL may lead to the convex hull
not containing zeros, leading to infeasibility or numerical instability. Therefore, a feasibility diagnosis
and robust fallback mechanism are needed. (4) BEL posterior usually has no analytical form and
requires MCMC simulation. However, each candidate parameter must be solved repeatedly with
Lagrange multipliers and feasibility checked. The computational cost and convergence parameter
tuning difficulty increase significantly with the number of groups and the moment dimension.

To address the aforementioned challenges, we introduce Huber-type transformations, robust
centering, and scale standardization at the robust identification level to suppress the influence of
extreme residuals. An annihilation matrix is used to remove random effect terms at the estimation
equation level, thereby reducing dependence on the distribution and variance structure of random
effects. At the moment condition level, we construct a joint system comprising intercept constraints,
covariate-residual orthogonality, and annihilated slope moment conditions to ensure sufficient
identification of each component of the fixed effects. At the numerical level, robust scale
standardization is performed on different moment blocks through block-diagonal scaling, and dual
feasibility judgment, Broyden-type quasi-Newton solvers, and adjusted empirical likelihood (AEL)
fallback are combined to alleviate convex-hull boundary issues. Feasibility ratios, KKT residuals,
minimum dual denominator, and Hessian eigenvalues are reported for diagnostic purposes. At the
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posterior computation level, a pilot-adaptive M-H scheme is adopted, and we freeze the proposal
covariance during the formal sampling phase to preserve ergodicity and ensure valid posterior
inference. Convergence diagnostics such as acceptance rates, ESS, and multi-chain assessments are
provided to ensure that the posterior summary is verifiable and reproducible. Based on the above ideas,
the major contributions of this paper are: (1) A robust BEL inference framework for LMMs is proposed,
and three types of group-level moment conditions with clear statistical meaning are constructed to
achieve robust identification of fixed effects; (2) a random effect annihilation mechanism is introduced
at the estimation equation level to reduce the interference of random effect distribution
misconfiguration and group stratification outliers on fixed effect inference; and (3) for the numerical
instability of high-dimensional moment systems, a default setting for block scaling and a sensitivity
analysis approach are given to enhance the reproducibility of the method.

2. Materials and methods

2.1. Mixed-effects model

A mixed-effects model is a statistical model that incorporates fixed and random effects. The “fixed
effects” capture population-level effects of covariates in the study, while the “random effects” account
for within-cluster dependence. It is widely used for hierarchical and repeated-measures data. Assuming
there are n observations, and the ith individual has m observations, then the total sample size has
N =nmobservations. Let Y, represent the response variable for the i th individual.

For linear mixed-effects models:

T T r LR N
Y=X pB+Z a +¢&,i=1""",n

Assuming random effectsa;, ~ N (0, ol ) and residualse, ~ N (0, ol ) ,a,1s an unobserved random

variable, which can be eliminated by integration to obtain the marginal distribution of
Y~N (XZ.T ,B,K) , whereV, =027 Z. + o1 is the marginal variance matrix and Z is the random

effects design matrix. The linear mixed-effects model estimates the parameters by maximizing the
following log-likelihood function:

l(ﬂ,aj,aj):—%g[logﬂfih(lﬂ ~Xp) V(Y- X,B)+ mlog(27)

Assuming the observed data are divided into “groups” i=1,2,**, n, and the observations within each
group are j=1,2,***, m, consider a linear mixed-effects model:

T T .
Y,=X;p+Z,0,+¢&;,i=1""",n

[/

T
where ,B=(,BO, B, ﬂp) is the p+1 -dimensional fixed effects vector, X is the covariate

T
corresponding to the fixed effects, o, = (ail,aﬂ,"',a. ) is the ¢ -dimensional random effects vector

q

of the -th individual, Z; is the covariate corresponding to the random effects, and ;; is the independent

and identically distributed random error term with zero mean.
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The model satisfies the following general assumptions: 1) The random effects ¢, are
independent and identically distributed, E(¢,)=0 and Var(e,)=X

positive definite matrix; 2) the errors ¢; are independent between different groups i ,

o 2

where 2 is a finite

E ( & ‘x z. a) 0 and Var(&' )< oo ; 3) the random effects «;, errors &, and covariates

ijo“ij 0 ij >
x; and z, satisfy orthogonality, ( ‘ X2 )= 0, E (gy.x”) =0, and E (8,]2?/) =0; 4) for each
i , the random effects design matrix Z, is full column rank and m>gq,soZ, Z, is invertible, which

ensures the existence of the annihilation matrix.
2.2. Bayesian empirical likelihood estimation

Empirical likelihood estimation is a nonparametric statistical method that does not require
specifying a parametric form for the data-generating distribution. Let X,,X,,"*,X, € R" be

independent entities with a common cumulative distribution /. Then the nonparametric likelihood of

F s L HF , where F’ (X l.) is the probability mass of distribution F' at point X, .

1

Under the constraint of the moment condition £ ( g(X S B )) =0, empirical likelihood estimation is
performed by maximizing the weighted likelihood function. The empirical likelihood of parameter [
is defined as:

max{Hp‘ >02pl—12p1 }

The problem of maximizing the empirical likelihood can be formulated as a constrained optimization

problem. By calculating p, = using the Lagrange multiplier method, and given that

1
n(1+24"g,(B))

equation A" () satisfies y ( 2 ) =0, the empirical likelihood function can be
1+27(B)g(X..8)
= g4,

z 1
ey

Using the empirical likelihood function as the likelihood function within the BEL framework, the

obtained as L ( p ) =

relevant information of the parameters to be estimated is given in the form of a prior distribution 7z ( p ) .

The same likelihood is used to derive the posterior of the parameters for a given observation. The
posterior can be defined as:

7( )= jLL(ﬂ) z(p)
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2.3. Bayesian empirical likelihood estimation of linear mixed-effects models

To enhance robustness, based on Huber's proposed Huber loss function p, and its derivative Huber
transform functiony/, , which satisfy the properties of “linearity in the middle, information retention

in small residuals, and truncation in large residuals,” Shuangyue Wu [10] constructed a weighted
residual squared using the Huber loss function that combines the advantages of L, and L, loss

functions. The difference is that we introduce the Huber transform function into the moment condition.
Given [, the residual vector of the ith group is defined as:

L (B)=Y,~ X B=(r,(B). 1. (B)) (1)

For any r, define the Huber function:

r,r|$c

w(r)= 2)

csign(r), r| >c

where ¢>0 1is a given constant. Perform robust centering x and scaling s, standardization on

n(B)- 1,

the residuals, and denote the standardized residuals  u,(B)=-

v, (B)=[v (0, (8)).w (w, (B))] -

The fixed-effects design matrix is decomposed into X, =(1 W), where 1 is an m -

and

r

m>" i

dimensional vector of all 1s, and W, is the covariate matrix after removing the intercept column

T
corresponding to the slope parameter [ = ( B B p) . To extend the scalar residual moments into
vector moments that match the £ dimension, we need to ensure that the ( By ﬂl) pair has

sufficient identification information and avoid moment condition degradation or repetition. Using the
residual vector 7, ( p ) and the covariate matrix X, two types of moment conditions independent of

the specific distribution of random effects are constructed. If only conditions without W, are used,
the conditions mainly constrain the intercept but provide insufficient information about the slope /,.
Furthermore, under covariate centering or symmetric designs, a mismatch between the moment
g(8)
)

Introducing W, makes the moment conditions equivalent to orthogonalizing the robust residuals to

conditions and parameter directions may occur, leading to insufficient rank of FE (

the covariate directions: E {WiTl//i ( B° )} = 0. This provides independent estimation equations for f;

and f,, improving finite sample efficiency and numerical stability. The first type of moment condition

1s defined as follows:

g, (ﬂ)=ili%(ﬂ) (3)

This moment condition describes that "the mean of the within-group residuals is 0 in a robust sense,"
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primarily providing information for a fixed intercept ;. The second kind of moment condition is

defined to provide constraints on each slope parameter f,***; [, as follows:

