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Abstract: Let X and Y be two complex Banach spaces, CN the N-dimensional complex Euclidean
space with the inner product ⟨z,w⟩ =

∑N
l=1 zlwl and DN the unit polydisk in CN . Let φ be a holomorphic

self-map of DN and u ∈ H(DN ,L(X,Y)), where H(DN , X) denotes the space of all vector-valued
holomorphic functions on DN and L(X,Y) denotes the space of all bounded linear operators from
X to Y . The weighted composition operator Wu,φ : H(DN , X)→ H(DN ,Y) is defined by

Wu,φ f (z) = u(z)( f (φ(z))).

The bounded and compact weighted composition operators between vector-valued Bloch-type spaces
on the unit polydisk are completely characterized in the paper.
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1. Introduction

Let N be the set of positive integers and C be the complex plane. First, we give some notations.
Denote by D = {z ∈ C : |z| < 1} the open unit disk in C, by CN the N-dimensional complex Euclidean
space with the inner product ⟨z,w⟩ =

∑N
j=1 z jw j, by DN the open unit polydisk in CN , that is, DN = {z =

(z1, . . . , zN) ∈ CN : |z j| < 1, j = 1,N}, by ∂DN the topological boundary of DN , by BN the open unit
ball in CN . Let H∞(DN) be the space of all bounded holomorphic functions on DN with the supremum
norm ∥ f ∥H∞(DN ) = supz∈DN | f (z)|.
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Let (X, ∥·∥X) be a complex Banach space and H(DN , X) be the space of all vector-valued holomorphic
functions on DN . It is known that if f ∈ H(DN , X), then for each (z1, . . . , zN) ∈ DN the limit

lim
w j→z j

f (z∗,w j, z∗) − f (z∗, z j, z∗)
w j − z j

exists in the sense of the norm on X, usually denoted by ∂ f
∂z j

(z).
For p > 0, the vector-valued Bloch-type space, usually denoted by Bp(DN , X), consists of all f ∈

H(DN , X) such that
b( f ) = sup

z∈DN
b f (z) < +∞,

where

b f (z) =
N∑

k=1

(1 − |zk|
2)p
∥∥∥ ∂ f
∂zk

(z)
∥∥∥

X
.

With the norm
∥ f ∥Bp(DN ,X) = ∥ f (0)∥X + b( f ),

Bp(DN , X) is a Banach space. We usually denote B1(DN , X) by B(DN , X).
Vector-valued Bloch-type spaces are an important concept at the intersection of complex analysis

and general functional analysis, mainly used to study the spatial structure of generalized holomorphic
functions and their operator theory. Vector-valued Bloch-type spaces are also used to explore the
boundary problem between bounded and unbounded functions.

If X = C, then Bp(DN ,C) is the common holomorphic Bloch-type space on DN , usually denoted by
Bp(DN). For the fixed f ∈ Bp(DN) and x ∈ X, define the function fx : DN → X by fx(z) = f (z)x. Then
fx ∈ B

p(DN , X) and ∥ fx∥Bp(DN ,X) = ∥ f ∥Bp(DN )∥x∥X. In particular, 1x ∈ B
p(DN , X) and ∥1x∥Bp(DN ,X) = ∥x∥X.

Let X and Y be two complex Banach spaces andL(X,Y) be the space of all bounded linear operators
from X to Y . Let φ(z) = (φ1(z), . . . , φN(z)) be a holomorphic self-map of DN and u ∈ H(DN ,L(X,Y)).
The weighted composition operator from H(DN , X) to H(DN ,Y) is defined by

Wu,φ f (z) = u(z)( f (φ(z))).

The study of composition and weighted composition operators between Banach spaces of vector-
valued holomorphic functions recently has received attention (see, for example, [4, 11–13]). Here,
we first need to explain why we consider the weighted composition operators between vector-valued
Bloch-type spaces on the unit polydisk DN . For this goal, we need to present some related definitions
on DN .

Let H(DN) be the space of all holomorphic functions on DN . For p > 0, the Bloch-type space on
DN , usually denoted by Bp(DN), consists of all f ∈ H(DN) such that

b( f ) = sup
z∈DN

N∑
k=1

(1 − |zk|
2)p
∣∣∣∣ ∂ f
∂zk

(z)
∣∣∣∣ < +∞.

Bp(DN) is a Banach space with the norm ∥ f ∥Bp(DN ) = | f (0)| + b( f ). If p = 1, it is the classical
Bloch space, denoted by B(DN). For a good reference on Bloch space, see, for example, [19]. Also
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see [2] for an overview of Bloch spaces and their connection to other function spaces. Bloch spaces on
more general domains have been defined, such as strongly pseudo-convex domains [10] and bounded
homogeneous domains [1]. However, operator theory problems are much more difficult to treat on
such spaces with these domains.

Forelli in [6] proved that the isometries on Hardy space Hp (for p , 2) defined on the open unit
disk D are certain weighted composition operators, which can be regarded as the earliest presence
of the weighted composition operators. It is important to provide function-theoretic characterizations
of when the symbols u and φ induce a bounded or compact weighted composition operator between
various holomorphic function spaces. There have been many studies of the weighted composition
operators on holomorphic function spaces. So, to make things nice and clear, here we mainly introduce
the research of weighted composition operators between Bp(DN). It is known that the unit polydisk DN

is different from the unit ball BN (see [16]) when N , 1, which may be one of the reasons why people
pay attention to the operator theory on the holomorphic function spaces on DN . The authors in [18]
obtained the following result, which provides the major motivation of the paper.

Let p, q > 0, u ∈ H(DN) and φ be a holomorphic self-map of DN . Then the following statements
are true.

(i) The operator Wu,φ : Bp(DN)→ Bq(DN) is bounded if and only if

sup
z∈DN

N∑
k=1

(1 − |zk|
2)q
∣∣∣ ∂u
∂zk

(z)
∣∣∣Gp(φ(z)) < +∞

and

sup
z∈DN

N∑
j,k=1

|u(z)|
(1 − |z j|

2)q

(1 − |φk(z)|2)p

∣∣∣∂φk

∂z j
(z)
∣∣∣ < +∞.

(ii) If p ≥ 1, then the operator Wu,φ : Bp(DN) → Bq(DN) is compact if and only if u ∈ Bq(DN),
uφk ∈ B

q(DN) for each k ∈ {1, . . . ,N},

lim
φ(z)→∂DN

N∑
k=1

(1 − |zk|
2)q
∣∣∣ ∂u
∂zk

(z)
∣∣∣Gp(φ(z)) = 0

and

lim
φ(z)→∂DN

N∑
j,k=1

|u(z)|
(1 − |z j|

2)q

(1 − |φk(z)|2)p

∣∣∣∂φk

∂z j
(z)
∣∣∣ = 0.

(iii) If 0 < p < 1, then the operator Wu,φ : Bp(DN)→ Bq(DN) is compact if and only if u ∈ Bq(DN),
uφk ∈ B

q(DN) and

lim
|φk(z)|→1

N∑
j=1

|u(z)|
(1 − |z j|

2)q

(1 − |φk(z)|2)p

∣∣∣∂φk

∂z j
(z)
∣∣∣ = 0

for each k ∈ {1, . . . ,N}.
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This characterization of boundedness and compactness simplifies the results in [5], obtained by
the methods used in [9, 14]. Recently, the authors in [4] have borrowed the methods and techniques
in [8, 15] to characterize the bounded and compact weighted composition operators between vector-
valued Bloch-type spaces on D. Motivated by [4] and other studies previously mentioned, we naturally
consider whether we can extend the related results (for example, the result from Bp(DN) to Bq(DN)
previously mentioned) to vector-valued Bloch-type spaces on DN . In this paper, we partially use the
methods in [17] to achieve the task. Namely, we completely characterize the bounded and compact
weighted composition operators between vector-valued Bloch-type spaces on DN . Compared to the
literature [4] and other related studies, the main innovation of this paper is that we generalize the
results in Bloch-type spaces to vector-valued Bloch-type spaces by constructing some functions in
vector-valued Bloch-type spaces.

We denote the norm of a linear operator T : X → Y by ∥T∥X→Y . As usual, some positive numbers
are denoted by C, and they may vary in different situations.

2. Preliminary results

For the space Bp(DN), the following lemma is a very common result (see [17]).

