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Abstract: This paper investigates the optimal controllability of stochastic multi-term Hilfer fractional
differential systems with finite delays in the control function. The considered model combines multi-
order fractional dynamics, stochastic perturbations, and delayed control actions, which provide a
unified framework to describe complex dynamical processes with memory and uncertainty. By
employing the theory of fractional calculus and the concept of a (δ, βκ)-resolvent family, we establish
the existence and uniqueness of mild solutions for the proposed system. Balder’s theorem and
variational techniques demonstrate the existence of an optimal state-control pair minimising a quadratic
cost functional. A diffusion-type fractional stochastic model with delayed control is presented to
illustrate the applicability of the theoretical findings. The obtained results not only extend several
existing works on fractional stochastic control systems, but also provide new insights into the analysis
of Hilfer-type operators with multiple fractional orders and control delays, which are relevant in
viscoelastic materials, heat transfer processes, and neural network models with memory effects.
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1. Introduction

Classical differential equations often lag in modeling complex real-world phenomena with memory
effects, hereditary characteristics, or spatial non-locality. With ongoing advancements in science and
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technology, it has become well established that many physical, biological, and engineering systems
cannot be adequately described using traditional integer-order models. This limitation has led to
the development of fractional calculus, which is an extension of classical calculus that deals with
derivatives and integrals of arbitrary (non-integer) order.

The conceptual roots of fractional calculus trace back to 1695, when Leibniz first proposed the
idea of a fractional derivative. Subsequent foundational contributions from Euler, Liouville, Riemann,
and Caputo have formalized and expanded the theory [1–3]. Unlike classical (local) derivatives,
fractional derivatives are nonlocal operators, meaning that their evaluation at a point depends on the
function’s behavior over an interval. This nonlocal property makes them particularly well-suited for
modeling systems with memory, long-range dependence, and spatial heterogeneity. Consequently,
fractional differential equations (FDEs) have gained substantial attention and found applications in
diverse disciplines, including viscoelasticity, anomalous diffusion, fluid dynamics, electromagnetism,
control theory, and biological modeling [4, 5].

Among the various formulations, the Hilfer fractional derivative provides a unified framework
that interpolates between the Riemann–Liouville and Caputo derivatives, offering greater flexibility
in capturing different memory effects [6, 7]. This semi-local operator has been extensively applied
in processes with intermediate levels of memory, making it especially relevant in fractional control
systems.

At the same time, stochastic differential equations (SDEs) have become indispensable to model
systems influenced by uncertainty and noise. When combined with fractional dynamics, stochastic
perturbations give rise to stochastic fractional differential equations (SFDEs), a powerful class of
models that more accurately capture the behavior of complex, uncertain systems [8, 9]. Furthermore,
in practical applications, control delays frequently arise due to information-processing lags, actuator
response times, or transport delays. Such delayed control systems are standard in population dynamics,
neuroscience, industrial processes, and aerospace engineering. The interplay of stochasticity, memory
effects, and delays, particularly within nonlinear Hilfer fractional stochastic differential equations
with delayed control, presents significant mathematical challenges and constitutes a vibrant area of
contemporary research [10, 11].

The study of optimal control has become increasingly important in addressing the regulation and
performance optimization of complex dynamical systems [12]. Particular emphasis has been placed
on infinite-dimensional nonlinear systems, where the existence of optimal controls has been rigorously
investigated [13, 14]. The development of fractional optimal control frameworks, particularly those
based on the Riemann–Liouville derivative, has introduced generalized strategies to formulate and
solve control problems [15].

In recent years, multi-term time-fractional differential systems have attracted considerable interest
for modeling complex processes in engineering and applied sciences, particularly due to their capability
to describe memory-dependent dynamics. Several contributions have addressed both theoretical and
applied aspects of such systems. For instance, [16, 17] studied two-term time-fractional systems in
an abstract framework and demonstrated their applications to diffusion–wave problems. Singh and
Pandey [18] established new controllability results for multi-term fractional systems. Subsequently,
Chaudhary et al. [19] extended the analysis to systems incorporating state-dependent delays, while
Singh et al. [20] examined multi-term time-fractional stochastic systems and analyzed their qualitative
properties.
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More recently, Afreen et al. [21] investigated the qualitative behavior of multi-term Caputo
fractional stochastic systems and studied their controllability by analyzing systems of the form:

cD1+α
t z(t) +

m∑
ι=1

βι
cDγιt z(t) = Az(t) +

r∑
i=0

Ei u(t − ηi) + g1(t, z(t), u(t)) + g2(t, z(t), u(t))
dν(t)

dt
,

t ∈ [0, ℓ],
z(0) = z0, z′(0) = z1,

u(t) = 0, t ∈ [−ηr, 0].

Moreover, Bouguetof et al. [22] studied the existence and uniqueness of solutions for multi-fractional
stochastic delay differential equations driven by Riemann–Liouville multi-fractional Brownian motion
and standard Brownian motion. Advanced control protocols for high-order nonlinear systems, such as
fast finite-time adaptive controllers for multi-agent systems, have also been developed in [23].

Despite these significant contributions, most existing studies focus on either on single-term
fractional stochastic systems, deterministic multi-term models, or controllability problems without
considering optimal control in the presence of finite control delays. For instance, Aydin [24]
investigated the controllability of nonlinear fractional systems with multiple state and control
delays, however, the corresponding optimal control problem was not addressed. The simultaneous
consideration of multiple fractional orders, the Hilfer derivative, stochastic perturbations, and delayed
control actions introduces substantial analytical challenges.

Motivated by this research gap, the present work establishes the existence and uniqueness of mild
solutions for the proposed stochastic multi-term Hilfer fractional system. Furthermore, we prove the
existence of an optimal state–control pair that minimizes a prescribed cost functional. These results
extend and strengthen several existing contributions in the field of the fractional stochastic control
theory.

