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Abstract: This research examines the integrability and soliton solution in different forms of the
Kairat-II equation. A thorough Painlevé analysis determines that the equation fulfills the criteria of
compatibility conditions for integrability; thus, it is shown to exhibit soliton solutions. Applying the
Hirota D-operator, we transform the Kairat-II equation into a trilinear form. This enables the derivation
of precise analytical solutions, including novel breather wave and three-wave soliton solutions by the
Hirota method. These solutions reveal localized, oscillatory, and energy-exchange structures, capturing
the complex nonlinear dynamics of the model. We use a machine learning analysis, the multi-layer
perceptron regressor algorithm, for understanding the dynamics of these solitons, which effectively
predicts the progression and dynamics of the obtained solutions. The analytical results are validated
and displayed in 2D and 3D+contour plots using symbolic computation tools such as Mathematica
and Python. In the end, we execute the asymptotic analysis on the gained solution and present the
asymptotic behavior of the solutions. We can learn a great deal about the intricate dynamics that the
Kairat-II model governs from these visualizations.
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1. Introduction

Nonlinear partial differential equations (NPDEs) play a crucial role in various areas of applied
sciences, including chemistry, biology, optics, economics, electromagnetism, fluid dynamics, solid
mechanics, elasticity, engineering quantum mechanics, and more. Many naturally occurring
phenomena can be modeled by NPDEs; for example, the Newell-Whitehead-Segel equation [1], the
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Harry Dym equation [2], the Schrödinger equation [3], the Telegraph and Kolmogorov-Petrovskii-
Piskunov equations [4], the Westervelt model [5], the biological population equation [6], the diffusion-
reaction equation [7], the Schrödinger–Korteweg–de Vries (KdV) equations [8], the Jaulent-Miodek
equations and coupled Konno-Oono systems [9], the Fokas system [10], the sinh-Gordon equation [11],
the stochastic potential Yu–Toda–Sasa–Fukuyama equation [12], the perturbed modified Gardner
equation [13], the (3+1)-dimensional extended Kairat-X equation [14], and the 2D Allen-Cahn
equation [15]. In this research, our discussion is about the Kairat-II equation. In [16], authors
investigated the Karait-II equation from the Kairat-I equation by putting some suitable values in
Kairat-I, and investigators found the NPD Kairat-II equation and traveling wave solutions. Before
this, the Kairat-II equation had been solved by the Paul-Painlevé approach to construct the Lie
point symmetry in [17], by the extended algebraic method to develop the solitary solutions in [18],
and by the generalized Kudryashov, the epxa function, and modified simplest equation methods
in [19]. The solitary wave solutions were obtained from the (3+1)-dimensional Kairat-II by the two
analytical techniques, like modified extended tanh expansion and the modified generalized Raccati
equation mapping method [20], and lump and breather wave solutions were obtained by the Hirota
bilinear method in [21]. Numerous different strategies were put into execution to gain the distinct
forms of exact solitons i.e, the Hirota bilinear technique [22], the modified extended tanh expansion
scheme [23], the solitary wave ansatz scheme [24], the exp(−φ(ξ))-expansion technique [25], the
(G′/G)-expansion method [26], the expa function scheme [27], the extended Sinh–Gordon equation
expansion scheme [28], and more. In this study, we execute the Hirota method with trilinear form [29].
In that work, authors studied different types of results, like breather wave, lump wave, breather-kink
wave, and lump-kink wave. In [30], investigators gained the Wronskian n-soliton solutions of the
generalized KdV equation of trilinear form; in [31], researchers found the multi-soliton solutions of the
extended second Kadomtsev–Petviashvili equation in trilinear form; in [32], the investigators obtained
multi-solitons, M-lumps and fusion solitons of the Bogoyavlenskii–Schieff equation in trilinear form;
and in [33], researchers acquired the dark and bright rogue wave and lump type solutions of the
Nizhnik–Novikov–Veselov equation in trilinear form.

In this research, we execute the Painlevé analysis on the Kairat-II equation in order to determine its
integrability. The Painlevé analysis is a widely used tool for identifying the integrability of nonlinear
models. This idea has been successfully applied to a variety of equations by numerous scholars. In [34],
the authors validated the integrability of the Painlevé analysis by applying it to the generalized Burgers
system. The Painlevé analysis was used on the extended Sakovich equation in [35], and the researchers
showed that it complied with the integrability requirements. Similarly, the authors of [36] investigated
and verified the integrability of a generalized (3 + 1)-dimensional Painlevé-type nonlinear evolution
equation.

We employ machine learning in our study to enhance performance and facilitate better predictions.
System learning enables a system to analyze data and generate predictions autonomously, without
explicit instructions. Machine learning encompasses various types, as well as supervised learning,
unsupervised learning, and reinforcement learning. This study is motivated by supervised learning,
where the available dataset is divided into training and testing sets in order to predict outputs from
given inputs. Specifically, we employ the multilayer perceptron (MLP) regressor algorithm based on
a neural network [37] to expect wave dynamics from the actual data. The present study is undertaken
with the following key objectives:
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• To validate the integrability of the model through Painlevé analysis.
• To derive novel analytical solutions to the Kairat-II equation, including soliton, breather wave,

and three-wave solutions, using the Hirota method with trilinear form.
• To apply a machine learning algorithm for predicting the wave dynamics of the obtained solutions.
• To visualize all findings through comprehensive 2D and 3D+contour plots, accompanied by

interpreted parameters and physically descriptive captions.
• To execute asymptotic analysis on the gain solutions to check their asymptotic behavior.

