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Abstract: Let X and Y be two complex Banach spaces, CV the N-dimensional complex Euclidean
space with the inner product (z, w) = Zfil zw; and DV the unit polydisk in CV. Let ¢ be a holomorphic
self-map of DV and u € H(D", £(X,Y)), where H(D", X) denotes the space of all vector-valued
holomorphic functions on DV and £L(X,Y) denotes the space of all bounded linear operators from
X to Y. The weighted composition operator W,,, : H(D",X) — H(D",Y) is defined by

Wi f(2) = u(z)(f(¢(2)).

The bounded and compact weighted composition operators between vector-valued Bloch-type spaces
on the unit polydisk are completely characterized in the paper.
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1. Introduction

Let N be the set of positive integers and C be the complex plane. First, we give some notations.
Denote by D = {z € C : |z] < 1} the open unit disk in C, by CV the N-dimensional complex Euclidean
space with the inner product (z,w) = X', z;w;, by D" the open unit polydisk in CV, that is, D" = {z =
(z1,...,2v) € CV 1 |zl < 1,j = 1, N}, by dD" the topological boundary of D¥, by B the open unit
ball in CV. Let H*(D") be the space of all bounded holomorphic functions on D" with the supremum

norm || fllg=@) = sup_cpw |f(2)]-
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Let (X, ||]lx) be a complex Banach space and H(D", X) be the space of all vector-valued holomorphic

functions on DV, It is known that if f € H(D", X), then for each (z;,...,zy) € D" the limit
. f(@wjz) = (22 2)
lim
Wj=Zj W;—2Z2j

exists in the sense of the norm on X, usually denoted by %(z).
*]

For p > 0, the vector-valued Bloch-type space, usually denoted by B7(D", X), consists of all f €
H(D", X) such that
b(f) = sup by(z) < +oo,

zeDN

where
by(2) = i(l | L),
— Oz X

With the norm
“f”BP(DN,X) =l £(O)llx + b(f),

BP(DV, X) is a Banach space. We usually denote 8!(D", X) by B(D", X).

Vector-valued Bloch-type spaces are an important concept at the intersection of complex analysis
and general functional analysis, mainly used to study the spatial structure of generalized holomorphic
functions and their operator theory. Vector-valued Bloch-type spaces are also used to explore the
boundary problem between bounded and unbounded functions.

If X = C, then B7(D", C) is the common holomorphic Bloch-type space on D", usually denoted by
BP(DV). For the fixed f € B7(DV) and x € X, define the function f, : DY — X by f:(z) = f(z)x. Then
fx € BP(DN,X) and || fllgr v x) = |1 fllgemllxllx. In particular, 1, € BP(DN,X) and [|1.[lgr@v x) = lIx]lx.

Let X and Y be two complex Banach spaces and L(X, Y) be the space of all bounded linear operators
from X to Y. Let ¢(z) = (¢1(2), ..., ¢n(2)) be a holomorphic self-map of DV and u € H(D, L(X, Y)).
The weighted composition operator from H(D", X) to H(D", Y) is defined by

Wi f(2) = u(2)(f(¢(2)).

The study of composition and weighted composition operators between Banach spaces of vector-
valued holomorphic functions recently has received attention (see, for example, [4, 11-13]). Here,
we first need to explain why we consider the weighted composition operators between vector-valued
Bloch-type spaces on the unit polydisk D". For this goal, we need to present some related definitions
on DV,

Let H(D") be the space of all holomorphic functions on D¥. For p > 0, the Bloch-type space on
DY, usually denoted by B7(D"), consists of all f € H(D") such that

b(f) = sup Z(l — 2Py’

zeDN '(9 (Z)‘ =T

BP(DV) is a Banach space with the norm Ifllgrovy = 1FO)] + b(f). If p = 1, it is the classical
Bloch space, denoted by B(DV). For a good reference on Bloch space, see, for example, [19]. Also
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see [2] for an overview of Bloch spaces and their connection to other function spaces. Bloch spaces on
more general domains have been defined, such as strongly pseudo-convex domains [10] and bounded
homogeneous domains [1]. However, operator theory problems are much more difficult to treat on
such spaces with these domains.

Forelli in [6] proved that the isometries on Hardy space H” (for p # 2) defined on the open unit
disk D are certain weighted composition operators, which can be regarded as the earliest presence
of the weighted composition operators. It is important to provide function-theoretic characterizations
of when the symbols u# and ¢ induce a bounded or compact weighted composition operator between
various holomorphic function spaces. There have been many studies of the weighted composition
operators on holomorphic function spaces. So, to make things nice and clear, here we mainly introduce
the research of weighted composition operators between 87(DV). It is known that the unit polydisk DV
is different from the unit ball BY (see [16]) when N # 1, which may be one of the reasons why people
pay attention to the operator theory on the holomorphic function spaces on DV. The authors in [18]
obtained the following result, which provides the major motivation of the paper.

Let p,g > 0, u € H(D") and ¢ be a holomorphic self-map of DV. Then the following statements
are true.

(i) The operator W, , : B7(DV) — B4(D") is bounded if and only if

swik mn%—@mwwx+m

2DV =i
and
N
(1=l dex
su Iu(z)l— (2)| < +o0.
zﬁé UEmERT

(i) If p > 1, then the operator W,, : B7(DY) — B4D") is compact if and only if u € B/(D"),
upy € BYDN) foreachk € {1,...,N},

N

lim a—mﬂ—@pmm

(p(z)—)[)DN

and

N
(1- 2,27 op,
1 - J
Mor 24 1N e

@(z)—dDN

()| = 0.

(iii) If 0 < p < 1, then the operator W, : 87(D") — B4(D") is compact if and only if u € B/(D"),
ugy € B4(DV) and

|Z]| ) (9cpk
|¢k(z)|—>l Zl ( )l |(’0 ( )|2)p| (Z)| 0

foreachk e {1,...,N}.
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This characterization of boundedness and compactness simplifies the results in [S5], obtained by
the methods used in [9, 14]. Recently, the authors in [4] have borrowed the methods and techniques
in [8, 15] to characterize the bounded and compact weighted composition operators between vector-
valued Bloch-type spaces on D. Motivated by [4] and other studies previously mentioned, we naturally
consider whether we can extend the related results (for example, the result from 87(DV) to 84(DV)
previously mentioned) to vector-valued Bloch-type spaces on DV. In this paper, we partially use the
methods in [17] to achieve the task. Namely, we completely characterize the bounded and compact
weighted composition operators between vector-valued Bloch-type spaces on DV, Compared to the
literature [4] and other related studies, the main innovation of this paper is that we generalize the
results in Bloch-type spaces to vector-valued Bloch-type spaces by constructing some functions in
vector-valued Bloch-type spaces.