In this work, we examine the following system:

HD1+δ,γ
0+ (y(ρ)) +

m∑
k=1

CκHDβκ,γ0+ (y(ρ)) = Ay(ρ) +
m∑

i=0

Eiµ(ρ − ηi)

+ f
(
ρ, y(ρ),

∫ ρ

0
y(s) ds

)
+ g

(
ρ, y(ρ),

∫ ρ

0
y(s) ds

)
dw(ρ)

dρ
, ρ ∈ J ′ = (0, ℓ],

(
I2−ν
0+ y

)
(0) = y0,

(
I2−ν
0+ y

)′
(0) = y1,

µ(ρ) = 0, ρ ∈ [−ηm, 0],

(1.1)

where 0 < δ ≤ βm ≤ · · · ≤ β1 < 1. The operators HD1+δ,γ
0+ and HDβκ,γ0+ denote the Hilfer fractional

derivatives of order 1 + δ and βκ, respectively, with type γ. The operator I2−ν
0+ (·) represents the

Riemann–Liouville fractional integral of order 2 − ν, where ν = δ + γ − γδ + 1.
Let A : D(A) ⊆ Y → Y be a closed linear operator on the separable Hilbert space Y , endowed with

the norm ∥ · ∥. Let J = [0, ℓ] be the time interval.
The state function y(·) takes values in Y , while the control function µ(·) takes values in the admissible

control setΘad, and E1, E2, . . . , Em ∈ L(X,Y) be bounded linear operators, where X is another separable
Hilbert space, and 0 = η0 < η1 < · · · < ηm are constant point delays.
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Moreover, let {w(ρ)}ρ≥0 be an H-valued Wiener process with a covariance operator Q ≥ 0, where
H is also a separable Hilbert space. The admissible control set Θad, as well as the functions f :
J × Y × Y → Y, g : J × Y × Y → L2(H,Y) will be specified later.

The main contributions of this paper are summarized as follows:

• We formulate and analyze an optimal control problem for stochastic multi-term Hilfer fractional
differential systems with finite control delays in an abstract Hilbert space framework.
• We establish the existence of mild solutions using the (δ, βκ)-resolvent family.
• We prove the existence of an optimal control pair minimizing a quadratic cost functional via

variational techniques and Balder’s theorem.
• An illustrative fractional stochastic diffusion model is provided to demonstrate the applicability

of the results.

The structure of this article is as follows: Section 2 presents the essential concepts and preliminary
definitions that serve as the foundation for the analysis of the problem. Section 3 is devoted to
investigating the existence of mild solutions for the optimal control of multi-term Hilfer stochastic
fractional systems with finite delays in control. Section 4 focuses on the existence of an optimal
control associated with the proposed system. Section 5 provides an example to illustrate and validate
the theoretical results.

2. Preliminaries and assumptions

Let (Ω,F , {Fρ}ρ≥0,P) be a complete probability space, equipped with a standard filtration {Fρ}
that satisfies the usual conditions. Let {w(ρ)}ρ≥0 be an H-valued Wiener process defined on
(Ω,F , {Fρ}ρ≥0,P) with a covariance operator Q ≥ 0 that satisfies Tr(Q) < ∞. Let {en}

∞
n=1 be a complete

orthonormal basis of H, and let {αn}
∞
n=1 be a bounded sequence of non-negative real numbers such that

Qen = αnen.

Moreover, for any e ∈ H and ρ ≥ 0,

⟨w(ρ), e⟩ =
∞∑

n=1

√
αn⟨en, e⟩λn(ρ),

where {λn}n≥1 are mutually independent one-dimensional standard Wiener processes. The space
L2(Q

1
2 H,Y) denotes the collection of all Hilbert–Schmidt operators from Q

1
2 H to Y , endowed with

the inner product ⟨ð, ð⟩ = Tr(ðQð∗) < ∞.
Let L2(Ω,Fρ,P; Y) ≡ L2(Ω,Y) denote the space of all Y-valued, strongly measurable, square-

integrable random variables, equipped with the norm∥∥∥y(·)
∥∥∥

L2(Ω,Y)
=

(
E
∥∥∥y(·,w)

∥∥∥2

Y

)1/2
.

The expectation is represented by E(y) =
∫
Ω

y(ω) dP(ω). We consider the subspace of L2(Ω,Y)
given by:

L2
0(Ω,Y) =

{
y ∈ L2 (Ω,Y) : y is F0 −measurable

}
.
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C(J , L2(Ω,Y)) represents the Banach space of all continuous functions from J to L2(Ω,Y) provided
that sup

ρ∈J

E∥y(ρ)∥2 < ∞. Let us define the Banach space C2−ν(J , L2(Ω,Y))

C2−ν(J , L2(Ω,Y)) =
{

y ∈ C(J ′, L2(Ω,Y))| lim
ρ→0
ρ2−νy(ρ) exists and finite

}
,

with the norm

∥y∥C2−ν =

(
sup
ρ∈J

E∥ρ2−νy(ρ)∥2
)1/2

.

For simplicity, we denote this Banach space by C2−ν. Clearly, C2−ν is a closed subspace of
C(J ′, L2(Ω,Y)).

Definition 2.1. [25] The left-sided Hilfer fractional derivative of order 1 < 1 + δ < 2 and type
0 ≤ γ ≤ 1 of function y(·) is defined as:

HDδ+1,γ
0+ y(ρ) =

(
Iγ[ 2−(δ+1) ]
0+

d2

dρ2 I(1−γ)[ 2−(δ+1) ]
0+ y

)
(ρ).

Definition 2.2. [25] The left-sided Riemann-Liouville fractional integral of order 1+δ of function y(·)
is defined as:

Iδ+1
0+ y(ρ) =

1
Γ(δ + 1)

∫ ρ

0
(ρ − s)δy(s) ds.

Lemma 2.3. [26] If
(
I2−ν
0+ y

)
(ρ) is continuous and

(
I2−ν
0+ y

)′
(ρ) is absolutely continuous, then

Iν0+D
ν
0+y(ρ) = y(ρ) −

1
Γ(ν)
ρν−1y1 −

1
Γ(ν − 1)

ρν−2y0.

Definition 2.4. [27] Let Cκ, δ, and βκ be positive real numbers for all κ = 1, 2, . . . ,m. The closed
linear operator A generates a (δ, βκ)-resolvent family if there exists a strongly continuous function
S δ,βκ : R+ → L(Y) and a constant ω > 0 such that {λ ∈ C : Re λ > ω} ⊂ ρ(A), for every y ∈ Y and
Re λ > ω, we have

λδ
λδ+1 +

m∑
κ=1

Cκλβκ − A

−1

y =
∫ ∞

0
e−λρS δ,βκ(ρ) y dρ.

Theorem 2.5. [27] Let 0 < δ ≤ βm ≤ · · · ≤ β1 ≤ 1, and assume that Cκ ≥ 0 for every κ = 1, 2, . . . ,m.
If A is the infinitesimal generator of a bounded, strongly continuous cosine family {C(ρ)}ρ∈[0,ℓ], then A
admits a bounded (δ, βκ)-resolvent family {S δ,βκ(ρ)}ρ≥0.