8> (IB):;VVle//z(ﬂ) 4)

To mitigate the impact of random effects distribution errors on slope estimation, an annihilation
-1
matrix 4, =1, —Zi(Zl.TZ,.) Z! is used. By the definition of an annihilation matrix, AZ =0.
Multiplying both sides of the model by A4, on the left yields:

Ay, =AXp+AZo, +As =AX, [+ Ag, ()

At this point, the random effect term Zg, is eliminated. Let J, = Ay,and X, =A4X, =(41,.7,),

where W, = AW, is the transformation of the slope covariate under the annihilation matrix. Then, at

the truth value f°, 7. = X B’ + A&, . Based on this, the residual vector after annihilation is defined

as follows:
’/;A(ﬁ):)’}i_j[ﬂ:Aiyi_AiXiﬁ (6)

i (B)-F,

Let i, (f)=" and WiA(ﬂ)=[¥’(ﬁi1(ﬂ)),"'>v/(ﬁim(IB))JT be the conditions for

constructing the third kind of moments:

s

r

83 (ﬂ):Vf/iT'//iA (ﬂ) (7)

Similarly, left to multiply the covariate matrix after transformation under the annihilation matrix is
retaining the identification information of the slope parameter after eliminating the random intercept
or group layer translation. When Z; =1  corresponds to a purely random intercept model, A

. e : 1 .
degenerates into a within-group centered matrix 4 =/ ——1 1" . In this case, the above moment
m

condition is the within-group mean-reducing slope moment condition commonly used in the special
case of the random intercept.
To ensure the validity of the moment conditions under the empirical likelihood framework, the

following conditional centralization assumption is adopted: At the truth value S°, A has a robust

center and scales (4,,s,) and (f,,5,) such that, given (X,Z,), E[l//i(ﬂo)|Xi,Zi]=0
E[y!(8)x,.2]=0,and E[Wy, (")

E(ga ()X, )——1T (wi(£#)X,.2,)=0
(g (8% 2) =, B b (85,2 =0
E(ga(8')X..2, )=

‘ <o, EHW,-TWiA (B )” <o, we have:

0

By (51,2,
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Taking the full expectation of the conditional expectation yields: £ ( gil( ,80))20 ,

E ( g ( B° )) =0, E ( g5 ( B° )) = 0. In actual calculations, the sample median and MAD are used for

plug-in centering and scaling estimation, respectively.

From the perspective of construction ideas, the three types of Huber-type group-level moment
conditions proposed in this paper can be regarded as a unified generalization of the empirical likelihood
moment conditions of the classical linear mixed-effects model and the BEL moment conditions under
the GEE framework. When the Huber cutoff constant tends to infinity, the residuals obtained by
selecting the scale parameter are standardized and approach ordinary residuals, and the annihilation
matrix is ignored, that is, when the annihilation matrix is taken, the robust residual moment conditions
in Eqs (3) and (4) degenerate into linear moments based on conditional mean residuals. Its form is
consistent with the residual-balance moments and covariate-residual orthogonality moments used in
EL work under the linear mixed-effects model. It corresponds to the estimation equation of fixed
effects characterized by group-level residuals when random effects have not been annihilated. When
random effects are not explicitly modeled and only the covariate-residual orthogonal information at
the cluster level is retained, the working variance structure can be replaced by the inverse working-
correlation matrix in the GEE framework. In that case, the second and third types of moment conditions
have the same structure at the cluster level as the robust estimation equation used by GEE-BEL. Both
use covariate and residual orthogonality to characterize marginal fixed effects. Relative to moment
conditions, we introduce a Huber-type transformation function within each group to truncate and
balance heavy-tailed errors, in-group outliers, and skewness in random effect. Furthermore, it
explicitly constructs an annihilation matrix, identifying slope effects and eliminating interference from
random intercepts through in-group variations without making specific parameterization assumptions
about the random effect distribution. Therefore, the three types of Huber-type moment conditions
presented in this paper are compatible with the scoring structures of existing LMM-EL and GEE-BEL
estimation equations in the limiting cases of ordinary residuals and without annihilation matrices. In
the general case, the Huber transformation and annihilation matrix enhance robustness against heavy-
tailed errors, misspecified random effects, and group outliers at the moment condition level.

Combining the three types of moment conditions mentioned above, a basic moment condition

& (ﬂ)
vector g,(B)=| g, (B)| is defined for each group i, where g,(B)eR, g,(B)eR”, and
&is (:8)
g ( p ) € R”, and the dimension of the fixed effects parameter is p+1. Therefore, when p>1,
dim{ g (B )} =1+2p> p+1=dim( /), forming an over-identified moment condition system. The

truth value B° satisfies E ( g, ( A’ )) =0,i=1,""",n;thus, g, ( p ) can be used to construct empirical

likelihood and BEL.
In practical applications, the numerical dimensions and variances of different moment conditions
can differ significantly. For example, g, ( p ) € R based on the residual mean usually exhibits less

fluctuation, while the slope moment condition g, ( B ) € R” based on the annihilation matrix may be

more sensitive when the random effects distribution has heavy tails or the error distribution is
misspecified. If the original g, ( p ) is used directly, the corresponding Lagrange multiplier /1( p )
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in solving the empirical likelihood may overly favor a certain type of moment condition, thus
exhibiting a bias towards intercept or slope estimation under finite sample conditions.

To balance the numerical effects of different moment conditions and improve the numerical
solution stability of Lagrange multipliers in empirical likelihood dual problems, for each group i, a

non-singular weight matrix W e R{27>(+27)

defined as g, ( p ) =Wg. ( p ) . Obviously, E { g, ( A’ )} =WE { g, ( A’ )} =0 still holds true under the

is introduced, and the weighted moment condition is

true value " . Therefore, the weighted moment conditions are equivalent to the original moment

conditions in identifying the target parameter A3°, and will not change the objective of the BEL. It

affects only the utilization of information in different directions and numerical stability under finite
samples. Although fixed weights can theoretically be absorbed by the dual variable, the magnitudes of
different moment conditional blocks may differ significantly in a finite sample, leading to ill-
conditioned KKT equations for ﬂ,( ,B) and step size sensitivity, manifesting as dual solution failure

or the need for frequent use of AEL as a fallback. Therefore, we will use W as a preconditioning
parameter to ensure that each moment block is numerically similar in scale, thereby improving the
stability of A solution and the mixing efficiency of MCMC.

In this paper, we use a block-diagonal form of the weight matrix W = afiag(w1 oWyl Wil p) to
maintain the interpretability of the structure. First, we calculate the moment conditions g, ( p f) for

all groups at the maximum likelihood estimation point f,, . f,, isused only to estimate the relative
scale of each moment block. This scaling does not change the recognition structure of the unbiased

moment conditions. Define a robust scale for each moment block: s, =MADI.( gl.l( ﬂ")) ,

S, :MADIA(Hgi2 (ﬂT)Hz) , S, =MADIA(Hgi3 (,B%)HZ) If the corresponding MAD is too small or

unstable, it degenerates into the sample standard deviation. Construct the block-diagonal matrix

S =diag (S1 285583 ) , and by default, take the scalar ~ weight  matrix
. : I 1T 1 '
W =diag (w1 W, w3) =diag| —,—,— | . Here, w~ w,» w;>0 represents scalar weights,
S 8 S

corresponding to the intercept moment condition g ( p ), the covariate-residual moment condition

g ( p ) , and the slope moment condition g, ( Jij ) after annihilating random effects, respectively. The

ngil(ﬂ)

weighted moment condition is &, (/4)=| w,g,,(/) |. Furthermore, the sensitivity of the estimation

W83 (IB )
results to block-diagonal scaling is examined by randomly perturbing W based on the default settings.
For each simulation, the baseline scaling matrix W and the EL point estimate ﬁA -, are obtained at the
empirical likellhood maximum point. Subsequently, 20 sets of perturbation weights

~,(:) =w, exp(Z ,ES)) and Z ,ES) ~N (0, o"i) are independently generated. Geometric mean

