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Abstract: In this paper, the inverse problem of identifying the unknown source for the space-time
fractional diffusion-wave equation is researched. This problem is ill-posed and needs the regularization
approach to solve this inverse problem. The fractional Tikhonov regularization method and the quasi-
inverse regularization method are used to obtain the fractional Tikhonov regularization solution and the
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1. Introduction

Space-time fractional diffusion-wave equations serve as powerful tools for characterizing
mechanical and physical processes with historical memory and spatial nonlocality, demonstrating
broad applicability across diverse fields including fluid dynamics [1], mathematical biology [2, 3],
and image processing [4, 5]. Specifically, these equations have been successfully employed not only
in traditional domains such as optical and thermal systems [6], fluid mechanics [7], signal processing,
and system identification [8], but have also shown remarkable effectiveness in emerging applications
like image denoising [4] and super-resolution reconstruction [5]. There have been a lot of research
results on the initial value problems and initial marginals of positive problems of space-time fractional
wave equations [9-11]. And in the process of solving practical problems, it is often encountered that
certain parameters in the space-time fractional diffusion-wave are unknown, such as the unknown
source term, the unknown ratio, the unknown fractional order, and the unknown boundary conditions.
It is necessary to identify these unknown parameters with the help of additional conditions, which
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leads to the inverse problem of the space-time fractional diffusion-wave equation. However, the
inverse problem is usually ill-posed and needs to be solved by means of a regularization method.
There are many regularization methods for solving the inverse problems, such as the Tikhonov
regularization method [12—15], the modified quasi-inverse regularization method [16], the fractional
Tikhonov regularization method [17, 18], the modified Tikhonov regularization method [19, 20], the
quasi-boundary regularization method [21,22], the Landweber iterative regularization method [23,24],
and the fractional Landweber iterative regularization method [25,26]. These methods provide powerful
tools for solving inverse problems and ill-posed problems, with broad applications across diverse
fields including medical imaging [27], computed tomography [28], high-temperature superconductivity
research [29], transport theory [30], geological exploration [31, 32], and diffusion analysis in
heterogeneous media. Currently, regularization methods for inverse problems remain a highly active
research frontier, and further exploration of novel theories and approaches is still required to enhance
the accuracy and stability of inverse problem solutions.
In this paper, we consider the space-time fractional diffusion-wave equation as follows:

0fu(x, 1) + (-AYu(x, 1) = f(x), xeQ,te(0,T),

u(x, 1) =0, x€dQ,te(0,T),

u(x,0) = ¢(x), x € Q, (1.1)
u(x,0) = Y(x), x e,

u(x, T) = g(x), x e,

where Q is the bounded domain in RY (d = 1,2, 3), 6Q is the smooth boundary of Q, and T > 0 is the
fixed time. 0 < 8 < 1 is a constant, ¢(x) and y(x) are the initial data defined on L*(Q), and 0%u(x,t) is
the Caputo fractional derivative of order @ (1 < @ < 2), defined by

1 " O%u(x, T o
Ofuxt) = Fr o fo 6(7'2 Y- rdr, 1<a<2, (1.2)

where I'(-) denotes the Gamma function and the operator (~A)? is the Laplace operator defined by

(=AY u(x, 1) = Cy5P.V. f Mo Z &l g e 0,1, (1.3)

Rd |x_Z|d+2ﬂ

%ﬁ—;@l’ P.V. denotes the Cauchy principal value.

In problem (1.1), if ¢(x), ¥(x), and f(x) are known, this is a positive problem. But if f(x) is not
known, it is an inverse problem, which is to identify the source term f(x) using the final value data
u(x, T) = g(x). In the real problem, g(x) is obtained from measurements. Suppose that the measurement
data g°(x) and the exact data g(x) satisfy the following criteria:

where Cyp =

lg(x) - g2()|| < &, (1.4)

where ||| is the L?>(©2) norm and ¢ > 0 is the measurement error.
Current literature offers relatively limited research on solving space-time fractional diffusion-wave
equations using regularization methods [22, 23, 25]. There are few papers that use the fractional
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Tikhonov regularization and the quasi-inverse regularization methods to identify the unknown source of
the space-time fractional diffusion equation. Therefore, this paper employs two effective regularization
approaches to obtain the regularization solutions and provides both the a priori and the a posteriori
convergence error estimates. Numerical examples are presented to demonstrate the effectiveness of the
proposed regularization methods.

The rest of the paper is organized as follows: Section 2 presents some important definitions and
lemmas. The solution of the problem and ill-posed analysis are given in Section 3. In Section 4, we
give convergence error estimation based on the a priori and the a posteriori regularized parameters
selection rules under the fractional order Tikhonov regularization method. Simultaneously, we use the
quasi-inverse regularization method to provide convergence error estimation for both the a priori and
the a posteriori regularization parameter selection rules in Section 5. In Section 6, we give several
numerical examples. In Section 7, we give a brief conclusion.

2. Preliminaries

In this section, we present some important definitions and lemmas.
Definition 2.1. [33] The Mittag-Leffler function is defined by

E)=Y ———, zeC, 2.1)
P ,Z::; T(ak + B)

where @ > 0 and 8 € R.
Definition 2.2. Let 4,, X,,(x) € Q be the Dirichlet eigenvalues and eigenfunctions of the Laplace
operator A:

—AX,(x) = 4, X,(x), xe€Q,

Xu(x) =0, x € 0Q,
where 0 < A; <A, <--- <A, < -+, lim, 0 A, = 400, and X,,(x) € HAX(Q) N Hy(Q). Then, X,(x) can
be regarded as an orthonormal basis in the space L*(Q).

For the fractional Laplace operator (—A)?, we have a similar definition. The spectral decomposition
of the fractional Laplace operator in a bounded domain Q is given by

(—APX,(x) = X,(x), x€Q, 0<B<I,
Xn(x) = O, x € 0Q).

