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1. Introduction

In this paper, we study the existence and uniqueness of solutions for the following nonlinear
stochastic differential equation with a variable exponent in the diffusion

dv(t) = κ(θ − v(t))dt + ξv(t)p(v(t))dW(t), t ∈ [0,T ] (1.1)

which models the evolution of the state variable v(t). By the definition of stochastic differential, the Eq
(1.1) is equivalent to the following stochastic integral equation

v(t) = v0 +

∫ t

0
κ(θ − v(s))ds +

∫ t

0
ξv(s)p(v(s))dW(s), (1.2)

where the initial condition v(0) = v0 is a random variable; W(t) is a standard Brownian motion;
κ, θ, ξ > 0 are real parameters; and p(·) is a function of the state variable v(t) satisfying some
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hypotheses.

The nonlinear stochastic differential equation (1.1) can be considered as a generalized version of the
Cox-Ingersoll-Ross (CIR) model [5]. In the CIR model, the variance (diffusion) process v(t) = {v(t) :
t ≥ 0} evolves by

(CIR) dv(t) = κ(θ − v(t))dt + ξ
√

v(t)dW(t), (1.3)

where κ > 0 is the speed of mean reversion, θ > 0 is the long-run level, and ξ > 0 is the volatility
parameter. To generalize (1.3), we replace

√
v(t) by v(t)p(v(t)) for a state-dependent exponent function

p : (0,∞) → R and obtain the generalized CIR model (GM), i.e. the nonlinear stochastic differential
equation (1.1).

The CIR model is first used to study the interest rate dynamics and then used in the Heston model to
describe the stochastic volatility [10]. Since then it has been used in many different models involving
credit-risk and default intensity models, population biology and ecological models, and diffusion in
heterogeneous media, to name a few.

Due to its strong relevancy, it is necessary to mention the paper [4] in which the authors use various
samples of S&P 500 index return data and compare the empirical performance of the Heston model
with five simple alternatives to maximize model fit for the samples, all of which can be described by

dv(t) = κva(t)(θ − v(t))dt + ξv(t)bdW(t), t ∈ [0,T ], (1.4)

for a = {0, 1}, b = {1/2, 1, 3/2}. We call these {a, b} values as (a, b)-family.
The relationship between our generalized model and (1.4) is immediate and can be interpreted as
follows:

• If p(v) ≡ b ∈ {1/2, 1} is constant for all v and a = 0 in (1.4), then GM coincides with the
corresponding member of the (a, b)-family; that is, the GM is algebraically identical to the (a, b)-
member with exponent b. In particular p ≡ 1/2 recovers the classical CIR case.
• If p(·) is not constant (the case studied in this paper), then the GM and (1.4) are different models.

The GM permits a state-dependent diffusion exponent, and hence requires a state-dependent
analysis, while (1.4) describes fixed algebraic powers for the diffusion.

We also would like to mention that extensions of the CIR framework to more flexible dynamics have
been studied in various directions (time-changed intensities, switching regimes, etc.) (see, e.g., [16]).
From an analytical perspective, pathwise uniqueness and strong-solution techniques for SDEs with
non-Lipschitz coefficients have been refined in recent works (see, e.g., [19]), and rigorous positivity-
preserving approximation results for CIR-type dynamics are available (see, e.g., [6]).

Motivated mainly by the aforementioned works, we introduce the nonlinear stochastic differential
equation (1.1) as a natural generalization of the classical CIR model. The primary motivation for
replacing the classical square-root diffusion

√
v(t) by a state-dependent power v(t)p(v(t)) is to allow the

local noise intensity to react flexibly to the current state of the process where such flexibility can capture
regime-dependent amplification of fluctuations; for example, stronger noise when the variance is large
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or a permanently elevated baseline of noise during crisis regimes. However, this generalization creates
two interrelated mathematical and numerical difficulties that we address in this work.

First, the map v 7→ vp(v) typically fails to be uniformly Lipschitz on (0,∞) and may violate standard
linear growth conditions. In particular, the classical Picard-Lindelöf (or standard SDE) framework and
many elementary moment estimates no longer apply since near zero the nonlinearity vp(v) can be weaker
or stronger than the square root, and globally the rate of growth of the diffusion coefficient depends
on the path through p(·). These features complicate the construction of a global strong solution, the
derivation of higher-order moment bounds, and positivity arguments which are common for the CIR
model. To overcome these difficulties, we approximate the problematic coefficient v 7→ vp(v) by a family
of uniformly Lipschitz functions (obtained by smoothing and truncation techniques near problematic
regions). This yields local solutions via standard Picard iterations. To extend local solutions to a
global, strictly positive strong solution we combine a truncation (cut-off) procedure with a successive-
approximation argument and employ measure-theoretic tools to pass to the limit. Uniqueness and the
strong-solution property are then established using the standard existence theorems (Lemma 2.1). This
two-step procedure establishes both the existence and uniqueness of a strictly positive strong solution
to (1.1).

Second, as is well-known, non-uniform Lipschitzity weakens the usual convergence guarantees
for standard numerical schemes; for example, explicit Euler–Maruyama can generate false negative
values or large discretization noise when not applied carefully. To handle this, in our simulations
we use the Euler–Maruyama scheme with two practical stabilizations: (i) a positivity truncation to
avoid false negative iterates, and (ii) a sufficiently small time step together with parameter sensitivity
checks to verify robustness. As well, Monte Carlo comparisons are performed with perfectly coupled
Brownian increments (the same ∆Wk for each paired simulation), which isolates the effect of the
exponent function p(·) from sampling variability.

The paper is organized as follows. In Section 2, we first provide background on measure-theoretic
probability and the theory of stochastic process. Then we obtain an auxiliary result, Lemma 2.2, which
ensures the well-definedness of (1.1). In Section 3, we prove the existence and uniqueness of solutions.
In Section 4, we obtain an estimate on the higher moments of the solution. In Section 5, to confirm
our model and theoretical results, we conduct numerical experiments. In the Appendix, we provide a
detailed analysis for Itô vs Stratonovich interpretations of our model.