Lemma 2.6. Equation (1.1) is equivalent to the following integral equation:

y(ρ) +
m∑

k=1

Cκ
Γ(δ + 1 − βκ)

∫ ρ

0
(ρ − s)δ−βκy(s) ds

=
1
Γ(ν)
ρν−1y1 +

1
Γ(ν − 1)

ρν−2y0

+
1

Γ(δ + 1)

∫ ρ

0
(ρ − s)δ

Ay(s) +
m∑

i=0

Eiµ(s − ηi) + f
(
s, y(s),

∫ s

0
y(ξ) dξ

) ds

+
1

Γ(δ + 1)

∫ ρ

0
(ρ − s)δ

(
g
(
s, y(s),

∫ s

0
y(ξ) dξ

))
dw(s).

(2.1)
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Proof. From Definition 2.1,we have

HDδ+1,γ
0+ y(ρ) =

(
I(−1−δ)
0+ Iν0+D

ν
0+y

)
(ρ).

From Lemma 2.3, Definition 2.2, applying the operator Iδ+1
0+ both side of (1.1), we obtain

y(ρ) +
m∑

k=1

Cκ
Γ(δ + 1 − βκ)

∫ ρ

0
(ρ − s)δ−βκy(s) ds =

1
Γ(ν)
ρν−1y1 +

1
Γ(ν − 1)

ρν−2y0

+
1

Γ(δ + 1)

∫ ρ

0
(ρ − s)δ

Ay(s) +
m∑

i=0

Eiµ(s − ηi) + f
(
s, y(s),

∫ s

0
y(ξ) dξ

) ds

+
1

Γ(δ + 1)

∫ ρ

0
(ρ − s)δ

(
g
(
s, y(s),

∫ s

0
y(ξ) dξ

))
dw(s).

The proof is completed. □

Lemma 2.7. A stochastic process y ∈ C2−ν(J , L2(Ω,Y)) is said to be a mild solution of (1.1) if y
satisfies

y(ρ) =
y0

Γ(ν − 1)

∫ ρ

0
(ρ − s)ν−2S δ,βκ(s) ds +

y1

Γ(ν)

∫ ρ

0
(ρ − s)ν−1S δ,βκ(s) ds

+

∫ ρ

0
Iδ,βκ(ρ − s)

 m∑
i=0

Eiµ(s − ηi) + f
(
s, y(s),

∫ s

0
y(ξ) dξ

) ds

+

∫ ρ

0
Iδ,βκ(ρ − s)g

(
s, y(s),

∫ s

0
y(ξ)dξ

)
dw(s) ρ ∈ J ′,

(2.2)

where

Iδ,βκ(ρ) =
1
Γ(δ)

∫ ρ

0
(ρ − τ)δ−1S δ,βκ(τ) dτ.

Proof. Applying the Laplace transform to both side of (2.1), we obtain

Y(λ) =λ1−νλδ
λδ+1 +

m∑
k=1

Cκλβκ − A

−1

y0 + λ
−νλδ

λδ+1 +

m∑
k=1

Cκλβκ − A

−1

y1

+ λ−δλδ
λδ+1 +

m∑
k=1

Cκλβκ − A

−1

(U(λ) + F(λ) +G(λ)) ,

(2.3)

where
Y(λ) =

∫ ∞

0
e−λs y(s) ds,

F(λ) =
∫ ∞

0
e−λs f

(
s, y(s),

∫ s

0
y(ξ) dξ

)
ds,

U(λ) =
∫ ∞

0
e−λs

m∑
i=0

Eiµ(s − ηi) ds,

G(λ) =
∫ ∞

0
e−λs

(
g
(
s, y(s),

∫ s

0
y(ξ) dξ

)
dw(s)
d(s)

)
ds.
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Taking the inverse Laplace transform on both side of (1.1) and using Definition 2.4, we get

y(ρ) =
y0

Γ(ν − 1)

∫ ρ

0
(ρ − s)ν−2S δ,βκ(s) ds +

y1

Γ(ν)

∫ ρ

0
(ρ − s)ν−1S δ,βκ(s) ds

+

∫ ρ

0
Iδ,βκ(ρ − s)

 m∑
i=0

Eiµ(s − ηi) + f
(
s, y(s),

∫ s

0
y(ξ) dξ

) ds

+

∫ ρ

0
Iδ,βκ(ρ − s)g

(
s, y(s),

∫ s

0
y(ξ)dξ

)
dw(s).

The proof is completed. □

Lemma 2.8. Suppose that M = sup
ρ∈J

∥S δ,βκ(ρ)∥. Then, for any y ∈ C2−ν(J , L2(Ω,Y)), we have

∥Iδ,βκ(ρ)y∥ ≤
M

Γ(δ + 1)
ρδ∥y∥.

Proof. Taking the norm, we have

∥Iδ,βκ(ρ)y∥ =
∥∥∥∥∥ 1
Γ(δ)

∫ ρ

0
(ρ − τ)δ−1S δ,βκ(τ)y dτ

∥∥∥∥∥
≤

1
Γ(δ)

∫ ρ

0
(ρ − τ)δ−1∥S δ,βκ(τ)y∥ dτ

≤
M
Γ(δ)

∫ ρ

0
(ρ − τ)δ−1∥y∥ dτ

≤
M

Γ(δ + 1)
ρδ∥y∥.

The proof is completed. □

Lemma 2.9. [28] Let φ : [0, l] × Ω → L2
0 be a strongly measurable mapping such that

ρ∫
0

E∥φ(s)∥2L2
0
ds < ∞. Then we have

E

∥∥∥∥∥∥∥∥
ρ∫

0

φ(s)dw(s)

∥∥∥∥∥∥∥∥
2

≤ ωφ

ρ∫
0

E∥φ(s)∥2L2
0
ds,

where ωφ > 0 is a constant.

3. Existence of mild solution

We require the following assumptions:

(H1) The operator Iδ,βκ(ρ) is compact for every ρ > 0.
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(H2) For each ρ ∈ J , the mapping f (ρ, ·, ·) : Y × Y → Y is continuous. Moreover, there exists a
constant M1 > 0 such that for all y, ỹ ∈ Y , and ρ ∈ J , the function f satisfies

E

∥∥∥∥∥∥ f
(
ρ, y(ρ),

∫ ρ

0
y(ξ) dξ

)
− f

(
ρ, ỹ(ρ),

∫ ρ

0
ỹ(ξ) dξ

)∥∥∥∥∥∥2

≤ M1 E ∥y(ρ) − ỹ(ρ)∥2 (1 + ρ).