We denote the norm of a linear operator 7 : X — Y by ||T||x—y. As usual, some positive numbers
are denoted by C, and they may vary in different situations.

2. Preliminary results

For the space B7(D"), the following lemma is a very common result (see [17]).

Lemma 2.1. Let f € B7(DY, X). Then the following statements are true.
(i) If0 < p < 1, then

IF@lx < Cll ]| grow x (2.1)
(ii) If p = 1, then
IF @)l < czm | Tl (2.2)
(iii) If p > 1, then
y 1
If@llx < € ; T Ml (2.3)

Proof. Let f € BP°(DV, X). For each fixed z € DV, by Hahn—Banach extension theorem there exists an
x* € X* (the dual space of X) with ||x*|| = 1 such that x*(f(z)) = || f(2)llx. Then, we have

If@llx =

1
~ | (roy + f (Y (F2), 2yt

Z [ P Laoeia

1
|zi]
<|FO)lx + Il fllgrm~ ——dt
LAl + [ fllsrovz ,Z; fo .
N |z dt
< fllgram xy + L lgr v x) a-oy (2.4)

=1
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If p = 1, then it follows from (2.4) that

1 N1+
1@l < 1 llsmn) + 511 fllar ) In T
= = |zl
1 N
< Ifllsoy x) + §||f||B(DN,X) Z: In 1 —12f
i
< Ifllsor x) Z In |Zz|2
<max{In 2en), 1 N —,
{In@2e™), Il fllsov x) Z "
from which (2.2) holds.
If p # 1, then it follows from (2.4) that
(1 - IZ h'-P
LF@lx < I flsrov.z0 + I llsovx) Z L 2.5)
From (2.5), we get thatif 0 < p < 1, then
N
If @l < (1+ 1= p)nanP(DN,X),
from which (2.1) holds; if p > 1, then
— (1 - |z)h!
If @llx < Ifllgr@v x) + 1fllgr@v x) Z T
1 2\ & 1
<(—+ ) ,
<(% p- 1); (= oy Ve
from which (2.3) holds. The proof is completed. O

Corollary 2.1. If0 < p < 1, then f € B?(D", X) implies f € H*(D", X). Moreover, there is a positive
constant C independent of f such that || fllg~o~ x) < Cllfllgr@v x)-

We omit the straightforward proof of the next lemma, since the proof can be obtained by some
direct calculations.

Lemma 2.2. Letw = (Wi, ...,wy) € DV and x € X. Then the following functions belong to 87(DV, X).
(i) If 0 < p < 1, then for each l € {1, ..., N} the function is

Jrwx(@) = frw(@)x,

where
1 —|wf? 1 )
(I —wz)?  (I=wz)r1/

ﬁw<>——(
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Moreover;
sup |l fiwxllgrov x) < (1 + 3p2°)||x]|x.

weDN
(ii) If p = 1, then for each l € {1, ..., N} the function is
8iwx(2) = grw(2)X,

where

1
1—wz'

gl,w(z) =1In

Moreover;

sup lIgsw.llsrmv x) < 2l|xllx.
weDN

(iii) If p > 1, then for each l € {1,..., N} the function is

R () = Iy (2)x,
where

p 1 —|w?

hiw(z) = W -(p- I)O_Tl)p.

Moreover;
sup 1 llar@y x) < Bp(p — 127 +2p — 1)llxllx.

weDN
Remark 2.1. We assume w; # 0 in Lemma 2.2 (i).

The next lemma extends Proposition 3.11 in [3] to the case of vector-valued functions.

Lemma 2.3. Let ¢ be a holomorphic self-map of DY and u € H(DY, L(X,Y)). Then the bounded
operator W, : BP(DN,X) — BIDN,Y) is compact if and only if for any bounded sequence {f;} in
BP(DN, X) that converges to the zero vector in X uniformly on compact subsets of DY as j — oo, it
Jollows that ||W,, fillgiov yy = 0 as j — oo,

Proof. Assume that the bounded operator W, : B(DN,X) — BYDM,Y) is compact and { fitis a
sequence in B7(DY, X) with sup e Ifillg@v x) < +o0 and f; — O (where O denotes the zero vector in
X) uniformly on compact subsets of DV as j — oo. Assume that there is a subsequence {f;,} and a
0o > 0 such that

IWegfillgiowy vy = 60, k €N. (2.6)

From the compactness of W, , it follows that {W,,, f;} has a further subsequence (here we still use the
same notion {W, . f;}), which converges to some g in 84 (DY, X). By Lemma 2.1, we have that for any
compact K C DY, there is a positive constant Cx independent of f such that

[u@(fi (@) = 2@, < Cil|Wagfin = &llgupryy € K- 2.7)
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Estimate (2.7) implies that u(z)(f;,(z)) — g(z) — 0 uniformly on compact subsets of DV as k — oo.
Since for every compact subset K ¢ DV, SUp,ex lu(2)llx—y = Mg < +o0, it follows that

sup [lu(2)(fj (@@lly < Mg sup [If;;(Wllx = 0 ask — oo, (2.8)

zekK wep(K)

where we have used the fact that ¢(K) is a compact subset of DV. Hence, the limit function g is equal
to the zero vector. Therefore, we have

]}1_{2 ”Wu,gofjk”B‘i(DN,Y) =0. (2.9)
Equation (2.9) contradicts the fact that [|W, . f; llg«ov y) = 6o > 0 for all k € N. Then,
Jlgg Wi fillgeon vy = 0.