2. Preliminaries and auxiliary results

We start with some basic concepts of the measure-theoretic probability and the theory of stochastic
process. For more details, we refer the reader to, e.g., [2, 3, 9, 14, 15, 17].

Let W(t), t ≥ 0, be a Brownian motion on a probability space (Ω,F ,P) under the real-world measure
P. Let Ft, t ≥ 0, be an increasing family of σ-fields, called a filtration, denoted by {Ft}t≥0. Then
(Ω,F , {Ft}t≥0,P) is called a filtered probability space. A stochastic process is an indexed collection of
random variables X(t) = {X(t) : t0 ≤ t ≤ T }, with 0 ≤ t0 < T < ∞. X(t) is said to be adapted to Ft if
for each t ∈ [t0,T ], X(t) is Ft-measurable. For every ω ∈ Ω, the function t 7−→ X(t, ω) is called a path
(or sample path) of X(t).

We denote by Lq[t0,T ] (1 ≤ q ≤ ∞) the class of real-valued Ft-adapted stochastic processes X(t)
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satisfying:

P

{∫ T

t0
|X(t)|qdt < ∞

}
= 1 if 1 ≤ q < ∞ and P

{
ess sup

t0≤t≤T
|X(t)| < ∞

}
= 1 if q = ∞.

ByMq[t0,T ] we denote the subset of Lq[t0,T ] consisting of all stochastic processes X(t) satisfying:

E

∫ T

t0
|X(t)|qdt < ∞ if 1 ≤ q < ∞ and E

(
ess sup

t0≤t≤T
|X(t)|

)
< ∞ if q = ∞.

Consider the 1-dimensional stochastic differential equation of Itô type

dX(t) = µ(X(t), t)dt + σ(X(t), t)dW(t), t ∈ [t0,T ], (2.1)

with the initial value X(t0) = X0, where X0 ∈ R is an Ft0-measurable random variable such that E|X0|
2 <

∞.
Eq (2.1) is equivalent to the following stochastic integral equation

X(t) = X0 +

∫ t

t0
µ(X(s), s)ds +

∫ t

t0
σ(X(s), s)dW(s), t ∈ [t0,T ], (2.2)

where µ : R × [t0,T ]→ R and σ : R × [t0,T ]→ R are both Borel measurable functions.

Definition 1. A real-valued stochastic process X(t) is called a solution of Eq (2.1) if it has the following
properties:

(i) X(t) is continuous and Ft-adapted;
(ii) µ(X(t), t) ∈ L1[t0,T ] and σ(X(t), t) ∈ L2[t0,T ];

(iii) Equation (2.2) holds for every t ∈ [t0,T ] with probability 1.

A solution X(t) is said to be unique if any other solution X̂(t) is indistinguishable from X(t); that is,

P
{
X(t) = X̂(t), t0 ≤ t ≤ T

}
= 1.

In the sequel, the symbol ∨ denotes a ∨ b = max{a, b}.

Lemma 2.1. [15] Assume that there exist two positive constants L and K such that

(i) (Lipschitz condition) for all x, y ∈ R and t ∈ [t0,T ],

|µ(x, t) − µ(y, t)|2 ∨ |σ(x, t) − σ(x, y)|2 ≤ L|x − y|2; (2.3)

(ii) (Linear growth condition) for all x ∈ R and t ∈ [t0,T ],

|µ(x, t)|2 ∨ |σ(x, t)|2 ≤ K(1 + |x|2). (2.4)

Then there exists a unique solution X(t) to Eq (2.1) and X(t) ∈ M2[t0,T ]. Further,

E sup
t0≤t≤T

|X(t)|2 ≤ (1 + 3E|X0|
2) exp(3K(T − t0)(T − t0 + 4)). (2.5)
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Throughout the paper, we assume that the variable exponent function p(·) satisfies the following
hypotheses.

(p1) p(·) : [0,∞)→ R is a differentiable function satisfying

1/2 ≤ p− := inf
x≥0

p(x) and sup
x≥0

p(x) := p+ ≤ 1. (2.6)

(p2) There exists a real number δ such that

sup
0<x<δ
|p′(x)| < ∞. (2.7)

In the rest of the paper, we let f (x) := κ(θ − x) and g(x) := ξxp(x) for x ∈ (0,∞).

The following lemma makes sure that the Eq (1.1) is well-defined.

Lemma 2.2. Assume that κ, θ, ξ, v0 > 0 and (p1) − (p2) hold. Then the process v(t) is strictly positive
for t ∈ [0,T ].

Proof. We use the following Feller’s test [7, 8], which is also know as the local (differential) form of
Feller’s non-attainability test, to analyze the behavior of the diffusion processes v(t) at the boundary
(i.e. v(t) = 0) of its state space (0,∞).
Consider Eq (2.1). If the condition

lim
x→0

(
µ(x) −

1
2
∂σ2

∂x
(x)

)
≥ 0 (2.8)

holds, then the boundary X(t) = 0 is non-attainable for the process X(t) if X0 > 0.
Now, we apply (2.8) to the diffusion process (1.1).
First define

Tp(x) = f (x) −
1
2
∂g2

∂x
(x). (2.9)

Then

Tp(x) = κ(θ − x) − ξ2x2p(x)
(
p′(x) log(x) +

p(x)
x

)
(2.10)

≥ κ(θ − x) − ξ2
(
|p′(x)|| log(x)|x2p(x) + x2p(x)−1 p(x)

)
,

for 0 < x < δ. Now applying the elementary limit theorems and the assumptions we have, it reads

lim
x→0+
Tp(x) ≥ lim

x→0+

(
κ(θ − x) − ξ2

(
|p′(x)|| log(x)|x2p(x) + x2p(x)−1 p(x)

))
= κθ > 0, (2.11)

as desired. In conclusion, the diffusion process v(t) started in (0,∞) never hits zero almost surely (a.s.),
and hence, the Eq (1.1) is well-defined. □

Remark 1. If we let p(x) = 1/2 in (1.1), then

T1/2(x) = κ(θ − x) − ξ2x
(

1
2x

)
⇒ lim

x→0+
T1/2(x) ≥ κθ −

ξ2

2
≥ 0, (2.12)

which gives the condition 2κθ ≥ ξ2, i.e. the well-know Feller (zero) non-attainability condition for the
CIR model.
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3. Existence and uniqueness results

The following theorem is the main result of the present paper.