Lemma 2.1. [22] Let | < @ < 2 and 8 € R. We assume that [z satisfies i < |arg(z)| <, 7% <pu<
min {7, 7a}. Then there exists a constant C; > 0, such that

Ci
E -(z) = ——, e C. 2.2
w50 = T3 PR (2.2)
Lemma 2.2. [22] For 1 < a < 2,,5 € R, >0, we have
_ 1 1 _
E,5(-)=———=+0(5), n— oo (2.3)
I'(B—a)y n
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Lemma 2.3. [22] Let 1 < @ < 2 and A,, > A; > 0; then there exists a constant C; > 0, such that

C
A,Te

/lnT“ < |Ea,a+1(_/lnTa)| <

Lemma 2.4. For arbitrary constants y > 0, s > /lf > (0, the following inequality holds:
Y

CIS 1
Fi) = o S G

where C, = (

L
)y+| .
y ’
Proof. Let sy > 0 satisfy F',(so) = 0, then

, 1+ us’” —,us Ty + 1)sg
Fi (s0) = —— =0

(1 + ,uswl)2

1
We have s¢ = (#iy)m, such that

)y+l
Cy L
Fi(s) < Fi(s0) = —5— < Coyp ™7,
?

cr. L
where C, = (71)7“.
Lemma 2.5. For arbitrary constants p > 0, u > 0, s > /lf > 0, the following inequality holds:

o+1-p (Cau¥, O<p<y+1
s , ,
Fy(s) = ST < 31 pP<Yy
L+ s = \Cyu,  p2y+1,
(M)Wylf_lp (y+1-p)
where C3 = —2——,Cy4 :/l[fy P

]+y+17])
P

Proof. When 0 < p <y + 1, let s satisfy F’z(so) =0

sty_@+1—pw%Wa+y%“> o+ s
0) = = L.
’ (1 + sy
We have s = (7 7 )v+1 such that
y+l-p
(7“ P) L ( ) o
Fy(s) < Fa(so) = = Capr
1+ 7—” 2 ’
p

y+17]7)7+},1%1p
— P
where C3 = W
P

(2.4)

(2.5)

(2.6)
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Whenp >y +1,
srt1=p)

where C4 = /l[f(yﬂ_p).

Lemma 2.6. For arbitrary constants p > 0, u > 0, s > /lf > 0,

< IJS(7+1—p) < ﬂ/l'?(w—l_p) < C4/J,

the following inequality holds:

Cius”P) Csu1, y>p>0,
Fy(s) = 11 G = A 2.7)
L+ pst Cofts P2,
1
Y= \y4T
where Cs = %, Co = Clxl/f(y_p).
p+

Proof. Wheny — p > 0, let s satisfy F;(so) =0,

Frisy < S pusy "+ - Cir+ D

O - - .
’ (1+usy 2
We have s = (ﬁi)ﬁ, such that
Crp(E)(4) = .
F3(s) < Fs(s0) = — 202 < Csﬂ%,
1+ X2
p+1
1
Y=Py\y+1
where Cs5 = Cl(l’:y‘;),;
pt
When p > v,
Cips™P) - BOr—p)
Fi(s) = m < Cus?™” < Cud] < Cepu,
where Cg = Cl/lf(y_” ),
Lemma 2.7. For arbitrary constants p > 0,17 > 0, s > /l[f > 0, the following inequality holds:
(1-p) cn?, 0<p<l,
Fys)= — <™ P 2.8)
1 +ns Csn, p>1,

where C; = (1 — p)!Pp* P, Cg = /lf(l—m_
Proof. When 0 < p < 1, let sy satisfy F(so) = 0,

(1= pynsy (1 +nsp) —

2 1-p
S
T _y

Falow) = T+ 71507
We have sy = ll;—np, such that
Lpyi-p
n(=,)
Fy(s) < F3(s80) = — 75—
1+

P
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where C; = (1 — p)!=Pp*P.
When p > 1,
s=p)

Fils) = T—— < s <™ < Com,

where Cy

— /1,3(1—17).
1
Lemma 2.8. For arbitrary constants p > 0,7 > 0, s > /l/f > 0, the following inequality holds:

(2.9)

1+p p+1
Cis 2 Conz, O0<p<l,

%+7] Cion, p>1,

VCi(k=2 Tp 80-p)
where Cy = llpp ,Cio= VCia,* .

1+ 1+p

Proof. When 0 < p < 1, let sy satisfy Fs(so) =0

—r

VT2, 5 (1 4 so) — s,

Fy(so0) = =0
(1 +7s0)
We have sy = ( +1)’ such that
VCin(12) % (1) bt
Fs(s) < Fs(so) = = =Con 7,
1+ =
P
1-p
=
where Cy = eE;
When p > 1,

/3(1 -p)

F5(s):n\/_+ \/_s2n<\/_/l n < Con,

lf(l P

where Cjp = VCi4,
3. The solution of the problem and ill-posed analysis

Using the method of separation of variables and Laplace transform of Mittag-Leffler function, we
can obtain the exact solution to the problem (1.1). First, from the feature system of the Laplace operator,

we can obtain
_AXn(x) = /lan(X),

then
(=AY X,(x) = X,(x).

Let us first set
u(x, 1) = D Ty(HX ().
n=1
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Substituting it into (1.1) yields the following:
T (OXa() + T(DXn(X) = fuXa(X).
Using the Laplace transform, we obtain
P*T,(p) = P*"'T,(0) = P**T}(0) + K T(p) = P~

then
P o, + P2y, + P,
P+ A '
Using the inverse Laplace transform and the function of Mittag-leffler function, we obtain

T,(p) =

Tn(t) = Ea,l(_/lgta)ﬁon + ZEQ,Z(_/VZZQ)'ﬁn + taEa,aH(_/lln;ta)ﬁl-

Therefore, we can obtain the exact solution as follows:

(9]

w6, 1) = > (Eat (~ A7) @ + tEs (~ A7) + 1 B it (~ 2587 ) Xa(0), 3.1)

n=1

where 4, and X,,(x) are, respectively, the eigenvalues and eigenfunctions of the Laplace operator, and
the sequence of positive eigenvalues {A4,},oy satisfies 4; < A, < -+ < A, = oo, n — 00,0, =
(o(x), X(X)) , ¥, = (W(x), X,(x)) and f, = (f(x), X,(x))(x) are Fourier coefficients.