Conversely, let {g;} be any sequence in the unit ball B(0, 1) of the space B7(DV, X). Since
sup ey lIgjllsrov xy < 1, by Lemma 2.1 {g;} is uniformly bounded on compact subsets of DY, and
then {g;} is normal by Montel’s theorem. Hence, we may extract a subsequence {g;,} that converges
uniformly on compact subsets of DV to some g € H(D",X). By applying Cauchy’s estimate, we
obtain that 6g; — gg uniformly on compact subsets of DY for each [ € {1,..., N}, which implies that
g € B7(DY, X) and ||gllg:o~ x) < 1. Hence, the sequence {g;, —g} satisfies that Supen 118, —&llsr v x) < 2

and converges to the zero vector on compact subsets of DV. By the hypothesis, we have
]}1_{{)10 W& — Wiupgllgion,yy = 0. (2.10)

Relation (2.10) means that the set W, ,(B(0, 1)) is relatively compact, and then the proof is completed.
O

From Lemma 2.3, we need to find some sequences in 87(D", X) to characterize the compactness of
the operator W,,, : B87(DV, X) — B4D",Y). The next result will play such a role. The proof can be
obtained by some calculations, and then we omit it.

Lemma 2.4. Let x be a fixed vector in X and the sequence {w’} in D satisfy w/| — 1 as j — oo. Then
the following functions are bounded and converge to the zero vector in X uniformly on compact subsets
of DY as j — oo.

(i) If p > 1, then we choose the functions

Jix(@ = fi(2)x,
where
(1 —w/?)? B 1 - w/P

(1= wig?*! (1 = wiz))p

fi(x) =
and
fix(@ = f@)x,
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where

— Wi \p

ﬁ@—m+u

1 - wiz,
(ii) If p = 1, then we choose the functions
8jx(2) = g;(2)x,

where

3
8= aj( " —WZI) ) a_j(ln 1 —Wz;)

and a; = —1In(1 — Iw/?).
(iii) If 0 < p < 1, then we choose the functions

h;x(z) = hj(2)x,

where

Finally, inspired by the idea in [7], we obtain the following result.

Lemma 2.5. Assume that 0 < p < 1 and {f;} € B"(D", X) is a bounded sequence satisfying f; — 0
uniformly on compact subsets of DV as j — co. Then

Jhm sup [|f;(2)llx = (2.11)

zeDN

And, foreachO <p <landle{l,...,N},

Of;
lim sup ”_Z(Z)”X =0. (2.12)

7% 26D Jz1<p

Proof. Assume that || fillg»ov x) < M for all j. For arbitrary & > 0, by fo
we have some 77 € (0, 1) such that

= r2)n < +oo (since p € (0, 1))

1
dr e
. 2.13
f,,(l—rZ)p<M+1 @13
Now, forz = (z1,...,25,...,zy) € DV with || > 1, we have
z
||fj(zl,...,zl,...,zN)—fj(zl,...,né,...,z,v)||x
of; kil dr
f |52 _)|| dr< e | G <& (2.14)
n
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18965

By (2.14), for any z € DV \ 7DV, we have 7 € D" such that

£ = £, < Ne. (2.15)
For the above ¢, by the hypothesis we have some positive integer N, such that for j > N,
sup Ifj(@llx < e. (2.16)
zenﬁ

Combining (2.15) and (2.16), we obtain
sup [|fi(2)llx < (N + D,

zeDV

whenever j > N,, which implies that (2.11) holds. Now, for the fixed p € (0,1) and z € D" with

lzsl < p, by applying Cauchy’s estimate to one variable function fi(z;) = f(z1,...,2-1,2,-..,2n8), WE
have
H (z)H sup (| z1s- 4o azw)llx < Csup [f @)k
|( zl<l—p zeDV
where C depends only on p. This together with (2.11) implies (2.12). The proof is completed. O

3. Boundedness of the operators W, , : 87(DV, X) — B4(D",Y)

Theorem 3.1. Let p,g > 0, ¢(2) = (¢1(2),...,¢n(2)) be a holomorphic self-map of DV and u €
H(DY, L(X,Y)). Then the following statements are true.

(i) If0 < p < 1, then W,,, : B(DN,X) — BID",Y) is bounded if and only if u € BI(DY, L(X,Y))
and

1- 7 Oy
sup [[u(2)l[x—y Z (1( ) —(z )| < 400 3.1

zeDN k=1 |‘)0 (Z)|2)p 6Z
(ii))If p =1, then W, : BP(D", X) —» BID",Y) is bounded if and only if
1

su (1- |z| )4 —(z) — < +00 (3.2)
&§g; B3 @l o 1 - ()P
and
N
1 —|z9)?
sup -y 3 A Do) (3.3)
zeDN k=1 |¢k(Z)| aZ[

(iii) If p > 1, then W, : BP(DN, X) — BYDN,Y) is bounded if and only if

(1 = |z
E - 00 34
25MJ|(”&”0—MNWVJ<+ G4
and
(A =1zP? (9<Pk
5 0. 3.5
ilﬂljgllu(z)llx YkEl e (Z)IZ)” o —@)| <+ (3.5)
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Proof. We first prove (i). Necessity. Let the operator W, , : BP(DN,X) - BYDV,Y) be bounded.
Then, by using the function 1,(z) = x defined on D", we obtain

u(2)(x) = Wy 1:(2) = u(z)(1.((2))) € B/(D", V),

which shows that u € 8/(DV, L(X, Y)).
For each fixed [ € {1, ..., N} and w € DV, we will make use of the family of test functions { Jreomx
lo(w)| # 0} defined in Lemma 2.2 by replacing w; by ¢;(w). From a calculation, it follows that

0100 @) = p=lewli)  p-1 i)
9z (1 —@wzyrt (1 —g(w)z)r 0%

and | f;. ¢, (0) = lgi(w)|. It is clear that
WLl,(,Dﬁ,(pl(W),x(Z) = M(Z)(ﬁ,w(w),x(‘p(z))) = ﬁ,(p/(w)(‘p(z))u(z)(x),

from which for all z € DV we have

mepﬁw(M)A Z(l - |Zk| )q” - wfl o, x( )”

(z) =0for j#1, (3.6)

N
= >~ )qHﬁ¢,<w>(90(Z))—(Z)(X)+Z ﬁ“”“”(w( )G U]
s ‘

< MNWag froiwyxllsaon,v)
< W ellgr oy x)— 8108 )l frgiom.llgr oy x)

= |[Weellgr@on x)— 8108 )l freiom e mm || x]x

< Cllxllx- (3.7)
Since fi 4, (e(w)) = 0 and
O fipiom 1
w)) = ———,
o ) T ampy
it follows from replacing z by w in (3.6) and (3.7) that
N
(1= we»? | dg;
u(w)(x Cllx 3.8
) @), ; = |<pl<w>|2)ﬂ| (w)| < Clixllx (3.8)

foreach/ € {1,..., N}, which shows

N

(A= laPy o

u@)|,_., 2 1 TPy 32 @ <C (3.9)

for each / € {1,...,N}. By continuity the above estimate remains valid also if ¢;(w) = 0, from
which (3.1) holds.