3
normalization is performed using HW,ES) =1 to keep the overall scale constant. For each set of
k=1
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perturbation weights W) = diag (Vvl(s) Y, Wgs)) , the EL point estimate 3 is recalculated, and its

ﬂAIEJSL) - IéEL

BEL relies on the standard convex hull condition, which states that given /[, the convex hull of

absolute deviation AL) = relative to the baseline estimate is recorded.

the sample moment vector ( g ( p ) g, ( p )) must contain the origin 0. If this condition is not met,

there are no positive weights satisfying the moment and probability constraints, and the equation
&)

F1+4" (ﬁ)gl(ﬂ)
—o0 at this point. When the model is correct, the number of samples is sufficiently large, and the
Huber truncation and scaling parameters are reasonably selected. Moreover, the probability that the
convex hull condition holds within the neighborhood of the true value approaches 1 as the sample size

increases; therefore, EL is feasible and has a unique solution for large samples. However, in finite
samples, if the dimension of the moment condition is relatively high or the proposed parameter S is

=0 no longer has a feasible solution; the empirical likelihood degenerates to

far from the true value, the sample moment vectors may almost all fall within a certain half of the
space, causing 0 to not be within the convex hull. In this case, the EL method is considered "ineffective"
for that parameter value. In simulation experiments, the diagnostic results can be demonstrated through
indicators such as the feasible ratio, the AEL usage ratio, KKT residuals, and dual Hessian eigenvalues.

Assuming there is a zero within the convex hull of ( g ( p ) g, ( p )) , the empirical likelihood

function L () has a unique value. Given £ and g,(f), we solve for the Lagrange multipliers

A"(pf) such that §1+/1§(ié€;[(ﬂ)

=0, and calculate the empirical likelihood function

Z 1
1,-:[11(1+/1T~i(,8))

normal prior 72'( p ) ~N ( ,uO,ZO) to the fixed effect parameter /3, with the density function being:

L(p)=

. Based on the empirical likelihood function, we assign a multivariate

1 1 T o
”(ﬂ)=mexp{—5(ﬂ—ﬂo) 2, (ﬂ_ﬂo)}

Combining the prior density function [ with the empirical likelihood function constructed
based on the Huber moment condition, the posterior distribution is expressed as:

_;ex () % (8- ” :

Assume that the group-level observations are independent, and the moment condition
E { g, ( A’ )} =0 holds only at the true value £°; g, ( p ) is differentiable in the neighborhood of

T

ﬂo, and £ is full rank; the moment condition has finite second moments. Then, when

the number of groups is n—>oo, the empirical likelihood maximization estimate of ,éBEL 1s
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consistent, ,é e —— B Jn ( BBEL -p 0) asymptotically follows a normal distribution,

ﬁ(ﬁ’m—ﬂo)#N(O,(GTQ_IG)_I), where GzE{%} and QzE{gi(ﬂO)T&(ﬂo)}

are constants.

It should be noted that the Bayesian empirical apparent posterior distribution constructed in this
paper is defined on fixed-effects parameters. Random effects and their covariance matrices are not
explicitly incorporated into the posterior hierarchy, but are eliminated at the estimation equation level
through annihilation matrices and orthogonality moment conditions, thus avoiding specific
parameterization assumptions about the form and variance structure of the random effects distribution.
Therefore, the inference results obtained by the method in this paper are mainly applicable to the
interpretation of average effects and overall trend analysis at the fixed-effects level. Within the BEL
framework, obtaining the analytical form of the posterior distribution is often very difficult. Therefore,
it is necessary to use the Markov Chain Monte Carlo (MCMC) method to simulate the posterior
distribution.

2.4. The Metropolis-Hastings algorithm flow for bayesian empirical likelihood estimation under
Huber-type moment conditions.

The Metropolis-Hastings (MH) algorithm, one of the most commonly used MCMC algorithms,
can efficiently generate samples while ensuring a stationary distribution as the target posterior. Its core
idea is to continuously generate candidate points using a “proposal distribution” and combine it with
an acceptance-rejection mechanism to construct a Markov chain that satisfies a detailed balance with
respect to the target posterior.

Let ﬁ(o) be the initial value. For each state ﬂ(t) , t=0,1,-*-, T —1, and calculate the logarithmic

posterior /,,, ( p ([)) according to the following steps.
(1) Use ﬁ(t) to fit the linear part to calculate the residual 7, ( [ﬁ’(')), and estimate the scale

parameter s ( p (’)) by the median absolute deviation (MAD) of the OLS residuals. If the MAD is too

small or unstable, it degenerates into the sample standard deviation SD to obtain the standardized

(t)
I’;.
residual u, ( /3(’)) =L(t)). Given the Huber cutoff constant ¢, which is usually taken as 1.345, it
(8")
can be adjusted appropriately according to the situation. Obtain the Huber residual vector
W, (uy. ( ﬂm)) by the Huber influence function, and construct the weight moment condition
g, ( ﬂ(’)) =Wg. ( ﬂ(t)) according to formulas (3), (4), and (7). The block-diagonal weight matrix W

can be adjusted according to experience. At this time, the random effect has been eliminated. When
the moment conditions are significantly skewed, consider adding a robust centering correction to the

¥

residuals: In each iteration t, first calculate the full sample median [j(t) = median{ri]. ( ﬂ(t))} of the
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0)_ 0 !
) )

moments in the moment conditions. This correction can reduce the impact of random effects and error
skew on the centering moment conditions without changing the overall trend.

(2) Under conditions A" and g,.( ,B(t)), e ( [)’(1)) is a solution to the nonlinear system of
; gl( ’B(f))
equations F(A; )=
( ) ;1+Zr(ﬁ(t))gi(ﬁ(t))
employ a quasi-Newton method to numerically solve it, constructing a linear correction
OF(4:8) - &(B)&(B)
J(ﬁ’;ﬂ): ( T ):_Z ( 3~ ( )2
A (e (p)

update can be written as:

current residuals, and use to construct the Huber

=0, which typically has no analytical solution. We

based on the Jacobian matrix at each step. The Newton

260 _ 4 () _ak,](ﬂk;ﬂ)_l F(;{vk;ﬁ)

where «, e(O,l] is the step size. Directly calculating and inverting J (l;ﬁ) may be costly;

therefore, a Broyden-type update J (/'t; p ) is used to approximate the Jacobian matrix, thus avoiding

explicit differentiation and matrix inversion. HF (ﬂ,(k); p ) <¢& 1is used as the convergence criterion;

2
if convergence is not achieved within a given number of iterations, it is considered that the empirical
likelihood under the current ,B(t) is infeasible. If the original empirical likelihood is infeasible, an
adjusted empirical likelihood (AEL) is used to add a spurious observation in the mean moment
direction to expand the convex hull. If AEL is still infeasible, I,,, (f) is setto —oo, and this value

is always rejected in the MH step, thus ensuring that the chain always remains within the empirically

feasible region, and we obtain the empirical likelihood L ( ,B(’) ) = H ! . Based

a1 27 ()2 (8))

on the empirical likelihood, given the prior parameters g, and X,, and combined with the

multivariate normal prior density function, the initial logarithmic posterior /,,, ( ,B(t)) is obtained.

(3) A multivariate normal distribution N ( ﬂ(t) )X ) is chosen as the proposal distribution. A

>~ prop
new parameter [3* is drawn from the proposal distribution, and /,,, ( p *) is calculated. We propose

to first run a short pilot test on the covariance near the empirical likelihood maximum. We then
construct an initial matrix using the sample covariance obtained from the pilot test and adjust the
overall step size using a Robbins-Monro update to keep the acceptance rate within a reasonable range
during the pilot test. In the formal sampling phase, we fix the covariance and freeze the proposal
covariance during the main sampling phase to preserve ergodicity and ensure validity of posterior
inference.