Lemma 2.1. Let f ∈ Bp(DN , X). Then the following statements are true.
(i) If 0 < p < 1, then

∥ f (z)∥X ≤ C
∥∥∥ f
∥∥∥
Bp(DN ,X)

. (2.1)

(ii) If p = 1, then

∥ f (z)∥X ≤ C
N∑

l=1

ln
e

1 − |zl|
2 ∥ f ∥B(DN ,X). (2.2)

(iii) If p > 1, then

∥ f (z)∥X ≤ C
N∑

l=1

1
(1 − |zl|

2)p−1 ∥ f ∥Bp(DN ,X). (2.3)

Proof. Let f ∈ Bp(DN , X). For each fixed z ∈ DN , by Hahn–Banach extension theorem there exists an
x∗ ∈ X∗ (the dual space of X) with ∥x∗∥ = 1 such that x∗( f (z)) = ∥ f (z)∥X. Then, we have

∥ f (z)∥X =
∣∣∣x∗( f (z))

∣∣∣ = ∣∣∣∣x∗( f (0)) +
∫ 1

0
⟨∇(x∗( f (tz))), z̄⟩dt

∣∣∣∣
≤
∣∣∣x∗( f (0))

∣∣∣ + N∑
l=1

∫ 1

0

∣∣∣∣∂x∗( f )
∂zl

(tz)
∣∣∣∣|zl|dt

≤ ∥ f (0)∥X + ∥ f ∥Bp(DN ,X)

N∑
l=1

∫ 1

0

|zl|

(1 − t2|zl|
2)p dt

≤ ∥ f ∥Bp(DN ,X) + ∥ f ∥Bp(DN ,X)

N∑
l=1

∫ |zl |

0

dt
(1 − t2)p . (2.4)
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If p = 1, then it follows from (2.4) that

∥ f (z)∥X ≤ ∥ f ∥B(DN ,X) +
1
2
∥ f ∥B(DN ,X)

N∑
l=1

ln
1 + |zl|

1 − |zl|

≤ ∥ f ∥B(DN ,X) +
1
2
∥ f ∥B(DN ,X)

N∑
l=1

ln
4

1 − |zl|
2

≤ ∥ f ∥B(DN ,X)

N∑
l=1

ln
2e

1
N

1 − |zl|
2

≤ max
{
ln(2e

1
N ), 1
}
∥ f ∥B(DN ,X)

N∑
l=1

ln
e

1 − |zl|
2 ,

from which (2.2) holds.
If p , 1, then it follows from (2.4) that

∥ f (z)∥X ≤ ∥ f ∥Bp(DN ,X) + ∥ f ∥Bp(DN ,X)

N∑
l=1

1 − (1 − |zl|)1−p

1 − p
. (2.5)

From (2.5), we get that if 0 < p < 1, then

∥ f (z)∥X ≤
(
1 +

N
1 − p

)
∥ f ∥Bp(DN ,X),

from which (2.1) holds; if p > 1, then

∥ f (z)∥X ≤ ∥ f ∥Bp(DN ,X) + ∥ f ∥Bp(DN ,X)

N∑
l=1

1 − (1 − |zl|)p−1

(p − 1)(1 − |zl|)p−1

≤
( 1
N
+

2p−1

p − 1

) N∑
l=1

1
(1 − |zl|

2)p−1 ∥ f ∥Bp(DN ,X),

from which (2.3) holds. The proof is completed. □

Corollary 2.1. If 0 < p < 1, then f ∈ Bp(DN , X) implies f ∈ H∞(DN , X). Moreover, there is a positive
constant C independent of f such that ∥ f ∥H∞(DN ,X) ≤ C∥ f ∥Bp(DN ,X).

We omit the straightforward proof of the next lemma, since the proof can be obtained by some
direct calculations.

Lemma 2.2. Let w = (w1, . . . ,wN) ∈ DN and x ∈ X. Then the following functions belong to Bp(DN , X).
(i) If 0 < p < 1, then for each l ∈ {1, . . . ,N} the function is

fl,w,x(z) = fl,w(z)x,

where

fl,w(z) =
1
wl

( 1 − |wl|
2

(1 − wlzl)p −
1

(1 − wlzl)p−1

)
.
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Moreover,
sup
w∈DN
∥ fl,w,x∥Bp(DN ,X) ≤ (1 + 3p2p)∥x∥X.

(ii) If p = 1, then for each l ∈ {1, . . . ,N} the function is

gl,w,x(z) = gl,w(z)x,

where

gl,w(z) = ln
1

1 − wlzl
.

Moreover,
sup
w∈DN
∥gl,w,x∥Bp(DN ,X) ≤ 2∥x∥X.

(iii) If p > 1, then for each l ∈ {1, . . . ,N} the function is

hl,w,x(z) = hl,w(z)x,

where

hl,w(z) =
p

(1 − wlzl)p−1 − (p − 1)
1 − |wl|

2

(1 − wlzl)p .

Moreover,
sup
w∈DN
∥hl,w,x∥Bp(DN ,X) ≤

(
3p(p − 1)2p + 2p − 1

)
∥x∥X.

Remark 2.1. We assume wl , 0 in Lemma 2.2 (i).

The next lemma extends Proposition 3.11 in [3] to the case of vector-valued functions.

Lemma 2.3. Let φ be a holomorphic self-map of DN and u ∈ H(DN ,L(X,Y)). Then the bounded
operator Wu,φ : Bp(DN , X) → Bq(DN ,Y) is compact if and only if for any bounded sequence { f j} in
Bp(DN , X) that converges to the zero vector in X uniformly on compact subsets of DN as j → ∞, it
follows that ∥Wu,φ f j∥Bq(DN ,Y) → 0 as j→ ∞.

Proof. Assume that the bounded operator Wu,φ : Bp(DN , X) → Bq(DN ,Y) is compact and { f j} is a
sequence in Bp(DN , X) with sup j∈N ∥ f j∥Bp(DN ,X) < +∞ and f j → 0 (where 0 denotes the zero vector in
X) uniformly on compact subsets of DN as j → ∞. Assume that there is a subsequence { f jk} and a
δ0 > 0 such that

∥Wu,φ f jk∥Bq(DN ,Y) ≥ δ0, k ∈ N. (2.6)

From the compactness of Wu,φ, it follows that {Wu,φ f jk} has a further subsequence (here we still use the
same notion {Wu,φ f jk}), which converges to some g in Bq(DN , X). By Lemma 2.1, we have that for any
compact K ⊂ DN , there is a positive constant CK independent of f such that∥∥∥u(z)( f jk(φ(z))) − g(z)

∥∥∥
Y
≤ CK

∥∥∥Wu,φ fnk − g
∥∥∥
Bq(DN ,Y)

, z ∈ K. (2.7)
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Estimate (2.7) implies that u(z)( f jk(z)) − g(z) → 0 uniformly on compact subsets of DN as k → ∞.
Since for every compact subset K ⊂ DN , supz∈K ∥u(z)∥X→Y = MK < +∞, it follows that

sup
z∈K
∥u(z)( f jk(φ(z)))∥Y ≤ MK sup

w∈φ(K)
∥ f jk(w)∥X → 0 as k → ∞, (2.8)

where we have used the fact that φ(K) is a compact subset of DN . Hence, the limit function g is equal
to the zero vector. Therefore, we have

lim
k→∞
∥Wu,φ f jk∥Bq(DN ,Y) = 0. (2.9)

Equation (2.9) contradicts the fact that ∥Wu,φ f jk∥Bq(DN ,Y) ≥ δ0 > 0 for all k ∈ N. Then,

lim
j→∞
∥Wu,φ f j∥Bq(DN ,Y) = 0.

Conversely, let {g j} be any sequence in the unit ball B(0, 1) of the space Bp(DN , X). Since
sup j∈N ∥g j∥Bp(DN ,X) ≤ 1, by Lemma 2.1 {g j} is uniformly bounded on compact subsets of DN , and
then {g j} is normal by Montel’s theorem. Hence, we may extract a subsequence {g jk} that converges
uniformly on compact subsets of DN to some g ∈ H(DN , X). By applying Cauchy’s estimate, we
obtain that ∂g j

∂zl
→

∂g
∂zl

uniformly on compact subsets of DN for each l ∈ {1, . . . ,N}, which implies that
g ∈ Bp(DN , X) and ∥g∥Bp(DN ,X) ≤ 1. Hence, the sequence {g jk−g} satisfies that supk∈N ∥g jk−g∥Bp(DN ,X) ≤ 2
and converges to the zero vector on compact subsets of DN . By the hypothesis, we have

lim
k→∞
∥Wu,φg jk −Wu,φg∥Bq(DN ,Y) = 0. (2.10)

Relation (2.10) means that the set Wu,φ(B(0, 1)) is relatively compact, and then the proof is completed.
□

From Lemma 2.3, we need to find some sequences in Bp(DN , X) to characterize the compactness of
the operator Wu,φ : Bp(DN , X) → Bq(DN ,Y). The next result will play such a role. The proof can be
obtained by some calculations, and then we omit it.

Lemma 2.4. Let x be a fixed vector in X and the sequence {w j} in D satisfy |w j| → 1 as j → ∞. Then
the following functions are bounded and converge to the zero vector in X uniformly on compact subsets
of DN as j→ ∞.

(i) If p ≥ 1, then we choose the functions

f j,x(z) = f j(z)x,

where

f j(z) =
(1 − |w j|2)2

(1 − w jzl)p+1
−

1 − |w j|2

(1 − w jzl)p
,

and

f̂ j,x(z) = f̂ j(z)x,
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where

f̂ j(z) = (zl + 2)
(1 − |w j|2

1 − w jzl

)p
.

(ii) If p = 1, then we choose the functions

g j,x(z) = g j(z)x,

where

g j(z) =
3
a j

(
ln

1

1 − w jzl

)2
−

2
a2

j

(
ln

1

1 − w jzl

)3
and a j = − ln(1 − |w j|2).