Sufficiency. Now, assume that u € B9(D", £(X,Y)) and (3.1) holds. Let f € B7(D",X). By
Lemma 2.1,

Wi f(O)lly = [l(O)(f((ONly < luO)llx—rllf(@ONlx < Clifllzr@v.x)- (3.10)

AIMS Mathematics Volume 10, Issue 8, 18957-18982.
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At the same time, we also have

wf

biw,, 5(2) = Z(l ~ Il >‘f|| @,

k=1
N
_ kz N 5 QU + Z 7, <Z>(—§<¢(Z>))H

N
< Y (1 =lab)’ |—(Z)||Xﬁy||f(90(z))||
k=1

+ @y Z(l -l )‘f <z>||| <<P<Z)>||X
k=1
N

(1 -zl
< C||M||Bq(DN,L(X,Y)||f||BP(DN,X) + ||f||BP(DN,X)||M(Z)||X—>Y

S AR

Oy
—————— | —@)| I fllgr@v
k=1 (1 = lei(z )IZ)P| |) Br(DV X)-

= (C”uHBq(DN,L(X,Y)) + ()l x-y

From (3.10) and (3.11), it follows that W,,, : 87(D", X) — B4(D", Y) is bounded.

& 0= Te@P) oz

(3.11)

Next, we prove (i1). Necessity. Assume that W, : BDV, X) — BYD",Y) is bounded. Using test
functions fjg,).x, it follows that condition (3.3) holds. Now, we prove that condition (3.4) holds. For
each fixed [ € {1,...,N}, w € D", and x € X, we consider the function 8loiw),x- Then from a direct

calculation, we have

a w),X 8 w),X
02k 21 1 —¢(w)z
Note that
agl sol(w)x wi(w) 1
——(p(w)) = —x and g1 mm.a(e(W)) = In ———x.
R Sl ¥ = )P
Applying (3.11) to the function g; 4« With |[x]lx = 1 and from (3.13), we obtain
l 1
2= )i 5 - || (w)(x)ll
- o)

N ||M(W)||X_)Y‘ Z D DAL ey

< C||gl,<pl(w),x g

li(wW)|? Owy
(1 = w7, D¢
< 2C|x| +sup u(w) .
X ” ||X Y]; — s (W)|2|awk |
(1 |Wk|2) Oy,
=2C + sup uw||y_,
ool % 2

(3.12)

(3.13)
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From this and condition (3.3), it follows that condition (3.2) holds.
Sufficiency. First note that condition (3.2) implies that u € BYD", L£(X,Y)). From this,
Lemma 2.1 (ii) and (3.11), it follows that

bw, /(@) < Z(l ~ Jzl )Q||—(z)||xﬁyllf<so<z)>||

k=1
(1= laP)? 9y
+ u\z N Z
1l ol ;1 v )|2| 7, )
< Cllfllgmw, X)”u”B‘I(]DN LX.Y))
N
1
+C 1= |z =z —
||f||3(DNX)Z< 12l || ()IIH; mpyaT
( — |aP)?,
+ 1 fllso sollu@llxoy sup ). (3.14)
ZEDN k,l 1 |QD (Z)l azk

From (3.10) and (3.14), and using conditions (3.2) and (3.3), we obtain that the operator W,, :
BDV, X) —» BYDY, Y) is bounded.

Now, we prove (iii). Necessity. Assume that W, , : 87 (DV, X) — B4(D",Y) is bounded. Using the
same test functions fj . . in the proof of (i), we obtain that condition (3.5) holds. In order to obtain
condition (3.4), we use the function £, ) defined in Lemma 2.2 (iii) by replacing w; by ¢;(w). Since

Oy ) @i(w) ei(w)(1 = lpi(w)I?)
@=pp-1)————-p(p-1) — ,
9z (1 = @i(w)z))? (1 — p(w)z))P+!
we have
Ohy uow
2 (i(w) = 0. (3.15)
<l

We also have

M) 2y 2 0 for k 1, and gy i(w)) = ! (3.16)
0z ’ Lew)\ i (1= lpw)Pyrt .
Applying (3.11) to the function Ay, ., it follows from (3.15) and (3.16) that
||0”W R Sl L T <C@pp- 12" +2p-1 3.17
Z (%) v _|¢( ek 116100 llr v ) < CBp(p — 1)27 + 2p = Dlixllx (3.17)

foreach [ € {1,...,N}. From (3.17), it follows that

(1 = Py
Z” a s T ipmr <€

foreach /€ {1,..., N}, from which condition (3.4) holds.
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Sufficiency. From Lemma 2.1 (iii), (3.11), and the definition of B8Y(D", Y), for each f € B87(D", X)
we have

(1 — |zl
b <C (DN
W r(2) < Cllifllgro X)I;” ()”X_)Y(1 QR
5N -l 8
ol S LB ey (3.18)

& = leP)r bz

Taking the supremum over D" in (3.18) and using conditions (3.4), (3.5), and (3.10), the boundedness
of W,, : B/(DV, X) — B4(D", Y) follows. The proof is completed. m|

4. Compactness of the operators W, : 87(D", X) —» B4(D",Y)
Theorem 4.1. Let p,q > 0, ¢ = (¢1,...,¢y) be a holomorphic self-map of DV, u € HDV, L(X,Y)),

and the operator W, : B8P (DN, X) — BYDN, Y) be bounded. Then the following statements are true.
(i)If p=1, then W,, : BP(D", X) — B4D",Y) is compact if and only if

N
ou 1
lim 1 —lzP—(z In———=0 4.1
w(z>—>8DNkJZ:1( ) Hazk( e 1= lpi2)l? @D
and
(1= |z»,0¢,
hm ||u 2llx )| =0. 4.2
@lix Y,; |¢(z)|2|azk()| (4.2)

(ii) If p > 1, then W, : BP(D", X) — BYD", Y) is compact if and only if

| (1 = a)?