For any target density = ( ﬂ(’)) and proposal distribution g ( ' | p (t)) , the standard acceptance
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probability of MH is
=(8)a(8"|8") a(8"|8")
=(8")a(5|8") a(p

ﬂ(f))
chosen proposal distribution satisfies the symmetry ¢ ( B ‘ ﬂ(t)) =q ( ﬂ(t) p *) ; therefore, the proposal

Ly (ﬁ*)

lBEL (ﬂ(t) ) ,

and [ is accepted with this probability. Let S, =/", and conversely, . =/ . Then the

The

a(ﬂ(’)’ﬂ*):min 1, = min l,eXp(lBEL(ﬂ*)—ZBEL(ﬂ(t)))

density ratio is 1. The MH acceptance probability simplifies to « ( ﬂ(t) B ) =min< 1,exp

posterior distribution 7, ( p *) 1s the stationary distribution of the MH chain. Repeat the above steps

until a stable state is reached.
We run the Metropolis-Hastings chain for T iterations. The first b iterations, used to eliminate
the influence of the initial value on the sampling distribution, are discarded. Only the samples from

T-b

the last 7'—b iterations are used to estimate parameter /3, obtaining the posterior sample { B, } ol

: : 1 < . . .
The BEL estimate of B is expressed as ff=—— Z B, . In each simulation scenario, we perform

T—k t=k+1

single-chain diagnostics on each chain and multi-chain (three-chain) diagnostics on five randomly
selected chains and several of the worst-performing chains. We record the average acceptance rate, the
median effective sample size (ESS), and the maximum value of the Geweke diagnostic statistic to
check convergence. The following explains that the posterior distribution is stationary:

Let the target density be 7, ( p ) and the proposal kernel be P ( p.dp ) ) . Then the transition kernel

of MH can be written as:

P(B.dB )=a(B'|B)a(B.B")dB" +r(B)5,(dB")

where 7 ( p ) =1- jq (u | p )a ( B, u)du is the probability mass of staying in place after rejection, and

Oy (dﬁ*) is the Dirac measure of the mass of point . For all f=# ", define the ratio

(B )alAlF) pg *
R(,B,ﬂ )— ﬂ(ﬂ)q(ﬁ* ﬂ) , defined by the MH acceptance rate: a(ﬂ,ﬂ )—mln{l,R(,B,,B )},we
have:

7(B)a(B°|8)a(B.5")=min{z (5 )a(B|B").7(8)a(5"|B)}

Swapping S and [, we get:

7(#)a (BB )a (B, B)=min{z(B)a(p

B).x (8 )a(B

Al
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When S # ", we have:

7(B)a(B|B)a(B.8)==(8")a(B| ) (B".5)

This is the detailed stationarity condition of the transition kernel under weighted 7 . For any

measurable set A4, using the stationarity condition, we have:
[7(B)P(B.AYAB=[[1. (8 )=(B)P(B.dB )dB=[1,(8)=(8) [P(B.dB)|dp
Since P(,B*,-) is a probability measure for any fixed S, jP(ﬂ*,d,B)zl . Therefore,

I;r P(p,4) dﬁzj (,B*>dﬂ* =n(A), that is, 7, () is the stationary distribution of the

transition kernel P( p£.dp ) .

In the above algorithm, each M-H update requires calculating the Huber-type moment condition
g, ( p ) across all groups and constructing the empirical likelihood L( p ) by solving the Lagrange

multipliers A ( p ) . Therefore, the computational cost per iteration increases linearly with the number

of groups. For medium-sized clustering data, directly using the full-sample BEL is feasible; however,
for large-scale clustering data, how to further reduce computational costs while maintaining robustness
is an important issue.

Some scholars have proposed an adaptive subsampling algorithm based on residuals. This
algorithm iteratively selects influential observations based on the interpolation residuals. The core idea
is to prioritize retaining observations with larger residuals and perform probability sampling on the
remaining observations, then adjust the weights appropriately to reduce approximation errors. Inspired
by this, in the case of clustered data in this paper, the following approach can be considered to

accelerate BEL: First, calculate the Huber moment vector g, ( ﬂA ) for each group at an initial estimate

or robust transformation as a measure of "influence"; then, retain all

ﬁ, and use its norm Hgl(,é)

groups with high influence, and subsample from the remaining groups according to probabilities
related to influence, attaching appropriate sampling weights to the sampled groups in the empirical
likelihood constraint, thereby obtaining an approximate BEL based on subsamples. This type of
residual-driven subsampling scheme is expected to significantly reduce the computational cost of each
iteration when the number of groups is large while controlling the loss of statistical efficiency as much
as possible. In this paper, we mostly focus on the robustness and coverage performance of full-sample
BEL under medium-sized clustered data; system construction and theoretical analysis can be left for
future research.

3. Simulation
In this chapter, we compare the performance of BEL of linear mixed-effects models in finite
samples under different scenarios and with varying variances of random effects through numerical

simulations. For each simulation of BEL, the MCMC program executes the algorithm from Chapter 3,
performing T=6000 iterations and 2000 annealing cycles.
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Simulation 1: Comparison of estimation bias and MSE results between BEL and EL, REML, ML,
ordinary Bayesian, and generalized moment estimation in different scenarios.

The data is generated by the following model: Y, =X+ Z a, +¢&,, where B= (I,O.S)T .
Covariates are generated based on X, =(X,,X,,), where X,,X, ~U(-11). The response
variable is generated by this model, and the random effects and error distribution are perturbed under
different scenarios to characterize "bad scenarios" such as heavy-tailed distributions, heteroscedasticity,

and outliers. The following six scenarios are considered:
1) Baseline scenario: The error and random effects follow a normal distribution, &, ~ N (0,1) ,

o, ~ N(O,l);
2) Thick tail error: & ~0.85N(0,1)+0.15N(0,6) and a, ~ N(0,1);

3) Heavy-tailed random effects: The random effects follow a t-distribution with 3 degrees of

i

T
freedom, 7, ~¢(3), 0, issetto 1, and lete, = o, 5 thus keeping Var(a,)=o. unchanged, but the
distribution of the random intercept has the heavy-tailed characteristics of the t-distribution, and the
error term¢, ~ N (0,1);
4) High-leverage covariates and heteroscedasticity: , ~ N (0, 1) , where covariates are randomly

divided into a 20% "high-leverage group" and an 80% "normal group," with the high-leverage group

N(0,1), Normal Group

assigned a larger variance, £, ~ 5 ' :
N (0,3 ), High leverage group

5) Outlier points exist: o, ~ N ( 0,1) , where the error is based on a normal distribution, with an
additional N (0,82) noise added to 8% of the observations;

6) Outlier group: & ~N(0,1) and e, ~ N(0,1), where the true random intercept of 4% of the
groups is set to ¢, + 2, forming a clear "outlier group".

For the Bayes method, it refers to the ordinary Bayesian inference of a fully parameterized linear
mixed-effects model. «, ~ N (0, O'j) and & ~N (0, 0'52) are used, and relatively relaxed conjugate

priors B~ N(uy.V,), o, ~Inv—Gamma(a,,b,), and o, ~ Inv—Gamma(c,,d,) are taken,
where 1, = (O,O)T and V, = diag(32,32> are in the range of a, =5, =c, =d,=2. The posterior

distribution is obtained by Gibbs sampling. This method is a correctly configured model in the baseline
scenario, but an incorrectly configured model in other scenarios.

Under each setting, the independent simulation is repeated 100 times, with each simulation
generating 25 groups and 6 observations per group. The result of each simulation is denoted as f3,.
The mean of the 100 simulation results is used as the final estimate. The estimation results are
compared by calculating the absolute value of the estimation bias, MSE, average length of the 95%

confidence interval, and coverage, where:
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(1) Numerical stability, algorithm convergence and weight perturbation sensitivity analysis

Before discussing the estimation performance of each method, such as bias, mean square error,
and interval coverage, it is necessary to examine the reliability of the proposed BEL method at the
numerical computation level. The diagnosis is carried out from three levels: Feasibility and stability
of the empirical likelihood dual problem, convergence of the MCMC algorithm, and evaluation of the
sensitivity of the block-diagonal weight setting to the estimation results. The results are given with 50
groups as representative samples.