(H3) For each ρ ∈ J , the mapping g(ρ, ·, ·) : Y × Y → L2(H,Y) is continuous. Moreover, there exists a
constant M3 > 0 such that for all y, ỹ ∈ Y , and ρ ∈ J , the function g satisfies:

E

∥∥∥∥∥∥g
(
ρ, y(ρ),

∫ ρ

0
y(ξ) dξ

)
− g

(
ρ, ỹ(ρ),

∫ ρ

0
ỹ(ξ) dξ

)∥∥∥∥∥∥2

≤ M3 E ∥y(ρ) − ỹ(ρ)∥2 (1 + ρ).

(H4) The functions Ei are bounded, i.e., max
0≤i≤m

∥Ei∥ ≤ M4, for some M4 > 0.

(H5) The admissible set Θad is defined as

Θad =

{
µ(·) : J ×Ω→ X

∣∣∣∣∣ µ is an Fρ-adapted stochastic process and
∫ ρ

0
∥µ(s)∥2 ds < ∞

}
.

Clearly, Θad , ∅ and Θad ⊂ L2(J , X) is bounded, closed, and convex. Moreover, Eµ ∈ L2(J ,Y)
for every µ ∈ Θad.

Next, we assume the zero initial control on the interval [−ηm, 0), and after interchanging the order
of integration, the mild solution for ηr < ρ ≤ ηr+1, with r = 0, 1, 2, . . . ,m − 1, for ρ ∈ [0, ηm], is given
by (see [29])

y(ρ) =
y0

Γ(ν − 1)

∫ ρ

0
(ρ − s)ν−2S δ,βκ(s) ds +

y1

Γ(ν)

∫ ρ

0
(ρ − s)ν−1S δ,βκ(s) ds

+

r−1∑
i=0

∫ ρ−ηi

ρ−ηi+1

 i∑
j=0

Iδ,βκ(ρ − s − η j)E j

 µ(s)ds

+

∫ ρ−ηr

0

 r∑
j=0

Iδ,βκ(ρ − s − η j)E j

 µ(s)ds

+

∫ ρ

0
Iδ,βκ(ρ − s) f

(
s, y(s),

∫ s

0
y(ξ)dξ

)
ds

+

∫ ρ

0
Iδ,βκ(ρ − s)g

(
s, y(s),

∫ s

0
y(ξ)dξ

)
dw(s).

(3.1)

Similarly for ρ > ηm, we have

y(ρ) =
y0

Γ(ν − 1)

∫ ρ

0
(ρ − s)ν−2S δ,βκ(s) ds +

y1

Γ(ν)

∫ ρ

0
(ρ − s)ν−1S δ,βκ(s) ds

+

m−1∑
i=0

∫ ρ−ηi

ρ−ηi+1

 i∑
j=0

Iδ,βm(ρ − s − η j)E j

 µ(s)ds

+

∫ ρ−ηm

0

 m∑
j=0

Iδ,βκ(ρ − s − η j)E j

 µ(s)ds +
∫ ρ

0
Iδ,βκ(ρ − s)

+ f
(
s, y(s),

∫ s

0
y(ξ)dξ

)
ds +

∫ ρ

0
Iδ,βκ(ρ − s)g

(
s, y(s),

∫ s

0
y(ξ)dξ

)
dw(s).

(3.2)
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Let ℓ > 0 be a fixed final time. Using the integral form of the mild solution, we introduce the associated
operators. If ηr < ℓ < ηr+1 for some r ∈ 0, 1, 2, . . . ,m − 1, we define the linear and bounded control
operator Lℓ: L2(J , X)→ L2(Fρ,Y) by

Lℓµ =

r−1∑
i=0

∫ ρ−ηi

ρ−ηi+1

 i∑
j=0

Iδ,βκ(ρ − s − η j)E j

 µ(s)ds +
∫ ρ−ηr

0

 r∑
j=0

Iδ,βκ(ρ − s − η j)E j

 µ(s)ds.

Similarly, for ρ > ηm, we have:

Lℓµ =

m−1∑
i=0

∫ ρ−ηi

ρ−ηi+1

 i∑
j=0

Iδ,βκ(ρ − s − η j)E j

 µ(s)ds +
∫ ρ−ηm

0

 m∑
j=0

Iδ,βκ(ρ − s − η j)E j

 µ(s)ds.

The adjoint L∗ℓ:L
2(Fρ,Y)→ L2(J , X) is defined by :

L∗ℓy =


E∗0I

∗
δ,βκ

(
ℓ − ρ

)
E{y | Fρ}, ρ ∈ [0, ℓ − ηm],

i∑
j=1

E∗jI
∗
δ,βκ

(
ℓ − ρ − η j

)
E{y | Fρ}, ρ ∈ (ℓ − ηi+1, ℓ − ηi], i = 0, 1, 2, . . .m − 1.

We introduce the linear controllability operator [30] ζℓ0 ∈ L(L2(Fρ,Y), L2(Fρ,Y)), which is rigorously
constructed in correspondence with the control operator Lℓ, for ℓ ∈ (ηi, ηi+1), i = 0, 1, 2, . . .m − 1,

ζℓ0 = LℓL
∗
ℓ{·}

=

r−1∑
i=0

∫ ℓ−ηi

ℓ−ηi+1

 i∑
j=0

Iδ,βκ(ρ − s − η j)E j


 i∑

j=0

E∗jI
∗
δ,βκ

(
ℓ − s − η j

)E{· | Fρ}dρ
+

∫ ℓ−ηr

0

 r∑
j=0

Iδ,βκ(ℓ − s − η j)E j


 r∑

j=0

E∗jI
∗
δ,βκ

(
ℓ − s − η j

)E{· | Fρ}dρ.
Similarly, for ρ > ηm, we have

ζℓ0 = LℓL
∗
ℓ{·}

=

m−1∑
i=0

∫ ℓ−ηi

ℓ−ηi+1

 i∑
j=0

Iδ,βκ(ρ − s − η j)E j


 i∑

j=0

E∗jI
∗
δ,βκ

(
ℓ − s − η j

)E{· | Fρ}dρ
+

∫ ℓ−ηm

0

 m∑
j=0

Iδ,βκ(ℓ − s − η j)E j


 m∑

j=0

E∗jI
∗
δ,βκ

(
ℓ − s − η j

)E{· | Fρ}dρ.
Clearly, ζ0

ℓ is a bounded linear operator, and its resolvent is given by R(λ, ζ0
ℓ ) = (λI + ζ0

ℓ )
−1.