1 =0 4.3
¢<z>53DNZ|| ()”X*Y(l—lsm(z)lz)l"l ()

and
N

) (1 =z | 0¢;

1 - - = - =0. 4.4
i WMy 2y o o 3, @5

(iti) If 0 < p < 1, then W,, : B/ (D", X) — BUDN,Y) is compact if and only if for each | €
{1,...,N}

N

lim lu(2)llx-y

(1 — |zl |3901
il (1= lpi(2)P)P

7. ¢ 2)| = (4.5)

Proof. We first prove the necessity of (i) and (ii). Assume that W, : BPDN,X) - BIDY,Y) is
compact. We first prove that condition (4.4) holds when p > 1 (this means that when p = 1, condition
(4.2) holds).
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If condition (4.4) fails, then there is a sequence {z/} in D" such that w/ = ¢(z/) — D" as j — oo,
and gy > O such that

. R DY I
J R SR e
(e[ ;,:1 EPEEE | 7 ¢ )| = & (4.6)

for all j € N. Since the operator W, : B7(DV, X) — BIDV,Y) is bounded, by Theorem 3.1
condition (3.5) (correspondingly, condition (3.3) when p = 1) holds. So, there is a subsequence of
{z/} (here we shall use the same notion {z/}) such that there is a finite limit

(1 = I 2

lim |u(z)|lxoy —————— 4 4.7
tim ey = 5, @) 4.7
for all k,l € {1,...,N}. Also, we may assume that for every /[ € {1, ..., N} there is a finite limit

lim |wj| = lim [¢()].
Jj—ooo J—ooo
From (4.6), without loss of generality, we may assume that / = 1 and

(1 —lzf Py |a¢1
(1= lp1 )Py

for some ky € {1,...,N}. By the definition of the norm of a linear operator, for small enough & > 0,
there is a unit vector x, € X such that

lu()lx -y @) =e>0 (4.8)

8z ko

llu(z") el

(1 =z Py |a¢1

T tpiy 0, © | 217> 0 @)

(')zko
We shall construct a sequence of functions {f;} in 87(D", X) satisfying the following conditions:
(a) {f;} is a bounded sequence in B DV, X);

(b) {f;} converges to zero vector in X uniformly on compact subsets of DV as j — oo;
©) Wi fillguypyy + 0as j— oo.
This will contradict the compactness of the operator W, : BP(DV,X) —» BYDV,Y) in view of

Lemma 2.3, which implies that (4.4) is necessary for the operator W, , : 87 (DN, X) — BYDN,Y) to be

compact.

Case 1. First assume that Iw{I — las j — oo. Foreach j € N, we consider the functions f;.(z) = fi(z)x
in Lemma 2.4 by replacing w/ by w]. Then

of;

— @) =0, [#1,
az;( )
and
of; — (A-WwpP?: = 1-wp
a—Z’(z)=(p+1)W{ — - pw] ————,
! (1 — wiz)P+? (1 = wiz)r+?
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and consequently,

Ifllssor = 1£,(0)| + sup Z(l - |zk|2>1’\—(z>\ <1+@p+22"", (4.10)

ze]DN

For previous mentioned unit vector x, € X, using the function fj,, we will show that
IWiofix v yy + 0as j — oo.
Let

N
1@ = e, 1 - k|2 5o e |5 X2
k=1

Then, we have

N

|Zk| ) (9901 ;
Z — [wiPy aZk @)

o A=lz P! g,
2 il = |w1<sz>|2>p|azk: @)
1

>=(e1—)>0 4.11)

Wi firllgaon ) = J@) = [w]||[uz)(x)

[\

for large enough j, since |w{ | = 1as j — oo. From (4.11), the result follows in this case.

Case 2. Assume that Iw{I — rpas j — oco. Since w/ — DY, there is an [, € {1,..., N} such that
|w{0| — las j— oco. Ifthereisak; € {1,...,N}and & > 0 such that

(1= P 60,
kl — 9010 (Z])' — 82,
(1 = |, (27)2)? 1 0z,

we also obtain a contradiction similar to Case 1. Hence, we may assume that for the /, chosen above
such that

[l lx—y

A =I5P? g
K . @i (Z’)‘ -0
(1 = Iy, ()7 | bz

lim [lu(z)llx—y
Jjooo

foreach k € {1,..., N}. Let f;x be functions defined in Lemma 2.4 by replacing w’ by w{o Clearly, we
have

d of; — Iw; — (1= |w, Py
afj =0, [#1,1, 6f] (z) = (—_10) af = p(z; + 2)Wl ?[0
<l <1 1= W{OZlo 2] (1- W;OZlo)pH

From Lemma 2.4, we know that {]‘;X} is bounded and ]‘;x — 0 uniformly on the compact subset of DV
as j — oo. We prove that ||W, . f; g~ y) - 0 as j — oo. Note that
of; of; (W] + 2w
e =1, (@) = P (4.12)
a 3, —wlp

AIMS Mathematics Volume 10, Issue 8, 18957-18982.