Theorem 3.1. Assume that conditions (p1) − (p2) hold. Suppose that the linear growth condition (ii)
of Lemma 2.1 holds; however, the Lipschitz condition is replaced with the following local Lipschitz
condition:
For every integer n ≥ 1, there exist positive constants L̂n such that for all t ∈ [0,T ] and for all x, y ∈ R
with |x|, |y| ∈ [1

n , n], it holds that

| f (x) − f (y)|2 ∨ |g(x) − g(y)|2 ≤ L̂n |x − y|2. (3.1)

Let v(0) = v0 > 0 be a random variable independent of Ft such that E|v0|
2 < ∞. Then there exists a

unique solution v(t) of (1.1) inM2[0,T ].

Proof. We first start with a truncation procedure.
For each integer n ≥ 1, we choose a small positive parameter ε = ε(n) such that ε < 1/n2. Next, we
define a piecewise-function θn(·) : [0,∞)→ R by

θn(r) =


1
n , 0 ≤ r ≤ 1

n ,

r, 1
n + ε ≤ r ≤ n − ε,

n, r ≥ n.

(3.2)

We also define the smooth radial truncation ρεn(x) for x ∈ R by

ρεn(x) =

θn(|x|) sgn(x), x , 0,
0, x = 0.

(3.3)

Defined this way, it holds that |ρεn(x)| = |θn(|x|) sgn(x)| = θn(|x|) ≤ n for x ∈ R. Additionally, ρεn(·) is
Lipschitz. Indeed, for any x, y ∈ R \ {0}, we have

ρεn(x) − ρεn(y) = θn(|x|) sgn(x) − θn(|y|) sgn(y)

= (x − y)
θn(|x|)
|x|
+ y

(
θn(|x|)
|x|
−
θn(|y|)
|y|

)
. (3.4)

Let φn(r) := θn(|r|)
|r| , r , 0. Then φn(·) is smooth on (0,∞) with a bounded derivative ∥φ′n∥∞ < ∞. Thus,

using the mean value theorem, it reads

|ρεn(x) − ρεn(y)| ≤ ∥φn∥∞ |x − y| + ∥φ′n∥∞ ||x| − |y|| ≤ Ln|x − y|, (3.5)

with the Lipschitz constant Ln = (1 + n∥φ′n∥∞).
Next, we define the truncated drift and diffusion terms to replace κ(θ−x) and ξxp(x) of (1.2), respectively,
as follows

fn(x) = κ(θ − ρεn(x)), (3.6)
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and
gn(x) = ξ(ρεn(x))p(ρεn(x)), (3.7)

yielding the following truncated form of (1.2)

vn(t) = v0 +

∫ t

0
fn(vn(s))ds +

∫ t

0
gn(vn(s))dW(s), v0 > 0, t ∈ [0,T ]. (3.8)

Then clearly fn(·) and gn(·) satisfy the linear growth condition (ii) of Lemma 2.1.
We proceed with showing that fn(·) and gn(·) are Lipschitz.
For x, y ∈ R, we have

| fn(x) − fn(y)| = |κ(θ − ρεn(x)) − κ(θ − ρεn(y))| ≤ κ |ρεn(x) − ρεn(y)|
≤ L f

n |x − y|, L f
n = κLn. (3.9)

First we show that z 7→ zp(z) is Lipschitz on [1/n, n].
For x , 0, |ρεn(x)| ∈ [1/n, n]. Thus, on the compact interval [1/n, n], the function z 7→ zp(z) is
continuously differentiable with a bounded derivative. Indeed, considering the assumption (p1) − (p2),
we obtain

dzp(z)

dz
= zp(z)−1 p(z) + zp(z) p′(z) log z ≤ np+ (np+ + ∥p′∥∞ log n

)
≤ Cn. (3.10)

Thus, using the mean value theorem, it reads

|gn(x) − gn(y)| = ξ |(ρεn(x))p(ρεn(x)) − (ρεn(y))p(ρεn(y))| ≤ Cnξ |ρ
ε
n(x) − ρεn(y)|

≤ Lg
n |x − y|, Lg

n = ξLnCn. (3.11)

Finally, letting L̂n = max{(L f
n)2, (Lg

n)2} makes fn(·) and gn(·) Lipschitz with constant L̂n; that is, for
x, y ∈ R,

| fn(x) − fn(y)|2 ∨ |gn(x) − gn(y)|2 ≤ L̂n |x − y|2. (3.12)

Since fn(·) and gn(·) satisfy both the Lipschitz and the linear growth conditions, we can apply Lemma
2.1; that is, for each integer n ≥ 1, there exists a unique solution vn(t) inM2[0,T ] to the truncated Eq
(3.8).

Notice that using the Hölder inequality and Itô’s isometry shows that fn(·) and gn(·) belong to
M2[0,T ] since

E

∣∣∣∣∣ ∫ t

0
fn(vn(s))ds

∣∣∣∣∣2 ≤ tE
∫ t

0
| fn(vn(s))|2ds ≤ T KE

∫ t

0
(1 + |vn(s)|2)ds < ∞, (3.13)

and

E

∣∣∣∣∣ ∫ t

0
gn(vn(s))dW(s)

∣∣∣∣∣2 ≤ E∫ t

0
|gn(vn(s))|2ds ≤ KE

∫ t

0
(1 + |vn(s)|2)ds < ∞, (3.14)

for vn(t) inM2[0,T ], n ≥ 1 and t ∈ [0,T ].
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In the sequel, to construct a solution to the original Eq (1.2), we mimic the deterministic situation
and construct recursively a sequence of successive approximations (the Picard iterations, see, e.g.,
[9, 13, 15]) by setting

v(0)
n (t) = v0, (3.15)

and

v(k+1)
n (t) = v0 +

∫ t

0
fn(v(k)

n (s))ds +
∫ t

0
gn(v(k)

n (s))dW(s), k ≥ 0, t ∈ [0,T ]. (3.16)

Then, we show that the sequence {v(k)
n (t)}k≥0 will converge to a solution of the original Eq (1.2).

