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Abstract: This work established fundamental distinctions in the dynamical evolution between
anisotropic and isotropic non-Newtonian fluid systems, where the harmonic mean p of { pi}ﬁ , emerged
as a critical bifurcation parameter governing solution behaviors. Using the parabolic regularization
method, we established the local existence of a weak solution. By applying the Poincar inequality in the
single-variable sense and imposing certain restrictions on the nonlinear term f(x, t, u, u,,), we proved
the existence of a global solution. Moreover, if f(x,,u,u,) = f(u) and f(u)/u” was nondecreasing
on R*, then the local solution blowed up in finite time. The proposed methodology revealed how

directional diffusivity creates distinct evolutionary patterns in solution behavior.
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1. Introduction

According to the relationship between the shear stress, and the rate of strain and its derivatives, the
fluids can be characterized as one of the two categories: 1) Newtonian fluids: where stress is directly
proportional to the strain, and 2) non-Newtonian fluids: where stress is not proportional to the rate of
strain, its higher powers and derivatives. Newtonian fluids obey Newton’s law of viscosity and are the
simplest mathematical models of fluids. Most common liquids and gases, such as water and air, can be
assumed to be Newtonian for practical conditions.

Non-Newtonian fluids do not follow Newton’s law of viscosity, which exhibit behavior that deviates
from that of classical Newtonian fluids. These fluids are characterized by a non-linear relationship
between shear stress and shear rate. Examples include polymers, slurries, blood, and many other
industrial and biological fluids. Key categories include:

1) Shear-thinning (pseudoplastic): Viscosity decreases with shear rate (e.g., ketchup, polymer
melts).
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2) Shear-thickening (dilatant): Viscosity increases with shear rate (e.g., cornstarch-water mixtures).
3) Viscoelastic fluids: Exhibit both viscous and elastic properties (e.g., blood, synovial fluid).
In some details, the non-Newtonian fluid model describes shear-dependent viscosity:

T =n(y)y;
where 7 is shear stress, ¥ is shear rate, and n(y) is the apparent viscosity, e.g.,

n=Ky"

where the parameter n is indeed a critical factor in non-Newtonian fluid models, known as the
power-law index, which describes how a fluid’s viscosity changes with shear rate. Specifically, n = 1
represents a Newtonian fluid, n < 1 represents a shear-thinning fluid (pseudoplastic fluid) and n > 1 is
a shear-thickening fluid (dilatant fluid). Integrating the heat conduction equation and
reaction-diffusion equations, in the isotropic case, mathematicians have derived the following general
form of non-Newtonian fluid equation

w, = div (|Vul">Vu) + f(x, t,u, Vu), (1.1)

where f will be explained later.

Though Eq (1.1) model effectively describes isotropic non-Newtonian behavior (where viscosity
varies uniformly with shear rate), many complex fluids exhibit directional dependence in their transport
properties. This anisotropy arises from microstructural alignment (e.g., polymer chains, fibrous tissues,
or stratified sediments), requiring more sophisticated models. The governing equation generalizes to

T =n(y, 1)y,

where 71 is the preferred direction (e.g., fiber orientation) and the corresponding fluids are called
anisotropic non-Newtonian fluids.

Additionally, anisotropic diffusion models are widely used in various fields where diffusion
processes are directionally dependent or influenced by underlying structures, earlier works can be
found in [1-3], and more recent ones in [4—6]. Basing on these models, through systematic induction
and synthesis, mathematicians subsequently derived the following representative anisotropic
nonlinear evolution equation

A a
== 7, (sl 1) (v € O, (1.2)
i=1
where p; > 1 is a constant. For the more details, one can refer to [7-9] for the isotropic case and [10,11]
for the anisotropic case. We may call Eq (1.2) (or Eq (1.3) below) as anisotropic non-Newtonian fluids
equation.
Instead of Eqgs (1.1) and (1.2), we consider

N

Zai (Il ™20) + fx. 10, Vi), (x.0) € Q. (1.3)

i=1
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with the usual initial and boundary conditions

u(x,0) = up(x), xe€Q, (1.4)
ulx,1) =0, xe€dQ, (1.5)

where Q7 = Q x (0,T), Q c R" is a bound domain with smooth boundary dQ and the nonlinear term
f(x,t,u, Vu) originates from numerous concrete application problems in physics, mechanics, biology,
among others, and exerts a significant impact on the properties of solutions to the equation. When

SO t,u,Vu) = f(x,t,u) 2 0,
it is called a source term; or when
fx,t,u,Vu) = f(x,t,u) <0,

it is called an absorption term. When f(x, ¢, u, Vu) depends on the gradient Vu but does not depend on
u, it is called a convective term or a damping term. It is well-known that, even for the heat conduction
equation (i.e., p = 2in Eq (1.1)), if f is a source term, the solutions may blow up; and if f is a damping
term, the uniqueness of solution is not true. The precise conditions of f and u, will be given later. We
denote

p* =max{pi, p2,--- py}, p~ = min{py, p2,- - pal,

and assume that p~ > 1.