18972

Since the operator W,, : B87(D", X) — B4(D", Y) is compact, it follows that

W fllgsov.n = 0. (4.13)

Since this operator is bounded, from Theorem 3.1 it follows that (3.2) or (3.4) holds. Therefore, we
obtain

lim Z|| (Z)||X_)Y(1—|Zk| )7=0

@(z)—>0DN

In particular, we have
im S 124Gl 1 - =0 4.14
lim )| 5@, (= Py = 0. (4.14)
k=1

From (3.11), and (4.12)—(4.14), it follows that

- N gl e 8
Lj:||u<zf)(x)||y;<1—|z;|2)‘f a2 @G
N
. o 1Of i .
< )y Y (1 =1 8’; b % £
k=1

N
— — , ou . .
+ IWaFrallgos .y + IFale@Mlix ) ||E<zf>||w<1 L ADK
k=1 k

Q=Y oy
4Tl @ 9z

. N
< 3plluz)(x)lly
k=

N
# Wag Frallan.y + 1 Fiallicon x D ||—(9Z @)y (1 = I
k
k=1

A=lgP 0,
o 5. )

N
J
< 3pllu)(®)lly Z q
+ Wa Finllgoomyy + 3 - 27 Z || (zJ)”XﬁY(l — |z (4.15)
Suppose to the contrary that [|W, fjxllgq(DN y) = 0 as j — oo. Letting j — oo in (4.15), we obtain

N . 8()0

lim £; = lim [lu()(o)lly y (1 - )| S )| = 0. (4.16)
J—ooo J—ooo = 6Zk

Since Iw{l < 6 < 1, the following estimates hold for sufficiently large j:

O~ o

0 < Calen =) < Collu ol iy 52|
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N
; 0 ;
<@l Y (1 =Py Z2 ), (4.17)

k=1

where we can choose, for example, C; = (1 — ¢6%)”. It is clear that (4.17) contradicts the convergence
lim;_,., L; = 0. Hence,

(1L=1P)? 1dg

| @) = 0. 4.18
(1 = lg(z)?)P 10z (2 )‘ (4.18)

tim [z -y
It follows from the above that condition (4.4) holds for every p > 1.
Now, we begin to prove that conditions (4.1) and (4.3) hold. Assume that p > 1 and that
condition (4.3) fails. Then there is a sequence {z/} in DV such that ¢(z/) — D" as j — oo, and
&3 > 0 such that

N

ou (1 - |z/?y
— (7 . > for each j € N. 4.19
,;H%(Z s i = & g 19

Since the operator W, : BP(DV, X) — B4DV, Y) is bounded, from Theorem 3.1 it follows that (3.4)
holds. Hence, there is a subsequence of {z/} (we still use the same notation {z’}) such that for all
k,l €{l,..., N} such that

o (1 - Py
PG M oo

converges to a finite number as j — oo, and so that for every k € {1,..., N} there is a finite limit
lim;_,e [wi| = lim;_e lg(z/)]. Without loss of generality, assume that k = 1 and

ou (1= Iz [»7
—(Z . =¢ 4.20
”3Zlo( )”X_’Y(1 — |1 ()PPt ! (420)
for some [y € {1, ..., N}. Then, from the definition of norms of the bounded linear operators, for small

enough € > 0 there is a unit vector y. € X such that

(1= P

- > &4 —
YA -l @)yt T

e. (4.21)

ou .
I 5 @)

As above, we still construct a sequence of functions that converges to zero uniformly on compact
subsets of DY in order to obtain a contradiction by Lemma 2.3. We have to consider the following
cases.

Case 1. Let IW{I — 1 as j — oo. First, we define the following functions
1= wiP (1= wi?)?

7@ = (p+ h—"atd— - p——=—.
(A =wliz)r (1= wiz)r!
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Then

Gh, (9hf

-~ , 1
aZk (Z) =0fork #1, (QD(ZJ)) 0 and hw{ ((,D(Zj)) = W (422)

For unit vector y, in X, we define the function ij v (2) = ij (2)ye. Since from a direct calculation it
1>7€ 1
follows that

”Edy lgrvx) < 2p+ 1+ 3p(p + 1)27*,
1> &

we obtain that the sequence {ijy} is uniformly bounded. Also it is easy to see that {ij y}
1"Ye 1Ye

converges to the zero vector uniformly on compact subsets of DV. From Lemma 2.3 it follows that
Woeh, . lgs~ yy — 0 as j — oco. Hence, by (4.22) we have
1> &

oh, wi
ClWagh o = Z(l P e + Z e G0,
S — Py Ou
- Z |()0 (Z]j)|2)p 1” (Z )()75 >e4—€>0,

which is a contradiction.. '
Case 2. Assume that [w]| — p as j — co. Since w/ — dD", thereisan/ € {1,..., N} such that w]| — 1
as j — oo, Ifthereisa ky € {1,..., N} and &5 > 0 such that

(1|2,

(Z])”X*Ya e B

lim ||

= &s, 4.23
e (9Zk &5 ( )

then we obtain a contradiction by replacing w{ by w{ in the function ’]”;Wj 5, as in Case 1. Hence, for this
1> &
[, we may assume that

lim ” (1 - Iz)Py

oo 197, (ZJ)”X—»Y(I _ |"0 (ZJ)|2)p 1= 4.24)

for each k € {1,...,N}. By using the above-defined functions ]‘;x, the boundedness of the operator
W, : BP(DN, X) — B1DM,Y), it follows that

N
J % ' _1J12\¢
wi+2] ; |55 Eeoll, (- 1<)

N
-~ . . 8()01 )
. _d2ngl|9%1
< CliWop fixllgamn vy + )l ;1 (1 =Iz[)? 2 (@ )‘
SR AD T P
k — ¢1(ZJ)|
lpi(z)IP)P~1 1 0z

+ 3p||u<zf>(x)||yz =
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N
— _ ; 0 ;
< ClWaeFllsnon. + 00l Y (1 = 1&]PY| )
k

k=1

(-6 joe 1
PEEEIG )| -0 (4.25)

+ 3P|IM(Z’)(X)IIyZ =

as j — oo, by condition (3.7).
On the other hand, since |w{| <p<landp > 1, by (4.20) we have

J A=l & o
” (Z )”X—’Y(l _ |"01(Z])|2)p—1 = kZ::‘ |Zk| ) || (Z )||X—>Y

for sufficiently large j, which contradicts (4.25).