First, we start with the uniform 2nd moment estimate of vn(t) in k ≥ 0 to make sure that each iterate
remains bounded in the L2-norm; that is, we show that

sup
k≥0

(
E sup

0≤t≤T
|v(k)

n (t)|2
)
≤ (1 + 3E|v0|

2) exp(3K((T 2 + 4T )). (3.17)

Fix a truncation level n ≥ 1. Applying the Hölder inequality and the Burkholder-Davis-Gundy (BDG)
inequality together yields

E sup
0≤s≤t
|v(k+1)

n (s)|2 ≤ 3E|v0|
2 + 3E

∣∣∣∣∣ ∫ t

0
fn(v(k)

n (s))ds
∣∣∣∣∣2

+ 3E sup
0≤s≤t

∣∣∣∣∣ ∫ s

0
gn(v(k)

n (u))dW(u)
∣∣∣∣∣2

≤ 3E|v0|
2 + 3T K

∫ t

0
(1 + E|v(k)

n (u)|2)du

+ 12E
∫ t

0
|gn(v(k)

n (u))|2du

≤ 3E|v0|
2 + 3K(T + 4)

∫ t

0
(1 + E|v(k)

n (u)|2)du. (3.18)

Consequently,

1 + E sup
0≤s≤t
|v(k+1)

n (s)|2 ≤ 1 + 3E|v0|
2

+ 3K(T + 4)
∫ t

0

(
1 + E sup

0≤w≤u
|v(k)

n (w)|2
)

du. (3.19)

Set
Mk(t) = E sup

0≤s≤t
|v(k)

n (s)|2, t ∈ [0,T ]. (3.20)

Given a family of real-valued functions {Mk(t)}k≥0 on [0,T ], define the function A(t) : [0,T ]→ R by

A(t) = sup
k≥0

Mk(t). (3.21)

Thus,

1 + Mk+1(t) ≤ 1 + 3E|v0|
2 + 3K(T + 4)

∫ t

0
(1 + A(u)) du, ∀k. (3.22)
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Taking the supremum over k gives

1 + A(t) ≤ 1 + 3E|v0|
2 + 3K(T + 4)

∫ t

0
(1 + A(u)) du, ∀k. (3.23)

Now, applying the Gronwall inequality yields

A(t) ≤ (1 + 3E|v0|
2) exp(3K((T 2 + 4T )). (3.24)

Finally, using (3.20) and (3.21) provides the uniform bound in k,

sup
k≥0

(
E sup

0≤t≤T
|v(k)

n (t)|2
)
≤ (1 + 3E|v0|

2) exp(3K((T 2 + 4T )),

which is the desired result.
Now, we make the inductive assumption that v(k)

n (t) ∈ M2[0,T ] and it holds

E|v(m+1)
n (t) − v(m)

n (t)|2 ≤
(M̂t)m+1

(m + 1)!
, 0 ≤ m ≤ k − 1, t ∈ [0,T ], (3.25)

where M̂ > 0 is a constant depending on K, L̂n, and T .
Notice first that since v0 is F0-measurable, v(k+1)

n (t) is well-defined if k = 0. Then

|v(1)
n (t) − v(0)

n (t)|2 = |v(1)
n (t) − v0|

2 ≤ 2
∣∣∣∣∣ ∫ t

0
fn(v(0)

n (s))ds
∣∣∣∣∣2 + 2

∣∣∣∣∣ ∫ t

0
gn(v(0)

n (s))dW(s)
∣∣∣∣∣2. (3.26)

Taking the expectation and applying the Hölder inequality and Itô’s isometry, we have

E|v(1)
n (t) − v0|

2 ≤ 2tE
∫ t

0
| fn(v(0)

n (s))|2ds + 2E
∫ t

0
|gn(v(0)

n (s))|2ds

≤ 2tKE
∫ t

0
(1 + |v0|

2)ds + 2KE
∫ t

0
(1 + |v0|

2)ds

≤ 2tK
∫ t

0
(1 + E|v0|

2)ds + 2K
∫ t

0
(1 + E|v0|

2)ds

≤ 2t2K(1 + E|v0|
2) + 2tK(1 + E|v0|

2)
≤ M1t,

(3.27)

which implies that v(1)
n (t) ∈ M2[0,T ], where M1 = 2K(T + 1)(1 + E|v0|

2). From (3.27), it is easy to see
that (3.25) holds for k = 0. Now, assume that (3.25) holds for some k ≥ 0. Then taking the expectation
and using (3.12), we have

E|v(k+1)
n (t) − v(k)

n (t)|2 ≤ 2
∣∣∣∣∣ ∫ t

0
( fn(v(k)

n (s)) − fn(v(k−1)
n (s)))ds

∣∣∣∣∣2
+ 2

∣∣∣∣∣ ∫ t

0
(gn(v(k)

n (s)) − gn(v(k−1)
n (s)))dW(s)

∣∣∣∣∣2
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≤ 2tL̂nE

∫ t

0
|v(k)

n (s) − v(k−1)
n (s)|2ds

+ 2L̂nE

∫ t

0
|v(k)

n (s) − v(k−1)
n (s)|2ds, (3.28)

which gives

E|v(k+1)
n (t) − v(k)

n (t)|2 ≤ M2

∫ t

0
E|v(k)

n (s) − v(k−1)
n (s)|2ds, (3.29)

where M2 = 2L̂n(T + 1). If we let m = k − 1 in (3.25) and substitute into the right-hand side of (3.29),
it yields

E|v(k+1)
n (t) − v(k)

n (t)|2 ≤ M̂
∫ t

0

(M̂s)k

(k)!
ds =

(M̂t)k+1

(k + 1)!
, M̂ = max{M1,M2}. (3.30)

Therefore (3.25) holds for m = k, which means that v(k+1)
n (t) ∈ M2[0,T ].