For the usual evolutionary p-Laplacian Eq (1.1), it is well-known that, by the comparison theorem,
the local existence of weak solutions to Eq (1.1) can be proved, but even for p = 2, various sufficient
conditions for the nonexistence of global time solutions of (1.1) have been found in [12, 13]. Such
conditions ordinarily involve the order of growth of f. In fact, if f has at most linear growth in
u, then there is a global solution of the initial-boundary problem (1.1), (1.4), and (1.5) in [14]. If
f(x,t,u,Vu) € CH(Q x [0, T] x R x R") satisfy

Fx.t.u, Vuysgnu < Co (¢ + ulf + Vul”),

where ¢ € L'(Q7),r > (N+p)/p, and B,y < p—1, then there is a global solution of the initial-boundary
problems (1.1), (1.4), and (1.5) in [15]. Here and the after, sgn(«) denotes the sign function. Certainly,
from 1980s, numerous studies have investigated properties of solutions to Eq (1.1), including existence
and non-existence, long-time behavior, finite-time blow-up, and extinction phenomena. We briefly cite
several examples that are comparatively related to the research topic of this work. For the evolutionary
p-Laplacian equation with a source term

u, = div(|Vul|P>Vu) + uf, (1.6)

it is well known (see, e.g., [16]) that when p > 2 and 1 < g < p — 1 + £, the solution of (1.6) always
blows up in finite time; while forg > p — 1 + 1%, the blow-up occurs if the initial data uy(x) is large
enough. In the latter case, there also exists a global solution with small initial data. If the source term
u? is replaced by |u|u, some new results on global existence of solutions were established in [17] by
introducing a family of potential wells. Also, asymptotic behavior and finite time blow-up of solutions
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were obtained in the case of subcritical initial energy and critical initial energy, respectively, in [17].
When

SOt u, Vu) = f(u)
in Eq (1.1), and by defining the energy functional as

1
E0) :z—fquolpdx—fF(uo)dx,
P Ja Q

F(u) = fu f(s)dx,
0

the blow-up phenomena of weak solutions was investigated in [15, 18] with additional restrictions on
f and E(0). Moreover, by imposing a new condition

where

a/fu f(s)ds <uf(u)+pu’ +vy, u>0 (1.7)
0

for some a, 8, y with

0<B< (Q—P)/ll,p’
the blow-up phenomena of the solutions to Eq (1.1) was studied by the concavity method in [19], where
A1, 1s the first eigenvalue of p-Laplacian A,,.

From a dynamical systems perspective, the anisotropic nature of Eq (1.3) introduces multiple
timescales in the evolution process, with different spatial directions exhibiting distinct rates of
diffusion and energy dissipation. = The multi-scale dynamics poses significant challenges in
characterizing long-term behavior and stability properties. It means that the aforementioned methods
can hardly be directly applied to the study of the existence and blow-up phenomena of solutions for
anisotropic evolution equations. Here, we present only very elect research progress in this field
(including the authors’ prior work) that has come to our attention. Even for a simple case f = 0, the
fundamental solution was constructed in [20,21] in recent years. When f(x, ¢, u, Vu) is replaced by a
convection term, the existence of a weak solution to Eq (1.3) was proved in our previous
works [22-24]. For some other important studies in anisotropic parabolic equations with variable
nonlinearity, one can refer to [11] and the references cited therein.

In this paper, by the Poincare inequality and the embedding theorem in the anisotropic Sobolev
space, and imposing some restrictions on the nonlinear term f(x, ¢, u, Vu), we will study the existence
or no existence of the global solution of the initial-boundary value problems (1.3)—(1.5). Moreover,
when

fO,t,u,Vu) = f(u) >0

and assuming that there is a r with
r>p, (1.8)

where P is the harmonic mean of 7 = {p;}, defined as
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f(u) is an odd function, f > 0 on R*, and F(u)/u" is nondecreasing on R*, where

Fu) = f " Fs)ds,
0

then we can show that the local solution may blow up in finite time. This conclusion elucidates the
distinctive characteristics unique to anisotropic non-Newtonian fluid equations.

The paper is arranged as follows: after this introduction, in Section 2, the basic spaces and the
main results are given; in Section 3, we prove the local existence of solutions of (1.3)—(1.5) under
fairly general condition of f; in Section 4, we give sufficient conditions such that (1.3)—(1.5) has a
global solution; in Section 5, we give some sufficient conditions to assure solutions of (1.3)—(1.5) must
blow-up, in a pointwise sense, in finite time,and at last, a simple conclusion is given.

2. The basic space and the main results

Let Q be a bounded, smooth domain in RY. Then the anisotropic Sobolev spaces are defined as
follows:

3 dv _ .
W, (Q) = {v eW,'(Q): Zo €LMQ), =12, ,N}.

W(;’ﬁ (€2) can also be defined as the closure of C(7(€2) with respect to the norm

N

Ml = )

i=1

v
8x,-

LPi(Q)

Lemma 1. Forany u € Wé’ﬁ (), there is

ou
[zl < c(1QDr || 7

, Yr>1, -+, i=1,2,3,---N. (2.1

illy

where c is a constant independent of u.

This lemma can be found in [25, 26], and inequality (2.1) can be called as the Poincare inequality
in the single-variable sense.

Lemma 2. Sobolev embedding theorem: let 1 < r < NN—_I; and N — p > 0. Then Wé’ﬁ (Q) — L"(Q) and

N
1
lall, < ¢ | Jllaglly, 7€ 11, 5] (2.2)
i=1

forallu e Wé’ﬁ (Q). Moreover, if r < ]f,\%, then the embedding is compact.