We can get it by substituting the measurement data g(x) = u(x, T),

o0

80) = > (Ea (~AT*) @y + TEon (~AT) gy + T Bt (~A5T°) £,) X (). (3.2)
n=1
Theorem 3.1. If ], = 0, then there is a unique solution to the problem (1.1) in L*(Q2), and

(9]

y gn = Eqi (=T, — TE,(— T, By
f(x) = ’ ’ X,(x) =
; TOEqqe1(~A5T) Z

7 X, (x).
Ta/Ea,a+1 (_ﬁn Ta/)

n=1
If I} # 0, then there are many solutions to the source term, but there is only one nearest solution in

LX(Q):

8n = Eq 1 (=0T, — TEo (=2, TV,

f;l = s né¢ Il,
TE 0 (~A2T9)
and
S gn = Eq i (=T, — TEg2(~T)W, = By
fo= ) . X,0= ) ——X,(%),
n=1, n¢ly TaEa,(Hl (_/lnTa) n=1, ngl; TaEu,aH (_/1n Ta)

where /1, = g, = Eq1(~5T")¢, — TEqo(=2,T )W,
Substituting the measured data g(x) = u(x, T'), the exact solution of the problem (1.1) is obtained as

[

hn
f(X) - n=§511 TaEa,wH (_/lgTa)Xn(X), (33)
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where i, = g, = Eq1(=5T")g, = TEoo(=5T W,
The problem (1.1) becomes the following operator equation:

Kf(x) = h(x), (3.4)

> T Eaan(-ETOLX(0 = > hX,(0), (3.5)
n=1,n¢l, n=1,n¢l,
where K : f — h is a linear operator, h, = (h,(x), X,(x)) is a Fourier coefficient. K* is the selfadjoint
operator of K, {X,}* | is orthogonal in L?(x), and the singular values of K are o, = |T"Ew+] (—/l’fj TY)
then

9

[Se]

By N
fx) = Xu(x) = — X (). (3.6)
n:lz’n:g]l Tanz,(Hl(_/lgTa) nzlz,n;;_]l n

By Lemma 2.3, we can obtain

<o, < (3.7)

AL
&0

Due to lim,_,od2 = +00, then (Ti — 00, h(x) will result in a large change in the source term f(x).
Therefore, the problem (1.1) is ill-nposed. It is necessary to choose a suitable regularization method
to solve the problem. In this paper, we will use the fractional Tikhonov regularization method and
the quasi-inverse regularization method to give the fractional Tikhonov regularization solution and the
quasi-inverse regularization solution of the problem (1.1).

Suppose that the exact solution f(x) has the following a priori bound:

1O Ipeap=( D 2P7f)? <E, (3.8)

n=1,n¢l;

where FE is a constant and p > 0.
4. The fractional Tikhonov regularization method

We can use the fractional Tikhonov regularization method to solve this ill-posed problem. The
fractional Tikhonov regularization is the minimized Tikhonov function as follows:

IKf = hlly + pll A1,

where u > 0 1s the regularization parameter, ||-||,y is a weighted semi-norm, and ||z||y,, for z, we have
o 221
W=(KK)7,

where 0 < y < 1 is a fractional parameter.
Following [34], there is a unique minimum function f* on L*(Q) satisfying

(K*K)® + ul)f* = (K'K)'= K*h.

AIMS Mathematics Volume 10, Issue 8, 18398-18430.
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Especially when y = 1, it is the classical Tikhonov regularization method, which can be found in [34].
Through the singular value of the linear operator K, a fractional Tikhonov regularization solution can
be obtained without error as

- TUEy e (—T))
PR o i 8 1)

- X, 0<y<l, @1
n=1,n¢l; (T(lEa,a+l(_/1an))Y+1 +/'l

where h, = (h(x), X,,(x)).
For noisy data,
) = g = Eq (=T ")y = TEqo(=T W, (4.2)
thus
|7° () = h()|| < 6.

We obtain the fractional Tikhonov regularization solution with error as

> TUE, g1 (2T
fj(x)z Z( ( , 1( ))

5 )X, (x), 0<y<l, (4.3)
n=1,n¢l (TaEa,cHl(_/lnTa))y+1 +,Ll

where h° = (h°(x), X,,(x)) is the Fourier coefficient.

4.1. Convergence error estimation based on the a priori regularization parameter selection rule

Theorem 4.1. Let f(x) be given by (3.3) and ]jf (x) be given by (4.3). Suppose that f(x) satisfies the a
priori bound condition (3.8) and the assumption (1.4) holds; then:

() If0 < p < y+ 1, the regularization parameter u = (%)%} can be chosen to have the following
error estimate:
£2) - f@) < CuEFTST, (4.4)
M
where Cy; = C, + C3.
+1
(2) If p > v + 1, the regularization parameter y = (%);? can be chosen to have the following error
estimate: N
£ = f) < CE2 67, (4.5)
M
where Cip=Cy+ Cy.
Proof. By triangle inequality, we have

570 = feol| < |£700 = Ao + Ao = feo]. (4.6)
We give the first estimate of (4.6). From (4.1), (4.3), Lemmas 2.3 and 2.4, we have

c TEq o1 (~T)
D« e )1 (R = )X, (1)
n=1,n¢l; (TaEa,(Hl(_/ln T(x))y+ + M

n

1720 = £, =

C
G 1, @.7)
< sup ﬁ 0 <su W
n>1 (/1—,3)7“r +u n=1 |1+ ud,
<sup|Ai(n)| 6,

n>1
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where A;(n) = i
N = T fone