As shown in Table 1, the feasible proportion is 1 for all 6 scenarios, indicating that the original
empirical likelithood dual equation can be solved within the feasible region in most repeated samples.
The overall usage proportion of AEL is relatively low, only slightly higher in the "high leverage
covariates and heteroscedasticity" scenario, reflecting that the convex hull boundary is more easily
reached in this scenario, requiring limited convex hull expansion through AEL. The maximum value of
the KKT residual is close to 0 in all scenarios, indicating that the first-order conditions are satisfied. The
5th percentile of the minimum dual denominator is significantly greater than 0, and the 5th percentile of
the minimum eigenvalue of the dual Hessian is also at a medium to high level, indicating that the dual
problem is far from numerically singular and has good condition number and stability overall.

After confirming the numerical stability of the empirical likelihood, we further evaluate the
convergence of BEL posterior sampling from the perspective of MCMC, and the relevant diagnostic
results are shown in Table 2.

Table 1. Stability index of empirical likelihood values in various scenarios
when the number of groups is 50.

minimum

KKT dual dual Hessian
) Feasible AEL usage residual N . minimum
Baseline . . ) denominator .
proportion proportion  maximum sih eigenvalue Sth
value . percentile
percentile
Thick tail error 1 0.03 0 0.3219 7.1185
Heavy-tailed 0.04 0 0.3497 6.7063
random effects
High-leverage
covariates and 1 0.06 0 0.4061 7.7080
heteroscedasticity
Outliers exist 1 0.21 0 0.1199 18.4066
Group outliers 1 0.05 0 0.2430 7.4121
Baseline 1 0.02 0 0.3831 10.4648

From the perspective of single-chain diagnostics, the average acceptance rate for each scenario is
generally within the reasonable range of random walk. Except for the scenario of "high leverage
covariates and heteroscedasticity" where the median ESS of /3, is slightly lower, the median ESS of

B, and p, in other scenarios are all above 300, indicating that the effective sample size of single
chains is sufficient and the overall chain mixture is good. After performing Gelman-Rubin diagnostics
on three independent chains for random sampling and extreme datasets, the upper bound of R for
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B, and B, doesnotexceed 1.02, and the ESS of multi-chains is usually in the hundreds or thousands,

indicating that the posterior sampling of BEL exhibits stable convergence characteristics under

different error and random effect conditions.

Table 2. Algorithm convergence index when the number of groups is 50.

Single-chain diagnostics

Multichain diagnostics

Baseline Average
acceptance
rate

Thick tail error 0.3488

Heavy-tailed random effects  0.4244

High-leverage CO\'/a'rlates 0.3168

and heteroscedasticity

Outliers exist 0.2541

Group outliers 0.4030

Baseline 0.3539

ESS median
i B
379.8 5484
420.5 443.7
430.3 513.7
141.5 360.7
426.5 4745
3609 5919

upper bound
of R

By B,
1.018 1.007
1.000 1.000
1.001 1.001
1.001 1.002
1.001 1.002
1.004 1.001

ESS

By
856.9
1081.7

1253.6

443.8
1319.3
744.2

B,
1489.9
1486.6

1586.5

1103.3
1224.0
1742.0

Finally, the impact of the block-diagonal weight setting on EL point estimation is examined to
test the robustness of the numerical results to the weight selection. The relevant sensitivity analysis

results are shown in Table 3.

Table 3. Sensitivity analysis of weight perturbation when the number of groups is 50.

Baseline

Thick tail error

Heavy-tailed random effects
High-leverage covariates and
heteroscedasticity

Outliers exist

Group outliers

Baseline

B B
Mean absolute deviation

0.0307 0.0394
0.0405 0.0279
0.1025 0.1639
0.2467 0.3419
0.0750 0.0929
0.0159 0.0358

Mean absolute deviation

As can be seen, the mean absolute deviations of f, and f, are relatively small in the baseline

scenario, heavy-tailed error, and group outlier scenarios. However, the deviations increase in the
heavy-tailed random effects and high-leverage covariates and heteroscedasticity scenarios. This
indicates that after using robust scaling for block-diagonal scaling, EL and BEL inferences are
generally robust to the weight settings within a reasonable range, and are only slightly sensitive under

extreme high leverage and heteroscedasticity conditions.

(2) Parameter estimation of each method

The numerical stability, convergence diagnosis, and weight sensitivity analyses described above
demonstrate that the proposed BEL framework exhibits good numerical properties across the scenarios
considered. In the following section, we compare the differences in estimation performance among
different methods in terms of bias, mean squared error, and interval coverage. Tables 4 and 5 show the
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parameter estimation results for each method under different scenarios when the number of groups is
50 and the number of observations per group is 6.

Table 4. Estimation results of methods for 8, and g, under different scenarios when the

number of groups is 50.

Baseline Thick tail error Heavy-tailed random effects

Method ﬁo ﬂl ﬂo ﬁl ﬂo ﬂl
Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
BEL 0.01050.0222 0.01080.0123 0.01690.0284 0.01240.0278 0.00350.0161 0.00250.0109

EL 0.02660.0493 0.03870.0769 0.00320.0619 0.00970.0331 0.01050.0461 0.01280.0127
REML  0.01240.02150.01320.0124 0.02010.0451 0.02200.0638 0.02130.0291 0.00810.0099
ML 0.01240.0215 0.01320.0124 0.0201 0.0451 0.02240.0639 0.02130.0291 0.00820.0099

Bayes 0.01600.0217 0.01230.0123 0.02530.0454 0.01770.0622 0.01730.0282 0.00900.0099
GMM 0.01300.0218 0.01190.0127 0.0118 0.0276 0.00220.0307 0.00700.0154 0.00000.0100

Table 5. Estimation results of methods for 8, and g under different scenarios when the
number of groups is 50.

High-leverage covariates
and heteroscedasticity

IBO ﬂl IBO ﬂl IBO ﬁl

Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
BEL 0.00900.0344 0.00100.0088 0.01950.0340 0.02000.0184 0.07660.0341 0.00310.0099

Outliers exist Group outliers

Method

EL 0.00130.1048 0.01490.1052 0.03390.0745 0.00520.0984 0.07730.0351 0.03490.0638
REML  0.01560.0388 0.00190.0093 0.02150.0551 0.01100.0625 0.09430.0372 0.00670.0101
ML 0.01550.0388 0.00190.0093 0.02150.0551 0.01100.0627 0.09430.0372 0.00670.0101

Bayes 0.01210.0387 0.00200.0092 0.02730.0553 0.01610.0615 0.08960.0361 0.00590.0101
GMM 0.01340.0523 0.00400.0093 0.01330.0331 0.00750.0714 0.07830.0342 0.00530.0102

As shown in Tables 4 and 5, under the baseline scenario, the parameter methods based on normal
distribution, such as REML, ML, and Bayes, have high efficiency, with MSE slightly lower than BEL,
but the difference is not significant. For parameter /3, in bad scenarios such as heavy-tailed error,

heavy-tailed random effects, high-leverage covariates with heteroscedasticity, presence of point
outliers, and group outliers, the MSE of traditional methods REML, ML, and Bayes increases
significantly. In contrast, the increase in MSE of BEL in these scenarios is relatively moderate. For
parameter [, the MSE of traditional methods increases significantly under heavy-tailed error and

outlier scenarios, while the MSE of BEL is generally at a lower level among the methods.

As can be seen more intuitively from Figures 1 and 2, the height of each column in BEL changes
relatively smoothly across scenarios. From the baseline scenario to the scenarios with heavy tails, high
leverage heteroscedasticity, point outliers, and group outliers, the MSE increases, but overall, it
remains within a relatively narrow range. In contrast, the MSE of other methods increases significantly
under the conditions of heavy tails and outliers, especially the MSE of f,, indicating that these

methods lack suppression of the impact of extreme residuals and outliers.
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Figure 1. Bar chart of MSE estimates for g, under 6 scenarios with 50 groups.
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Figure 2. Bar chart of MSE estimates for g under 6 scenarios with 50 groups.