(iii) If 0 < p < 1, then we choose the functions

h j,x(z) = h j(z)x,

where

h j(z) =
1 − |w j|2

(1 − w jzl)p
.

Finally, inspired by the idea in [7], we obtain the following result.

Lemma 2.5. Assume that 0 < p < 1 and { f j} ⊆ B
p(DN , X) is a bounded sequence satisfying f j → 0

uniformly on compact subsets of DN as j→ ∞. Then

lim
j→∞

sup
z∈DN
∥ f j(z)∥X = 0. (2.11)

And, for each 0 ≤ ρ < 1 and l ∈ {1, . . . ,N},

lim
j→∞

sup
z∈DN ,|zl |≤ρ

∥∥∥∂ f j

∂zl
(z)
∥∥∥

X
= 0. (2.12)

Proof. Assume that ∥ f j∥Bp(DN ,X) ≤ M for all j. For arbitrary ε > 0, by
∫ 1

0
dr

(1−r2)p < +∞ (since p ∈ (0, 1))
we have some η ∈ (0, 1) such that ∫ 1

η

dr
(1 − r2)p <

ε

M + 1
. (2.13)

Now, for z = (z1, . . . , zl, . . . , zN) ∈ DN with |zl| > η, we have∥∥∥ f j(z1, . . . , zl, . . . , zN) − f j(z1, . . . , η
zl

|zl|
, . . . , zN)

∥∥∥
X

≤

∫ |zl |

η

∥∥∥∂ f j

∂zl

(
r

zl

|zl|

)∥∥∥
X
dr ≤ ∥ f j∥Bp(DN ,X)

∫ |zl |

η

dr
(1 − r2)p < ε. (2.14)
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By (2.14), for any z ∈ DN \ ηDN , we have z′ ∈ ηDN such that∥∥∥ f j(z) − f j(z′)
∥∥∥

X
≤ Nε. (2.15)

For the above ε, by the hypothesis we have some positive integer N0 such that for j > N0

sup
z∈ηDN

∥ f j(z)∥X < ε. (2.16)

Combining (2.15) and (2.16), we obtain

sup
z∈DN
∥ f j(z)∥X < (N + 1)ε,

whenever j > N0, which implies that (2.11) holds. Now, for the fixed ρ ∈ (0, 1) and z ∈ DN with
|zl| ≤ ρ, by applying Cauchy’s estimate to one variable function f j(zl) = f (z1, . . . , zl−1, zl, . . . , zN), we
have ∥∥∥∂ f j

∂zl
(z)
∥∥∥

X
≤ C sup

|ζ−zl |<1−ρ
∥ f (z1, . . . , ζ, . . . , zN)∥X ≤ C sup

z∈DN
∥ f (z)∥X,

where C depends only on ρ. This together with (2.11) implies (2.12). The proof is completed. □

3. Boundedness of the operators Wu,φ : Bp(DN , X)→ Bq(DN ,Y)

Theorem 3.1. Let p, q > 0, φ(z) = (φ1(z), . . . , φN(z)) be a holomorphic self-map of DN and u ∈
H(DN ,L(X,Y)). Then the following statements are true.

(i) If 0 < p < 1, then Wu,φ : Bp(DN , X) → Bq(DN ,Y) is bounded if and only if u ∈ Bq(DN ,L(X,Y))
and

sup
z∈DN
∥u(z)∥X→Y

N∑
k,l=1

(1 − |zl|
2)q

(1 − |φk(z)|2)p

∣∣∣∂φk

∂zl
(z)
∣∣∣ < +∞. (3.1)

(ii) If p = 1, then Wu,φ : Bp(DN , X)→ Bq(DN ,Y) is bounded if and only if

sup
z∈DN

N∑
k,l=1

(1 − |zl|
2)q
∥∥∥ ∂u
∂zl

(z)
∥∥∥

X→Y
ln

1
1 − |φk(z)|2

< +∞ (3.2)

and

sup
z∈DN
∥u(z)∥X→Y

N∑
k,l=1

(1 − |zl|
2)q

1 − |φk(z)|2
∣∣∣∂φk

∂zl
(z)
∣∣∣ < +∞. (3.3)

(iii) If p > 1, then Wu,φ : Bp(DN , X)→ Bq(DN ,Y) is bounded if and only if

sup
z∈DN

N∑
k,l=1

∥∥∥ ∂u
∂zl

(z)
∥∥∥

X→Y

(1 − |zl|
2)q

(1 − |φk(z)|2)p−1 < +∞ (3.4)

and

sup
z∈DN
∥u(z)∥X→Y

N∑
k,l=1

(1 − |zl|
2)q

(1 − |φk(z)|2)p

∣∣∣∂φk

∂zl
(z)
∣∣∣ < +∞. (3.5)
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Proof. We first prove (i). Necessity. Let the operator Wu,φ : Bp(DN , X) → Bq(DN ,Y) be bounded.
Then, by using the function 1x(z) = x defined on DN , we obtain

u(z)(x) = Wu,φ1x(z) = u(z)(1x(φ(z))) ∈ Bq(DN ,Y),

which shows that u ∈ Bq(DN ,L(X,Y)).
For each fixed l ∈ {1, . . . ,N} and w ∈ DN , we will make use of the family of test functions { fl,φl(w),x :

|φl(w)| , 0} defined in Lemma 2.2 by replacing wl by φl(w). From a calculation, it follows that

∂ fl,φl(w)

∂zl
(z) =

p(1 − |φl(w)|2)

(1 − φl(w)zl)p+1
−

p − 1

(1 − φl(w)zl)p
,
∂ fl,φl(w)

∂z j
(z) = 0 for j , l, (3.6)

and | fl,φl(w)(0)| = |φl(w)|. It is clear that

Wu,φ fl,φl(w),x(z) = u(z)( fl,φl(w),x(φ(z))) = fl,φl(w)(φ(z))u(z)(x),

from which for all z ∈ DN we have

bWu,φ fl,φl(w),x(z) =
N∑

k=1

(1 − |zk|
2)q
∥∥∥∂Wu,φ fl,φl(w),x

∂zk
(z)
∥∥∥

Y

=

N∑
k=1

(1 − |zk|
2)q
∥∥∥∥ fl,φl(w)(φ(z))

∂u
∂zk

(z)(x) +
N∑

j=1

∂ fl,φl(w)

∂ζ j
(φ(z))

∂φ j

∂zk
(z)u(z)(x)

∥∥∥∥
Y

≤ ∥Wu,φ fl,φl(w),x∥Bq(DN ,Y)

≤ ∥Wu,φ∥Bp(DN ,X)→Bq(DN ,Y)∥ fl,φl(w),x∥Bp(DN ,X)

= ∥Wu,φ∥Bp(DN ,X)→Bq(DN ,Y)∥ fl,φl(w)∥Bp(DN )∥x∥X
≤ C∥x∥X. (3.7)

Since fl,φl(w)(φ(w)) = 0 and
∂ fl,φl(w)

∂ζl
(φ(w)) =

1
(1 − |φl(w)|2)p ,

it follows from replacing z by w in (3.6) and (3.7) that

∥∥∥u(w)(x)
∥∥∥

Y

N∑
k=1

(1 − |wk|
2)q

(1 − |φl(w)|2)p

∣∣∣ ∂φl

∂wk
(w)
∣∣∣ ≤ C∥x∥X (3.8)

for each l ∈ {1, . . . ,N}, which shows

∥∥∥u(z)
∥∥∥

X→Y

N∑
k=1

(1 − |zk|
2)q

(1 − |φl(z)|2)p

∣∣∣∂φl

∂zk
(z)
∣∣∣ ≤ C (3.9)

for each l ∈ {1, . . . ,N}. By continuity the above estimate remains valid also if φl(w) = 0, from
which (3.1) holds.