This lemma can be found in [27-29], and from (2.2), we have

N
el < ¢ Dl 7€ 11, 1. (2.3)

i=1

By this lemma, we easily obtain the generalized Galiardo-Nirenberg inequality.
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Lemma3. If1 <r < NN—_’; and N — p > 0, then for any q € [r, NN—_’;], there is

ay 1-a;
lleell, < Cllullwé,ﬁ(g)llull,—, ;

1 (1 1) 1-a
—=a|--=|+ .
q p N r

Since, the anisotropic is the main characteristic of Eq (1.3), to obtain the needed estimate used in the
proof of the existence of the global solutions, we additionally prove the Galiardo-Nirenberg inequality
in a single direction.

forallu e Wé’ﬁ(Q), where

Lemma 4. It holds that

[leelly < C(IQI,pi)llux,-llj',illulli,_“, (2.4)
where
_ (U -a)gpi
l pi —aq
and
1 B 1-«a @
q - T ”i]?i'

Proof. By the Holder inequality, we have

; 1

a q

”u”q = (f |M|qu) = (f |ua’+1(1_‘1)|‘]dx)
Q Q

aq | Pi=eq 1-a

i Pi 4 _ pi pil-a) ¢
< (f Iul‘“’mlzdx) (f Jul “)q"i-@dx)
Q Q

1-
= el oel ],

Then, Lemma 1 yields the relationship (2.4). O

Definition 5. By a solution of the initial boundary value problems (1.3)—(1.5), we mean a function
u € L*(Qr) N L0, T; Wy (Q), u, € LX(Qr), satisfying

N
ff [uwf - Z " Pugty s + f
Or

i=1

dxdt + f up(x,0)dx =0 (2.5
Q

for all y € C'(Qy) such that y(x,T) = 0, and ¥ = 0 on dQ x (0, T). Equation (2.5) implies

. N
f f [”%—Zluxilpf—zuxm+fw
0 JQ i=1

= f u(x, Hy(x, t)dx — f uo(x,0)dx, fora.e.te(0,T).
Q Q

dxds

(2.6)
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In this paper, by the so-called “concavity” method (see [15, 30]), we are able to obtain some
theorems in the existence and nonexistence of the global weak solutions to the initial boundary value
conditions (1.3)—(1.5).

We will prove the following theorem.

Theorem 6. Let p* > p~ > 2 and uy € L*(Q) N Wé’f(Q), and f(x,t,u,Vu) € C{(Qx [0, T] x R X RV)
satisfy
Fx.tou, Vuysgnu < Co (¢ + |uf’ + [Vul). 2.7)

Ifp € L'(Qr),r 22, and B,y < p~ — 1, then (1.3)—(1.5) has a solution u € L*(Q7) for any T > 0.

Remark 7. In the isotropic case, i.e., for Eq (1.1), when ¢ € L'(Qr),r > 1 + %, a result similar to
Theorem 6 was obtained in [15]. One may conjecture that for the anisotropic non-Newtonian Eq (1.3),

r>1+ % is enough to ensure Theorem 6, but it is hard to verify.

Instead of Eq (1.3), sometimes, mathematicians use

< 9 _
a_”l‘ => . (V") + fx. ., Vu), (x.1) € Qp (2.8)

i=1

to represent the anisotropic non-Newtonian fluids equation. In such a case, by Lemmas 2—4, we believe
that the conjecture in Remark 7, i.e.,

¢ el (Qr), r>1 +§,

is a sufficient condition to show the existence of the global solution to Eq (2.8).

Another goal of our paper is to investigate the blow-up solution demonstrating anisotropic
characteristics. By assumption (H3) below, we are able to prove the following theorem.

(H1): Suppose f(x,t,u,Vu) = f(u) € C'(R), f(u) is an odd function, f > 0 on R*, and F(u)/u" is
nondecreasing on R*, r > p,

Theorem 8. Assume that f satisfies assumption (HI), p~ > 2, and the positive constant r satisfies
Eq (1.8). If up € Wy"(Q) N L™(Q) satisfies

Yoy 2r-1) 2
F(ug)d —|ug,.|P'd 2dx. 2.9
fg(”O)D;fgpi'”O" T T(r—2>2f9”°x -

Then, there exists t; € (0, T] such that

}i_gll”bl(', D= = oo, (2.10)

where u is the local solution of (1.3)—(1.5).

Remark 9. This theorem demonstrates that whenever the capability grows too rapidly compared to
u’, r > p, blow-up phenomena are prone to occur. This precisely characterizes the distinctive property
of solutions to anisotropic reaction-diffusion equations (including anisotropic non-Newtonian fluid
equations as a particular case)!
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Last but not least, if we denote that

N
) 1 _ 2r—1) 2
EQ.T) = L2(Q le”’Q:fF d §—f |Pid fzd ,
( ) {uo€ (Q) o (L) . (MO)x>i=1P' QIuo,l X+ TG o2y ugdx

0
i Q

then we are able to show that E(Q, T) is not empty.

Proposition 10. Let f(s) be an odd function, f(s) > 0, s € R*,

lim (F(u) /lul") = +oo,

and uy € L=(Q) N Wé’ﬁ (Q), ug # 0. Then tuy € E(Q, T) for sufficiently large .