These results show that, under ideal settings of normal random effects and normal errors, the
estimation accuracy of BEL is comparable to that of REML, ML, and Bayes. The three-dimensional
moment conditions constructed based on Huber transform and annihilation matrix do not compromise the
consistency of the estimation and do not result in significant efficiency loss. However, in “bad scenarios”,
such as heavy-tailed errors, heavy-tailed random effects, high leverage covariates and heteroscedasticity,
the presence of outliers, and group outliers, BEL's MSE is generally lower than that of traditional empirical
likelihood and generally outperforms several classic estimation methods based on the normal assumption,
demonstrating robustness. This indicates that the chosen moment conditions can effectively mitigate the
impact of heavy-tailed errors and misconfigured random effects on the estimation.

To examine the impact of the number of groups on estimation performance, we change the number
of groups to 25 and 100 in the same six scenarios. The parameter estimation results are shown in Tables
6 and 7 and Tables 8 and 9, respectively.

The numerical results from different numbers of groups in various scenarios show that when the
number of observations remains constant and only the number of groups is increased, in the baseline
scenario, as the number of groups increases from 25 to 100, the bias and MSE of each method decrease
to varying degrees in most scenarios, reflecting the convergence trend of the estimator as the effective
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sample size increases. The BEL is generally at a low level in different numbers of groups and different
scenarios. In the high leverage covariates and heteroscedasticity scenarios, the MSE of the traditional
EL is abnormally amplified when the number of groups is 100. In contrast, the BEL can alleviate the
numerical instability problem.

Table 6. Estimation results of methods for g,and 3 under different scenarios when the
number of groups is 25.

Baseline Thick tail error Heavy-tailed random effects
Method 180 181 ﬂo ﬁl :Bo 181
Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
BEL 0.02790.0492 0.01810.0284 0.02580.0428 0.00130.0555 0.02560.0307 0.00120.0309

EL 0.02740.0514 0.02270.0302 0.00870.0437 0.02800.1865 0.02000.0608 0.00310.0310
REML  0.02770.0456 0.01170.0275 0.00470.0612 0.01600.0946 0.03380.0418 0.00700.0270
ML 0.02770.0456 0.01180.0276 0.00470.0612 0.01510.0948 0.03380.0418 0.00710.0270

Bayes 0.02180.0452 0.01270.0273 0.00510.0604 0.00710.0902 0.03030.0400 0.00530.0268
GMM 0.02890.0466 0.01030.0263 0.02120.0415 0.00590.0510 0.02650.0261 0.00360.0299

Table 7. Estimation results of methods for 8, and 3 under different scenarios when the
number of groups is 25.

High-leverage covariates
and heteroscedasticity

ﬂO ﬁl ﬂO ﬂl IBO ﬂl

Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
BEL 0.03290.0968 0.00190.0122 0.01850.0658 0.00080.0508 0.07880.0588 0.00980.0193

Outliers exist Group outliers

Method

EL 0.03940.0893 0.01340.0351 0.00720.0691 0.00100.0479 0.06920.0600 0.00810.0200
REML  0.03860.0899 0.00140.0121 0.01070.0968 0.05570.1361 0.08560.0556 0.01150.0188
ML 0.03880.0897 0.00160.0119 0.01070.0968 0.05540.1361 0.08560.0556 0.01160.0188

Bayes 0.04560.0887 0.00180.0119 0.02010.0947 0.04750.1303 0.07960.0533 0.01250.0186
GMM 0.02250.1411 0.00400.0161 0.00790.0597 0.00070.0565 0.06930.0543 0.00870.0191

Table 8. Estimation results of methods for 8, and g under different scenarios when the

number of groups is 100.

Baseline Thick tail error Heavy-tailed random effects
Method ﬂo ﬂ] ﬁo ﬁl ﬂo ﬁl
Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
BEL 0.00620.0120 0.00710.0061 0.01190.0128 0.00150.0162 0.00400.0080 0.01240.0053

EL 0.01050.0315 0.00890.0067 0.01210.0139 0.00020.0253 0.02570.0626 0.04030.0292
REML  0.00880.0111 0.00670.0057 0.00780.0195 0.00380.0423 0.00580.0127 0.01300.0053
ML 0.00880.0111 0.00670.0057 0.00780.0195 0.00370.0423 0.00580.0127 0.01300.0053

Bayes 0.01040.0113 0.00620.0057 0.01060.0195 0.00570.0418 0.00840.0127 0.01340.0053
GMM 0.00700.0114 0.00780.0060 0.00930.0126 0.00770.0168 0.00110.0079 0.01060.0053
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Table 9. Estimation results of methods for g,and 3 under different scenarios when the

number of groups is 100.

High-leverage covariates
and heteroscedasticity

ﬂO ﬁl ﬂO ﬁl ﬂO ﬂl

Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
BEL 0.00280.0173 0.00230.0025 0.01140.0128 0.01230.0085 0.05910.0178 0.00180.0048

Outliers exist Group outliers

Method

EL 0.05620.6952 0.13370.7824 0.01340.0150 0.03380.0522 0.04120.0464 0.01200.0302
REML  0.00550.01710.00110.0028 0.00790.0213 0.02720.0348 0.07220.0192 0.00290.0047
ML 0.00550.0171 0.00110.0028 0.00790.0213 0.02720.0348 0.07220.0192 0.00290.0047

Bayes 0.00350.0168 0.00120.0028 0.01020.0210 0.02590.0345 0.06980.0190 0.00310.0047
GMM 0.00220.0289 0.00300.0028 0.00950.0127 0.01010.0088 0.06030.0181 0.00320.0050

Figures 3 and 4 present the numerical results as bar charts, which more intuitively confirm this.
Under different scenarios, as the number of groups increases, the overall bar height decreases for most
methods, the MSE of parameters S, and f, decreases significantly, and the BEL remains at a low

level overall.

From the perspective of sample size, the Huber transform weakens the influence of fat tails and
outliers on the moment condition, and the annihilation matrix reduces the dependence on the setting
of the random effects distribution, so that the empirical mean of the moment condition converges to 0
as the number of groups increases. Thus, it achieves the effect of slightly losing efficiency in the correct
scenario and gradually amplifying the robustness advantage in the complex scenario as the sample size
increases under limited sample size.
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Figure 3. MSE histograms for A, under different number of groups.
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Figure 4. MSE histograms for g, under different number of groups.
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As shown in Tables 10 and 11, the overall coverage of each scenario is mostly concentrated
between 0.90 and 0.97, with the coverage in most scenarios approaching the nominal level of 0.95.
When the number of groups is 25, the coverage of scenarios with high leverage covariates and
heteroscedasticity, outliers, and stratified outliers is low. However, when the number of groups
increases to 50 and 100, the coverage increases. The interval length decreases significantly with the
increase of the number of groups. Combined with the results of bias and MSE mentioned above, BEL
can maintain good frequency accuracy in complex environments such as heavy-tailed error, heavy-
tailed random effects, and outliers, thus demonstrating its robustness and effectiveness.
Simulation 2: Finite sample performance of BEL and comparison methods under different random

effects variances.

Table 10. 3,'s 95% posterior interval coverage and 95% posterior interval length.

Scenario

Baseline

Thick tail error
Heavy-tailed
random effects
High-leverage
covariates and
heteroscedasticity
Outliers exist
Group outliers

25 50 100
Coverace Interval Coverage Interval Coverace Interval
Veras Length veras Length Veras Length
0.94 0.8409 0.93 0.5980 0.93 0.4327
0.94 0.8557 0.93 0.6335 0.94 0.4499
0.92 0.6861 0.93 0.5053 0.93 0.3573
0.83 0.9489 0.95 0.7025 091 0.4931
0.89 0.8605 0.90 0.6118 0.97 0.4338
0.88 0.8376 0.92 0.6369 0.89 0.4469
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Table 11. A 's 95% posterior interval coverage and 95% posterior interval length.