Figure 1 shows the study of the article.

Figure 1. Flowchart of study in the article.

The article is prepared as follows: Section 2 presents the model description and its applications.
Section 3 presents the Painlevé analysis and its results. Section 4 outlines the trilinear form and the
model under consideration. Section 5 discusses the derived soliton solutions. Section 6 provides
graphical representations of the results. Section 7 describes the machine learning methodology
employed. Section 8 presents the results and their discussion. Section 9 presents asymptotic analysis.
Section 10 concludes the study.
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2. Model and its applications

The Kairat-II equation is an NPDE that describes complex wave propagation phenomena in certain
physical systems. This equation can be written as

uxt − 2uxxut − 4uxtux + uxxxt = 0. (2.1)

2.1. Applications

The Kairat-II equation arises in various physical contexts, including:

• Nonlinear wave propagation: It models the evolution of wave packets in shallow water or
plasma where higher-order nonlinear interactions are significant.
• Optical fibers: It describes the dynamics of ultrashort pulse propagation in nonlinear optical

media.
• Fluid mechanics: The equation can represent the interaction of long waves in a dispersive

medium with nonlinear effects.

3. Description of Painlevé analysis

Consider an NPDE of the form

H(v, vσ1 , vσ2 , vσ1σ2 , vσ1σ1 , vσ2σ2 , ...) = 0. (3.1)

The associated singular manifold is described by

F(σ1, σ2, ..., σn) = 0. (3.2)

A Laurent series expansion is assumed as the solution of Eq (3.1):

v(σ1, σ2, ..., σn) = Fµ(σ1, σ2, ..., σn)
∞∑

i=0

vi(σ1, σ2, ..., σn)F i(σ1, σ2, ..., σn). (3.3)

Here, v and vi are arbitrary functions of (σ1, σ2, . . . , σn), and µ is a non-positive integer. The Painlevé
analysis proceeds as follows:

Step 1: Determine the value of µ by substituting

v = Fµv0 (3.4)

in Eq (3.1).
Step 2: Get the value of v0 from the coefficient of the leading order term.
Step 3: Substitute

v = Fµv0 +

∞∑
i=1

viF i+µ (3.5)

in Eq (3.1) to determine the resonance values of i.
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Step 4: Extend the series (3.3) up to the largest resonance value i = rmax:

v =

rmax∑
i=0

viF i+µ. (3.6)

The functions vi are then determined sequentially.
Step 5: The compatibility condition for the Painlevé property requires that the coefficients vi

corresponding to resonance values appear as arbitrary functions. If this criterion is satisfied for the
obtained resonance values, Eq (3.1) possesses the Painlevé property and is thus Painlevé integrable.

3.1. Inegrability of the Kairat-II equation

In this part, we perform the Painlevé analysis for the nonlinear Kairat-II equation. The associated
singular manifold is given by

F(x, t) = 0. (3.7)

The result of Eq (2.1) is assumed in the form of Eq (3.5), where v, vi, and F are functions of x and t.
To determine the values of µ and v0, we substitute Eq (3.4) into Eq (2.1), yielding

µ = −1, v0 = −2Fx. (3.8)

Next, the resonance values are obtained by inserting Eq (3.6) in Eq (2.1), we derive

i = −1, 1, 4, 6.

The largest resonance value is rmax = 6, and hence the Laurent series (3.6) can be extended as:

v = F−1v0 + v1 + v2F + v3F2 + v4F3 + v5F4 + v6F5. (3.9)

Substituting Eq (3.9) into Eq (2.1) yields the following coefficients:

v2 =
Ft

(
2FxFxxx + F2

x − F2
xx

)
+ 2Fx (FxFxxt − FxtFxx)

6FtF3
x

, (3.10)

v3 =
1

12F2
t F5

x
(2FtFx(Fxt(2FxFxxx − 3F2

xx) + Fx(3FxxFxxt − 2FxFxxxt)) (3.11)

+ F2
t (4FxFxxFxxx + F2

x(Fxx − Fxxxx) − 2F3
xx) + 4F2

x Fxt(FxFxxt − FxtFxx)), (3.12)

v5 =
1

108F5
t F5

x

(35F5
xx − 62FxFxxxF3

xx... + 45FttFxF2
xt(FxtFxx − FxFxxt)). (3.13)

The obtained resonances at i = −1, 1, 4, 6 indicate that v1, v4, and v6 are arbitrary functions associated
with the singular manifold. Therefore, the compatibility criteria of the Painlevé analysis are satisfied,
and Eq (2.1) possesses the Painlevé property, implying that the Kairat-II equation is integrable.
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4. The trilinearization of the problem

The Hirota formula is

j∏
i=1

Dni
yi
Ω. ∆ =

j∏
i=1

(
∂

∂yi
−

∂

∂y′i

)ni

Ω(y1, ..., y j)∆(y′1, ..., y
′
j)