In addition, interested readers may refer to the method in [19] and replace condition (H1) in this
paper with a condition similar to inequality (1.7), thereby obtaining more general blow-up properties
for solutions to anisotropic reaction-diffusion equations. Also, one can consider whether the limitation
p~ > 2 can be weakened to p~ > 1 or not.

3. Local existence

In this section, only f(x,t,u, Vu) independent of Vu is considered. We make the following
assumption.

Theorem 11. Ifuy € L*(Q) N Wé’p ' (Q) and the following assumption holds:
(H2) f(x,t,u) € C(Qx [0, T] X R), and there exists a function g(u) € C'(R) such that

LfCx, 1, w)] < g(w).

Then, the initial-boundary value problems (1.3 )~(1.5) has a solution u € Qr,, where T\ € [0,T].
Moreover, if f(x,t,u) is Lipschitz continuous on QX [0, T X (=M, M) for any M < oo, then u is unique.

Proof. Consider the approximate problem:

N 1\@i2/2
Uy = Z ((qu,.l2 + —) ux,.) + fulx,t,u), (x,1) € Qr, (3.1)
i=1 n
u(x,0) = up,(x), x€Q, (3.2)
ulx,t) =0, (x,1)€dQx(O,T). 3.3)

Here f, e C'(Q X [0, T1XR), |ful <n, f, = f uniformly on bounded subset of Qx[0,T] xR and

|fal < g(u);

Up, € CSO(Q), such that ||u0n||L°°(Q) < ||u0|lL°°(Q)a ||u0nx,»||Lp+(Q) < c||u0xi||L1’+(Q)a and
. 1’17+
Up, — Up 1IN WO (Q)
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According to the classical parabolic theory [8, 14, 31], we know that the approximate
problems (3.1)—(3.3) has a classical solution u, and there exists 7 € (0, 7] and a constant M such that

ltallzco,) < M for alln. (3.4)

To see this, let v*(¢) be the solutions of the ordinary differential equations

dv*
dt

= +g(v), v:(0) = *||uoll ()

From [32, Chapter 1], we know there is T* € (0, T) such that v* exists on [0, 7], and T* depends only
on |up|r~q). By the comparison theorem,

lu,(x, 1)| < max{v*(r),—v (¢)}.

Setting 7y = T*/2 and M = max{v*(T;), —v~(T)}, we obtain (3.4).
Multiplying (3.1) by u, and integrating over Qy, yields

”unx,-”LPi(QTl) S c, l = 1’29 U ’N’ (3'5)

where ¢ denotes the constants independent of n.
Multiplying (3.1) by u,, and integrating, we may derive

(pi=2)/2
f f W2 dxdt = Z f f (|unx,| + ) iy, * gy, dXAE + f Fal, 1, sttt
or, Or, Or,

By the Holder inequality and integrating by parts, we have

ff Wl dxdt < c f (|M0nx,-|p" + |”0nx,»|2) dx] dx + cf fldxdt. (3.6)
Or, Q or,

From inequalities (3.5) and (3.6), we know that there is a subsequence n, — oo and function u €
L*(Qr,) such that

Uy, > U, [, Uy, x,1) = f(x,t,u) a.e. on Qr,
Uppx; — Uy, in Lpi(QTl)’

. 2
Upy — Uy In L (QTl)
N

i 1
(lunkxilpl unkx, Z Wi 1Il L (QT])

i=1 i=1

as ny — o9,
As in [15], we can show that

N N
—2
Z wi = Z 1789 S

i=1 i=1
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In details, multiplying (3.1) by (u, — u)¢, we have

(pi=2)/2
f f oy, (u, — u)dxdt + Z f f (|Mnx,| + ) Uy, (Uny, — Uy, )d XL
Or, Or,

= f fu(x, t, uy)(u, — u)dxdt
or,

and

N
lim ff ¢ Z |unx,~|pi_2unx,~(unx,- - I/t)dth =0, (37)
n—oo or,

i=1
where ¢ € Cy(Qr,), ¢ > 0.
On the other hand, from u,, € L?(Qr,), we have

N
lim f f Dl 2 (ty, = w)gdxdt = 0, (3.8)
n—oo Q

Ty i=1

Noticing that

1
(et P2t =l P2, ) (W, = 10) f Vst + (1 = )" ds|Vu, —w)f; (3.9
0

we may derive from (3.7) and (3.8) that

1
lim f f ) f \V(su, + (1 — $)u)|"~2dsV (u, — u)*dxdt = 0
n—-oo QT1 O

1
f f f IV(su, + (1 — $)u)|P~2dsdxdt < c,
Or, YO0

1
d
i—2 i—2 _ i—2
|unxi|p unxi - |uxi|p ux,~| - ‘f % {|Sunxi + (1 - S)uxi|p (Sunxi + (1 - S)l/txi)} dS
0

Hence by

we have

1 1
< f |sunxi + (1 - S)uxilpiiz(unxi - MX[)ds + ‘ f (Pz - 2)|sun)ci + (1 - S)M)cilpﬁ4
0 0

(3.10)
X (Supy, + (1 — $)uy,) (sunx,. + (1 - s)u.,-) (U, — uxj)ds'