Additionally,

sup
0≤t≤T
|v(k+1)

n (t) − v(k)
n (t)|2 ≤ 2T L̂n

∫ T

0
|v(k)

n (s) − v(k−1)
n (s)|2ds

+ 2 sup
0≤t≤T

∣∣∣∣∣ ∫ T

0
(gn(v(k)

n (s)) − gn(v(k−1)
n (s)))dW(s)

∣∣∣∣∣2. (3.31)

Then taking the expectation and using the BDG inequality along with (3.25), we have

E sup
0≤t≤T
|v(k+1)

n (t) − v(k)
n (t)|2 ≤ 2T L̂n

∫ T

0
E|v(k)

n (s) − v(k−1)
n (s)|2ds

+ 8L̂n

∫ T

0
E|v(k)

n (s) − v(k−1)
n (s)|2ds

≤ 2T L̂n

∫ T

0

(M̂s)k

(k)!
ds + 8L̂n

∫ T

0

(M̂s)k

(k)!
ds

≤ M3
(M̂T )k

(k)!
, (3.32)

where M3 = 2L̂nT (T + 4). Then, using the Markov inequality, we have

P

{
ω; sup

0≤t≤T
|v(k+1)

n (t) − v(k)
n (t)| ≥

1
2k

}
≤ 22kE sup

0≤t≤T
|v(k+1)

n (t) − v(k)
n (t)|2

≤ M3
(4M̂T )k

(k)!
. (3.33)

Since
∑∞

k=0 M3
(4M̂T )k

(k)! < ∞, using the Borel-Cantelli lemma, we obtain

P

{
lim sup

k→∞

{
ω; sup

0≤t≤T
|v(k+1)

n (t) − v(k)
n (t)| ≥

1
2k

}}
= 0. (3.34)
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Therefore, for almost every (a.e.) ω ∈ Ω there exists a positive integer k0(ω) such that

sup
0≤t≤T
|v(k+1)

n (t) − v(k)
n (t)| ≤

1
2k if k ≥ k0(ω). (3.35)

Thus, the partial sums

v0 +

k−1∑
m=0

(v(m+1)
n (t) − v(m)

n (t)) = v(k)
n (t) (3.36)

are convergent uniformly in t ∈ [0,T ]. Let us denote this limit by vn(t). Then vn(t) is a continuous and
Ft-adapted process. Furthermore, by (3.25), {v(k)

n (t)}k≥0, t ≥ 0, is a Cauchy sequence in L2([0,T ] × Ω),
and hence, we have the convergence v(k)

n (t)→ vn(t) in L2([0,T ] × Ω) as k → ∞. Further, using Fatou’s
lemma in (3.17) for k → ∞ yields

E|vn(t)|2 ≤ (1 + 3E|v0|
2) exp(3K((T 2 + 4T )), (3.37)

which shows that vn(t) ∈ M2[0,T ]. Considering that fn(·), gn(·) are Lipschitz and uniformly bounded
in k, and applying the Hölder inequality and Itô’s isometry, we have∫ t

0
fn(v(k)

n (s))ds
L2

−→

∫ t

0
fn(vn(s))ds, (3.38)

and ∫ t

0
gn(v(k)

n (s))dW(s)
L2

−→

∫ t

0
gn(vn(s))dW(s), (3.39)

as k → ∞. Hence, if we take k → ∞ in (3.16) we conclude that

vn(t) = v0 +

∫ t

0
fn(vn(s))ds +

∫ t

0
gn(vn(s))dW(s), t ∈ [0,T ]. (3.40)

Thus, vn(t) is a solution to (3.8). Next, we shall show the uniqueness. Let us assume that vn(t) and v̂n(t)
are solutions of (3.8) inM2[0,T ]. Let us define the stopping times

τn = inf{t ≥ 0; vn(t) < [1/n, n]}, (3.41)

and
τ̂n = inf{t ≥ 0; v̂n(t) < [1/n, n]}, (3.42)

and set sn = τn∩ τ̂n. Then limn→∞ sn = +∞ a.s. since the solutions will not explode in finite time. Then

vn(t ∧ sn) − v̂n(t ∧ sn) =
∫ t∧sn

0
( fn(vn(u)) − fn(v̂n(u)))du

+

∫ t∧sn

0
(gn(vn(u)) − gn(v̂n(u)))dW(u). (3.43)
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Then taking the expectation, applying the Hölder inequality and Itô’s isometry, and using (3.12),we
have

E|vn(t ∧ sn) − v̂n(t ∧ sn)|2 ≤ 2
∣∣∣∣∣ ∫ t∧sn

0
( fn(vn(u)) − fn(v̂n(u)))du

∣∣∣∣∣2
+ 2

∣∣∣∣∣ ∫ t∧sn

0
(gn(vn(u)) − gn(v̂n(u)))dW(u)

∣∣∣∣∣2
≤ 2tL̂nE

∫ t∧sn

0
|vn(u) − v̂n(u)|2du

+ 2L̂nE

∫ t∧sn

0
|vn(u) − v̂n(u)|2du

≤ 2L̂n(T + 1)
∫ t

0
E|vn(u ∧ sn) − v̂n(u ∧ sn)|2du. (3.44)

Now, applying the Gronwall inequality yields E|vn(t ∧ sn) − v̂n(t ∧ sn)|2 = 0, and hence, vn(t ∧ sn) =
v̂n(t ∧ sn) a.s. for each t ≥ 0. Since vn(t) and v̂n(t) are solutions of (3.8), they are continuous. Thus,
the processes {vn(t ∧ sn); 0 ≤ t < ∞} and {v̂n(t ∧ sn); 0 ≤ t < ∞} are indistinguishable, i.e. their
paths coincide a.s. if they start from the same initial point, v0. Further, since limn→∞ sn = +∞ a.s.
for any fixed t, t ∧ sn → t as n → ∞. Therefore, vn(t ∧ sn) → vn(t) and v̂n(t ∧ sn) → v̂n(t), and the
indistinguishability extends to {vn(t); 0 ≤ t < ∞} and {v̂n(t); 0 ≤ t < ∞}.