∣∣∣∣∣∣∣
y1=y′1,...,y j=y′j

,

and the trilinear operators [29], are defined as

j∏
i=1

Dni
yi

Ω · ∆ · f

=

j∏
i=1

(
Λpi

∂

∂yi
+ Λ′pi

∂

∂y′i
+ Λ′′pi

∂

∂y′′i

)ni

Ω(y1, ..., y j)∆(y′1, ..., y
′
j), f (y′′1 , ..., y

′′
j )
∣∣∣∣
y1=y′1=y′′1 ,...,y j=y′j=y′′j

,

where the powers of
Λm = (−1)Qn

m , (m ≥ 1),

with n ≡ Qn
m mod m, 0 ≤ Qn

m ≤ m, and n ≥ 0. The powers Qn
m have the following signs:

m = 2k (k ∈ N) : 1,−1, 1,−1, . . . ,
m = 1 : 1, 1, 1, 1, . . . ,
m = 3 : 1,−1, 1,−1, . . . ,
m = 5 : 1,−1, 1,−1, 1,−1, . . . ,

...

Now for n = 0, 1, 2, . . . , if we take yi = 〈yi, y′i , y
′′
i 〉 = 〈1, 2, 3〉 and Ω = λ = f , it becomes

D2
x f · f · f = 3 fxx f 2 − 2 f 2

x f ,

D2
t f · f · f = 3 ftt f 2 − 2 f 2

y f ,

DxDt f · f · f = 3 fxt f 2 − 2 fx ft f ,

D4
x f · f · f = fxxxx f 2 − 8 fxxx fx f − 12 f 2

xx f + 18 f 2
x fxx,

D3
xDt f · f · f = fxxxt f 2 − 2 fxxx ft f − 6 fxxt fx f − 6 fxx fxt f − 6 fxt f 2

x + 18 fx fxx ft,

...

Applying the transformation u = −2(ln f )x, Eq (2.1) can be reformulated into the following trilinear
form:

− 2 f 2 fxxt − 2 f 2 fxxxxt − 8 ft fx fxxx − 4 ft f 2
x + 2 f ft fxx + 4 ft f 2

xx

+ 2 f ft fxxxx + 8 fx fxt fxx + 4 f fx fxt − 8 f 2
x fxxt + 8 f fx fxxxt − 4 f fxx fxxt = 0. (4.1)

In terms of the D-operators, it can be expressed as

(D2
xDt − D4

xDt) f . f . f = 0. (4.2)
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5. Analytical soliton solutions

5.1. Breather-wave solution

Consider the transformation to attain the breather-wave outcomes [22]:
ς1 = c1t + x,

ς2 = c2t + x,

f (ζ) = e−p1ς1 + κ1 cos(pς2) + κ2ep1ς1 .

(5.1)

By putting Eq (5.1) into Eq (4.1), done co-efficient of every order of including functions and their
products. By setting these expressions equal to zero and solving the resulting algebraic system, we
obtain multiple solution sets, which are presented as follows:
Set 1:

{p1 = −
i
2
, c1 = c1, c2 = c2, κ1 = 0, κ2 = κ2, p = p}, (5.2)

u(x, t) = −
i
(
1 − κ2ei(c1t+x)

)
1 + κ2ei(c1t+x) . (5.3)

Set 2:
{p1 =

i
2
, c1 = c1, c2 = c2, κ1 = 0, κ2 = κ2, p = p}, (5.4)

u(x, t) = −
i
(
−1 + κ2ei(c1t+x)

)
1 + κ2ei(c1t+x) . (5.5)

Set 3:
{c1 = −c2, p1 = −ip, κ1 = −2

√
κ2}, (5.6)

u(x, t) = −
2
(
−iκ2 pe−ip(x−c2t) + 2

√
κ2 p sin (p (c2t + x)) + ipeip(x−c2t)

)
κ2e−ip(x−c2t) − 2

√
κ2 cos (p (c2t + x)) + eip(x−c2t)

. (5.7)

Set 4:
{c1 = −c2, p1 = −ip, κ1 = 2

√
κ2}, (5.8)

u(x, t) = −
2
(
−iκ2 pe−ip(x−c2t) − 2

√
κ2 p sin (p (c2t + x)) + ipeip(x−c2t)

)
κ2e−ip(x−c2t) + 2

√
κ2 cos (p (c2t + x)) + eip(x−c2t)

. (5.9)

Set 5:
{c1 = −c2, p1 = ip, κ1 = −2

√
κ2}, (5.10)

u(x, t) = −2
(
iκ2 peip(x−c2t) + 2

√
κ2 p sin (p (c2t + x)) + (−i)pe−ip(x−c2t)

κ2eip(x−c2t) − 2
√
κ2 cos (p (c2t + x)) + e−ip(x−c2t)

)
. (5.11)

Set 6:
{c1 = −c2, p1 = ip, κ1 = 2

√
κ2}, (5.12)

u(x, t) = −
2
(
iκ2 peip(x−c2t) − 2

√
κ2 p sin (p (c2t + x)) + (−i)pe−ip(x−c2t)