1
<c f ISttyy, + (1 = )i |P2ds|V (u, — w0).
0

! 12
< c[ff ¢f IV (st + (1 = 8)u)|P2d sty — uxildedt]
Or, 0

1 172
X (ff ¢f V(su, + (1 — s)u)l""_zdsdxdt] — 0.
Or, 0
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Accordingly, it holds that

ff - |ux,-|”"_2uxl.] ¢dxdt = 0.
Or "= 1

Thus
N N
Dowi= ) gy,
i=1 i=1
Theorem 11 can be followed by a standard limiting process. O

The uniqueness of the solution is clear. Let u, v be two solutions of (1.3)—(1.5). Then (2.6) yields
1
5 f (u(x, 1) — v(x,0))* dx = — f f (I 2w, = (V9P 2V0) (1, = Vv) doxdt
Q ¢
- f f (I, = (V072 V) (y, — V) dxdt

+ f (f(x,t,u) — f(v, x, 1)) (u — v)dxdt
O

<c f (u — v)*dxdt.
O

This implies u = v.
4. The global solution

In this section, we will use anisotropic embedding to obtain Moser-type bounds and prove
Theorem 6.

We first try to derive an estimate for ||(u — k).l +1(o,). Here, we denote u = u,, u, = max{0, u},
and 1 < @ < oo, and chose positive constant k such that |ug,| < k for all n. Let us multiply (3.1) by
(u — k)¢. Then, we have

sup

up —— f (u—k)*Vdx +aZ f (= k) (1 = k)| dxdt
1€(0,T)

(a+1) (a+p, D/pip; (41)
dx+ k Pidxdt
IE(O T) @ + f( ) * Z (a + pl _ 1)p f |(1/l ) | X

< Cof (¢ + |ul + |Vul")(u — k)*dxdt.
Or

Lemma 12. There is a constant ¢ = ¢(Q, N, p*, p~, Cy) such that

f (u — k) pdxdt
Or

<c(p®,p, IQI){ sup f(u — k) dx +

a+pi—1 Pi

- k)+x1,-)i

1+
dxdt]

l e

AIMS Mathematics Volume 11, Issue 3, 5299-5321.
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Proof. Let
a+p;-1
w=wu—-k),"
For any r; > 0, we have
a+pi—1
) — = (ri=1)
wi=(u-k)," w.

By the Holder inequality and the embedding inequality in Lemma 3, we have

CHD (1)
ff wr’dxdtzf (u—k)," wdxdt
Or Or
pll- at+pi—1 p; (r,_]) %
< ( f f w”"dxdt) ( f u—ky," " dxdt)
Or Or
pi—1

a+p;i-1 Pi i a+pi-1 p; (r,'—l) i
< c(r, 190 f f (u—k),,." dxdt) ( f (u—ky," "' a’xdt)
Or or (4.3)

1 pi—1 (a+p;=D)(r;=1)

atpi=1 |Pi Pi pi pi-Da+D)
< c(r;, |€2]) ff (u— k)+x’l_’i dxdt) (f (u— k)f“dxdt)
Or Or
~ , (a+pi=1)(ri=1)
a+p;-1|Pi (pi—D(a+1)
< c(r;, |2]) ff (u— k)+x1;’i dxdt + (f (u— k)‘j”dxdt)
] Or Oor

(a+p;=1)(r;=1)

[ a+pi—1 pi I+ (pi—D(a+1)
< e(ri,|Q) f f =k, | dxdt+ sup f (u — k)‘j“dxdr] ,
L T Q

1(0,7)

where r; is chosen to satisfy

a+pi—1

a+1>r—-1)
pi—1

or
it (p ).

a+pi—-1
If we choose
s
Since ¢ € L' (Qr), r > 2, we have
f , #°dxdt < co. 4.4)
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Meanwhile, using the Holder inequality and combing inequality (4.3) with (4.4), there is

a(¢y+pi—])r,- ﬁ %
f (u — k)*pdxdr < ( f -k, dxdt) ( f f gb‘sdxdt)
or or Or

(a+p;=Dr; ﬁ
< (f -k, " dxdt)
or
< ¢ 10 [ 1
Or

Lemma 12 follows immediately. m|

(a+p;=1)(r;=1) ap;

Di [H Gi-De+D | @*p;=Dr;
dxdt + sup f (u—k)"“dxdt] :

te(0,T)

a+p;-1

(u - k)+x1;i

Second, if we choose / = 2222 ’(Mﬁ ) then [ > 1, by (2.1), we have

a+p;—1 l

f (u—k)Pdxdr = f f ((u k), " )dxdt
Or

I
<c f ( )dl

pi

a+p;— ;11
<cf (fl(u k), |”"dx) dt
pi@+)

<cf (f l(u -k, I”’dx) dt.