Lastly, we show that the solution vn(t) of the truncated Eq (3.8) is defined for all t ∈ [0,T ]; that is,
we construct a global solution to (1.1).
For the Eq (3.8), we define the stopping time τn by

τn = T ∧ inf{t ≥ 0; vn(t) < [1/n, n]}. (3.45)

Note that τn ↑ T and the solutions vn(t) and vn+1(t) agree up to the stopping time; that is,

vn(t) = vn+1(t) for 0 ≤ t ≤ τn, (3.46)

which means that τn+1 ≥ τn when n + 1 ≥ n.
Case I: If 0 ≤ vn(t) < 1/n, t ∈ [0,T ], then the truncated equation (3.8) becomes

dvn(t) = κ
(
θ −

1
n

)
dt + ξ

(
1
n

)p(1/n)

dW(t), t ∈ [0,T ]. (3.47)

Now, using Feller’s test for Eq (3.47) yields

lim
x→0+
Tp(x) = κ

(
θ −

1
n

)
≥ 0. (3.48)

Note that (3.48) holds as long as θ ≥ 1
n ; however, since we are interested only in sufficiently large n,

this is consistent with the actual meaning of θ. Therefore, the solution vn(t) of (3.47) a.s. never reaches
zero since v0 > 0. This means, for a.e. sample path ω ∈ Ω, vn(t, ω) > 0 for all t ∈ [0,T ]. Further, since
vn(·, ω) is a continuous function on the compact interval [0,T ], for a.e. ω ∈ Ω it assumes its minimum
on this interval. Thus, for a.e. ω ∈ Ω, there is a constant η(ω) > 0 such that

inf
0≤t≤T

vn(t, ω) = η(ω). (3.49)
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Define the set

Bn =

{
ω; inf

0≤t≤T
vn(t, ω) <

1
n

}
. (3.50)

For a.e. ω ∈ Ω choose n0(ω) ∈ N such that n0(ω) ≥ max
{
1, 1
η(ω)

}
. Then for n ≥ n0(ω), we have

inf
0≤t≤T

vn(t, ω) ≥ η(ω) ≥
1
n
, (3.51)

and hence, ω < Bn. Thus, Ω\Bn = Bc
n =

{
ω; inf0≤t≤T vn(t, ω) ≥ 1

n

}
, ∅ for sufficiently large n. Then

clearly

P

 ∞⋃
k=1

∞⋂
n=k

Bc
n

 = 1, (3.52)

which yields

P
{
lim inf

n→∞
Bn

}
= 0. (3.53)

Case II: If vn(t) > n, t ∈ [0,T ], then using the Markov inequality and Lemma 2.1 gives us

P

{
ω; sup

0≤t≤T
|vn+1(t) − vn(t)| > 0

}
= P

{
ω; sup

0≤t≤T
|vn(t)| > n

}
≤

1
n2 E sup

0≤t≤T
|vn(t)|2

≤
1
n2 (1 + 3E|v0|

2) exp(3KT (T + 4)) < ∞. (3.54)

Set Dn =
{
ω; sup0≤t≤T |vn(t, ω)| > n

}
. Then using the Borel-Cantelli lemma we obtain

P

{
lim sup

n→∞
Dn

}
= 0. (3.55)

Next, define

lim
n→∞

vn(t, ω) = v(t, ω) if ω < lim
n→∞

(Bn ∪ Dn). (3.56)

Then vn(t, ω) = v(t, ω) for all t ∈ [0,T ] if ω < Bn ∪ Dn.
Now, applying all the information gathered so far to the truncated Eq (3.8), we obtain

v(t) = v0 +

∫ t

0
f (v(s))ds +

∫ t

0
g(v(s))dW(s) a.s. if ω < Bn ∪ Dn, t ∈ [0,T ], (3.57)

that is, v(t) is the unique solution of (1.1) defined at all times t ∈ [0,T ]. □
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4. Moment estimation of the solution

In this subsection, by assuming that v(t), t ∈ [0,T ] with the initial value v(0) = v0 > 0, is the unique
solution for Eq (1.1), we obtain an estimate on the mth moment of the solution.

Theorem 4.1. Let m ≥ 2 be some positive integer and Evm
0 < ∞. Then

Ev(t)m ≤ 2m−1(1 + Evm
0 ) exp(Cmt), (4.1)

where Cm = mκ(θ + 1) + ξ
2

2 m(m − 1).

Proof. We apply Itô’s formula along with the stopping time argument. Then

dv(t)m = mκθv(t)m−1dt − mκv(t)mdt + mξv(t)m−1+p(v(t))dW(t)

+
ξ2

2
m(m − 1)v(t)m−2+2p(v(t))dt. (4.2)

Integrating over t ∈ [0,T ], and considering the assumptions on p(·), we have

v(t)m ≤ (1 + v0)m + mκθ
∫ t

0
v(s)m−1ds + mκ

∫ t

0
v(s)mds

+ mξ
∫ t

0
v(s)m−1+p(v(s))dW(s) +

ξ2

2
m(m − 1)

∫ t

0
v(s)m−2+2p(v(s))ds

≤ 2m−1(1 + vm
0 ) +

(
mκ(θ + 1) +

ξ2

2
m(m − 1)

) ∫ t

0
v(s)mds

+ mξ
∫ t

0
v(s)m−1+p(v(s))dW(s). (4.3)