)
κ2eip(x−c2t) + 2

√
κ2 cos (p (c2t + x)) + e−ip(x−c2t)

. (5.13)
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Set 7:
{c1 = −

c2 p
p + 1

, p1 = −
√
−(p + 1)2, κ1 = −

2
√
κ2(p + 1)

p
}, (5.14)

u(x, t) = −2

−κ2
√
−(p + 1)2e

√
−(p+1)2

( c2 pt
p+1 −x

)
+ 2
√
κ2(p + 1) sin (p (c2t + x)) +

√
−(p + 1)2e

√
−(p+1)2

(
x− c2 pt

p+1

)
κ2e
√
−(p+1)2

( c2 pt
p+1 −x

)
−

2
√
κ2(p+1) cos(p(c2t+x))

p + e
√
−(p+1)2

(
x− c2 pt

p+1

)
 . (5.15)

Set 8:
{c1 = −

c2 p
p + 1

, p1 = −
√
−(p + 1)2, κ1 =

2
√
κ2(p + 1)

p
}, (5.16)

u(x, t) = −

2
(
−κ2

√
−(p + 1)2e

√
−(p+1)2

( c2 pt
p+1 −x

)
− 2
√
κ2(p + 1) sin (p (c2t + x)) +

√
−(p + 1)2e

√
−(p+1)2

(
x− c2 pt

p+1

))
κ2e
√
−(p+1)2

( c2 pt
p+1 −x

)
+

2
√
κ2(p+1) cos(p(c2t+x))

p + e
√
−(p+1)2

(
x− c2 pt

p+1

) . (5.17)

Set 9:
{c1 = −

c2 p
p + 1

, p1 =
√
−(p + 1)2, κ1 = −

2
√
κ2(p + 1)

p
}, (5.18)

u(x, t) = −

2
(
κ2

√
−(p + 1)2e

√
−(p+1)2

(
x− c2 pt

p+1

)
+ 2
√
κ2(p + 1) sin (p (c2t + x)) +

√
−(p + 1)2

(
−e
√
−(p+1)2

( c2 pt
p+1 −x

)))
κ2e
√
−(p+1)2

(
x− c2 pt

p+1

)
−

2
√
κ2(p+1) cos(p(c2t+x))

p + e
√
−(p+1)2

( c2 pt
p+1 −x

) . (5.19)

Set 10:
{c1 = −

c2 p
p + 1

, p1 =
√
−(p + 1)2, κ1 =

2
√
κ2(p + 1)

p
}, (5.20)

u(x, t) = −

2
(
κ2

√
−(p + 1)2e

√
−(p+1)2

(
x− c2 pt

p+1

)
− 2
√
κ2(p + 1) sin (p (c2t + x)) +

√
−(p + 1)2

(
−e
√
−(p+1)2

( c2 pt
p+1 −x

)))
κ2e
√
−(p+1)2

(
x− c2 pt

p+1

)
+

2
√
κ2(p+1) cos(p(c2t+x))

p + e
√
−(p+1)2

( c2 pt
p+1 −x

) . (5.21)

Set 11:
{c1 = −

c2 p
p − 1

, p1 = −
√
−(p − 1)2, κ1 = −

2
√
κ2(p − 1)

p
}, (5.22)

u(x, t) = −

2
(
κ2

√
−(p − 1)2e

√
−(p−1)2

(
x− c2 pt

p−1

)
+ 2
√
κ2(p − 1) sin (p (c2t + x)) +

√
−(p − 1)2

(
−e
√
−(p−1)2

( c2 pt
p−1 −x

)))
κ2e
√
−(p−1)2

(
x− c2 pt

p−1

)
−

2
√
κ2(p−1) cos(p(c2t+x))

p + e
√
−(p−1)2

( c2 pt
p−1 −x

) . (5.23)

Set 12:
{c1 = −

c2 p
p − 1

, p1 = −
√
−(p − 1)2, κ1 =

2
√
κ2(p − 1)

p
}, (5.24)

u(x, t) = −

2
(
−κ2

√
−(p − 1)2e

√
−(p−1)2

( c2 pt
p−1 −x

)
− 2
√
κ2(p − 1) sin (p (c2t + x)) +

√
−(p − 1)2e

√
−(p−1)2

(
x− c2 pt

p−1

))
κ2e
√
−(p−1)2

( c2 pt
p−1 −x

)
+

2
√
κ2(p−1) cos(p(c2t+x))

p + e
√
−(p−1)2

(
x− c2 pt

p−1

) . (5.25)