Lets = /lf , from Lemma 2.4, we can infer
L
5200 = fu0)|| < Cop 71, (4.8)

where C, = (%)vﬁ.
For the second estimate of (4.6), using (4.1), (3.3), and Lemma 2.3, we can deduce that

h, X,(x)

N u
i) = f@)|| =
I | Zﬁu (T CHETO) ™ 4 )T B s (T

< sup a PP E
w21 |(TOE gt (=T + 1 (4.9)

/l;ﬁp
< sup lll—l
n>1 (/l_ﬁ)y+ +u

< sup |Ax(n)|E,

n>1

u /lﬁ(ﬁl—p)
1+p AP0
Lets = /lﬁ, from Lemma 2.5, we can infer

where A,(n) =

C ﬁE, O<p<y+1,
.00 - Fool| < {2 p=Y (4.10)
C4uE, pzy+1,

y+1-p
reopy SaT
4

1+7+1—p ’

where C; = Cy = /lﬁf(yﬂ_p).

Combining (4.§) and (4.10) and selecting the regularization parameter y,

PRg=!
= p+|’ 0 < S + 1’
= (g)ﬂ p=7 (4.11)
()7, p>y+1.
Hence,
1 )4
CpEriorT, 0<p£7+1,
|£2) = f|| < e (4.12)
CpE»o*, p=>vyv+1,

where Ci1=Cr+C3,Cip=Cy+Cy.

4.2. Convergence error estimation based on the a posteriori regularization parameter selection rule

The a posteriori regularization parameter u is chosen using Morozov’s inconsistency principle, and
we obtain the error estimate between the exact solution and the regularization solution. The a posteriori
regularization parameter u is chosen to satisfy

|Kf2(x) = ()| = 71, (4.13)

AIMS Mathematics Volume 10, Issue 8, 18398-18430.
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where 71 > 1 is a constant. In the following lemma, if ||h5|| > 110, then a unique solution exists
for (4.13).
Lemma 4.1. p; (1) = ||K£2(x) — h°(x)|| establishes the following result:
(a) p1(w) 1s a continuous function;
(b) limy 1 (1) = 0
(©) lim o 1 () = |
(d) p1(w) is strictly monotonically increasing.
Proof.

pi() = ||[Kf£2(x) - ()|
2

= (T"Eqan(-0T") K,
— — )X, (x)

wittty (T Eqqui (=T +pt

i i P

n=ln T Eaa+1( /IBTQ)) +u

(4.14)

Obviously, the conclusions (a), (b), (¢) and (d) hold.

Theorem 4.2. If the a priori bound condition (3.8) and the error assumption (1.4) hold, and the
regularization parameter u > 0 is chosen by the Morozov discrepancy principle (4.13), then:

(1) If 0 < p <y, we have the following error estimates:
15200 = f)| < CizEmTom, (4.15)

where C13 = C15 + Cq7.
(2) If p > v, the following error estimates are available:

Fx) = FO| < CLa(EFisT + Eignn), (4.16)
u

where C14 = Cig + Cy7.
Proof. According to triangle inequality, for (4.6) the first term of the equation is given by (4.8) and
Lemma 2.3, we have

17200 = fu)|| < Cop™71. 4.17)

Using (4.13) and (1.4), we can obtain

T10 = ﬁ X, (x)
n=1,n¢l (T Ea/a/+1( -A T(l))'y+l + U
S ph = hy) 2 X, () (4.18)
<> X, ()| + Z S
n=1,n¢l (TaEa,a+l(_/lnTa))y+ 'i'/J =1,n (T E(la/+l( A T&))y+ +/-l
<o+ J

AIMS Mathematics Volume 10, Issue 8, 18398-18430.
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From Lemma 2.3, we have

(1, X, ()

pid (TOEq it (T +
N yh, T Epanr (T x)ll

n=Tngl, (TOE g st (=T +  TOE g 41 (~A5T) !

~ i UTEq o1 (~5T%)
(TEq i1 (~ATO))r+1 +

/’LT{ZE(I,Q’+1 (_/lgTa) /l_ﬁp

(TOEq ot (=T "

/JCl /lﬁ(y—[))
n

1

/lg(er )

JaXn(x)
u

n=1,n¢l;

IA

E

su
n>1

IA

sup

n>1

1 +pu
= sup|As(n)| E,

n>1

Aﬁ(%p)

C
where Az(n) = 4 .
3( ) ]+yl€(y+l)

Lets = /l/,i, from Lemma 2.6, we can obtain

p+1
CsuE, 0<p<y,
rs<s+d H p=Y
C6/JE5 p > Ya
™ BOo—p)
where Cs = 11% , Ce = C1 4]
p+
So there is
E_ k7
1 < {CS((Tl_l)(g)p 1a O < P < Y,
= E
Ko\ Cozns Pz,
1
Ci152) 7T _
where Cs = %, Cs = C LA™,

p+1

Substituting (4.21) into (4.17), we obtain

C15Eﬁ5%, 0< p<v,

.
7200~ fol] < o+ < {CE(S P2y

1 1 L 1
where Cis = C,C" (=5)71, Ci6 = Cng“(—,ll_l)V“-

T1—1
For the second estimate of (4.6) , from (3.3) , (4.1) and Lemma 2.3, we can obtain
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2

5@ - F@|f =

i ph, X.0)
n= ((T Erzry+1( /lﬁTa))yH +,U)T E(l(l+]( /1 Ta) !