25 50 100

Scenario Coverage Interval Coverage Interval Coverage Interval

Length Length Length
Baseline 0.93 0.6063 0.95 0.4301 0.95 0.3069
Thick tail error 0.92 0.8420 0.95 0.6261 0.92 0.4400
Heavy-tailed 0.90 0.5807  0.94 04265  0.96 0.3066
random effects
High-leverage
covariates and 0.83 0.3651 0.88 0.2799 0.94 0.1991
heteroscedasticity
Outliers exist 0.92 0.7988 0.95 0.5605 0.96 0.3958
Group outliers 0.93 0.5863 0.95 0.4212 0.95 0.3045

The bad scenarios in Simulation 1 represent deliberate deviations from the normality assumption.
This simulation, however, assumes that the random intercept and error follow a normal distribution,
but changes only the variance of the random effects to examine the finite sample performance of each
method under the correct model and its sensitivity to the variance of the random effects. Consider the
random intercept model:

Y, =B+ B, o +¢,

where B,=1, B =1, a, ~ N(O,z‘z) , and &; ~ N(O,l) , and the covariate x; ~ N(O,l) is
independent and identically distributed and independent of the random effect «;. Considering five

variance levels of 7> (0.1, 0.5, 1, 2, and 4), 50 groups with 6 observations per group are generated
under each setting, and the simulation is repeated 100 times. Estimates for BEL, EL, REML, ML,
Ordinary Bayesian, and GMM are provided for each simulated sample, and the bias and MSE are
calculated. Results are shown in Tables 7 and 8.

As can be seen from Tables 7 and 8, the estimation biases of all 6 methods are close to zero at all
variance levels. Therefore, it can be considered that there is essentially no systematic bias at this
simulation scale.

Table 12. Estimation results of g, under different variances of random effects.

0.1 0.5 1 2 4

Bias MSE  Bias MSE  Bias MSE  Bias MSE  Bias MSE
BEL 0.0030 0.0048 0.0100 0.0122 0.0164 0.0226 0.0285 0.0426 0.0412 0.0853
EL 0.0029 0.0049 0.0097 0.0125 0.0167 0.0227 0.0270 0.0434 0.0413 0.0847
REML 0.0035 0.0046 0.0110 0.0113 0.0167 0.0205 0.0247 0.0396 0.0360 0.0787
ML 0.0035 0.0046 0.0110 0.0113 0.0167 0.0205 0.0247 0.0396 0.0360 0.0787
Bayes  0.0034 0.0047 0.0116 0.0117 0.0160 0.0215 0.0230 0.0410 0.0382 0.0819
GMM  0.0029 0.0046 0.0111 0.0116 0.0184 0.0211 0.0293 0.0409 0.0450 0.0820

Method
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Table 13. Estimation results of p under different variances of random effects.

0.1 0.5 1 2 4

Bias MSE  Bias MSE  Bias MSE  Bias MSE  Bias MSE
BEL 0.0020 0.0033 0.0020 0.0034 0.0017 0.0035 0.0013 0.0036 0.0010 0.0038
EL 0.0024 0.0034 0.0025 0.0035 0.0022 0.0036 0.0017 0.0037 0.0012 0.0038
REML 0.0002 0.0034 0.0001 0.0035 0.0004 0.0036 0.0007 0.0037 0.0009 0.0037
ML 0.0003 0.0034 0.0000 0.0035 0.0003 0.0036 0.0006 0.0036 0.0009 0.0037
Bayes  0.0006 0.0033 0.0009 0.0035 0.0010 0.0036 0.0012 0.0037 0.0011 0.0037
GMM  0.0025 0.0032 0.0017 0.0035 0.0010 0.0038 0.0002 0.0046 0.0008 0.0063

Method

From the perspective of MSE, the impact of variance 7 on the intercept and slope varies
significantly. In Table 7, as the variance of random effects increases, the MSE of each method S, pair

increases significantly, with EL consistently showing the highest MSE. In Table 8, the MSE of f,

changes relatively smoothly with 7°, and the differences among the methods are also small, indicating
that the variance of the random intercept mainly affects the intercept term while having a limited
impact on the slope estimation.

Under a correct model where the random intercept and error are normally distributed, BEL, EL,
and GMM exhibit comparable finite-sample efficiency to REML, ML, and parametric Bayesian
methods in slope estimation, with only a slight efficiency loss in the intercept parameter. To more
intuitively compare the performance of each method under different variances of random effects, a bar
chart of the MSE indices in Tables 7 and 8 is presented in Figure 5.

As can be seen from Figure 5 and Figure 6, the MSE of [, estimated by each method shows a

significant upward trend as 7> increases, while the MSE of p, remains stable within a small range

‘ [ | |
GMM

Figure 5. MSE histograms for 3, under different variances of random effects.
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Figure 6. MSE histograms for 4 under different variances of random effects.
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This phenomenon is consistent with the theoretical properties of the stochastic intercept model: The
variance of the stochastic intercept mainly affects the overall level of each group, thus significantly
increasing the uncertainty of the intercept estimate, while the slope £, is mainly provided by the changes
in the covariates within the group. When the covariates are centered and independent of the stochastic
intercept, its estimated variance is less dependent on 72, and therefore exhibits relative stability.

Based on the results of Simulation 1 under the conditions of heavy-tailed error, misconfiguration
of random effects distribution, and outlier, it can be concluded that when the model is correct, BEL
trades only robustness at a small efficiency cost, while when the model deviates from the normality
assumption, it can significantly improve the estimation bias and mean square error, thus verifying the
theoretical advantages of constructing moment conditions based on the Huber transform function and
introducing the BEL method in this paper.

4. Empirical analysis

As China’s population ages, the relationship between healthcare expenditure and economic
development levels across regions has become a core concern in public finance and health policy. A
reasonable characterization of the linkages between per capita healthcare expenditure, per capita GDP,
and the degree of aging can help identify differences in healthcare input across provinces and their
potential influencing factors. However, significant differences in development levels between regions,
and the existence of extreme values or structural shifts in a few provinces, mean that traditional linear
mixed-effects models based on the normality assumption may face interference from heavy tails and
outliers in parameter estimation and interval inference. Using the determined BEL framework of the
mixed-effects model constructed above, we examine the applicability and robustness of this method
in real-world data, taking panel data from 31 provinces in China as an example.

In this chapter, we use panel data from 31 provinces across China from 2014 to 2022, as published
in the China Statistical Yearbook. Per capita GDP and aging rate are used as covariates, and per capita
healthcare expenditure is used as the response variable. Provinces are treated as a random effects layer
to characterize the differences in healthcare infrastructure among regions. Because economic level and
aging rate indicators differ significantly in scale and fluctuation range, direct modeling can easily lead
to significant differences in the numerical scale of the estimators and unstable algorithm convergence.
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Therefore, we first standardize the covariates and then construct a linear mixed-effects model based
on this standardization before conducting subsequent analysis.

As shown in Figure 7, there is a significant positive correlation between standardized per capita
healthcare expenditure and both per capita GDP and aging population level. The correlation between
the two covariates is moderate, indicating that both have a significant positive impact on healthcare
expenditure and there is no severe collinearity. Moreover, the diagonal histogram shows that per capita
healthcare expenditure and per capita GDP are slightly right-skewed, with higher dispersion in high-
income regions. To reduce right-tail fatness and heteroscedasticity, and to mitigate the leverage effect
of high-income provinces, we first take the natural logarithm of per capita healthcare expenditure and
per capita GDP before standardization in subsequent modeling while standardizing the aging
population level on the original proportional scale. Figure 8 presents the correlation coefficients among
the three variables after logarithmic transformation for per capita healthcare expenditure and GDP.

expenditure - o

per Capita GDP

A0 1 2 3 4

aging F o

expenditure [

Lo

T

per Capita GDP

III 047

Figure 8. Correlation analysis of log-standardized variables.
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After logarithmic and standardization processing, the variable distribution is closer to symmetry
and scale comparability, while per capita healthcare expenditure retains some heavy-tailed
characteristics. Based on this, a linear mixed-effects model is first fitted to the log-standardized data,
and diagnostic analysis is performed on the residuals.