Set 13:
{c1 = −

c2 p
p − 1

, p1 =
√
−(p − 1)2, κ1 = −

2
√
κ2(p − 1)

p
}, (5.26)

u(x, t) = −

2
(
κ2

√
−(p − 1)2e

√
−(p−1)2

(
x− c2 pt

p−1

)
+ 2
√
κ2(p − 1) sin (p (c2t + x)) +

√
−(p − 1)2

(
−e
√
−(p−1)2

( c2 pt
p−1 −x

)))
κ2e
√
−(p−1)2

(
x− c2 pt

p−1

)
−

2
√
κ2(p−1) cos(p(c2t+x))

p + e
√
−(p−1)2

( c2 pt
p−1 −x

) . (5.27)
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Set 14:
{c1 = −

c2 p
p − 1

, p1 =
√
−(p − 1)2, κ1 =

2
√
κ2(p − 1)

p
}, (5.28)

u(x, t) = −

2
(
κ2

√
−(p − 1)2e

√
−(p−1)2

(
x− c2 pt

p−1

)
− 2
√
κ2(p − 1) sin (p (c2t + x)) +

√
−(p − 1)2

(
−e
√
−(p−1)2

( c2 pt
p−1 −x

)))
κ2e
√
−(p−1)2

(
x− c2 pt

p−1

)
+

2
√
κ2(p−1) cos(p(c2t+x))

p + e
√
−(p−1)2

( c2 pt
p−1 −x

) . (5.29)

5.2. Three-wave solution

Consider the relation corresponding to the three-wave solution [38],
ς1 = a1x + d1t,

ς2 = a2x + d2t,

ς3 = a3x + d3t,

f (ζ) = κ2eς1 + κ3 sin (ς3) + κ1 cos (ς2) + e−(ς1).

(5.30)

Putting Eq (5.30) into Eq (4.1), we equate the co-efficient of each power of including functions and
their products. Adding them equal to zero and resolving the algebraic system, we gain multiple solution
sets mentioned as follows:
Set 1:

{a2 = −ia1, d1 = −id2, κ1 = −
2i

(
a2

1 + 1
) √

κ2√
−a4

1 − 2a2
1 − 1

, κ3 = 0}, (5.31)

u1(x, t) = −

2
(
a1

(
κ2ea1 x+d1t −

2i(a2
1+1)√κ2 sinh(a1 x+id2t)
√
−(a2

1+1)2
− e−a1 x+id2t

))
κ2ea1 x+d1t −

2i(a2
1+1)√κ2 cosh(a1 x+id2t)
√
−(a2

1+1)2
+ e−a1 x+id2t

. (5.32)

Set 2:

{a2 = −ia1, d1 = −id2, κ1 =
2i

(
a2

1 + 1
) √

κ2√
−a4

1 − 2a2
1 − 1

, κ3 = 0}, (5.33)

u(x, t) = −

2
(
a1

(
κ2ea1 x−id2t +

2i(a2
1+1)√κ2 sinh(a1 x+id2t)
√
−(a2

1+1)2
− e−a1 x+id2t

))
κ2ea1 x−id2t +

2i(a2
1+1)√κ2 cosh(a1 x+id2t)
√
−(a2

1+1)2
+ e−a1 x+id2t

. (5.34)

Set 3:

{a2 = ia1, d1 = id2, κ1 = −
2i

(
a2

1 + 1
) √

κ2√
−a4

1 − 2a2
1 − 1

, κ3 = 0}, (5.35)

u(x, t) = −

2
(
a1

(√
−

(
a2

1 + 1
)

2κ2e2a1 x+2id2t − i
(
a2

1 + 1
) √

κ2

(
e2a1 x − e2id2t

)
−

√
−

(
a2

1 + 1
)

2
))

√
−

(
a2

1 + 1
)

2κ2e2a1 x+2id2t − i
(
a2

1 + 1
) √

κ2
(
e2a1 x + e2id2t) +

√
−

(
a2

1 + 1
)

2
. (5.36)
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Set 4:

{a2 = ia1, d1 = id2, κ1 =
2i

(
a2

1 + 1
) √

κ2√
−a4

1 − 2a2
1 − 1

, κ3 = 0}, (5.37)

u(x, t) = −

2
(
a1

(√
−

(
a2

1 + 1
)

2κ2e2a1 x+2id2t + i
(
a2

1 + 1
) √

κ2

(
e2a1 x − e2id2t

)
−

√
−

(
a2

1 + 1
)

2
))

√
−

(
a2

1 + 1
)

2κ2e2a1 x+2id2t + i
(
a2

1 + 1
) √

κ2
(
e2a1 x + e2id2t) +

√
−

(
a2

1 + 1
)

2
. (5.38)

Set 5:
{a2 = −i (a1 − i) , d1 = −id2, κ1 = −

2a1 (a1 + i)
√
κ2√

a4
1 + 2a2

1 + 1
, κ3 = 0}, (5.39)

u(x, t) = −

2a1

(
κ2ea1 x−id2t +

2i
√

(a2
1+1)2 √κ2 sin(ia1 x−d2t+x)

a2
1+1 − e−a1 x+id2t

)
κ2ea1 x−id2t −

2a1(a1+i)
√
κ2 cos(ia1 x−d2t+x)
√

(a2
1+1)2

+ e−a1 x+id2t
. (5.40)

Set 6:
{a2 = −i (a1 − i) , d1 = −id2, κ1 =

2a1 (a1 + i)
√
κ2√

a4
1 + 2a2

1 + 1
, κ3 = 0}, (5.41)

u(x, t) = −

2a1

(
κ2ea1 x−id2t −

2i
√

(a2
1+1)2 √κ2 sin(ia1 x−d2t+x)

a2
1+1 − e−a1 x+id2t

)
κ2ea1 x−id2t +

2a1(a1+i)
√
κ2 cos(ia1 x−d2t+x)
√

(a2
1+1)2

+ e−a1 x+id2t
. (5.42)