= Z [( Kl 17

T (<T0) "+ p)

[ b ]
v+
((TaEa,(Hl (_/IQTQ)) + ,u)(TaEa,a+l (_AQT(I)))/H
hy, — h° - h?
<2 M h n) 242 Z( uﬂn
TaErx,a+1(_/lnT(¥))y+1 + 2 n=1,n¢l; T‘YE(I,(1+1(_/lnTQ))y+1 + M

fn )2
(T Bt (=BT + 1) (T E g it (~A5T))

1
p+l1

>
n=1,n¢l
[ Z ( N

<28+ 200)71() (o) )
Zl 24
< 2+ 20T (EY)
2 2
= C17Ep+16p+l s
where Cy7 = (2 + 27%) 7.
Hence,

1500 = F|| < CisEFTOHT,

Combining (4.22) with (4.24), we obtain (4.15) and (4.16).
The proof is complete.

5. Quasi-inverse regularization method

P

p+l

(4.23)

(4.24)

The quasi-inverse regularization method is used to solve the ill-posed problem and obtain the
regularization solution. Under the a priori regularization and the a posteriori regularization parameter
selection rules, we all obtain the error estimators between the exact solution and the regularization

solutions, respectively.

Let ug(x, 1) be the proposed inverse regularization solution to the following problem, and 7 is the

regularization parameter.

0'u 5(x N+ (- A)ﬁu‘s(x 1) = f,f(x) + n(—A)ﬁff(x), xe€eQ,te(0,7),
up(x, 1) = 0, x€dQ,te(0,7),

ud(x,0) = ¢°(x), xeQ,

uf”(x, 0) = ¥°(x), xeQ,

uf](x, T) = g°(x), x e Q.

(5.1)
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An exact solution to the problem (5.1) can be obtained using the separation of variable method and
the Laplace transform of Mittag-Leffler function as follows:

up(x, 1) = Z(Ea,l(—/lﬁt“)soi + 1Eq (= 1W) + 17 B qt (1)1 + 0 8) 2 )X, (), (5.2)
n=1
where 4, and X,,(x) are, respectively, the eigenvalues and eigenfunctions of the Laplace operator, and
the sequence of positive eigenvalues {4}, satisfies 4 < A, < -+ < 4, = oo, n — 00,p, =
(p(x), Xn(X)), ¥, = (W(x), X,(x)) and f,, = (f(x), X,,(x))(x) are Fourier coefficients.
Using u)(x, T) = g°(x), we obtain

) = D (Ear (= + tEq o (=W + 1" Eg o (1)1 + ) f2,)X, (), (5.3)
n=1,nel;
then .
8= D Ear(=A + tEyo(~ AW + "o (=561 + A f,), (5.4)
n=1,nel;

and we can get
o= 8 Eaa GO — TEaaCT W, 5.5)
" (1 + AT Eq o1 (AT

Let
1 = g — Ean(~ET")g) — TEao(~5T" ). (56

n

Thus,
|7° () = h()|| < 6.

We obtain the quasi-inverse regular solution with error as

) = - X(x), (5.7)
! n:lz,n‘:zll (1 + n/lg)TaEa,aH(_/lgTa)

where h° = (h° (x) , X,,(x)).
And the quasi-inverse regular solution without error as

[

h
_ n X, (x), 5.8
0= 2, (B, Ty " 69

n=1,n¢l;

where h, = (h(x), X,(x)).

5.1. Convergence error estimation based on the a priori regularization parameter selection rule

Theorem 5.1. Let f(x) be given by (3.3) and f,f(x) be given by (5.7). Assume f(x) satisfies the a priori
bound condition (3.8) and let (1.4) hold; then: 1
(1) If 0 < p < 1, the regularization parameter n = (%)W can be chosen to have the following error

estimate: o
1£2(0) = f)|| < CisEFTom, (5.9)
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where Cig = 1+ C5.
(2) If p > 1, the regularization parameter n = (%)% can be chosen to have the following error
estimate:
17200 - fF) < CroE2e2, (5.10)

where Ci9 = 1 + Cg.
Proof. Based on triangle inequality, we obtain

1220 = f@)|| < |20 = £, + |30 = £ (5.11)

Using Lemma 2.3, we obtain

- h —h
0 _ — n n Xn
#7600 = A0 Z‘g, (1 + AT E i1 (5T (X)H

- h® —h,
< Z —ﬁ Xu(x)
wLimen, (1+n) (5.12)
o K —h,
<[ D, X
n=1,n¢l, /l +77
)
< -.
n
Using (3.3), (5.8) and Lemma 2.3, we have
N hy, hy,
F(x) = f(0)|| = [ 1X(x)
15 | - Z;, (14 )T OE ot (~T®) 41 TOE (- T)
- n/lﬁh
B Z (1 + AT Ey i1 (=2T®) X0
n=Lngl; Z art] (5.13)
Ay _
- I f AP PPX, ()
n=1,n¢l, (1 + /1")
(1-p)B
N4y
<su E =sup|lAs(n)|E,
i P
B(1-p)
where A4(n) = nﬁnﬂf )
Lets = /lg , from Lemma 2.7, we can infer
CnPE, O0<p<l,
x)— f)| < 5.14
/20 = £ {CsnE, oL, (5.14)
where C; = (1 — p)!=Pp* P, Cg = /lf(l_p).
Combining (5.12) and (5.14), the regularization parameter is selected by 7.
1
(Hr1, 0<p<l,
n= f (5.15)
(%), p>1
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Hence,
1
CEM&™, 0<p<2,

5.16
C1oE?67, p=2, ©-10

£ - f)| < {
where Ci13 =1+ C7,Ci9 =1+ Cs.