Sufficiency. Now, assume that u ∈ Bq(DN ,L(X,Y)) and (3.1) holds. Let f ∈ Bp(DN , X). By
Lemma 2.1,

∥Wu,φ f (0)∥Y = ∥u(0)( f (φ(0)))∥Y ≤ ∥u(0)∥X→Y∥ f (φ(0))∥X ≤ C∥ f ∥Bp(DN ,X). (3.10)
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At the same time, we also have

bWu,φ f (z) =
N∑

k=1

(1 − |zk|
2)q
∥∥∥∂Wu,φ f
∂zk

(z)
∥∥∥

Y

=

N∑
k=1

(1 − |zk|
2)q
∥∥∥∥ ∂u
∂zk

(z)( f (φ(z))) +
N∑

l=1

∂φl

∂zk
(z)u(z)

(∂ f
∂ζl

(φ(z))
)∥∥∥∥

Y

≤

N∑
k=1

(1 − |zk|
2)q
∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y

∥∥∥ f (φ(z))
∥∥∥

X

+ ∥u(z)∥X→Y

N∑
k,l=1

(1 − |zk|
2)q
∣∣∣∂φl

∂zk
(z)
∣∣∣∥∥∥∂ f
∂ζl

(φ(z))
∥∥∥

X

≤ C∥u∥Bq(DN ,L(X,Y)∥ f ∥Bp(DN ,X) + ∥ f ∥Bp(DN ,X)∥u(z)∥X→Y

N∑
k,l=1

(1 − |zk|
2)q

(1 − |φl(z)|2)p

∣∣∣∂φl

∂zk
(z)
∣∣∣

=
(
C∥u∥Bq(DN ,L(X,Y)) + ∥u(z)∥X→Y

N∑
k,l=1

(1 − |zk|
2)q

(1 − |φl(z)|2)p

∣∣∣∂φl

∂zk
(z)
∣∣∣)∥ f ∥Bp(DN ,X). (3.11)

From (3.10) and (3.11), it follows that Wu,φ : Bp(DN , X)→ Bq(DN ,Y) is bounded.
Next, we prove (ii). Necessity. Assume that Wu,φ : B(DN , X) → Bq(DN ,Y) is bounded. Using test

functions fl,φl(w),x, it follows that condition (3.3) holds. Now, we prove that condition (3.4) holds. For
each fixed l ∈ {1, . . . ,N}, w ∈ DN , and x ∈ X, we consider the function gl,φl(w),x. Then from a direct
calculation, we have

∂gl,φl(w),x

∂zk
(z) = 0 for k , l, and

∂gl,φl(w),x

∂zl
(z) =

φl(w)

1 − φl(w)z
x. (3.12)

Note that

∂gl,φl(w),x

∂zl
(φ(w)) =

φl(w)
1 − |φl(w)|2

x and gl,φl(w),x(φ(w)) = ln
1

1 − |φl(w)|2
x. (3.13)

Applying (3.11) to the function gl,φl(w),x with ∥x∥X = 1 and from (3.13), we obtain

N∑
k=1

(1 − |wk|
2)q ln

1
1 − |φl(w)|2

∥∥∥ ∂u
∂wk

(w)(x)
∥∥∥

Y

≤ C
∥∥∥gl,φl(w),x

∥∥∥
B(DN ,X)

+
∥∥∥u(w)

∥∥∥
X→Y

∣∣∣∣ N∑
k=1

φl(w)
1 − |φl(w)|2

∂φl

∂wk
(w)
∣∣∣∣(1 − |wk|

2)q

≤ 2C∥x∥X + sup
w∈DN

∥∥∥u(w)
∥∥∥

X→Y

N∑
k,l=1

(1 − |wk|
2)q

1 − |φl(w)|2
∣∣∣ ∂φl

∂wk
(w)
∣∣∣

= 2C + sup
w∈DN

∥∥∥u(w)
∥∥∥

X→Y

N∑
k,l=1

(1 − |wk|
2)q

1 − |φl(w)|2
∣∣∣ ∂φl

∂wk
(w)
∣∣∣.
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From this and condition (3.3), it follows that condition (3.2) holds.
Sufficiency. First note that condition (3.2) implies that u ∈ Bq(DN ,L(X,Y)). From this,

Lemma 2.1 (ii) and (3.11), it follows that

bWu,φ f (z) ≤
N∑

k=1

(1 − |zk|
2)q
∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y

∥∥∥ f (φ(z))
∥∥∥

X

+ ∥ f ∥B(DN ,X)∥u(z)∥X→Y

N∑
k,l=1

(1 − |zk|
2)q

1 − |φl(z)|2
∣∣∣∂φl

∂zk
(z)
∣∣∣

≤ C∥ f ∥B(DN ,X)∥u∥Bq(DN ,L(X,Y))

+C∥ f ∥B(DN ,X)

N∑
k=1

(1 − |zk|
2)q
∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y

N∑
l=1

ln
1

1 − |φl(z)|2

+ ∥ f ∥B(DN ,X)∥u(z)∥X→Y sup
z∈DN

N∑
k,l=1

(1 − |zk|
2)q

1 − |φl(z)|2
∣∣∣∂φl

∂zk
(z)
∣∣∣. (3.14)

From (3.10) and (3.14), and using conditions (3.2) and (3.3), we obtain that the operator Wu,φ :
B(DN , X)→ Bq(DN ,Y) is bounded.

Now, we prove (iii). Necessity. Assume that Wu,φ : Bp(DN , X) → Bq(DN ,Y) is bounded. Using the
same test functions fl,φ(w),x in the proof of (i), we obtain that condition (3.5) holds. In order to obtain
condition (3.4), we use the function hl,φl(w),x defined in Lemma 2.2 (iii) by replacing wl by φl(w). Since

∂hl,φl(w)

∂zl
(z) = p(p − 1)

φl(w)

(1 − φl(w)zl)p
− p(p − 1)

φl(w)(1 − |φl(w)|2)

(1 − φl(w)zl)p+1
,

we have

∂hl,φl(w)

∂zl
(φl(w)) = 0. (3.15)

We also have

∂hl,φl(w)

∂zk
(z) , 0 for k , l, and hl,φl(w)(φl(w)) =

1
(1 − |φl(w)|2)p−1 . (3.16)

Applying (3.11) to the function hl,φl(w),x, it follows from (3.15) and (3.16) that

N∑
k=1

∥∥∥∂uw

∂wk
(x)
∥∥∥

Y

(1 − |wk|
2)q

(1 − |φl(w)|2)p−1 ≤ C∥hl,φl(w),x∥Bp(DN ,X) ≤ C
(
3p(p − 1)2p + 2p − 1

)
∥x∥X (3.17)

for each l ∈ {1, . . . ,N}. From (3.17), it follows that

N∑
k=1

∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y

(1 − |zk|
2)q

(1 − |φl(z)|2)p−1 ≤ C

for each l ∈ {1, . . . ,N}, from which condition (3.4) holds.
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Sufficiency. From Lemma 2.1 (iii), (3.11), and the definition of Bq(DN ,Y), for each f ∈ Bp(DN , X)
we have

bWu,φ f (z) ≤ C∥ f ∥Bp(DN ,X)

N∑
k,l=1

∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y

(1 − |zk|
2)q

(1 − |φl(z)|2)p−1

+ ∥ f ∥Bp(DN ,X)∥u(z)∥X→Y

N∑
k,l=1

(1 − |zk|
2)q

(1 − |φl(z)|2)p

∣∣∣∂φl

∂zk
(z)
∣∣∣. (3.18)

Taking the supremum over DN in (3.18) and using conditions (3.4), (3.5), and (3.10), the boundedness
of Wu,φ : Bp(DN , X)→ Bq(DN ,Y) follows. The proof is completed. □

4. Compactness of the operators Wu,φ : Bp(DN , X)→ Bq(DN ,Y)

Theorem 4.1. Let p, q > 0, φ = (φ1, . . . , φN) be a holomorphic self-map of DN , u ∈ H(DN ,L(X,Y)),
and the operator Wu,φ : Bp(DN , X)→ Bq(DN ,Y) be bounded. Then the following statements are true.

(i) If p = 1, then Wu,φ : Bp(DN , X)→ Bq(DN ,Y) is compact if and only if

lim
φ(z)→∂DN

N∑
k,l=1

(1 − |zk|
2)q
∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y
ln

1
1 − |φl(z)|2

= 0 (4.1)

and

lim
φ(z)→∂DN

∥u(z)∥X→Y

N∑
k,l=1

(1 − |zk|
2)q

1 − |φl(z)|2
∣∣∣∂φl

∂zk
(z)
∣∣∣ = 0. (4.2)

(ii) If p > 1, then Wu,φ : Bp(DN , X)→ Bq(DN ,Y) is compact if and only if

lim
φ(z)→∂DN

N∑
k,l=1

∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y

(1 − |zk|
2)q

(1 − |φl(z)|2)p−1 = 0 (4.3)

and

lim
φ(z)→∂DN

∥u(z)∥X→Y

N∑
k,l=1

(1 − |zk|
2)q

(1 − |φl(z)|2)p

∣∣∣∂φl

∂zk
(z)
∣∣∣ = 0. (4.4)

(iii) If 0 < p < 1, then Wu,φ : Bp(DN , X) → Bq(DN ,Y) is compact if and only if for each l ∈
{1, . . . ,N}

lim
|φl(z)|→1

∥u(z)∥X→Y

N∑
k=1

(1 − |zk|
2)q

(1 − |φl(z)|2)p

∣∣∣∂φl

∂zk
(z)
∣∣∣ = 0. (4.5)

Proof. We first prove the necessity of (i) and (ii). Assume that Wu,φ : Bp(DN , X) → Bq(DN ,Y) is
compact. We first prove that condition (4.4) holds when p ≥ 1 (this means that when p = 1, condition
(4.2) holds).
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If condition (4.4) fails, then there is a sequence {z j} in DN such that w j = φ(z j) → ∂DN as j → ∞,
and ε0 > 0 such that

∥u(z j)∥X→Y

N∑
k,l=1

(1 − |z j
k|

2)q

(1 − |φl(z j)|2)p

∣∣∣∂φl

∂zk
(z j)
∣∣∣ ≥ ε0 (4.6)

for all j ∈ N. Since the operator Wu,φ : Bp(DN , X) → Bq(DN ,Y) is bounded, by Theorem 3.1
condition (3.5) (correspondingly, condition (3.3) when p = 1) holds. So, there is a subsequence of
{z j} (here we shall use the same notion {z j}) such that there is a finite limit

lim
j→∞
∥u(z j)∥X→Y

(1 − |z j
k|

2)q

(1 − |φl(z j)|2)p

∣∣∣∂φl

∂zk
(z j)
∣∣∣ (4.7)

for all k, l ∈ {1, . . . ,N}. Also, we may assume that for every l ∈ {1, . . . ,N} there is a finite limit

lim
j→∞
|w j

l | = lim
j→∞
|φl(z j)|.