Set 7:
{a2 = i (a1 − i) , d1 = id2, κ1 = −

2a1 (a1 + i)
√
κ2√

a4
1 + 2a2

1 + 1
, κ3 = 0}, (5.43)

u1(x, t) = −

2
(
a1κ2ea1 x+id2t +

2(a1+i)(1+ia1)a1
√
κ2 sin(ia1 x+d2t+x)

√
(a2

1+1)2
+ a1

(
−ea1(−x)−id2t

))
κ2ea1 x+id2t −

2a1(a1+i)
√
κ2 cos(ia1 x+d2t+x)
√

(a2
1+1)2

+ ea1(−x)−id2t
. (5.44)

Set 8:
{a2 = i (a1 − i) , d1 = id2, κ1 =

2a1 (a1 + i)
√
κ2√

a4
1 + 2a2

1 + 1
, κ3 = 0}, (5.45)

u(x, t) = −

2
(
a1κ2ea1 x+id2t −

2(1+ia1)(a1+i)a1
√
κ2 sin(ia1 x+d2t+x)

√
(a2

1+1)2
+ a1

(
−ea1(−x)−id2t

))
κ2ea1 x+id2t +

2a1(a1+i)
√
κ2 cos(ia1 x+d2t+x)
√

(a2
1+1)2

+ ea1(−x)−id2t
. (5.46)

Set 9:
{a2 = −i (a1 + i) , d1 = −id2, κ1 = −

2a1 (a1 − i)
√
κ2√

a4
1 + 2a2

1 + 1
, κ3 = 0}, (5.47)
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u(x, t) = −

2
(
a1κ2ea1 x−id2t +

2(a1−i)(1+ia1)a1
√
κ2 sin(ia1 x−d2t+x)

√
(a2

1+1)2
+ a1

(
−e−a1 x+id2t

))
κ2ea1 x−id2t −

2a1(a1−i)
√
κ2 cos(ia1 x−d2t+x)
√

(a2
1+1)2

+ e−a1 x+id2t
. (5.48)

Set 10:

{a2 = −i (a1 + i) , d1 = −id2, κ1 =
2a1 (a1 − i)

√
κ2√

a4
1 + 2a2

1 + 1
, κ3 = 0}, (5.49)

u(x, t) = −

2
(
a1κ2ea1 x−id2t −

2(1+ia1)(a1−i)a1
√
κ2 sin(ia1 x−d2t+x)

√
(a2

1+1)2
+ a1

(
−e−a1 x+id2t

))
κ2ea1 x−id2t +

2a1(a1−i)
√
κ2 cos(ia1 x−d2t+x)
√

(a2
1+1)2

+ e−a1 x+id2t
. (5.50)

Set 11:

{a2 = i (a1 + i) , d1 = id2, κ1 = −
2a1 (a1 − i)

√
κ2√

a4
1 + 2a2

1 + 1
, κ3 = 0}, (5.51)

u(x, t) = −

2
(
a1κ2ea1 x+id2t +

2(a1−i)(1+ia1)a1
√
κ2 sin(ia1 x+d2t+x)

√
(a2

1+1)2
+ a1

(
−ea1(−x)−id2t

))
κ2ea1 x+id2t −

2a1(a1−i)
√
κ2 cos(ia1 x+d2t+x)
√

(a2
1+1)2

+ ea1(−x)−id2t
. (5.52)

Set 12:

{a2 = i (a1 + i) , d1 = id2, κ1 =
2a1 (a1 − i)

√
κ2√

a4
1 + 2a2

1 + 1
, κ3 = 0}, (5.53)

u(x, t) = −

2
(
a1κ2ea1 x+id2t −

2(1+ia1)(a1−i)a1
√
κ2 sin(ia1 x+d2t+x)

√
(a2

1+1)2
+ a1

(
−ea1(−x)−id2t

))
κ2ea1 x+id2t +

2a1(a1−i)
√
κ2 cos(ia1 x+d2t+x)
√

(a2
1+1)2

+ ea1(−x)−id2t
. (5.54)