5.2. Convergence error estimation based on the a posteriori regularization parameter selection rule

The a posteriori regularization parameter 17 can be chosen by Morozov’s inconsistency principle
to obtain the posteriori convergence error estimate of the source term. The Morozov’s inconsistency
principle for the a posteriori regularization parameter 7 is chosen as

iy
H el [Kf2(x) = h°(x)]

= 7,0, (5.17)

where 7, > 1 is a contstant. If ||h‘5 || > 7,0, then a unique solution exists for (5.17).
A

T 1K f£20x) - H(0)]
i

(a) p(n) is a continuous function;

(b) limr]—>0 p2(7]) =0;

(¢) limy, o p2(1) = [1R°(0)II;

(d) pa(7m) s strictly monotonically increasing.
Proof.

Lemma 5.1. p>(n) = has the following result:

S h
T Eo o (~2T7) . — K31, (x)
TaEa,a+1(_/lnTa) +7n

[

p2(n) =

B
n=1,n¢l, 1 + n/ln

(5.18)

N nd, 1
(> () HX,(x)))?.
n=1,n¢l; + 77/1;1

Obviously, the conclusions (a), (b), (¢) and (d) hold.
Theorem 5.2. Let f(x) be given by (3.3) and f,f(x) be given by (5.7). Assume f(x) satisfies the a
priori bound condition (3.8) and let the noise assumption (1.4) hold, and the a posteriori regularization
parameter is given by the Morozov inconsistency principle (5.17), then:

(1) If 0 < p < 1, the following error estimates are available:

17200 - f)| < CEFT67, (5.19)

cz L
where Cy = ((rz—n)””'

(2) If p > 1, the following error estimates are available:

17200 - || < CuE2e2, (5.20)
where C,; = ((Tf—%_ol))%.
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Proof. Based on triangle inequality, we obtain

£ = f@|| < |2 = £ + 14,0 = £@)|.-
The right hand of the first term for the equation for (5.21) is still given by (5.12), i.e.,

Hﬁ@—ﬁumsg

Using (1.4) and (5.17), we can obtain

7,6 = Z( i 2h5X()H

n=lngl, ‘HI n

= > (D~ hy + h)X(x)
n=1,n¢l 1 + 77 n
< Z( Vi = h) X, ()| + Z( =) X, ()
n=1,n¢l n=1,n¢l 1+77/1
<o+ J.
From Lemma 2.3, we have
J= Z ( i )Xo (x )H
n=1,n¢l, n
S Aﬁ TE, o1 (AT
_ Z n ﬂ) h, a+1( ” )Xn(x)H
n=1,n¢l I+ n/ln TaEa,(Hl(_/lnTa)
= Z ( ) fnTa aa+l( /l'BTa)/l ﬂp/lﬁpX (X)
n=1,n¢l, 1 + n/]'n
nd,
< sup ( : ) TaEa,aH( AﬁTa)/l pp
n>1 | 1+ n g
yi
< sup (n—ﬁ)z—;/l;ﬁ” E
nz=l | 1+ nd, A,
= sup |A5(n)|E,
n>1
W}ﬁ(l;p)
—n 14
where As(n) = Tnf

Lets = /15 , from Lemma 2.8, we have

5+C277p+1E, O<p<l,
T25S
5+C1077 p>1,

F(I+P)i ﬁ(l P)
where C9 = 11 = C10 = V /l .

I+ 1+p
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Therefore, we have

1 [SymEms T, 0<p<t,
- < (Tz 1) (526)
| (s, p>1,

B(l —p)

Vel
where Cy = 1+1 ,Cio = VCi2,
1+p

Substituting (5.26) into (5.22), we can obtain

1 r
§ [CypEmisrH, 0<p<l,
") - f0|| < = < 5.27
R e P (5.27)

where Cy = ((T2 1)) 2 Cz1—((T2 )2

When 0 < p < 1, we first estimate the right hand of the second term for (5.21):

2
2 = hn hn
f(0) = f(x) 1X,(x)
I = Z (1 + )T E gy (=T TOEq o (-2T9)
) B 2
- Z 5 Lt Frary ()
n=1,n¢l; (1 + 77/1 )TaEa(Hl( A Ta)
_ i ( nh, .
mﬂa+wﬁawmwﬂ
i, 1+ naﬂ 1+ mﬁ (T“EMH]( /lﬁTa))PH
- AP h, o
< Z (( )7 IB) )P+1 ( 7 1)p+l
n=1,n¢l I+ 77/111 (Tanz oz+l(_/lnTa))p+
- h |
<( (——— i )2h2)7 ( ( . )2y
n= %;le (1 /lﬁ) n %‘;11 (TaEa (I+1(_JIBT&/))[)+1
< }] TP AR ARIC }] ( ﬁ)(ﬁﬁ)ww }Z (Fuliryyem
n=1,n¢l /l ) n=1,n¢l (1 /1 ) n=1,n¢l;

< (26° + 27352)mEm

2 2p 2
S C225p+1 Ep+1 N
(5.28)
where Cy; = (2 + 272)7T.
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And when p > 1,

2
n/lﬂ h,

I = reolf (1 ATyt (~T)

X(x)

U/lﬁ Yh hy,
£ Tl (TQE(,W(—ABT“))2

N ’7/1 Yh? hn 2v4
Z i Z (TaEmH(—AﬁTa)))

=1,n¢l; " n=1,n¢l
(o)
=1,n

< (252 + 27252)2%*’“ PE
< (26° + 213677 A PE
< C5,ES,

2

- n/lﬁh
n Zn (1 + ﬂ/lﬂ)T“Ea a+l( /lﬂTa))z
2

— ) + (2 i ) h2)? AL APy
D)+ ( Z( p )(Z(f PP

n=1,n¢l, +]7 n n=1,n¢ly

(5.29)
where Cp; = (2 + 2722 2077,
Hence,
1
22Em5%, O0<p<l,

£, = f|| < {c Bst ol (5.30)

| BA-p)
where C,, = (2 + 2792, Cpy = (2 +212)71, * .
Combining (5.27) and (5.30), we obtain (5.19) and (5.20).