We defined the control function µ as

µ(ρ) =


E∗0I

∗
δ,βκ

(
ℓ − ρ

)
E{R(λ, ζ0

ℓ )ϕ(y0, yℓ, y) | Fρ}, ρ ∈ [0, ℓ − ηm],
i∑

j=1

E∗jI
∗
δ,βκ

(
ℓ − ρ − η j

)
E{R(λ, ζ0

ℓ )ϕ(y0, yl, y) | Fρ}, ρ ∈ (ℓ − ηi+1, ℓ − ηi],
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where

ϕ(y0, yℓ, y) = yℓ −
y0

Γ(ν − 1)

∫ ℓ

0
(ℓ − s)ν−2S δ,βκ(s) ds −

y1

Γ(ν)

∫ ℓ

0
(ℓ − s)ν−1S δ,βκ(s) ds

−

∫ ℓ

0
Iδ,βκ(ℓ − s) f

(
s, y(s),

∫ s

0
y(ξ)dξ

)
ds

−

∫ ℓ

0
Iδ,βκ(ℓ − s) g

(
s, y(s),

∫ s

0
y(ξ) dξ

)
dw(s). (3.3)

For simplicity, we take

δ1 =
(

M4 Mℓ(2−ν+δ)

λΓ(1+δ)

)2
, δ2 = ℓ

(2ν−3)(1 + ℓ)
(

Mℓδ
Γ(1+δ)

)2
, δ3 = ℓ

(2ν−3)ωg(1 + ℓ)
(

Mℓδ
Γ(1+δ)

)2
,

δ4 =
r−1∑
i=0

(i + 1)ℓ2ν−3
(

M4 Mℓδ

Γ(1+δ)

)2
, δ5 = (r + 1)ℓ2ν−3

(
M4 Mℓδ

Γ(1+δ)

)2
,

δ6 =
m−1∑
i=0

(i + 1)ℓ2ν−3
(

M4 Mℓδ

Γ(1+δ)

)2
, δ7 = (m + 1)ℓ2ν−3

(
M4 Mℓδ

Γ(1+δ)

)2
,

N1 =
[
2iδ1δ2M1 + 2iδ1δ3M3

]
, N2 =

[
δ1δ2M1 + δ1δ3M3

]
, N = max(N1,N2),

K1 = 4ℓ2(2−ν)[δ4N + δ5N + δ2M1 + δ3M3
]
, K2 = 4ℓ2(2−ν)[δ6N + δ7N + δ2M1 + δ3M3

]
,

K = max(K1,K2).
Using Lemma 2.9 and assumptions (H1–H5), take any y, ỹ ∈ C2−ν, and µ, µ̃ ∈ Θad, then for ρ ∈

(ℓ − ηi+1, ℓ − ηi], we have

∥µ − µ̃∥2C2−ν

= sup
ρ∈J

E
∥∥∥ρ2−ν [µ(ρ) − µ̃(ρ)]∥∥∥2

≤

(
M4Mℓ(2−ν+δ)

λΓ(1 + δ)

)2

2i
[
E

∥∥∥∥∥∥
∫ ℓ

0
Iδ,βκ(ℓ − s)

(
f (s, y(s),

∫ s

0
y(ξ)dξ

)
− f

(
s, ỹ(s),

∫ s

0
ỹ(ξ)dξ

)
ds

∥∥∥∥∥∥2

+ E

∥∥∥∥∥∥
∫ ℓ

0
Iδ,βκ(ℓ − s)

(
g
(
s, y(s),

∫ s

0
y(ξ) dξ

)
− g

(
s, ỹ(s),

∫ s

0
ỹ(ξ) dξ

))
dw(s)

∥∥∥∥∥∥2]
≤

(
M4Mℓ(2−ν+δ)

λΓ(1 + δ)

)2

2i
[
ℓ(2ν−3)

(
Mℓδ

Γ(1 + δ)

)2

(1 + ℓ)
[
M1 ∥y − ỹ∥2

]
+ ℓ(2ν−3)ωg(1 + ℓ)

(
Mℓδ

Γ(1 + δ)

)2

M3 ∥y − ỹ∥2
]

≤
[
2iδ1δ2M1 + 2iδ1δ3M3

]
∥y − ỹ∥2

≤N1 ∥y − ỹ∥2

≤N ∥y − ỹ∥2 .

Similarly, for ρ ∈ [0, ℓ − ηm]

∥µ − µ̃∥2C2−ν
≤ N2 ∥y − ỹ∥2 ≤ N ∥y − ỹ∥2 .

Theorem 3.1. If (H2)–(H5) hold, then (1.1) has a mild solution on J for every µ ∈ Θad, provided that
K = max(K1,K2) < 1.
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Proof. Define an operatorH : C2−ν(J , L2(Ω,Y))→ C2−ν(J , L2(Ω,Y)) by

(Hy)(ρ) =
y0

Γ(ν − 1)

∫ ρ

0
(ρ − s)ν−2S δ,βκ(s) ds +

y1

Γ(ν)

∫ ρ

0
(ρ − s)ν−1S δ,βκ(s) ds

+

∫ ρ

0
Iδ,βκ(ρ − s)

 m∑
i=0

Eiµ(s − ηi) + f
(
s, y(s),

∫ s

0
y(ξ)dξ

) ds

+

∫ ρ

0
Iδ,βκ(ρ − s)g

(
s, y(s),

∫ s

0
y(ξ)dξ

)
dw(s).

(3.4)

Next we show thatH maps the space C2−ν into itself.
For ρ ∈ (ℓ − ηi+1, ℓ − ηi]

∥(Hy)∥2C2−ν
= sup

ρ∈J

E∥ρ2−ν(Hy)(ρ)∥2

≤ sup
ρ∈J

{
ρ2(2−ν)7

[
E

∥∥∥∥∥ y0

Γ(ν − 1)

∫ ρ

0
(ρ − s)ν−2S δ,βκ(s) ds

∥∥∥∥∥2

+E

∥∥∥∥∥ y1

Γ(ν)

∫ ρ

0
(ρ − s)ν−1S δ,βκ(s) ds

∥∥∥∥∥2

+E

∥∥∥∥∥∥∥
r−1∑
i=0

∫ ρ−ηi

ρ−ηi+1

 i∑
j=0

Iδ,βκ(ρ − s − η j)E j

 µ(s)ds

∥∥∥∥∥∥∥
2

+E

∥∥∥∥∥∥∥
∫ ρ−ηr

0

 r∑
j=0

Iδ,βκ(ρ − s − η j)E j

 µ(s)ds

∥∥∥∥∥∥∥
2

+E

∥∥∥∥∥∥
∫ ρ

0
Iδ,βκ(ρ − s) f

(
s, y(s),

∫ s

0
y(ξ)dξ

)
ds

∥∥∥∥∥∥2

+E

∥∥∥∥∥∥
∫ ρ

0
Iδ,βκ(ρ − s)g

(
s, y(s),

∫ s

0
y(ξ)dξ

)
dw(s)

∥∥∥∥∥∥2]}
< ∞.