6. Graphs

In this section, the corresponding results are presented by selecting appropriate parameter values for
the analytical breather-wave and new three-wave solutions. The results are illustrated in the following
figures: In Figure 2, we present 3D+contour and 2D plots for Re[u] in panels (a) and (d), Abs[u]
in panels (b) and (e), and Im[u] in panels (c) and (f), with the parameters c1 = 4.1 and κ2 = 0.7
and the spatial and temporal domains x ∈ [−10, 10] and t ∈ [−2, 2]. Figure 3 shows similar plots
with Re[u] in panels (a) and (d), Abs[u] in panels (b) and (e), and Im[u] in panels (c) and (f) for
the parameters p = 1.1, c2 = 1.7, and κ2 = 1.3, within the same spatial and temporal intervals
x ∈ [−10, 10] and t ∈ [−2, 2]. In Figure 4, the corresponding 3D+contour and 2D plots are shown
for Re[u] in panels (a) and (d), Abs[u] in panels (b) and (e), and Im[u] in panels (c) and (f), with the
parameters κ1 = 4.3, p = −2.9, c2 = 1.7, and κ2 = 4.5, where x ∈ [−2, 2] and t ∈ [−2, 2]. Figure 5
illustrates similar plots for the parameters a1 = −0.5, d2 = 0.7, and κ2 = 2, with spatial and temporal
domains x ∈ [−10, 10] and t ∈ [−5, 5]. Finally, in Figure 6, the 3D+contour and 2D plots for Re[u]
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in panels (a) and (d), Abs[u] in panels (b) and (e), and Im[u] in panels (c) and (f) are presented with
the parameters a1 = 1.2, d2 = −1.2, and κ2 = −3.8, with x ∈ [−5, 5] and t ∈ [−5, 5]. Overall,
these visualizations not only confirm the validity of the derived analytical solutions but also provide
a comprehensive understanding of their localized structures, wave dynamics, energy exchange, and
long-term behaviors under various parameter regimes. The obtained analytical solutions are useful
for understanding nonlinear wave propagation in physical media and can model pulse transmission in
optical fibers, surface wave propagation in shallow water, and nonlinear structures in plasma.

Figure 2. Breather-wave solution described in Eq (5.3) in 3D+contour and 2D with Re[u],
Abs[u], and Im[u] graphs.
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Figure 3. Breather-wave solution described in Eq (5.7) in 3D+contour and 2D with Re[u],
Abs[u], and Im[u] graphs.

Figure 4. Breather-wave solution described in Eq (5.15) in 3D+contour and 2D with Re[u],
Abs[u], and Im[u] graphs.
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Figure 5. New three-wave solution described in Eq (5.36) in 3D+contour and 2D with Re[u],
Abs[u], and Im[u] graphs.

Figure 6. New three-wave solution described in Eq (5.40) in 3D+contour and 2D with Re[u],
Abs[u], and Im[u] graphs.
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7. Machine learning

In this work, we utilize the MLP regressor algorithm, which consists of an input layer, an output
layer, and one or more hidden layers [39]. The structure of the network is defined by the following
equation for the output of the first hidden layer:

ŷ(1) = ϕ(1)

q(l−1)∑
i=1

w(l)
i j ŷ(l−1)

i + b(l)
j

 , (7.1)

where

• ŷ(1): Output of the first layer.
• ϕ(1): Activation function applied to the hidden layer.
• q(l−1): Number of neurons in the (l − 1)th layer.
• w(l)

i j : Weight connecting the ith neuron in layer (l − 1) to the jth neuron in layer l.
• ŷ(l−1)

i : Output of the ith neuron in the (l − 1)th layer.
• b(l)

j : Bias term for the jth neuron in layer l.

The activation function is defined as

ϕ j(x) =
1

1 + e−y j(x) , (7.2)

and the performance of the model is assessed using the mean squared error (MSE) metric:

MSE =

√√
1
n

n∑
i=1

(yi − xi)2. (7.3)

The data set is partitioned into 80% for training and 20% for testing, with normalization applied
to scale all data within the range [0, 1]. The NN framework and training strategy are summarized as
follows:

• Data normalization: Inputs are scaled to lie within [0, 1].
• Network architecture: The NN consists of an input layer, multiple hidden layers, and an output

layer.
• Computation flow: Forward and backward propagation are carried out using the sigmoid

activation function.
• Optimization: Parameters are updated using the gradient descent algorithm.
• Error function: The MSE is used to measure deviations between predicted and actual outputs.
• Learning rate: Fixed at η = 0.1.
• Training iterations: The model is trained for 10,000 and 100,000 iterations to achieve higher

accuracy.
• Implementation: Simulations are performed in Python 3.13.1.

The resulting plots display the behavior of the actual versus predicted outputs, as well as the error
curves for different training durations.
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8. Results and discussion

We present two example solutions to demonstrate the prediction capability of the machine learning
algorithm. Although only these two are discussed here, the same procedure can be applied to the
remaining solutions.

• Case 1: Solution Eq (5.15)

– Figure 7 shows the wave dynamics of the solution using both actual and predicted data.
– The MLP regressor provides predictions closely matching the results shown in Figure 4.
– The model was trained for 10,000 epochs.
– The MSE between actual and predicted data, representing the error, is reported in Table 1.

Table 1. Epochs and error while performing the prediction of the solution given by Eq (5.15).

For Re[u] solution
Epoch 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Error 0.0003 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
For Abs[u] solution
Epoch 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Error 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
For Im[u] solution
Epoch 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Error 0.0002 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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(a) (b)

(c) (d)

(e) (f)

Figure 7. Actual and predicted wave dynamics of the solution described by Eq (5.15).

• Case 2: Solution Eq (5.36)

– Figure 8 shows the wave dynamics of the solution using both actual and predicted data.
– The MLP regressor provides predictions closely matching the results shown in Figure 5.
– The model was trained for 100,000 epochs.
– The MSE between actual and predicted data, representing the error, is reported in Table 2.

These cases demonstrate that the MLP regressor shows less error when it has more data and training
epochs, resulting in more accurate predictions.
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(a) (b)

(c) (d)

(e) (f)

Figure 8. Actual and predicted wave dynamics of the solution described by Eq (5.36).
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Table 2. Epochs and error while performing the prediction of the solution given by Eq (5.36).