6. Numerical implementation
In this section, we are going to use numerical examples and software to verify the efficiency of our

method. Letd = 1, Q = (0,7),a;; = 1,and T = 1 in (1.1). Then the eigenvalues and eigenfunctions of
the negative Laplace operator are

2
A, = n?, X,,:\/jsin(nx), n=12,---
/s

Consider the following direct problem:

O%u(x, 1) + (=AYPu(x, 1) = f(x), x€(0,x),t€(0,1],

u(0,1) = u(m,t) =0, t € (0,1],

u(x,0) = p(x), x € (0,m), 6.1)
u,(x,0) = ¥(x), x € (0,m),

ulx,T) = g(x), x € (0,m),
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where f(x), ¢(x), Y(x) are given.
We define
=iAx (i=0,1,2,---, M), t,=mAt imn=0,1,2,---N), (6.2)

where Ax = 7 is the step size of space and At = % is the step size of time. u!" = u(x;, t,,) is the value of
each grid point.
The discrete difference format for space fractional derivatives is

azu(xi’ tn) ~ ut+l B 21/1 + Lt

P h? (6.3)
The discrete difference format for Caputo fractional derivatives is [35]
n—1
@ (A~ s by 17 j j-1
O ulai ) * F5— )(E( —uph) - ;] —u )= bpg(x),  (6.4)
wherei=1,2,--- ,M-1,m=1,2,--- ,N,b; = (j+ 1)** — j>°.
Using [36], we obtain
(=AYU = C, 4BU, (6.5)
where Cj 55 = % B is a strictly diagonally dominant and symmetric positive definite matrix.
£ (W7~ and
_(Zl(i p+ D+ 20, p)i;, 1<p<i=2,
—Zp(i,i — =i—-1,
hip = i g~ 20~ i (6.6)
373 - Z5(i,1+ 2), p=i+1,
~(ZyG,p+ D+ ZyGi, p))yh, i+2<p< M,
h;; satisfied
W8 Zal,M+1) =1,
M 228 T TMei 0 PT
higt D hip=Yi(0) = Ya(i) = { 240 4 % 2<i<M-1, (6.7)
p=Lp#i B ZiG)) - M,
2-28 i

where Zi(i,k) = & [ (u = N = 07Pdy, ZoGk) = 3 [0 = 20 = »Pdy, Z3G.k) =
[ =0 = x) Yy, Zu(i,k) = w6 =00 - x) Y ¥dy, and ¥,(0) = & [ ey,
(i) = hLz 1 md)’-
By a simple calculation, when 8 € (0, 1),
Zl(i’p + 1) + ZZ(l’p)
= Z3(i, p + 1)+ Z4(, p)

(Zﬁ 1)(2 25)[2“ pF# —(i-pl-D"#-(i-p|+D)* %], B +0.5,
H-2li-pllnli-pl+(i-pl+DIn(i-pl+D)+(i-pl-DIn(i-j|-D], B=05,
(6.8)
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__h¥ (3 _9g_ 922
3-28-2 , # 0.5,
Zo(i,i—1)=Z3(i,i +2) = {?ﬁ—1><2-2ﬁ>( F » B (6.9)
72In2-1), B =0.5,
B 2708 (= )22 — (2 = 2B)i
2, 1) = (12'8_1)(2_.2'3)(l | @i-1) 2-=-2p)i"%*), B#0.5, (6.10)
L[ = i) In(p) + 11, p=05,
- ~\2-2, 22, N 1-2
(M + 1 - B — (M - B —2-2B)(M+1- 5, #0.5,
Zu, M+ 1 = [ (M 1 =07 (M =7 2= 2 D%, B 61
#lG = M)In(5=) + 1], B =0.35,
o (A =x)F
V()= =2 — Y, (i) = ——2—, 6.12
(D) = 5= Tl = = (6.12)
sorting the above equations yields the matrix B.
Let
Um = ((uli”)’ (u?), ) (urjl’/l[—l))T’ @Y= (QO(X]), SD(XZ)’ e SO(XM—I))Ta
W= GO, (), ) F = (FO), f), - fla-))
We can obtain the discrete format of the fractional Tikhonov regularization method
AU = FY + I"'d(p + Aty),
n—1
5, -1 i (6.13)
AU™ = F*° + [ d((b, — 2b0)Um + Z(bj_z + bj - ij_l)Un I+ (bp—n — bn_])QO - Albn_ll//),
=2
where [ is a unit matrix, d = é(A;)_:), A=A, + C 4B, A, is the tridiagonal matrix, and
1 2 1
| TeE Tte TR
(Al)(M—l)x(M—l) - SRR —— ’ (6.14)
—F rt+ 3
hip o oo hima
Bo-vyxm-1y = ¢ : . (6.15)
hyv-1a o hym-im-

For the quasi-inverse regularization, let V" = (uf](xl Sy, ug(xM_l ,1,)), we obtain the following

format:
AV'=C,+D,f" (mn=12,---,N), (6.16)

where C, is a vector of the specific form:

Cl — Fl,é’

5 (6.17)
Cn = F7° + d(blcn_l + bzcn_2 + -0+ bn_lCl) (l’l =23, ,N)
D is a matrix of the following:
D, = Hy,
(6.18)

D,=H, + d(len—l + bZDn—Z +-+ bn—lDl) (I’l =2,3,--- aN)’
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where H; = (b )m-1yxm-1y> L =2,3,-+-,N,

/A
(i m-1yxm-1) = h2 " ‘.hz . E (6.19)
. . _h_z
—% T+ %
Through the boundary of Eq (5.1), we obtain
V' =G, (6.20)
where G° = (g°(x}), -+, g°(xp—1)). Then, we can get that the initial function satisfies

AG® = Cy + Dy f"°. (6.21)

In this numerical calculation, we generate noise date g° by adding disturbance to g(x), respectively.
Let the noise data g° be
g’ = g + € randn(size(g)), (6.22)

where size(g) gives the dimensions of g in space, the function randn(-) produces a list of random
numbers with a mean of O and a variance of 1, and € reflects the noise level.
The absolute error level is

J | M
0= (& — &) (6.23)
M+1 ;
The relative error level is
SENS - f0)? SHN - f0)?
ey = , €p = . (6.24)
SHO? SR

In practical problem, we know that it is difficult to obtain a priori boundary condition E in practical
applications. So the a priori regularization parameter which is based on the a priori boundary can not be
obtained exactly. So, we only give the numerical results under the a posteriori regularization parameter
choice rule. The regularization parameter is obtained through Eq (5.17),and 7y =7, = 1.1, T = 1.