As can be seen from the residual distribution plot in Figure 9 and the normal QQ plot in Figure
10, the residuals are generally unimodal and approximately symmetrically distributed. This indicates
that after linearly adjusting for per capita GDP and aging, the systematic structure of per capita
healthcare expenditure has been well characterized. A small number of extreme observations can be
seen at both ends, and the right tail is slightly longer. The residual distribution has a certain thick tail
characteristic compared to the normal distribution.

201

density

o

054

0.0+
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Figure 9. Residual distribution map.

sample residual quantiles

3 2 B 0 1 2 3
theoretical quantiles

Figure 10. Residual Normal QQ Chart.
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The Huber transformation is applied to the residuals. The Huber residual Figure 11 shows that the
transformed residuals are concentrated near the cutoff, with flattened tails, while the overall shape
remains approximately symmetric. This indicates that the transform attenuates the influence of extreme
observations while preserving the major structural features of the residual distribution. Figure 12
further shows that, in the case of real data with certain heavy tails and outliers, the Huber transform
effectively suppresses the influence of extreme observations and, empirically, satisfies the moment
condition requirement that “Huber residuals are approximately orthogonal to covariates”.

density
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10 05 P 05 10
Huber wiu)

Figure 11. Huber residual distribution map.

Huber.residual per.Capita. GDP aging

Huber. residual
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Figure 12. Huber residuals and covariate correlation analysis.

Let Y, be the per capita healthcare expenditure of province i inyear ¢,andlet x,, and x,,

denote per-capita GDP and the aging index. Based on log-transformation and standardization of the
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variables, we construct a linear mixed-effects model Y, =8 + Bx,, + B,x,, +a, +¢&, with a
province-specific random intercept only of the province, where ¢, is the random intercept at the

provincial level. The empirical analysis introduces only random effects in the intercept term.

The above model is estimated using BEL, empirical likelihood, restricted maximum likelihood
(REML), maximum likelihood (ML), ordinary Bayes (Bayes), and generalized moment estimation
(GMM). The BEL MCMC algorithm is diagnosed using the MH algorithm for sampling, running
10,000 iterations, with the first 5,000 iterations used as a burn-in period and samples retained every 10
iterations. We assess convergence using Effective Sample Size (ESS), Geweke's Z-statistic,
Heidelberger-Welch stationarity test, and half-width test. The relevant diagnostic results are as follows:

Table 14. BEL's MCMC algorithm diagnostic results.

Coefficients ESS Z-statistic ~ Stationarity Test P-value  half-width test
By 308.0775 -1.189 0.0593 0.0034

) 203.3085 1.625 0.0695 0.0030

B, 290.1714 1.048 0.6704 0.0020

Mean Acceptance Rate 0.212

The diagnostic results show that the effective sample size for the three-dimensional parameters is
approximately 200-300, the Geweke diagnostic values are all less than 2, and the Heidelberger-Welch
stationarity and half-width tests pass, indicating that the MCMC chain has converged, and the Monte
Carlo error is negligible. Based on the convergence of the algorithms, parameter estimation is
performed for each method, and the estimation results are shown in the Table 15.

Table 15. Coefficient estimates under different estimation methods.

Gross Product 95% confidence . 95% confidence
Method . : Aging .

per Capita interval interval
BEL 0.2651 (0.2164,0.3030) 0.1999 (0.1700,0.2317)
EL 0.2702 (0.2017,0.3386) 0.1979 (0.1551,0.2406)
REML 0.3834 (0.3388,0.4280) 0.1371 (0.1014,0.1728)
ML 0.3825 (0.3381,0.4268) 0.1376 (0.1021,0.1732)
Bayes 0.3834 (0.3349,0.4258) 0.1382 (0.0997,0.1743)
GMM 0.3330 (0.2561,0.4099) 0.1808 (0.1343,0.2273)

As shown in Table 9, the six methods all estimate the coefficients of the two variables with the
same sign, which are all positive. In practice, the increase in economic development level and
population aging will significantly increase per capita medical and health care expenditure, and the
estimation methods are consistent with the actual situation.

Numerically, BEL, EL, and GMM estimate GDP per capita lower than the estimates made by the
classic Gaussian methods REML, ML, and Bayes; conversely, BEL, EL, and GMM estimate the degree
of aging more than REML, ML, and Bayes. Compared to the classic methods, BEL, EL, and GMM,
based on robust moment conditions, significantly reduce the marginal effect of economic variables and
enhance the explanatory power of aging variables.
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Observations that may have a strong leverage effect in classic LMM are calculated based on the

L|u it| <c.

standardized residuals u, based on the REML fitting results, and Huber weights w, =< ¢ |
—,|u,|>c
14

are constructed accordingly. The average weights and truncation ratios are summarized by province,
and the relevant results for the five provinces with the lowest average weights are shown in Table 16.

Table 16. Joint diagnosis of the random intercept and Huber weights of the five identified
high-leverage provinces.

Province Average Truncated  Average GDP per Coefficient of Variation of
Weight proportion  Capita Medical Expenditure

Tibet 0.553 1 10.7 0.498

Jiangsu 0.710 1 11.6 0.278

Heilongjiang 0.764 0.9 10.7 0.244

Fujian 0.784 1 11.4 0.292

Gansu 0.825 0.7 10.4 0.267

Huber weights, constructed from REML residuals, indicate that provinces with significantly
lower average weights (below 1) and higher truncation rates primarily include a few regions such as
Tibet, Jiangsu, Heilongjiang, and Fujian. Coastal developed provinces like Jiangsu and Fujian exhibit
systematically higher healthcare expenditures at the same GDP and aging levels, while central and
western provinces and northeastern provinces like Tibet, Gansu, Qinghai, and Heilongjiang show more
pronounced fluctuations and structural heterogeneity in healthcare expenditures. This suggests that
Huber weights do not simply apply a general deweighting to high-GDP provinces, but rather
selectively weaken regions whose healthcare expenditures deviate significantly from the national
linear pattern in relation to economic development and population structure.

To verify whether the difference between robust estimation and REML is primarily driven by
these high-leverage provinces, we further conduct a sensitivity analysis: Tibet, Jiangsu, Heilongjiang,
and five other provinces identified in the Huber diagnosis are excluded from the sample, and REML
estimation is performed again on the remaining 26 provinces. Table 17 compares the REML results for
the original sample and the sample with the removed provinces.

Table 17. Comparison of REML estimation under original and pruned samples.

REML for samples with provinces

REML for all provinces
removed
Coefficients . Estimated ) Estimated
Estimated Estimated
standard t-value standard t-value
value . value ..
deviation deviation
o 7.3762 0.0512 144.159 7.4080 0.0360 205.776
B 0.3834 0.0228 16.40 0.3470 0.0227 15.261
B, 0.1371 0.0182 7.524 0.1510 0.0182 8.285
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The results show that after excluding high-leverage provinces, the coefficient for per capita GDP
decreases from 0.3834 to approximately 0.3470, while the coefficient for aging population increases
from 0.1371 to approximately 0.1510. The direction and magnitude of these changes are consistent
with that of the BEL robust method, and the changes in the intercept and variance components are
modest, indicating that the overall fit is not materially degraded. This suggests that the large marginal
effect of GDP and the relatively small aging effect in the classic REML model are driven largely by a
small number of high-leverage provinces, rather than reflecting a pervasive pattern of the entire sample.

5. Conclusions

In this paper, we investigate robust inference of linear mixed-effects models under complex data
scenarios. We develop a BEL estimation method based on the Huber robust moment condition and
annihilation of random effects, and design a structured Metropolis-Hastings sampling algorithm for
posterior simulation. Through systematic numerical simulations and comparisons with other
estimation methods, the results indicate that regardless of whether the perturbation originates from
heavy tails and point anomalies at the observation level, or from misspecifications and outliers in the
random effects distribution at the group-level, BEL exhibits stable properties in terms of parameter
estimation bias and mean squared error. Empirical analysis based on panel data of healthcare
expenditures from 31 provinces in China further demonstrates the practical applicability of this method,
attenuating the impact of outlier observations.
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