From (4.6), without loss of generality, we may assume that l = 1 and

∥u(z j)∥X→Y

(1 − |z j
k0
|2)q

(1 − |φ1(z j)|2)p

∣∣∣∂φ1

∂zk0

(z j)
∣∣∣ = ε1 > 0 (4.8)

for some k0 ∈ {1, . . . ,N}. By the definition of the norm of a linear operator, for small enough ε > 0,
there is a unit vector xε ∈ X such that

∥u(z j)(xε)∥Y
(1 − |z j

k0
|2)q

(1 − |φ1(z j)|2)p

∣∣∣∂φ1

∂zk0

(z j)
∣∣∣ ≥ ε1 − ε > 0. (4.9)

We shall construct a sequence of functions { f j} in Bp(DN , X) satisfying the following conditions:
(a) { f j} is a bounded sequence in Bp(DN , X);
(b) { f j} converges to zero vector in X uniformly on compact subsets of DN as j→ ∞;
(c) ∥Wu,φ f j∥Bq(Y,DN ) ↛ 0 as j→ ∞.
This will contradict the compactness of the operator Wu,φ : Bp(DN , X) → Bq(DN ,Y) in view of

Lemma 2.3, which implies that (4.4) is necessary for the operator Wu,φ : Bp(DN , X)→ Bq(DN ,Y) to be
compact.

Case 1. First assume that |w j
1| → 1 as j→ ∞. For each j ∈ N, we consider the functions f j,x(z) = f j(z)x

in Lemma 2.4 by replacing w j by w j
1. Then

∂ f j

∂zl
(z) = 0, l , 1,

and

∂ f j

∂z1
(z) = (p + 1)w j

1

(1 − |w j
1|

2)2

(1 − w j
1z1)p+2

− pw j
1

1 − |w j
1|

2

(1 − w j
1z1)p+2

,
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and consequently,

∥ f j∥Bp(DN ) = | f j(0)| + sup
z∈DN

N∑
k=1

(1 − |zk|
2)p
∣∣∣∣∂ f j

∂zk
(z)
∣∣∣∣ ≤ 1 + (3p + 2)2p+1. (4.10)

For previous mentioned unit vector xε ∈ X, using the function f j,xε , we will show that
∥Wu,φ f j,xε∥Bq(DN ,Y) ↛ 0 as j→ ∞.

Let

J(z j) =
∥∥∥u(z j)(xε)

∥∥∥
Y

N∑
k=1

(1 − |zk|
2)q
∣∣∣∣∂ f j

∂z1
(φ(z j))

∣∣∣∣∣∣∣∣∂φ1

∂zk
(z j)
∣∣∣∣.

Then, we have

∥Wu,φ f j,xε∥Bq(DN ,Y) ≥ J(z j) =
∣∣∣w j

1

∣∣∣∥∥∥u(z j)(xε)
∥∥∥

Y

N∑
k=1

(1 − |z j
k|

2)q

(1 − |w j
1|

2)p

∣∣∣∂φ1

∂zk
(z j)
∣∣∣

≥
∣∣∣w j

1

∣∣∣∥∥∥u(z j)(xε)
∥∥∥

Y

(1 − |z j
k0
|2)q

(1 − |φ1(z j)|2)p

∣∣∣∂φ1

∂zk0

(z j)
∣∣∣

≥
1
2

(ε1 − ε) > 0 (4.11)

for large enough j, since |w j
1| → 1 as j→ ∞. From (4.11), the result follows in this case.

Case 2. Assume that |w j
1| → r0 as j → ∞. Since w j → ∂DN , there is an l0 ∈ {1, . . . ,N} such that

|w j
l0
| → 1 as j→ ∞. If there is a k1 ∈ {1, . . . ,N} and ε2 > 0 such that

∥u(z j)∥X→Y

(1 − |z j
k1
|2)q

(1 − |φl0(z j)|2)p

∣∣∣∣∂φl0

∂zk1

(z j)
∣∣∣∣ = ε2,

we also obtain a contradiction similar to Case 1. Hence, we may assume that for the l0 chosen above
such that

lim
j→∞
∥u(z j)∥X→Y

(1 − |z j
k|

2)q

(1 − |φl0(z j)|2)p

∣∣∣∣∂φl0

∂zk
(z j)
∣∣∣∣ = 0

for each k ∈ {1, . . . ,N}. Let f̂ j,x be functions defined in Lemma 2.4 by replacing w j by w j
l0

. Clearly, we
have

∂ f̂ j

∂zl
= 0, l , 1, l0,

∂ f̂ j

∂z1
(z) =

( 1 − |w j
l0
|2

1 − w j
l0

zl0

)p
and
∂ f̂ j

∂zl0
(z) = p(z1 + 2)w j

l0

(1 − |w j
l0
|2)p

(1 − w j
l0

zl0)p+1
.

From Lemma 2.4, we know that { f̂ j,x} is bounded and f̂ j,x → 0 uniformly on the compact subset of DN

as j→ ∞. We prove that ∥Wu,φ f̂ j,x∥Bp(DN ,Y) ↛ 0 as j→ ∞. Note that

∂ f̂ j

∂ζ1
(φ(z j)) = 1,

∂ f̂ j

∂ζl0
(φ(z j)) = p

(w j
1 + 2)w j

l0

1 − |w j
l0
|2
. (4.12)
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Since the operator Wu,φ : Bp(DN , X)→ Bq(DN ,Y) is compact, it follows that

lim
j→∞
∥Wu,φ f̂ j,x∥Bq(DN ,Y) = 0. (4.13)

Since this operator is bounded, from Theorem 3.1 it follows that (3.2) or (3.4) holds. Therefore, we
obtain

lim
φ(z)→∂DN

N∑
k=1

∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y
(1 − |zk|

2)q = 0.

In particular, we have

lim
j→∞

N∑
k=1

∥∥∥ ∂u
∂zk

(z j)
∥∥∥

X→Y
(1 − |z j

k|
2)q = 0. (4.14)

From (3.11), and (4.12)–(4.14), it follows that

L j = ∥u(z j)(x)∥Y
N∑

k=1

(1 − |z j
k|

2)q
∣∣∣∣∂ f̂ j,x

∂ζ1
(φ(z j))

∂φ1

∂zk
(z j)
∣∣∣∣

≤ ∥u(z j)(x)∥Y
N∑

k=1

(1 − |z j
k|

2)q
∣∣∣∣∂ f̂ j,x

∂ζl0
(φ(z j))

∂φl0

∂zk
(z j)
∣∣∣∣

+ ∥Wu,φ f̂ j,x∥Bq(DN ,Y) + ∥ f̂ j,x(φ(z j))∥X
N∑

k=1

∥∥∥ ∂u
∂zk

(z j)
∥∥∥

X→Y
(1 − |z j

k|
2)q

≤ 3p∥u(z j)(x)∥Y
N∑

k=1

(1 − |z j
k|

2)q

1 − |φl0(z j)|2

∣∣∣∣∂φl0

∂zk
(z j)
∣∣∣∣

+ ∥Wu,φ f̂ j,x∥Bq(DN ,Y) + ∥ f̂ j,x∥H∞(DN ,X)

N∑
k=1

∥∥∥ ∂u
∂zk

(z j)
∥∥∥

X→Y
(1 − |z j

k|
2)q

≤ 3p∥u(z j)(x)∥Y
N∑

k=1

(1 − |z j
k|

2)q

(1 − |φl0(z j)|2)p

∣∣∣∣∂φl0

∂zk
(z j)
∣∣∣∣

+ ∥Wu,φ f̂ j,x∥Bq(DN ,Y) + 3 · 2p
N∑

k=1

∥∥∥ ∂u
∂zk

(z j)
∥∥∥

X→Y
(1 − |z j

k|
2)q. (4.15)

Suppose to the contrary that ∥Wu,φ f̂ j,x∥Bq(DN ,Y) = 0 as j→ ∞. Letting j→ ∞ in (4.15), we obtain

lim
j→∞

L j = lim
j→∞
∥u(z j)(x)∥Y

N∑
k=1

(1 − |z j
k|

2)q
∣∣∣∣∂φ1

∂zk
(z j)
∣∣∣∣ = 0. (4.16)

Since |w j
1| ≤ δ < 1, the following estimates hold for sufficiently large j:

0 < Cδ(ε1 − ε) ≤ Cδ∥u(z j)(xε)∥Y
(1 − |z j

k0
|2)q

(1 − |φ1(z j)|2)p

∣∣∣∣∂φ1

∂zk0

(z j)
∣∣∣∣
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≤ ∥u(z j)(xε)∥Y
N∑

k=1

(1 − |zk|
2)q
∣∣∣∣∂φ1

∂zk
(z j)
∣∣∣∣, (4.17)

where we can choose, for example, Cδ = (1 − δ2)p. It is clear that (4.17) contradicts the convergence
lim j→∞ L j = 0. Hence,

lim
j→∞
∥u(z j)∥X→Y

(1 − |z j
k|

2)q

(1 − |φl(z j)|2)p

∣∣∣∣∂φl

∂zk
(z j)
∣∣∣∣ = 0. (4.18)

It follows from the above that condition (4.4) holds for every p ≥ 1.
Now, we begin to prove that conditions (4.1) and (4.3) hold. Assume that p > 1 and that

condition (4.3) fails. Then there is a sequence {z j} in DN such that φ(z j) → ∂DN as j → ∞, and
ε3 > 0 such that

N∑
k,l=1

∥∥∥ ∂u
∂zl

(z j)
∥∥∥

X→Y

(1 − |z j
l |

2)q

(1 − |φk(z j)|2)p−1 ≥ ε3 for each j ∈ N. (4.19)

Since the operator Wu,φ : Bp(DN , X) → Bq(DN ,Y) is bounded, from Theorem 3.1 it follows that (3.4)
holds. Hence, there is a subsequence of {z j} (we still use the same notation {z j}) such that for all
k, l ∈ {1, . . . ,N} such that

∥∥∥ ∂u
∂zl

(z j)
∥∥∥

X→Y

(1 − |z j
l |

2)q

(1 − |φk(z j)|2)p−1

converges to a finite number as j → ∞, and so that for every k ∈ {1, . . . ,N} there is a finite limit
lim j→∞ |w

j
k| = lim j→∞ |φk(z j)|. Without loss of generality, assume that k = 1 and

∥∥∥ ∂u
∂zl0

(z j)
∥∥∥

X→Y

(1 − |z j
l0
|2)q

(1 − |φ1(z j)|2)p−1 = ε4 (4.20)

for some l0 ∈ {1, . . . ,N}. Then, from the definition of norms of the bounded linear operators, for small
enough ε > 0 there is a unit vector yε ∈ X such that

∥∥∥ ∂u
∂zl0

(z j)(yε)
∥∥∥

Y

(1 − |z j
l0
|2)q

(1 − |φ1(z j)|2)p−1 ≥ ε4 − ε. (4.21)

As above, we still construct a sequence of functions that converges to zero uniformly on compact
subsets of DN in order to obtain a contradiction by Lemma 2.3. We have to consider the following
cases.

Case 1. Let |w j
1| → 1 as j→ ∞. First, we define the following functions

ĥw j
1
(z) = (p + 1)

1 − |w j
1|

2

(1 − w j
1z1)p

− p
(1 − |w j

1|
2)2

(1 − w j
1z1)p+1

.
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Then

∂̂hw j
1

∂zk
(z) = 0 for k , 1,

∂̂hw j
1

∂z1
(φ(z j)) = 0 and ĥw j

1
(φ(z j)) =

1

(1 − |w j
1|

2)p−1
. (4.22)

For unit vector yε in X, we define the function ĥw j
1,yε

(z) = ĥw j
1
(z)yε. Since from a direct calculation it

follows that

∥̂hw j
1,yε
∥Bp(DN ,X) ≤ 2p + 1 + 3p(p + 1)2p+1,

we obtain that the sequence {̂hw j
1,yε
} is uniformly bounded. Also it is easy to see that {̂hw j

1,yε
}

converges to the zero vector uniformly on compact subsets of DN . From Lemma 2.3 it follows that
∥Wu,φ̂hw j

1,yε
∥Bq(DN ,Y) → 0 as j→ ∞. Hence, by (4.22) we have

C∥Wu,φ̂hw j
1,yε
∥Bq(DN ,Y) ≥

N∑
k=1

(1 − |z j
k|

2)q
∥∥∥∥̂hw j

1
(φ(z j))

∂u
∂zk

(z j)(yε) +
N∑

l=1

∂̂hw j
1

∂ζl
(φ(z j))

∂φl

∂zk
(z j)u(z j)(yε)

∥∥∥∥
Y

=

N∑
k=1

(1 − |z j
k|

2)q

(1 − |φ1(z j)|2)p−1

∥∥∥ ∂u
∂zk

(z j)(yε)
∥∥∥

Y
≥ ε4 − ε > 0,

which is a contradiction.
Case 2. Assume that |w j

1| → ρ as j→ ∞. Since w j → ∂DN , there is an l ∈ {1, . . . ,N} such that |w j
l | → 1

as j→ ∞. If there is a k0 ∈ {1, . . . ,N} and ε5 > 0 such that

lim
j→∞

∥∥∥ ∂u
∂zk0

(z j)
∥∥∥

X→Y

(1 − |z j
k0
|2)q

(1 − |φl(z j)|2)p−1 = ε5, (4.23)

then we obtain a contradiction by replacing w j
1 by w j

l in the function ĥw j
1,yε

as in Case 1. Hence, for this
l, we may assume that

lim
j→∞

∥∥∥ ∂u
∂zk

(z j)
∥∥∥

X→Y

(1 − |z j
k|

2)q

(1 − |φl(z j)|2)p−1 = 0 (4.24)

for each k ∈ {1, . . . ,N}. By using the above-defined functions f̂ j,x, the boundedness of the operator
Wu,φ : Bp(DN , X)→ Bq(DN ,Y), it follows that

|w j
1+2|

N∑
k=1

∥∥∥ ∂u
∂zk

(z j)(x)
∥∥∥

Y
(1 − |z j

k|
2)q

≤ C∥Wu,φ f̂ j,x∥Bq(DN ,Y) + ∥u(z j)(x)∥Y
N∑

k=1

(1 − |z j
k|

2)q
∣∣∣∣∂φ1

∂zk
(z j)
∣∣∣∣

+ 3p∥u(z j)(x)∥Y
N∑

k=1

(1 − |z j
k|

2)q

(1 − |φl(z j)|2)p−1

∣∣∣∣∂φl

∂zk
(z j)
∣∣∣∣
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≤ C∥Wu,φ f̂ j,x∥Bq(DN ,Y) + ∥u(z j)(x)∥Y
N∑

k=1

(1 − |z j
k|

2)q
∣∣∣∣∂φ1

∂zk
(z j)
∣∣∣∣

+ 3p∥u(z j)(x)∥Y
N∑

k=1

(1 − |z j
k|

2)q

(1 − |φl(z j)|2)p−1

∣∣∣∣∂φl

∂zk
(z j)
∣∣∣∣→ 0 (4.25)

as j→ ∞, by condition (3.7).
On the other hand, since |w j

1| ≤ ρ < 1 and p > 1, by (4.20) we have

ε4

2
<
∥∥∥ ∂u
∂zl0

(z j)
∥∥∥

X→Y

(1 − |z j
l0
|2)q

(1 − |φ1(z j)|2)p−1 ≤ C
N∑

k=1

(1 − |z j
k|

2)q
∥∥∥ ∂u
∂zl0

(z j)
∥∥∥

X→Y

for sufficiently large j, which contradicts (4.25).
Assume now that p = 1. We prove that condition (4.1) holds. Assume the contrary, that is,

condition (4.1) fails. Then there is a sequence {z j} in DN such that w j = φ(z j) → ∂DN as j → ∞,
and ε5 > 0 such that

N∑
k,l=1

(1 − |z j
k|

2)q
∥∥∥ ∂u
∂zk

(z j)
∥∥∥

X→Y
ln

1
1 − |φl(z j)|2

≥ ε5 (4.26)

for each j ∈ N. Since the operator Wu,φ : B(DN , X) → Bq(DN ,Y) is bounded, by Theorem 3.1
condition (3.2) holds. Hence, for any k, l ∈ {1, . . . ,N} there is a subsequence of {z j} (here we still use
the same notation {z j}) such that the limits

lim
j→∞

(1 − |z j
k|

2)q
∥∥∥ ∂u
∂zk

(z j)
∥∥∥

X→Y
ln

1
1 − |φl(z j)|2

are finite for all k, l ∈ {1, . . . ,N} and for each l ∈ {1, . . . ,N} there is a finite limit

lim
j→∞
|w j

l | = lim
j→∞
|φl(z j)|.

Without loss of generality, we may assume that l = 1 and

lim
j→∞

(1 − |z j
k0
|2)q
∥∥∥ ∂u
∂zk0

(z j)
∥∥∥

X→Y
ln

1
1 − |φ1(z j)|2

= ε6 > 0

from some k0 ∈ {1, . . . ,N}. Hence, for sufficiently large j,

(1 − |z j
k0
|2)q
∥∥∥ ∂u
∂zk0

(z j)
∥∥∥

X→Y
ln

1
1 − |φ1(z j)|2

>
ε6

2
.