For every integer n ≥ 1, let τn be the stopping time as defined in (3.45). Since

v(s)2(m−1+p(v(s))) ≤ v(s)2(m−1+p+) ≤ v(s)2(m+p+) < n2(m+p+) < ∞, (4.4)

for 0 ≤ s ≤ t ∧ τn, we have ∫ t∧τn

0
Ev(s)2(m−1+p(v(s)))ds < ∞. (4.5)

Thus, taking the expectations and using the zero mean property of the Itô integral yields

Ev(t ∧ τn)m ≤ 2m−1(1 + Evm
0 ) +Cm

∫ t∧τn

0
Ev(s)mds

≤ 2m−1(1 + Evm
0 ) +Cm

∫ t

0
Ev(s ∧ τn)mds. (4.6)

Applying the Gronwall inequality gives

Ev(t ∧ τn)m ≤ 2m−1(1 + Evm
0 ) exp(Cmt). (4.7)

Lastly, letting n→ ∞, and considering that τn → T as n→ ∞ a.s., concludes

Ev(t)m ≤ 2m−1(1 + Evm
0 ) exp(Cmt). (4.8)

□
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5. Numerical implementation

In this section, we test our model, the GM, with three alternative variable exponent functions
p(·). Each variable exponent function is paired with the classical CIR model in sample-path and
distributional comparisons. The findings, visualized in Figures 1, 2, and 3, support the theoretical
validity of the GM model as a meaningful generalization of the CIR model.

Figure 1. Sample path (left) and terminal distribution (right) for CIR and p1(v).

Figure 2. Sample path (left) and terminal distribution (right) for CIR and p2(v).
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Figure 3. Sample path (left) and terminal distribution (right) for CIR and p3(v).

5.1. Experiment design

We compare the solution of the CIR model against

(GM)i dv(t) = κ(θ − v(t))dt + ξv(t)pi(v(t))dW(t), i = 1, 2, 3,

with

p1(v) = 0.5 + 0.3(1 − e−v), p2(v) = 0.6 + 0.2 tanh(v), and p3(v) = 0.55 + 0.2
v

1 + v
.

Parameters are set as κ = 2.0, θ = 0.05, ξ = 0.3, v(0) = 0.05, T = 1.0, ∆t = 10−3, and N =
5000 sample paths. Random draws use “np.random.seed(42)” for the Monte Carlo simulatons and
“np.random.seed(0)” for the single paired sample path. We enforce vk+1 = max{ vk + κ(θ − vk)∆t +
ξ vp(vk)

k ∆Wk, 10−6}, where the lower bound 10−6 is the positivity truncation, sharing ∆Wk ∼ N(0,∆t)
between CIR and each generalized model, (GM)i. The experiments use identical Brownian increments
to isolate the impact of the variable exponent p(·). The Euler-Maruyama method is used to discretize
the stochastic differential equations. To obtain the distribution of the process, Monte Carlo simulations
are performed.

5.2. Analysis

All three variable exponent functions preserve the positive-mean-reverting behavior of the CIR
process. The choice of p(·) significantly affects both sample path behavior and terminal distributions.
The rate of change of p(·) influences the volatility clustering behavior. Empirical moments remain
below the theoretical bounds obtained by Theorem 4.1. Our simulations with different types of
p(·) have shown that GM provides significant control over volatility dynamics while maintaining
theoretical soundness since each exponent function offers distinct advantages for modeling specific
market regimes. For the variable exponent functions used in this paper, for example:
p1 is flexible due to its smooth transition, but its sensitivity to large v values may lead to instability.
Thus, it is suitable for markets with moderate regime shifts, where volatility increases gradually with
variance.
p2 captures strong regime dependence but its rapid growth for large v may exaggerate volatility.
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Therefore, it might be ideal for markets with abrupt regime changes, such as during financial crises.
p3 offers stability and gradual adjustment; however, its limited range may underrepresent extreme
volatility, and hence, it could be appropriate for stable markets with mild regime-dependent dynamics,
such as steady economic growth periods.

As a next step, one may extend these experiments by calibrating the parameters (κ, θ, ξ) to market
data, comparing implied-volatility surfaces, or studying long-time behavior under each GMi, either by
using the variable exponent functions p(·) provided in this paper or considering different ones.

Remark 2. We are aware of the fact that the explicit Euler-Maruyama method lacks the usual strong
and weak convergence assurances when applied to stochastic differential equations whose coefficients
fail to satisfy the Lipschitz condition (see, e.g., [12]). Fortunately, a great amount of research in
numerical analysis has provided significant stabilized and implicit modifications, such as tamed Euler,
semi-implicit approaches, backward Euler-Maruyama, which help restore convergence assurances and
preserve qualitative characteristics across many non-Lipschitz cases (see, e.g., [1, 11, 18]).

Further, we’d like to point out that since the numerical experiments in this paper solely intended
to visualize the qualitative effects of replacing

√
v by vp(v), we used the explicit EM scheme with a

small time step together with a positivity truncation (lower bound 10−6) for stability in Monte Carlo
comparisons. As well, the existence, uniqueness, and higher-moment estimates obtained in the paper
are proved for the continuous-time stochastic differential equations and do not depend on the choice of
any numerical discretization. The Monte Carlo simulations are included exclusively for demonstration
purposes; while they support the qualitative predictions of the theory and are complementary, they
neither constitute formal proof nor serve as a replacement for the rigorous analysis provided.

6. Conclusions

We propose a variable exponent generalization of the CIR model by replacing
√

v(t) with
v(t)p(v(t)), where the state-dependent exponent function p(·) satisfies natural regularity and boundedness
conditions. Existence, uniqueness, and higher-moment estimates of the solution are obtained.
The numerical experiments provide strong evidence that the generalized CIR model with variable
exponent functions offers a flexible framework for volatility modeling while maintaining the essential
characteristics of the classical CIR process. The choice of the specific form of p(·) allows for
fine-tuning the model’s behavior to match empirical observations or theoretical requirements. The
success of these experiments validates both the theoretical analysis and the numerical implementation,
confirming that the proposed generalization represents a reasonable generalization of the classical CIR
framework.