Assume now that p = 1. We prove that condition (4.1) holds. Assume the contrary, that is,
condition (4.1) fails. Then there is a sequence {z/} in D" such that w/ = @(z/) — D" as j — oo,
and &5 > 0 such that

N

1
E 4 J _ > 4.26
& IZ"')” = eyt T ler =% (20

for each j € N. Since the operator W, : BDY,X) — BYDY,Y) is bounded, by Theorem 3.1
condition (3.2) holds. Hence, for any k, [ € {1,..., N} there is a subsequence of {z’} (here we still use
the same notation {z’}) such that the limits

1
— eI

are finite for all k,/ € {1,..., N} and for each [ € {1, ..., N} there is a finite limit

hm(l 12| )q” (ZI)||X—>Y

lim |w/| = lim |¢,(z/)].
Jj—ooo Jj—ooo

Without loss of generality, we may assume that / = 1 and

1
hm 1 -z |94 zf n—— =g, >0
( | ko | ) || )||X—>Y 1 - |901(Z])|2 6
from some kj € {1,..., N}. Hence, for sufficiently large j,
i ou : 1 Eq
1 - ZJ 2y4 e ZJ ln _— > .
( | kOl ) ||0Zk0( )||X—>Y 1 _ |Q01(Z])|2 2

By the definition of the norm of the bounded linear operators, there is some unit vector x in X such
that
€6

1

(1-lz | >Q|
We have to consider the following subcases.
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Subcase 1. Let |w{ | - 1 as j — co. We use the functions g;,, in Lemma 2.4 by replacing w’/ by w{ .
Then

0 6w’ 1 1 1 1 2
a;gl(z) _1 —(In —— )——21n — ]
<1 1-wiz AN wizy a; 1 -wiz
and for k # 1
0g;
229 =0
azk( )

At the same time, we also have

081 (e(2) = 0, g(e(2) = In———
bz, LT SR = T o R

From Lemma 2.4 and the boundedness of W, , it follows that
Wag ol > Z(l S (&g ()

0 .
+ u(@)(x) Z a—&«o( M@,
€6

1
— P T 2 (428)

- kZNj o @] 1 = iy

for sufficiently large j. Hence, we get [|W, g, Il # 0 as j — oo, from which the result follows in this
case.

Subcase 2. Assume that [w]] — p < 1 as j — co. Since w/ = ¢(z/) — D" as j — oo, there is some
le{l,...,N}such that IW{I — las j— oo. Ifthereisak; € {1,...,N} and & > 0 such that

lim ||—(z’)|| = &7,

_ J 12\q

1
1 = |i(z)I?
then we can also obtain a contradiction similar to Case 1. Hence, for the / chosen above, we may
assume that

im |24 )|

w1 =12 In =0 foreachk e {l,...,N}. (4.29)
J—00

1=l ()P

By using the functions defined in the proof of the case p > 1, we obtain that estimate (4.25) holds with
p = 1. On the other hand, since IW{I <p <1, we have

N

& 1
T <=k |)4|| 0 T <€ 20 -l et @y

k=1

for sufficiently large j, which contradicts (4.25).

AIMS Mathematics Volume 10, Issue 8, 18957-18982.



18977

Now, we prove the sufficiency of (i). First assume that conditions (4.1) and (4.2) hold. Assume that
a sequence {f;} is such that sup ;o [ fills»ov x) < M and {f;} converges to the zero vector in X uniformly
on compact subsets of D", We need to prove that IW.o fillgaoy y) — 0 as j — co. From (4.1) and (4.2)
it follows that for every & > 0 there exists an r (0 < r < 1/(2e¢)) such that

1

l—|Z|q—Z ——<c 4.30
];( W) ” ( )||X—>Y 1 — (@) ( )
and
— [z*)? 0<Pk
llee(2)l|x— 4.31
()Xy;l EE 5, @l <2 (4.31)
whenever dist(p(z), (DY) < r.
Since 0 < r < 1/(2e), it follows that
N
(4.32)
Z 1- |901(Z)|2
whenever dist(¢(z), DY) < r. So, it follows from (4.30) and (4.32) that
i(l - |zk|2>‘I||8—”<z>|| <e (4.33)
— aZk X—-Y

whenever dist(¢(z), 0DV) < r. From (3.7), Lemma 2.1, (4.30), (4.31), and (4.33), it follows that

e
bw,.1,(2) < Cllfllsov Z || (z)llw(l = laP)In ———
& ~lei2)]

Qp (1 - |Z |2)q
+ C||fj||B(DN,X)”u(Z)”X—>Yl;| (@ )|T]EZ)|2

< (N +2)Céllfillgoy x) < (N +2)CMe (4.34)

whenever dist(p(z), (DY) < r.
Let

G, = {z € D"V : dist(z, 0D") > r}.

Clearly, G, is a compact subset of D¥. Hence f; — 0 uniformly on G, as j — oo. By Cauchy’s

estimate it follows that g—i’ — 0 uniformly on G, as j — oo for each k € {1,..., N}. Since the operator
W, : BP(DN, X) - BI(D", Y) is bounded, it follows that u € B/(DY, L(X, Y)). On the other hand, by
Theorem 3.1 we have that condition (3.3) holds. By using these facts, we obtain

b, 1(2) < Z || (z)llwa —zPYIf el
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+||M(Z)||x—>YZ|| (90( M|yl 9”l<z>|<1—|zk| )

k=1
< lullgson £cx, vy sup ILfiw)llx
weG,
A, (1= |zl
sup ||u(2)|lx— — ()| —————= ) max su w)||, = 0, (4.35)
(zeDII)V ) Y,;' 1- |90k(Z)|2)1 17 wet, ”351 I

as j — oo, whenever dist(¢(z), IDV) > r. Since u(0)f;(¢(0)) — 0 as j — co, combining (4.34) and
(4.35) we have

lim [|W,, fillgsoy vy = 0,

which shows that the operator W, , : 87(D", X) — B4D", Y) is compact.

Next, we prove the sufficiency of (ii). First assume that conditions (4.3) and (4.4) hold. We want to
prove that the operator W,,, : 87(D", X) — B4(D", Y) is compact. Assume that a sequence {f;} is such
that sup jen Ifillseon xy) < M and {f}} converges to the zero vector in X uniformly on compact subsets
of DV. We need to prove that IWyofillgaoyyy = 0 as j — oco. From (4.3) and (4.4) it follows that for
every € > 0 there exists an r (0 < r < 1)) such that

(1= |z
4.36
];(1 |¢I(Z)|2)p1”(f)zk( )||X—>Y (4.36)
and
(=P dg
u@llxoy Y~ | ()] < (4.37)
. Y,;(l le@P)? ! oz, <2

whenever dist(¢(z), /DY) < r. Hence, from (3.7), Lemma 2.1, (4.36), and (4.37), it follows that for
sufficiently large j

ou (1 = |z
C P (DN
¢f,(Z) < Clfillgro X)};l1 ” - )||X—>Y(1 lpi(z)2)P~!