By the definition of the norm of the bounded linear operators, there is some unit vector x0 in X such
that

(1 − |z j
k0
|2)q
∥∥∥ ∂u
∂zk0

(z j)(x0)
∥∥∥

Y
ln

1
1 − |φ1(z j)|2

>
ε6

2
. (4.27)

We have to consider the following subcases.
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Subcase 1. Let |w j
1| → 1 as j→ ∞. We use the functions g j,x0 in Lemma 2.4 by replacing w j by w j

1.
Then

∂g j

∂z1
(z) =

6w j
1

1 − w j
1z1

[ 1
a j

(
ln

1

1 − w j
1z1

)
−

1
a2

j

(
ln

1

1 − w j
1z1

)2]
and for k , 1

∂g j

∂zk
(z) = 0.

At the same time, we also have

∂g j

∂z1
(φ(z)) = 0, g j(φ(z)) = ln

1
1 − |φ1(z j)|2

.

From Lemma 2.4 and the boundedness of Wu,φ, it follows that

∥Wu,φg j,x0∥Bq(DN ,Y) ≥

N∑
k=1

(1 − |z j
k|

2)q
∥∥∥∥ ∂u
∂zk

(z j)(x0)g j(φ(z j))

+ u(z j)(x0)
N∑

l=1

∂g j

∂ζl
(φ(z j))

∂φl

∂zk
(z j)
∥∥∥∥

Y

=

N∑
k=1

∥∥∥∥ ∂u
∂zk

(z j)(x0)
∥∥∥∥

Y
(1 − |z j

k|
2)q ln

1
1 − |φ1(z j)|2

≥
ε6

2
(4.28)

for sufficiently large j. Hence, we get ∥Wu,φg j,x0∥ ↛ 0 as j → ∞, from which the result follows in this
case.

Subcase 2. Assume that |w j
1| → ρ < 1 as j→ ∞. Since w j = φ(z j)→ ∂DN as j→ ∞, there is some

l ∈ {1, . . . ,N} such that |w j
l | → 1 as j→ ∞. If there is a k1 ∈ {1, . . . ,N} and ε7 > 0 such that

lim
j→∞

∥∥∥ ∂u
∂zk1

(z j)
∥∥∥

X→Y
(1 − |z j

k1
|2)q ln

1
1 − |φl(z j)|2

= ε7,

then we can also obtain a contradiction similar to Case 1. Hence, for the l chosen above, we may
assume that

lim
j→∞

∥∥∥ ∂u
∂zk

(z j)
∥∥∥

X→Y
(1 − |z j

k|
2)q ln

1
1 − |φl(z j)|2

= 0 for each k ∈ {1, . . . ,N}. (4.29)

By using the functions defined in the proof of the case p > 1, we obtain that estimate (4.25) holds with
p = 1. On the other hand, since |w j

1| ≤ ρ < 1, we have

ε6

2
< (1 − |z j

k0
|2)q
∥∥∥ ∂u
∂zk0

(z j)
∥∥∥

X→Y
ln

1
1 − |φ1(z j)|2

≤ C
N∑

k=1

(1 − |z j
k|

2)q
∥∥∥ ∂u
∂zk

(z j)
∥∥∥

X→Y

for sufficiently large j, which contradicts (4.25).
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Now, we prove the sufficiency of (i). First assume that conditions (4.1) and (4.2) hold. Assume that
a sequence { f j} is such that sup j∈N ∥ f j∥Bp(DN ,X) ≤ M and { f j} converges to the zero vector in X uniformly
on compact subsets of DN . We need to prove that ∥Wu,φ f j∥Bq(DN ,Y) → 0 as j→ ∞. From (4.1) and (4.2)
it follows that for every ε > 0 there exists an r (0 < r < 1/(2e)) such that

N∑
k,l=1

(1 − |zk|
2)q
∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y
ln

1
1 − |φl(z)|2

< ε (4.30)

and

∥u(z)∥X→Y

N∑
k,l=1

(1 − |zl|
2)q

1 − |φk(z)|2
∣∣∣∂φk

∂zl
(z)
∣∣∣ < ε, (4.31)

whenever dist(φ(z), ∂DN) < r.
Since 0 < r < 1/(2e), it follows that

1 ≤
N∑

l=1

ln
1

1 − |φl(z)|2
(4.32)

whenever dist(φ(z), ∂DN) < r. So, it follows from (4.30) and (4.32) that

N∑
k=1

(1 − |zk|
2)q
∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y
< ε (4.33)

whenever dist(φ(z), ∂DN) < r. From (3.7), Lemma 2.1, (4.30), (4.31), and (4.33), it follows that

bWu,φ f j(z) ≤ C∥ f j∥B(DN ,X)

N∑
k,l=1

∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y
(1 − |zk|

2)q ln
e

1 − |φl(z)|2

+C∥ f j∥B(DN ,X)∥u(z)∥X→Y

N∑
k,l=1

∣∣∣∂φl

∂zk
(z)
∣∣∣ (1 − |zk|

2)q

1 − |φl(z)|2

≤ (N + 2)Cε∥ f j∥B(DN ,X) ≤ (N + 2)CMε (4.34)

whenever dist(φ(z), ∂DN) < r.
Let

Gr = {z ∈ DN : dist(z, ∂DN) ≥ r}.

Clearly, Gr is a compact subset of DN . Hence f j → 0 uniformly on Gr as j → ∞. By Cauchy’s
estimate it follows that ∂ f j

∂zk
→ 0 uniformly on Gr as j → ∞ for each k ∈ {1, . . . ,N}. Since the operator

Wu,φ : Bp(DN , X) → Bq(DN ,Y) is bounded, it follows that u ∈ Bq(DN ,L(X,Y)). On the other hand, by
Theorem 3.1 we have that condition (3.3) holds. By using these facts, we obtain

bWu,φ f j(z) ≤
N∑

k=1

∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y
(1 − |zk|

2)q∥ f j(φ(z))∥X
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+ ∥u(z)∥X→Y

N∑
k,l=1

∥∥∥∂ f j

∂ζl
(φ(z))

∥∥∥
X

∣∣∣∂φl

∂zk
(z)
∣∣∣(1 − |zk|

2)q

≤ ∥u∥Bq(DN ,L(X,Y)) sup
w∈Gr

∥ f j(w)∥X

+
(

sup
z∈DN
∥u(z)∥X→Y

N∑
k,l=1

∣∣∣∣∂φl

∂zk
(z)
∣∣∣∣ (1 − |zk|

2)q

1 − |φk(z)|2
)

max
l=1,N

sup
w∈Gr

∥∥∥∂ f j

∂ζl
(w)
∥∥∥

X
→ 0, (4.35)

as j → ∞, whenever dist(φ(z), ∂DN) ≥ r. Since u(0) f j(φ(0)) → 0 as j → ∞, combining (4.34) and
(4.35) we have

lim
j→∞
∥Wu,φ f j∥Bq(DN ,Y) = 0,

which shows that the operator Wu,φ : Bp(DN , X)→ Bq(DN ,Y) is compact.
Next, we prove the sufficiency of (ii). First assume that conditions (4.3) and (4.4) hold. We want to

prove that the operator Wu,φ : Bp(DN , X)→ Bq(DN ,Y) is compact. Assume that a sequence { f j} is such
that sup j∈N ∥ f j∥Bp(DN ,X) ≤ M and { f j} converges to the zero vector in X uniformly on compact subsets
of DN . We need to prove that ∥Wu,φ f j∥Bq(DN ,Y) → 0 as j → ∞. From (4.3) and (4.4) it follows that for
every ε > 0 there exists an r (0 < r < 1)) such that

N∑
k,l=1

(1 − |zk|
2)q

(1 − |φl(z)|2)p−1

∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y
< ε (4.36)

and

∥u(z)∥X→Y

N∑
k,l=1

(1 − |zl|
2)q

(1 − |φk(z)|2)p

∣∣∣∂φk

∂zl
(z)
∣∣∣ < ε, (4.37)

whenever dist(φ(z), ∂DN) < r. Hence, from (3.7), Lemma 2.1, (4.36), and (4.37), it follows that for
sufficiently large j

bWu,φ f j(z) ≤ C∥ f j∥Bp(DN ,X)

N∑
k,l=1

∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y

(1 − |zk|
2)q

(1 − |φl(z)|2)p−1

+C∥ f j∥Bp(DN ,X)∥u(z)∥X→Y

N∑
k,l=1

∣∣∣∂φl

∂zk
(z)
∣∣∣ (1 − |zk|

2)q

(1 − |φl(z)|2)p

≤ 2Cε∥ f j∥Bp(DN ,X) ≤ 2CMε (4.38)

whenever dist(φ(z), ∂DN) < r.
As the proof of (i), we see that f j → 0 uniformly on Gr as j→ ∞. By Cauchy’s estimate it follows

that ∂ f j

∂zk
→ 0 uniformly on Gr as j→ ∞ for each k ∈ {1, . . . ,N}. Since the operator Wu,φ : Bp(DN , X)→

Bq(DN ,Y) is bounded, it follows that u ∈ Bq(DN ,L(X,Y)). On the other hand, by Theorem 3.1 we have
that condition (3.5) holds. By using these facts, we obtain

bWu,φ f j(z) ≤
N∑

k=1

∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y
(1 − |zk|

2)q∥ f j(φ(z))∥X

AIMS Mathematics Volume 10, Issue 8, 18957–18982.