By the Jessen inequality, the Young inequality and Lemma 1, we have

a+p;—1

_ k)+ Pi

4.5)

N
f \Vul (u — k) dxdt < ¢ Z f |t = k), ' — k) dxdt
Or i

a+pi— pila+y(a-1)]
f (= k). |""dxdt v || w—-k. " dxar
i=1 Or Or

a+pi—

<n f I(u -k, I”’dxdt
,le Or
~ Ll "[”+7(”':1,)]| (4.6)

pilaty(a-1)] Vi~ 7~ rn (,,i,y)w%

+c(n) f (w—k), Py Plan@DT g 0y

u S a+pi-1 p[[(lﬂ(;(f;.]_)]l
n Z f |(M - k)x |P'dxdl‘ + C(l]) (ff (u - k)+ Pi dxdt) Pi=n—p;

i=1 Oor

N pilatye-Dl.

a+pi—

n Z f (= k),,)" |p,dxdt +c(n) [Z f l(u— k),

i=1 Or

o atpi-l
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Thus, if
N
By <p —1=min{p} -1,

then by (4.1), (4.2), (4.5), and (4.6), we may obtain

sup f (uy — k)" dx < ¢, 4.7

te(0,7) JQ

where ¢ depends on @, 3, y, Cy, |€2|, and T
Thus,

lnll o1 0y < Cla), (4.8)

where C(a) — o0 as @ — oo.

Thirdly, we show that the u, are uniformly bounded for n. In (4.1) we pick @ = 1, and obtain

1 sup f(u—k) dx+Z( 1 fQ l(u — k) |Pidxdt

2
1€(0,T) (4.9)
< C, { f (6 + 1V = k).1" + ) (u = k), dxdt} .
Or
Moreover, by Lemma 1 and (4.8), we have
1/s1 (s1=1)/s1
f d(u — k). dxdt < ( f ¢“‘dxdt) ( f (u—k)3 “l‘”dxdt)
Or Or Or
¢ f (= k)L™ dxdt k) 5
- or ' (4.10)
(N+pi)/(piN+2p;)
< (19, py)l { sup (u — k)>dx + f I(u — k)+x,.|f’idxdr}
te(0,T) Or
Xﬂ(k)(sl_l)/sl_N/(PiN+2pi),
and
1/s1 (s1=1)/s1
f ul(u — k), dxdt < ( f |u|ﬁ“dxa'r) ( f (u - k)il/(sl_l)dxdt)
Or
4.11)

}(N+Pi)/(PiN+2Pi)

{ sup f (u— k) dx + Z f (u = k)P dxdt

te(0,T)
X'u(k)(sl 1)/s1— N/(P1N+2Pz
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N
ff [Vul"(u — k),dxdt <n Z f (e — k) |""dxdt
Or i=1 or

(s1=1)/s1 1/s1
+ c(n) (f (u — k)il/“‘_l)dxdt) (f (u — k)y“/(p"_”dxdt)
Or

N 4.12)
<n) f \(u = k) |P'dxdt + c(n){ sup f (u — k)2dx
i=1 Or 1€(0,T)
N (N+pi)/(piN+2pi)
+ Z f l(u — k)+x.|pidxd[} 'u(k)(Sl 1)/31_N/(PiN+2Pi),
i=1 Or X
where (k) denotes the measure of the set {(x, ) € Qr;u, > k}.
Combining (4.9)—(4.12), we obtain
N
sup f(u _ k)ia’x + Z f l(u — k)+x,.|”"dxdt < C'u(k)1+(S1pi—Npi—Zpi)/ﬂ(N(pi—1)+pi)_
1€(0,T) JQ - Or
We take k, = M2 -2"",h =0,1,2,---, where M > 0 as in (3.4). It is clear that
N/(piN+2p;)
(kns1 — ki) PN < ( f (u - kh)ipf””f/N’dxdt)
Or
(g+N)/(piN+2p;)
{ sup f (- ky)2dx + Z f (u - kh)+xl.|1"'dxdt}
1€(0,T)
< C#(kh)((N+p1)/(pzN+2pz))(1+(rp1 NP, 2p1)/(31N(p1—1)+51p1))_
Thus, by [33, Theorem 6.1], we are able to obtain
||un||L°°(QT) <c, for all n. (413)

Proof of Theorem 6. We define uy,, f,, u, as in Section 3. If Eq (2.7) holds, then by Eq (4.13) and by
the results of [34], we know |u,,,| is uniformly Holder continuous for n. Similarly, we may derive a
lower bound, and this completes the proof of Theorem 6. O

We use some ideas from [15], and the details are given below.
5. Blow-up in finite time

In this section, we will prove Theorem 8. We need the following lemma.

Lemma 13. Let the hypotheses of Theorem 8 hold with |u,,| € L' (Q). Then we have the following
conclusion:

(1) There holds
u; € L*(Qr), (), € L*(Qrp).
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(2) There holds

uldxds =

!
-
(3) There holds

' N
f f u,zdxds < - f Z — (Juy, (x, DI = |ugy,I”) dx + f (F(u) — F(ug)) dx.
0 Ja —' Pi Q

(uz(x, ) — u%(x)) dx

N
[— Dl +u f(u)] dxds.

i=1

| =
S
5
| =
s—

5

Proof. Let u, be the solutions of initial-boundary value problems (3.1)—(3.3). Then, by the uniqueness

of weak solution to the initial-boundary value problems (1.3)—(1.5), we know
u = lim u,.

n—oo

Multiplying (3.1) by u,, and integrating over Q,, we have

e (p-2)/2
ff ul dxdt + 2fo a’sf ( —) dsdxdt = fo S up)uydxdt.