Appendix: Itô vs Stratonovich interpretations of the model

In stochastic calculus, the Itô and Stratonovich integrals represent two distinct interpretations of
SDEs. That is, we can interpret our model by using either the Itô form, i.e. (1.1)

(GM) dv(t) = κ(θ − v(t))dt + ξv(t)p(v(t))dW(t), (1)

or the Stratonovich form

(GMS) dv(t) = κ(θ − v(t))dt + ξv(t)p(v(t)) ◦ dW(t). (2)
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While both forms are mathematically valid, they yield different results when applied to models with
state-dependent diffusion coefficients. On the other hand, using the conversion formula, we can write
the Itô counterpart of the GMS as follows

(GMSI) dv(t) = (κ(θ − v(t)) + h(v(t))) dt + ξv(t)p(v(t))dW(t), (3)

where

h(v(t)) =
1
2
ξ2v(t)2p(v(t))

(
p′(v(t)) log v(t) +

p(v(t))
v(t)

)
. (4)

is the drift-correction term. Since the GMSI is mathematically equivalent to the GMS, to conduct our
analysis in order to underline the differences in results, it is enough to compare the GM with the GMSI.

First, we would like to note that the GMSI is also well-defined; that is, if the process v(t) satisfies
the GMSI, then under the assumptions of Lemma 2.2, v(t) is strictly positive for t ∈ [0,T ]. Indeed,
arguing similarly as with Lemma 2.2, i.e. applying the Feller non-attainability test to the GMSI, it
reads

Sp(x) := κ(θ − x) +
1
2
ξ2x2p(x)

(
p′(x) log(x) +

p(x)
x

)
− ξ2x2p(x)

(
p′(x) log(x) +

p(x)
x

)
(5)

≥ κ(θ − x) −
1
2
ξ2

(
|p′(x)|| log(x)|x2p(x) + x2p(x)−1 p(x)

)
, 0 < x < δ,

which yields

lim
x→0+
Sp(x) ≥ lim

x→0+

[
κ(θ − x) −

1
2
ξ2

(
|p′(x)|| log(x)|x2p(x) + x2p(x)−1 p(x)

)]
= κθ > 0. (6)

Therefore, the diffusion process v(t) satisfying the GMSI started in (0,∞) never hits zero a.s., and
hence, the GMSI is well-defined.

In the sequel, to analyze moment dynamics, we will derive the formal equations for the evolution
of the mean and variance for both models to highlight the structural differences.
Assume v(t) (v(0) > 0) ise the solution to the GM and vS (t) (vS (0) > 0) is the solution to the GMSI,
with their respective means Ev(t) and EvS (t), t ∈ [0,T ]. Now taking the expectations and using the
zero mean property of the Itô integral yields

d
dt
Ev(t) = κ(θ − Ev(t)), (7)

and

d
dt
EvS (t) = κ(θ − EvS (t)) + Eh(vS (t)). (8)

Depending on the specific form of p(v) (increasing or decreasing) and the value of v, the sign of Eh(v)
is determined by the state-dependent function v 7→ p′(v) log v + p(v)

v =
d
dv

[
p(v) log v

]
. That is,

Eh(v)

> 0, if p(v) log v is strictly increasing,
< 0, if p(v) log v is strictly decreasing.

(9)
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Thus, the GMSI is expected to produce a lower or higher mean than the GM does. Notice that the
GMSI and the GM can only produce the same mean if p(v) log v ≡ constant, in which case the two
models coincide. However, this is not the case under the hypotheses (p1) − (p2).

Next, consider the second moments Ev2(t) and Ev2
S (t), t ∈ [0,T ], of the GM and the GMSI,

respectively. Applying the Itô formula for the GM and the GMSI yields

dv2(t) =
[
2κ(θ − v(t))v(t) + ξ2v(t)2p(v(t))

]
dt + 2ξv(t)1+p(v(t))dW(t), (10)

and

dv2(t) =
[
2κ(θ − v(t))v(t) + ξ2v(t)2p(v(t)) + 2v(t)h(v(t))

]
dt + 2ξv(t)1+p(v(t))dW(t), (11)

respectively. Taking the expectations provides

d
dt
Ev2(t) = E

[
2κ(θ − v(t))v(t) + ξ2v(t)2p(v(t))

]
, (12)

and
d
dt
Ev2

S (t) = E
[
2κ(θ − vS (t))vS (t) + ξ2vS (t)2p(vS (t))

]
+ E [2vS (t)h(vS (t))] . (13)

The rate of change of the second moment for the GMSI is augmented by the term E [2vS (t)h(vS (t))].
This implies that the two interpretations lead to different dynamics for the second moment and,
consequently, the variance.

Remark 3. The choice between Itô and Stratonovich interpretations is not merely technical, rather, it
has practical consequences for the behavior and analysis of stochastic models. Our generalized CIR
model (1.1) extends the classical Cox-Ingersoll-Ross (CIR) framework, commonly used in financial
mathematics to model positive processes like interest rates or volatility. In this context, the Itô
interpretation is standard, as it aligns with martingale-based methods for option pricing and ensures
analytical tractability for deriving moment bounds and positivity under our assumptions (p1) and (p2).
While the parametric noise (via v(t)p(v(t))) introduces a state-dependent diffusion, the Itô framework
remains appropriate and widely accepted for such financial models, as seen in standard CIR and
related stochastic volatility models (e.g., the Heston model); however, the existence of this parametric
noise does not necessitate Stratonovich interpretation in financial modeling since the Stratonovich
dynamic lacks the martingale property. We believe that the Stratonovich form may be more relevant for
physical systems with parametric noise, such as in physical systems with multiplicative noise, where it
better preserves symmetries like the chain rule.
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