Similarly, for ρ ∈ [0, ℓ − ηm],

∥(Hy)∥2C2−ν
< ∞.

Hence, it follows that H maps the space C2−ν into space C2−ν. Next we show that the operator H is a
contraction. Take any y, ỹ ∈ C2−ν, and µ, µ̃ ∈ Θad. Then for ρ ∈ (ℓ − ηi+1, ℓ − ηi],

∥(Hy) − (H ỹ)∥2C2−ν

= sup
ρ∈J

E
∥∥∥ρ2−ν [(Hy)(ρ) − (H ỹ)(ρ)

]∥∥∥2

≤ sup
ρ∈J

{
ρ2(2−ν)4

[
E

∥∥∥∥∥∥∥
r−1∑
i=0

∫ ρ−ηi

ρ−ηi+1

 i∑
j=0

Iδ,βκ(ρ − s − η j)E j

 (µ(s) − µ̃(s))ds

∥∥∥∥∥∥∥
2

+ E

∥∥∥∥∥∥∥
∫ ρ−ηr

0

 r∑
j=0

Iδ,βκ(ρ − s − η j)E j

 (µ(s) − µ̃(s))ds

∥∥∥∥∥∥∥
2
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+ E

∥∥∥∥∥∥
∫ ρ

0
Iδ,βκ(ρ − s)

(
f
(
s, y(s),

∫ s

0
y(ξ)dξ

)
− f

(
s, ỹ(s),

∫ s

0
ỹ(ξ)dξ

))
ds

∥∥∥∥∥∥2

+ E

∥∥∥∥∥∥
∫ ρ

0
Iδ,βκ(ρ − s)

(
g
(
s, y(s),

∫ s

0
y(ξ)dξ

)
− g

(
s, ỹ(s),

∫ s

0
ỹ(ξ)dξ

))
dw(s)

∥∥∥∥∥∥2]}
≤4ℓ2(2−ν)

[ r−1∑
i=0

(i + 1)ℓ2ν−3
(

M4Mℓδ

Γ(1 + δ)

)2

∥µ − µ̃∥2Θad
+ (r + 1)ℓ2ν−3

(
M4Mℓδ

Γ(1 + δ)

)2

∥µ − µ̃∥2Θad

+ ℓ(2ν−3)
(

Mℓδ

Γ(1 + δ)

)2

(1 + ℓ)
[
M1 ∥y − ỹ∥2

]
+ ℓ(2ν−3)ωg(1 + ℓ)

(
Mℓδ

Γ(1 + δ)

)2

M3 ∥y − ỹ∥2
]
,

≤4ℓ2(2−ν)
[
δ4N ∥y − ỹ∥2 + δ5N ∥y − ỹ∥2 +

[
δ2M1 + δ3M3

]
∥y − ỹ∥2

]
≤4ℓ2(2−ν)[δ4N + δ5N + δ2M1 + δ3M3

]
∥y − ỹ∥2

≤K1 ∥y − ỹ∥2 .

Similarly, for ρ ∈ [0, ℓ − ηm],

∥(Hy) − (H ỹ)∥2C2−ν
≤ K2 ∥y − ỹ∥2 .

Hence, for ρ ∈ [0, ℓ],

∥(Hy) − (H ỹ)∥2C2−ν
≤ K ∥y − ỹ∥2 ,

where K <1, which implies that H is a contraction operator. Hence, by the Banach contraction
principle, the operatorH admits a unique fixed point y ∈ C2−ν, which corresponds to the mild solution
of (1.1). □

4. Optimal controllability

In this section, we investigate the existence of an optimal control for (1.1). We formulate the
Lagrange problem (LP) as follows: find a pair (y0, µ0) ∈ C2−δ × Θad such that y0 is the mild solution
of (1.1) for the control µ0, and the cost functional H(y0, µ0) achieves the minimum value over all
admissible pairs, i.e.,

H(y0, µ0) ≤ H(yµ, µ), f or (y, µ) ∈ C2−δ × Θad,

where

H(yµ, µ) = E
{∫ ℓ

0
L (ρ, yµ(ρ), µ(ρ)) dρ

}
.

We require the following assumptions:
(H6) The function L : J × Y × Θad → R ∪ {∞} satisfies the following conditions:
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(i) L : J × Y × Θad → R ∪ (∞) is Fρ-measurable.
(ii) L(ρ, ·, ·) is sequentially lower semicontinuous on Y × Θad for a.e. ρ ∈ J .

(iii) L(ρ, y, ·) is convex on X for every y ∈ Y and for each ρ ∈ J .
(iv) There exists a non negative function ϕ ∈ L1([0, ℓ],R) such that

L (ρ, y, µ) ≥ ϕ(ρ) + M5∥y∥2 + M6∥µ∥
2
X,

where M5 ≥ 0,M6 > 0 are constants.

Theorem 4.1. If (H1)–(H6) hold. Moreover, if all the hypotheses of Theorem 3.1 are satisfied, then
there exists at least one pair (y0, µ0) ∈ C2−δ × Θad such that (y0, µ0) is an optimal pair for (LP), that is,

H(y0, µ0) = E
{∫ ℓ

0
L

(
ρ, y0(ρ), µ0(ρ)

)
dρ

}
≤ H(yµ, µ), for all (yµ, µ) ∈ C2−δ × Θad,

provided that

3l2(2−ν)(1 + ℓ)
(

Mℓδ

Γ(1 + δ)

)2

ℓ2ν−3(M1 + M3ωg) < 1.

Proof. If inf {H(yµ, µ) | (yµ, µ) ∈ C2−ν × Θad} = ∞, the result is trivially true. Therefore, without loss of
generality, we may assume that

inf {H(yµ, µ) | (yµ, µ) ∈ C2−ν × Θad} = ζ < ∞.

Moreover, by (H6), we know that ζ > −∞.
By the definition of the infimum, there exists a sequence of admissible pairs {(yñ, µñ)} ⊂ Zad such

that lim
ñ→∞
H(yñ, µñ) = ζ, where

Zad = {(y, µ) : y is a mild solution of (1.1) corresponding to µ ∈ Θad}.

Since the sequence {µñ} ⊆ Θad, ñ = 1, 2 . . . , {µñ} is a bounded sequence in the reflexive and separable
Banach space L2(J , X), there exists a weakly convergent subsequence still denoted by {µñ} and {µ0}

∈ L2(J , X) such that

µñ ⇀ µ0 ∈ L2(J , X).