By the Cauchy inequality, we have

N N
f f w2 dxdt + ) f |t (x, DPidx < ¢ f D luoy Pidx + f Pudxdey, te(0,T),
O -1 YQ Q5 O

1

f f wrdxdt < c.

Moreover, if we choose ¢ = u in (2.6), then we have

! ! N
%jo‘ Lutdedt = %L(MZ(X, t) - M%(X)) dx = L fg;[— Z |uxi|17i + uf(u)] dxdt.

i=1

and so

At last, let us prove (3) of Lemma 13. From (5.1), we obtain

t 5 1 N |”nxi|2 1 (pi=2)/2 t t
dxds = —= + — dsdx| + F(u,)dx| .
[)Lum xds Z;Lfo‘ (s n) s x‘o L (un) x'o

By (5.2) and uniqueness, we obtain
(2, 1) > u(x, 1), in LX(Q);

: 2
Upe — Uy, inL°(Q,);

Vu,(x,t) = Vu(x,t), inL'(0,T;L" (Q)).

(5.1)

(5.2)

(5.3)

Thus, by letting n — oo in (5.3), using the lower semicontinuity of the norm with respect to weak

convergence, by that p~ > 2, inequality (3) of Lemma 13 follows naturally.

O
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Lemma 14. Let

fextu,uy,) = f(u) € C'(R)

satisfy (HI). Then, for any solution u € L*(Qr) of Eqs (1.3)—(1.5), we have the estimate

Proof. Let

and

Moy 2r-1) 2
F(up)dx < f — |uoy "' dx + f ugdsx. (5.4)
js; ’ o ; pi ro Tor-22Jq "

2 T
B=—"— | wddx, to==(r-2
T(r—2)2f9”0x 0=70=2)

! 1 1
H(r) = f f Ezfdxds + (T - t)f Eu(z)dx + B(t + 1p)°.
0 Ja Q

It is obvious that

and

1 1
H(t) = = f uldx — = f uédx + 2B(t + ty)
2 Jo 2 Ja

y N
_ f f [—Z|ux,.|”"+uf(u)
0vel =

N

2
%H(;) = fg [_ Z i |7 + u f(u)} dx +2B.

i=1

dxds + 2B(t + ty)

By the Holder inequality, we have

1 !
- f f (u?),dxds
21Jo Ja
¢ 1/2 t 1/2
S(f fuzdxds) (f futzdxds) .
0 JO 0 JQ

1
l— (f uzdx—fuédx)
2\Ua Q

Then, by Schwarz’s inequality and the definition of H, we have

t t
(H'(1))* < (f fudeds) (f fufdxds) + 4B (t + 1)*
0 Ja 0 Ja
t 1/2 t 1/2
+ 46(t + ty) (f fuzdxds) (f fufdxds)
0 Ja 0 Ja
t ! 1
<2 (f fufdxds) (f f —uzdxds) + 4B (t + t)*
0 Ja 0 Ja?2
!
|
+2 f f urdxds [(T —1) f —ugdx + B(t + ty)*
0 Ja a2
A 1 -
+ 4B (t + t)* f f —u*dxds {(T -1 f —ugdx + B(t + to)z}
0 Ja2 0?2

< H(1) (2 f f ufdxds+43).
0 JQ
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5316

Then, by condition (1.8), Lemma 13 yields that

) i N '
H(t)d—H(t) - (H'(t))2 > H(p) f (— Z loe, [P + uf(u)] dx +2B - rf f ufdxds - 2rB
[JQ =1 0 Jo

[ N
> H(t) | r f Fluo)dx — f > g idx = 2B(r ~ 1) (5.5)
| JQ Q= Pi

+f(uf(u) — rF(u))dx].
Q

F(u)

Since is nondecreasing on R*, we have

i (F(u)) >0, foru>0,
du\ u

and so
uf(u)—rFu) > 0. (5.6)

The same conclusion is also true for u < 0, because that f(u) is an odd function implies F(u) is an
even function. At the same time, if (5.4) is not true, then by the definition of B, we have

N

r f F(ug)dx > f > Loy Pdx + 2B(r - 1),
Q Q i

i=1 £
Last but not least, by H(t) > 0 for ¢ € (0, T), we derive from (5.5), (5.6) that
2

H(t) d H(t) - —(H'(t)) >0, forre(0,7),

which implies
2

= (H W) <0.1€[0.7].

At last, since
H™57'(0) > 0, and (H ) (0) < 0,

we have

“3*1(4,) = 0, for somet; € |0,

—H‘5+1(0))
(H#1) @)
where

—H ) T Jyzugdx

( —§+1)’ (0) (r—2)Bty

Then, t; < T and
lim H(r) =

— t]'

This is impossible and the lemma follows naturally. O
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5317

By Lemma 14, we can prove Theorem 8.