For Re[u] solution
Epoch 10000 20000 30000 40000 50000 60000 70000 80000 90000 100000
Error 0.0004 0.0001 0.0001 0.0001 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
For Abs[u] solution
Epoch 10000 20000 30000 40000 50000 60000 70000 80000 90000 100000
Error 0.0033 0.0019 0.0002 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
For Im[u] solution
Epoch 10000 20000 30000 40000 50000 60000 70000 80000 90000 100000
Error 0.0003 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002

8.1. Comparison

Compared to previous studies, the present work derives explicit three-wave interaction and breather-
wave solutions of the Kairat-II equation, revealing localized and oscillatory behaviors not reported
before. In addition, the application of a machine learning framework (MLP regressor) to predict soliton
dynamics provides a modern computational perspective that complements the analytical solutions.
The asymptotic analysis further characterizes the long-term behavior of these solutions, collectively
highlighting the novelty and significance of the proposed methodology.

9. Asymptotic analysis on the soliton solutions

This section consists of the asymptotic behavior of the gained soliton solutions. Here, we apply the
breather and three-wave soliton solutions. First, we apply the breather wave Eq (5.3) solution.
Case 1: If x→ ±∞ at t = 0,

u(x, 0) = −
i
(
1 − κ2ei(x)

)
1 + κ2ei(x) . (9.1)

Case 2: If t → ±∞ at x = 0,

u(0, t) = −
i
(
1 − κ2ei(c1t)

)
1 + κ2ei(c1t) . (9.2)

Figures 9 and 10 show the asymptotic behavior of Eqs (9.1) and (9.2), respectively.
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Figure 9. Asymptotic behavior of Eq (9.1).
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Figure 10. Asymptotic behavior of Eq (9.2).

Now we apply the three-wave Eq (5.32) solution.
Case 1: If x→ ±∞ at t = 0,

u(x, 0) = −

2
(
a1

(
κ2ea1 x −

2i(a2
1+1)√κ2 sinh(a1 x)
√
−(a2

1+1)2
− e−a1 x

))
κ2ea1 x −

2i(a2
1+1)√κ2 cosh(a1 x)
√
−(a2

1+1)2
+ e−a1 x

. (9.3)

Case 2: If t → ±∞ at x = 0,

u(0, t) = −

2
(
a1

(
κ2ed1t −

2i(a2
1+1)√κ2 sinh(id2t)
√
−(a2

1+1)2
− eid2t

))
κ2ed1t −

2i(a2
1+1)√κ2 cosh(id2t)
√
−(a2

1+1)2
+ eid2t

. (9.4)

Figures 11 and 12 show the asymptotic behavior of Eqs (9.3) and (9.4), respectively.
•Advantages:
- Focus on dominant terms and ignoring smaller effects.
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- Useful in stability analysis and optimization.
- E.g., approximations in physics, engineering.
• Disadvantages:
- Might miss transient or finite-size effects.
- Not always true for complex systems.
- E.g., in systems with multiple scales.
•Asymptotic behavior has many applications:
- Algorithm analysis: Understanding time/space complexity.
- Physics: Approximating limits in mechanics, thermodynamics, or quantum systems.
- Biology: Modeling population growth or disease spread.
- Finance: Analyzing long-term investment trends or option pricing.
- Control systems: Assessing stability and performance limits.

1.5 2.0 2.5 3.0 3.5 4.0
x

2

4

6

u(x,0)

Figure 11. Asymptotic behavior of Eq (9.3).

1 2 3 4 5 6 7
t

0.5

1.0

1.5

2.0

u(0,t)

Figure 12. Asymptotic behavior of Eq (9.4).
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10. Conclusions

In this work, the integrability of the Kairat-II equation was examined using Painlevé analysis,
which confirmed that the model satisfies the Painlevé property. This result supports the mathematical
consistency of the equation and highlights its potential for admitting exact analytical solutions, thereby
motivating further analytical investigations. By employing Hirota’s trilinear method, novel three-wave
and breather-wave solutions were successfully derived. In addition, a machine learning framework
based on the MLP regressor algorithm was implemented to predict the dynamical behavior of the
obtained soliton solutions. The agreement between analytical and predicted results was verified
through graphical comparisons using Mathematica and Python. The visualizations, including 2D
plots, 3D surface profiles, and contour maps, provided a comprehensive illustration of the wave
dynamics. Furthermore, asymptotic analysis was carried out to investigate the long-distance and
long-time behavior of the derived solutions. This analysis clarified the localization and propagation
characteristics of the waves and confirmed the physical relevance of the obtained structures. The
findings of this study have potential applications in areas such as nonlinear optics, plasma physics,
and fluid dynamics, where nonlinear wave propagation and interactions play a significant role. The
combination of confirmed integrability, exact soliton solutions, asymptotic behavior, and machine
learning-based prediction offers a reliable framework for understanding complex nonlinear wave
phenomena. Moreover, the proposed computational approach can be extended to other NPDE models.
Overall, the results presented here provide new insights into the structure and dynamics of the Kairat-II
equation and contribute to the broader study of nonlinear evolution equations.
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