Applying Mazur’s lemma to the closed and convex set Θad guarantees that the limit point µ0 remains
within Θad. Let {yñ} denote the sequence of mild solutions to (1.1), for the sequence of controls {µñ}.
The solution{y0} corresponds to the control {µ0}, each {yñ}, and {y0} satisfy their respective integral
representations as follows:

yñ(ρ) =
y0

Γ(ν − 1)

∫ ρ

0
(ρ − s)ν−2S δ,βκ(s) ds +

y1

Γ(ν)

∫ ρ

0
(ρ − s)ν−1S δ,βκ(s) ds

+

∫ ρ

0
Iδ,βκ(ρ − s)

 m∑
i=0

Eiµ
ñ(s − ηi) + f

(
s, yñ(s),

∫ s

0
yñ(ξ)dξ

) ds

+

∫ ρ

0
Iδ,βκ(ρ − s)g

(
s, yñ(s),

∫ s

0
yñ(ξ)dξ

)
dw(s),

(4.1)
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and
y0(ρ) =

y0

Γ(ν − 1)

∫ ρ

0
(ρ − s)ν−2S δ,βκ(s) ds +

y1

Γ(ν)

∫ ρ

0
(ρ − s)ν−1S δ,βκ(s) ds

+

∫ ρ

0
Iδ,βκ(ρ − s)

 m∑
i=0

Eiµ
0(s − ηi) + f

(
s, y0(s),

∫ s

0
y0(ξ)dξ

) ds

+

∫ ρ

0
Iδ,βκ(ρ − s)g

(
s, y0(s),

∫ s

0
y0(ξ)dξ

)
dw(s).

(4.2)

Using Lemma 2.9 and Holder’s inequality, we have

∥yñ − y0∥2C2−ν
= sup
ρ∈J

E
∥∥∥ρ2−ν(yñ(ρ) − y0(ρ))

∥∥∥2

≤ sup
ρ∈J

{
ρ2(2−ν)3

[
E

∥∥∥∥∥∥∥
∫ ρ

0
Iδ,βκ(ρ − s)

m∑
i=0

Ei

(
µñ(s − ηi) − µ0(s − ηi)

)
ds

∥∥∥∥∥∥∥
2

+ E

∥∥∥∥∥∥
∫ ρ

0
Iδ,βκ(ρ − s)

(
f
(
s, yñ(s),

∫ s

0
yñ(ξ)dξ

)
− f

(
s, y0(s),

∫ s

0
y0(ξ)dξ

))
ds

∥∥∥∥∥∥2

+ E

∥∥∥∥∥∥
∫ ρ

0
Iδ,βκ(ρ − s)g

(
s, yñ(s),

∫ s

0
yñ(ξ)dξ

)
− g

(
s, y0(s),

∫ s

0
y0(ξ)dξ

)
dw(s)

∥∥∥∥∥∥2]}

≤3

∥∥∥∥∥∥∥
∫ ρ

0
Iδ,βκ(ρ − s)

m∑
i=0

Ei

(
µñ(s − ηi) − µ0(s − ηi)

)
ds

∥∥∥∥∥∥∥
2

+ 3ℓ2(2−ν)
(

Mℓδ

Γ(1 + δ)

)2

ℓ2ν−3(1 + ℓ)(M1 + M3ωg)
∥∥∥yñ − y0

∥∥∥2
.

Since µñ ⇀ µ0 in L2(J , X), and by (H1),∫ ρ

0
Iδ,βκ(ρ − s)

m∑
i=0

Eiµ
ñ(s − ηi) ds −→

∫ ρ

0
Iδ,βκ(ρ − s)

m∑
i=0

Eiµ
0(s − ηi) ds

strongly in C2−ν. Therefore, (1 − A2)∥yñ − y0∥2
C2−ν
≤ Añ, where

A2 = 3ℓ2(2−ν)
(

Mℓδ

Γ(1 + δ)

)2

ℓ2ν−3(1 + ℓ)(M1 + M3ωg)

and

Añ = 3

∥∥∥∥∥∥∥
∫ ρ

0
Iδ,βκ(ρ − s)

m∑
i=0

Ei

(
µñ(s − ηi) − µ0(s − ηi)

)
ds

∥∥∥∥∥∥∥
2

.

Since A2 < 1 and Añ → 0, we conclude that yñ → y0 strongly in C2−ν.
Since Θad is nonempty, closed, convex, and bounded in the reflexive Banach space L2(J , X),

Moreover, by (H6)(i), the integrand L is measurable. By (H6)(ii), L is sequentially lower
semicontinuous. By (H6)(iii), Lis convex with respect to the control variable. Moreover, condition
(H6)(iv) ensures coercivity, which guarantees the boundedness of the minimizing sequence in
L2(J , X).
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Therefore, all hypotheses of Balder’s theorem are satisfied. Hence, by Balder’s theorem [31], we
conclude that

(y, µ) 7→ E
{∫ ℓ

0
L (ρ, y(ρ), µ(ρ)) dρ

}
is sequentially lower semicontinuous with respect to the weak topology on L2[J , X] ⊂ L1[J , X]
and the strong topology on L1[J ,Y]. As a result, H is weakly lower semicontinuous on L2[J , X].
Therefore, the functional H attains its infimum at µ0 ∈ Θad, that is,

ζ = lim
ñ→∞
E

{∫ ℓ

0
L

(
ρ, yñ(ρ), µñ(ρ)

)
dρ

}
≥ E

{∫ ℓ

0
L

(
ρ, y0(ρ), µ0(ρ)

)
dρ

}
= H(y0, µ0) ≥ ζ.

The proof is complete. □

Remark 4.2. Influence of Delay on Mild Solutions: The delay parameter ηi enters the mild solution
representation through the shifted control term inside the integral operator. The presence of delay:

• Modifies the effective control action interval,
• Influences the regularity of the solution trajectory,
• May enlarge the norm of the solution due to accumulated memory effects,
• Alters stability margins depending on the magnitude of the delay.

The boundedness and compactness framework established in Section 4 ensures that, for admissible
delays within the prescribed interval, the existence and uniqueness of mild solutions remain valid.
However, increasing the delay magnitude affects the growth estimates arising in the solution bounds.

Quantitative Impact on Optimal Control Performance: The delay parameter influences:

• The structure of the reachable set,
• The control energy required to steer the system,
• The convergence behavior of minimizing sequences.