Proof of Theorem 8. By Theorem 11 and [34], u is a unique continuous solution of (1.3)—(1.5). Let
ty =sup{t € (0, T]: ue L¥(Q,)}. Ift; < T and

(-, )l o) < M < 00, fort < ty,

then we let fy(u) = f(u)if lul| < M+ 1, fy = £f(M + 1) if tu > M + 1, and consider the following
renormalized problem:

N

0
W, = Zl 7 (el 20 ) + o), (5.7)
w(x, 0) = up(x), on £, (5.8)
w(x, 1) =0, xe Q. (5.9)

According to Theorem 6, we know that since f is local Lipschitz continuous, by Theorem 6, we
know that there is a unique solution w € L*(Qr) of the initial boundary value problems (5.7)—(5.9).
Then w = u on (0,#]. Since |u| < M on (0,#,], by the same comparison argument as in the proof
of Theorem 11, we know that lw| < M + 1 for t < t; + € for some € > 0. It follows that w is a
solution of (1.3)—(1.5) on Q;,.., and this contradicts the definition of ;. If t; = T, [|u(-, t)||z~) < M for
t < T, then we know the initial boundary value problems (1.3)—(1.5) has a bounded solution on Qr,
and Lemma 14 yields the estimate (5.4), which contradicts the assumption (2.9). Accordingly, we have

lim (-, Dl = 0.
Now, if there exists #, — t; and M < oo such that
luC, t)llo) < M,
then by comparing with the ordinary differential equation V’ = f(V), there is & > 0 such that
luC, =y < 2M, for s € [t,,t, + h],

which means that
}irpllu(',t)||L°°(Q) < o,
—I

and obtain the contradiction. Then, we have (2.10). O
At the end of this paper, we give the proof of Proposition 10.
Proof. If tuy ¢ E(Q,T) for all T > 1. Then, we have

1 AR 2r-1) 2
— | Frup)dx <y — PP d 2r27d 5.10
T’L (tTup)dx ;pi fgluoll Ty + — TG o)y LMOT x (5.10)

for all r > 1. Then

1
—fF(Tuo)dXSC, forall 7>1. (5.11)
T Q
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On the other hand, by the assumption, we have

N

1 F
T ~ Ja L7
This contradicts (5.11) and Proposition 10 is proved. O

6. Conclusions

This paper presents a systematic investigation of anisotropic parabolic equations associated with
the p;-Laplacian operator, with some methodological innovations in handling the inherent anisotropic
nature of the problem. The key theoretical challenges stemmed from the inapplicability of the
traditional Sobolev embedding theorems and the Poincare inequalities in anisotropic settings,
requiring substantial modifications to our analytical framework.

The main theoretical contributions are:

1) Global existence: A sufficient condition for the integrability of the given quantity ¢ in
inequality (2.7) is established, ensuring that the existence of global solutions can be proven using our
extended anisotropic Poincare inequality and embedding theorems.

2) Finite-time blow-up: Theorem 8 demonstrates that whenever the capability grows faster than the
harmonic mean growth order u”, blow-up phenomena are prone to occur. This precisely characterizes
the distinctive property of solutions to anisotropic reaction-diffusion equations (including anisotropic
non-Newtonian fluid equations as a particular case).

3) Applied significance: Results provide mathematical foundations for anisotropic diffusion
processes in medical imaging, geophysics, and biological systems. Moreover, by replacing the
Poincare inequality in the single-variable sense with the classical Poincare inequality, one may extend
the results from references [17-19] to anisotropic equations. Furthermore, when considering the
variable-exponent form of the Poincaré inequality in the single-variable sense, similar improvements
could potentially be achieved for the results in [11] and related works. Last but not least, using some
techniques in [35, subsection 5.4.2], the methods in our paper may be generalized to the case
ofl<p <p*<2.

Our principal methodological breakthroughs include:

1) Development of anisotropic-adapted functional analysis tools to replace classical isotropic
approaches. One of the main difficulties arises because there is a damping part |Vu| in the nonlinear
term f, it is difficult to use the generalized Sobolev embedding theorem and the generalized
Galiardo-Nirenberg inequality in the anisotropic Sobolev space to obtain the needed estimates.
Thanks to the Poincare inequality in the single-variable sense, i.e., Lemma 1, the impact of nonlinear
terms on bounded estimates was eliminated through repeated and meticulous application of this
lemma. This demonstrates that the single-variable embedding theorem serves as a powerful tool for
investigating various properties of solutions to anisotropic parabolic equations. However, it is slightly
regrettable that the lemma only provides continuous embedding rather than compact embedding,
leaving the study of equation regularity until the development of new tools.

2) By the Jessen inequality, the Poincare inequality in the single-variable sense can effectively
control the growth order of |Vu|, the classical “concavity method” is successfully applied to obtain the
L>-estimate for the anisotropic non-Newtonian fluids equation.

AIMS Mathematics Volume 11, Issue 3, 5299-5321.
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3) Because of the anisotropic characteristic of Eq (1.3), there is an essential difficulty in the
treatment of nonlinear term growth rates and integrability conditions. This challenge is resolved
through meticulous redesign of the exponent selection criteria in energy estimates, coupled with the
construction of tailored test functions that account for anisotropic diffusion effects.

In summary, although formally following the classical framework for p-Laplacian equations to
investigate solution properties, this work requires meticulous handling of essential technical
difficulties arising from anisotropy. Theorem 8 has demonstrated the watershed role played by the
harmonic mean in determining both the existence and blow-up of solutions for anisotropic
non-Newtonian fluid equations. Our results reveal that the anisotropic dynamics governing Eq (1.3)
produce solution behaviors markedly different from isotropic cases. The harmonic mean p emerges as
a critical threshold separating stable dynamics from finite-time blow-up, highlighting how directional
diffusivity collectively determine the system’s dynamical regime.
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