Oy (1 = |z/»?
+ Cllfllgro xollu@)llx S
Fillney o llu@)llx Y;l| @l YA
< 2Ce|| fillgron x) < 2CMe (4.38)

whenever dist(p(z), (DY) < r.

As the proof of (i), we see that f; — 0 uniformly on G, as j — co. By Cauchy’s estimate it follows
that 22 — 0 uniformly on G, as j — oo foreach k € {1,..., N}. Since the operator W,, : 8”(D¥, X) —
B (IDAI; Y) is bounded, it follows that u € BY(DV, L(X, Y)) On the other hand, by Theorem 3.1 we have
that condition (3.5) holds. By using these facts, we obtain

b, 1(2) < Z || (z)llwa PS5 el
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+||u<z>||xﬁy2|| (e >>||| -l =y

k=1

< |lullgoon, £cx, vy sup I1fiw)llx

weG,
dpr (=Ll
- 4.
+((sup @l Y;H| G |¢k(z>|2)P)“N§3£” ‘), =0, 439

as j — oo, whenever dist(¢(z), dDV) > r. Since u(0)f;(¢(0)) — 0 as j — co, combining (4.38) and
(4.39) we have

lim [|W,, fillgsoy vy = 0,
J—)OO

which shows that the operator W, ,, : 87(D", X) — B4(D", Y) is compact.

Finally, we prove (iii). Sufficiency. First assume that W,, : 87(DV, X) — B4D",Y) is bounded
and (4.5) holds. Assume {f;} is a bounded sequence in BP(DV, X), say I fillgrov xy < M, and fi(z) — 0
uniformly on compact subsets of DV. We prove that [|W,,fillgioy.y) = 0 as j — co.

Note that for f,(z) = zx € B7(DV, X), [ € {1, ..., N}, where x is a unit vector in X, we obtain

sup Z(l — |zl )q”—(z)(X)cp;(z) + u(z)(x)—(z)” = M < +o0,

=

and consequently for each / € {1,..., N}

sup ||u(z)(x)||YZ<1 ~ k)| 5= el MGl sup Z(l ~ Izl )q||—(z)(X)|| il + M

zeDV

< sup ( ;(1 - |zk|2)q||6—2(z)||w)n<p,nm M

ZE

< +0o, (4.40)

since u € BI(D", L(X, Y)), which implies that

sup ||u<z>||xﬁy2(1 ~ JaPy] ‘”’<z>| < +oo, (4.41)

zeDN
From (4.5), we have some p € (0, 1) such that for all k,/ € {1, ..., N}

(= laPy o

Sl P , 442
0 n@Prlae @ < (442)

llu(@)llx—y

if |p(2)| > p.
Since foreach k € {1, ..., N}

N
0
Do (@) < |5 @y (1 =PI Dl
k=1
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+||M(Z)||x—>yZ|| (4 )>||| -l =y

k=1

and u € B4(DY, L(X,Y)), Since from Lemma 2.5 it follows that || file(@)llx — Oas j — oo, itis enough
to estimate the expression

|€01

le(@)llxy Z || (go( Ml 7= @] =z’

k=1

foreach/ € {1,...,N}.
From (4.42) and || fjllg»@v x) < M, we have

||u(z)||MZ|| (go( )M "”l<z)|(1—|zk| )

k=1

2\q
< lfllsrov.x) Z ||u(z>||XHY| ( )I% < 2NMes, (4.43)

if |¢;(z)| > p, foreach l € {1,..., N}.
On the other hand, from (4.41) and (4.43) we have that for each / € {1, ..., N}

sup ||u<z)||xﬁy2|| (90( I |ﬂ(z>|<1—|zk| )< C sup || (so(z))ll (4.44)

lei(2)I<p lei(2)I<p

By Cauchy’s estimate applied to the function g(z;) = f(z1,...,zy) of the one variable, if |7;| < p, we
have

0
12l <c s 1 < C I wss)

lzil<(1+p)/2 zeDN

for some positive constant C independent of f. By applying (4.45) to f;, and from (4.44), we have

O

sup ||u(z)||MZ|| (go( Ml @I =12 = 0. (4.46)

lei(2)|<p

as j — oo, for each / € {1,...,N}. From (4.43) and (4.46), since |[u(0)fi(¢(0)llx — 0 as j — oo, it
follows that ||W,, fillgiov.y) — 0 as j — oo, as desired.

Necessity. Now suppose that the operator W,,,, : 87(D¥,X) — B4(D",Y) is compact. Since the
operator W,, : B7(D",X) — B4D",Y) is bounded, from Theorem 3.1 we know that (3.1) holds.
Now we prove that condition (4.5) holds for each [ € {1,...,N}. Let {z/} be a sequence in D" and
w = @(z/) = (w{, ..., wl) such that |w{| — lasj— oo.

Let

AIMS Mathematics Volume 10, Issue 8, 18957-18982.
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It is easy to see that h; € B7(DV) and I72llgromy < 1 + 27*1p. Let x be a unit vector in X. By using the
functions /;, we define the functions h;,(z) = h;(z)x. Then {h;,} is a bounded sequence in B”(D", X)
and {h;,} converges to the zero vector uniformly on compact subsets of DV as j — oo. Therefore, by
Lemma 2.3, [|W,.,h; |lgio~ y) — 0 as j — oo, and consequently as j — oo

Z(l 2] |u<zf)<x>2§<¢<zf>) (zf)+h(¢(zf)>—<zf>(x>||

< |NWauhjxllgioy yy — 0. (4.47)
Hence
; S A =IP dgr
ez >(x)||yZ 2@
= (I =w 'll POk
—w/P' PZ(l 1z )‘1|| Z’( >|| ||th,x||gq<D~ n
pIW,I
1 _
< ; (1- |W{| ) woljxllgsmv yy = 0,
pw; pPwv;
as j — oo. The proof is completed. m|
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