18979

+ ∥u(z)∥X→Y

N∑
k,l=1

∥∥∥∂ f j

∂ζl
(φ(z))

∥∥∥
X

∣∣∣∂φl

∂zk
(z)
∣∣∣(1 − |zk|

2)q

≤ ∥u∥Bq(DN ,L(X,Y)) sup
w∈Gr

∥ f j(w)∥X

+
(

sup
z∈DN
∥u(z)∥X→Y

N∑
k,l=1

∣∣∣∣∂φl

∂zk
(z)
∣∣∣∣ (1 − |zk|

2)q

(1 − |φk(z)|2)p

)
max
l=1,N

sup
w∈Gr

∥∥∥∂ f j

∂ζl
(w)
∥∥∥

X
→ 0, (4.39)

as j → ∞, whenever dist(φ(z), ∂DN) ≥ r. Since u(0) f j(φ(0)) → 0 as j → ∞, combining (4.38) and
(4.39) we have

lim
j→∞
∥Wu,φ f j∥Bq(DN ,Y) = 0,

which shows that the operator Wu,φ : Bp(DN , X)→ Bq(DN ,Y) is compact.
Finally, we prove (iii). Sufficiency. First assume that Wu,φ : Bp(DN , X) → Bq(DN ,Y) is bounded

and (4.5) holds. Assume { f j} is a bounded sequence in Bp(DN , X), say ∥ f j∥Bp(DN ,X) ≤ M, and f j(z)→ 0
uniformly on compact subsets of DN . We prove that ∥Wu,φ f j∥Bq(DN ,Y) → 0 as j→ ∞.

Note that for fl(z) = zlx ∈ Bp(DN , X), l ∈ {1, . . . ,N}, where x is a unit vector in X, we obtain

sup
z∈DN

N∑
k=1

(1 − |zk|
2)q
∥∥∥ ∂u
∂zk

(z)(x)φl(z) + u(z)(x)
∂φl

∂zk
(z)
∥∥∥

Y
:= M̂ < +∞,

and consequently for each l ∈ {1, . . . ,N}

sup
z∈DN
∥u(z)(x)∥Y

N∑
k=1

(1 − |zk|
2)q
∣∣∣∂φl

∂zk
(z)
∣∣∣ ≤ sup

z∈DN

( N∑
k=1

(1 − |zk|
2)q
∥∥∥ ∂u
∂zk

(z)(x)
∥∥∥

Y

)
∥φl∥∞ + M

≤ sup
z∈DN

( N∑
k=1

(1 − |zk|
2)q
∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y

)
∥φl∥∞ + M

< +∞, (4.40)

since u ∈ Bq(DN ,L(X,Y)), which implies that

sup
z∈DN
∥u(z)∥X→Y

N∑
k=1

(1 − |zk|
2)q
∣∣∣∂φl

∂zk
(z)
∣∣∣ < +∞. (4.41)

From (4.5), we have some ρ ∈ (0, 1) such that for all k, l ∈ {1, . . . ,N}

∥u(z)∥X→Y
(1 − |zk|

2)q

(1 − |φl(z)|2)p

∣∣∣∂φl

∂zk
(z)
∣∣∣ < ε, (4.42)

if |φl(z)| > ρ.
Since for each k ∈ {1, . . . ,N}

bWu,φ f j(z) ≤
N∑

k=1

∥∥∥ ∂u
∂zk

(z)
∥∥∥

X→Y
(1 − |zk|

2)q∥ f j(φ(z))∥X
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+ ∥u(z)∥X→Y

N∑
k,l=1

∥∥∥∂ f j

∂ζl
(φ(z))

∥∥∥
X

∣∣∣∂φl

∂zk
(z)
∣∣∣(1 − |zk|

2)q

and u ∈ Bq(DN ,L(X,Y)), Since from Lemma 2.5 it follows that ∥ f j(φ(z))∥X → 0 as j→ ∞, it is enough
to estimate the expression

∥u(z)∥X→Y

N∑
k,l=1

∥∥∥∂ f j

∂ζl
(φ(z))

∥∥∥
X

∣∣∣∂φl

∂zk
(z)
∣∣∣(1 − |zk|

2)q

for each l ∈ {1, . . . ,N}.
From (4.42) and ∥ f j∥Bp(DN ,X) ≤ M, we have

∥u(z)∥X→Y

N∑
k,l=1

∥∥∥∂ f j

∂ζl
(φ(z))

∥∥∥
X

∣∣∣∂φl

∂zk
(z)
∣∣∣(1 − |zk|

2)q

≤ ∥ f j∥Bp(DN ,X)

N∑
k=1

∥u(z)∥X→Y

∣∣∣∂φl

∂zk
(z)
∣∣∣ (1 − |zk|

2)q

(1 − |φk(z)|2)p ≤ 2NMε, (4.43)

if |φl(z)| > ρ, for each l ∈ {1, . . . ,N}.
On the other hand, from (4.41) and (4.43) we have that for each l ∈ {1, . . . ,N}

sup
|φl(z)|≤ρ

∥u(z)∥X→Y

N∑
k=1

∥∥∥∂ f j

∂ζl
(φ(z))

∥∥∥
X

∣∣∣∂φl

∂zk
(z)
∣∣∣(1 − |zk|

2)q ≤ C sup
|φl(z)|≤ρ

∥∥∥∂ f j

∂ζl
(φ(z))

∥∥∥
X
. (4.44)

By Cauchy’s estimate applied to the function g(zl) = f (z1, . . . , zN) of the one variable, if |zl| ≤ ρ, we
have ∥∥∥∂ f

∂zl
(z)
∥∥∥

X
≤ C sup

|zl |≤(1+ρ)/2
∥ f (z)∥X ≤ C sup

z∈DN
∥ f (z)∥X (4.45)

for some positive constant C independent of f . By applying (4.45) to f j, and from (4.44), we have

sup
|φl(z)|≤ρ

∥u(z)∥X→Y

N∑
k=1

∥∥∥∂ f j

∂ζl
(φ(z))

∥∥∥
X

∣∣∣∂φl

∂zk
(z)
∣∣∣(1 − |zk|

2)q → 0, (4.46)

as j → ∞, for each l ∈ {1, . . . ,N}. From (4.43) and (4.46), since ∥u(0) f j(φ(0))∥X → 0 as j → ∞, it
follows that ∥Wu,φ f j∥Bq(DN ,Y) → 0 as j→ ∞, as desired.

Necessity. Now suppose that the operator Wu,φ : Bp(DN , X) → Bq(DN ,Y) is compact. Since the
operator Wu,φ : Bp(DN , X) → Bq(DN ,Y) is bounded, from Theorem 3.1 we know that (3.1) holds.
Now we prove that condition (4.5) holds for each l ∈ {1, . . . ,N}. Let {z j} be a sequence in DN and
w j = φ(z j) = (w j

1, . . . ,w
j
N) such that |w j

l | → 1 as j→ ∞.
Let

h j(z) =
1 − |w j

l |
2

(1 − w j
l zl)p
.
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It is easy to see that h j ∈ B
p(DN) and ∥h j∥Bp(DN ) ≤ 1 + 2p+1 p. Let x be a unit vector in X. By using the

functions h j, we define the functions h j,x(z) = h j(z)x. Then {h j,x} is a bounded sequence in Bp(DN , X)
and {h j,x} converges to the zero vector uniformly on compact subsets of DN as j → ∞. Therefore, by
Lemma 2.3, ∥Wu,φh j,x∥Bq(DN ,Y) → 0 as j→ ∞, and consequently as j→ ∞

N∑
k=1

(1 − |z j
k|

2)q
∥∥∥u(z j)(x)

N∑
l=1

∂h j

∂ζl
(φ(z j))

∂φl

∂zk
(z j) + h j(φ(z j))

∂u
∂zk

(z j)(x)
∥∥∥

Y

≤ ∥Wu,φh j,x∥Bq(DN ,Y) → 0. (4.47)

Hence

∥u(z j)(x)∥Y
N∑

k=1

(1 − |z j
k|

2)q

(1 − |w j
l |

2)|)p

∣∣∣∂φl

∂zk
(z j)
∣∣∣

≤
1

p|w j
l |

(1 − |w j
l |

2)1−p
N∑

k=1

(1 − |z j
k|

2)q
∥∥∥∂uz j

∂zk
(x)
∥∥∥ + 1

p|w j
l |
∥Wu,φh j,x∥Bq(DN ,Y)

≤
1

p|w j
l |

(1 − |w j
l |

2)1−p∥u∥Bq(DN ,L(X,Y)) +
1

p|w j
l |
∥Wu,φh j,x∥Bq(DN ,Y) → 0,

as j→ ∞. The proof is completed. □
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