Larger delays typically require stronger control amplitudes to compensate for the postponed system
response, which may increase the value of the optimal cost functional. The delay enters the control
operator through the shifted argument µ(s − ηi), thereby affecting the compactness-based convergence
analysis and the associated optimality conditions.

5. Application

Let Y = X = L2[0, π] and δ, βκ > 0, κ = 1, 2, 3, · · · ,m be given such that 0 < δ ≤ βm ≤ · · · ≤ β1 < 1.
Consider the following Hilfer fractional differential equation:

HD1+δ,γ
0+ (y(ρ, x)) +

m∑
k=1

CκHDβκ,γ0+ (y(ρ, x)) =
∂2y(ρ, x)
∂x2 + E0µ(ρ, x) + E1µ(ρ − 2, x)

+ g1(ρ)
∫ ρ

0
sin(ρ − s)y(s, x) ds + g2(ρ)

∫ ρ

0
sin(ρ − s)y(s, x)dw(s), ρ ∈ (0, ℓ],(

I2−ν
0+ y

)
(0, x) = y0,

(
I2−ν
0+ y

)′
(0, x) = y1, µ(ρ, x) = 0, x ∈ [0, π],

y(ρ, 0) = y(ρ, π) = 0, ρ ∈ [−2, ℓ],

(5.1)
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where HD1+δ,γ
0+ denotes the Hilfer fractional derivative. Consider a standard Brownian motion w(ρ),

defined on a complete filtered probability space (Ω,F , {Fρ}ρ≥0,P) with the filtration {Fρ}ρ≥0, where the
filtration satisfies the usual assumptions.

Define the operator A by Ay = y′′ with domain as follows:

D(A) =
{
y ∈ Y : y and y′ are absolutely continuous, y′′ ∈ Y, and y(0) = y(π) = 0

}
.

Then, the operator A is given by:

Ay =
∞∑

n=1

−n2⟨y, en⟩en, y ∈ D(A),

where

en(θ) =

√
2
π

sin(nθ), n ∈ N,

are the orthonormal basis of eigenfunctions of A. The operator A is the infinitesimal generator of a
strongly continuous cosine family {C(ρ) : ρ ≥ 0} on Y , defined by

C(ρ)y =
∞∑

n=1

cos(nρ)⟨y, en⟩en.

Since the operator A generates a bounded strongly continuous cosine family {C(ρ)}ρ≥0 on Y , and the
parameters satisfy 0 < δ ≤ βm ≤ · · · ≤ β1 ≤ 1 with Cκ ≥ 0 for all κ = 1, 2, . . . ,m, it follows from
Theorem 2.5 that A admits a bounded (δ, βκ)-resolvent family {S δ,βκ(ρ)}ρ≥0.

Define y(ρ)(x) = y(ρ, x). Then, the nonlinear terms are given by as follows:

f
(
ρ, y(ρ),

∫ ρ

0
y(s)ds

)
= g1(ρ)

∫ ρ

0
sin(ρ − s)y(s, x) ds,

E0µ(ρ) = µ(ρ, x),
E1µ(ρ) = E1µ(ρ − 2, x),

g
(
ρ, y(ρ),

∫ ρ

0
y(s) ds

)
= g2(ρ)

∫ ρ

0
sin(ρ − s)y(s, x) ds.

Hence, system (5.1) can be reformulated as the abstract system given by (1.1). Since all the
conditions of Theorem 3.1 are satisfied, we now consider the following cost function:

H(µ) = E
{∫ ℓ

0
L (ρ, y(ρ), µ(ρ)) dρ

}
,

where

L (ρ, y(ρ), µ(ρ)) =
∫ π

0
∥y(ρ, x)∥2 dx +

∫ π

0
∥µ(ρ, x)∥2 dx.

It follows that all the assumptions of Theorem 4.1 hold, which implies that system (5.1) has at least
one optimal pair.
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5.1. Physical interpretation

Model (5.1) can describe a variety of physical systems that exhibit memory, stochastic fluctuations,
and delayed control actions. For instance, it represents the temperature evolution in a heat-conducting
rod or the deformation of a viscoelastic beam, where the fractional Hilfer derivatives capture hereditary
(memory) effects and an intermediate relaxation behavior between the Caputo and Riemann–Liouville
types. The Laplacian term ∂2y/∂x2 models spatial diffusion or elastic strain, while the stochastic term
dw(ρ) accounts for random environmental disturbances such as fluctuating boundary conditions or
measurement noise. The delayed control inputs µ(ρ − τ, x) represent actuator or communication lags
in feedback mechanisms, which are common in industrial, biological, and engineering systems. Thus,
Eq (5.1) provides a unified framework framework for the analysis of the optimal regulation of complex
fractional dynamical processes subject to uncertainty and finite control delays.

6. Conclusions and future work

In this paper, we studied the existence and optimal controllability of multi-term Hilfer stochastic
fractional systems with finite delays in control. By applying fractional calculus, the (δ, βκ)-resolvent
family, and the Banach fixed-point theorem, we established the existence of a unique mild solution.
Furthermore, the existence of an optimal control pair that minimizes a quadratic cost functional
was demonstrated using Balder’s theorem. An illustrative diffusion-type example confirmed the
applicability of the theoretical results to real-world systems with memory, randomness, and control
delays.

The results of this paper provide a solid theoretical basis for the optimal control of systems
with memory, randomness, and delayed controls. The proposed framework can be applied to
models in viscoelastic materials, heat transfer with memory effects, and neural network dynamics
under uncertainty. Moreover, this work strengthens the theory of fractional stochastic control by
incorporating multi-term Hilfer operators and delay effects in a unified setting, which may support
further analytical and numerical developments.

The present study can be extended in several directions:

• Extension to impulsive and switching multi-term systems;
• Numerical approximation schemes for multi-term Hilfer stochastic systems;
• Investigation of multi-term Hilfer stochastic systems with distributed and state-dependent delays;
• Studying the uniqueness of the optimal control pair by imposing stronger convexity or structural

assumptions;
• Analyzing the influence of key parameters, such as the fractional orders and control delay, on the

structure and performance of the optimal control.

Moreover, the developed analytical framework may be connected with recent advances in the state
feedback stabilization of stochastic high-order and low-order nonlinear systems with time-delay. Since
the present model incorporates stochastic perturbations, multi-term Hilfer fractional dynamics, and
control delays, the obtained resolvent-based approach can potentially be adapted to derive stabilization
criteria under suitable state feedback laws. Such an extension would provide a bridge between
fractional stochastic optimal control and the modern stabilization theory for nonlinear delay systems.
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These extensions will further enhance the understanding and applicability of stochastic fractional
control systems in complex environments.
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