Here, we give three numerical examples.

Example 6.1. We consider the following functions:

f(x) =sin(mx), @(x) = xsin(x), Y(x)=3sin(x), xe€[0,n]. (6.25)

Figure 1(a), (b) shows that when the space parameter s is fixed and the noise levels € =
0.01,0.005,0.001 are taken separately, the comparison between the exact solution f{x) and the
fractional Tikhonov regularization solution ]jf (x) for different time parameters @ while s = 0.6, = 1.4;
s = 0.6, = 1.9. Figure 1(c), (d) shows that when the time parameter « is fixed and the noise
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levels € = 0.01,0.005,0.001 are taken separately, the comparison between the exact solution f{x)
and the fractional Tikhonov regularization solution fj(x) for different space parameters s while
a = 13,5 = 02; « = 13,5 = 0.75. Figure 2(a), (b) shows that when the space parameter s is
fixed and the noise levels € = 0.01,0.005,0.001 are taken separately, the comparison between the
exact solution f{x) and the quasi-inverse regularization solution f,f (x) for different time parameters a
while s = 0.6, = 1.4; s = 0.6, = 1.9. Figure 2(c), (d) shows that when the time parameter « is
fixed and the noise levels € = 0.01,0.005, 0.001 are taken separately, the comparison between the exact
solution f{x) and the quasi-inverse regularization solution f,‘f (x) for different space parameters s while
a=13,5s=02;a=1.3,5s =0.75.

=
o
=
o
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The excat solution and its approximate solution for f(x)
The excat solution and its approximate solution for f(x)
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=
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©
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The excat solution and its approximate solution for f(x)
The excat solution and its approximate solution for f(x)

0 0.5 1 15 2 25 3 35 0.5 1 15 2 25 3 35

o

(©) (d)
Figure 1. The exact solution and the fractional Tikhonov regularization solution with € =
0.01,0.005,0.001 in Example 6.1: (a) s = 0.6, « = 1.4; (b) s = 0.6, = 1.9; (c) @ = 1.3,
s=0.2;(d)a=13,s5s=0.75.

We can see from Figures 1 and 2, and Table 1 that with increasing noise levels, the error levels at
various values also grow. When the space parameter s is fixed, as the time parameter « increases, the
fitting effect of the image improves and the relative root mean square error decreases. This is because
when « increases, the ill-posed weakens. On the other hand, both the change of the image and the
relative root mean square error are not significant, which indicates that the two regularization methods
we adopted are effective. When the time parameter « is fixed, as the space parameter s increases,
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the fitting effect of the image deteriorates and the relative root mean square error increases. This is
because when s increases, the ill-posed intensifies. Since both changes are not obvious, it means that

the adopted regularization methods are effective.

S o =
(4,1 o (4] = o
B T T

KN

The exact solution f(x) and its approximations

=
o

Exact

o

15

The exact solution f(x) and its approximations

Exact
—6—€=0.01

(c)

The exact solution f(x) and its approximations

The exact solution f(x) and its approximations

Exact

0 0.5

(a)

Figure 2. The exact solution and the quasi-inverse regularization solution with € =
0.01,0.005,0.001 in Example 6.1: (a) s = 0.6, « = 1.1; (b) s = 0.6, @ = 1.6; (¢) @ = 1.3,

s=02;(d)a=1.3,s5s=0.75.

Table 1. When £ = 0.01, 0.005, 0.001, the error level of Example 6.1 for different values of

a and s.

£ 0.01 0.005 0.001

s=0.6 a=14 e 0.1012 0.1010 0.1011
a=19 e 0.0780 0.0779 0.0781
a=14 e, 0.0225 0.0119 0.0080
a=19 ér, 0.0072 0.0053 0.0063

a=13 s=0.2 e, 0.0880 0.0878 0.0878
s =0.75 e, 0.0877 0.0880 0.0878
s=0.2 e, 0.0266 0.0150 0.0083
s =0.75 e, 0.0267 0.0143 0.0087
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As can be seen from Figures 1 and 2, and Tables 1 and 2, both regularization methods are effective.
However, the CPU time required by the fractional Tikhonov regularization method is less than that of
the quasi-inverse regularization method.

Table 2. Comparison of CPU time between the fractional Tikhonov regularization method
and the quasi-inverse regularization method in Example 6.1.

a (s = 0.6) 1.4 1.9

. Fractional Tikhonov 0.4390 0.4856
CPU-Time Quasi-inverse 2.0476 2.0721
s(a=13) 0.2 0.75

. Fractional Tikhonov 0.4255 0.4232
CPU-Time Quasi-inverse 2.0423 2.0954

Example 6.2. We consider the following functions:

0, xel0,),
. 2x, x €[0,7%),
fx) =e'sinx, ¢x) =41, xe[%F), Yk = (6.26)
. 2(r—x), xe€l[&,n].
0, xel[5,nl,

Figure 3(a), (b) shows that when the space parameter s is fixed and the noise levels € =
0.01,0.005,0.001 are taken separately, the comparison between the exact solution f{x) and the
fractional Tikhonov regularization solution fj (x) for different time parameters @ while s = 0.6, = 1.4;
s = 0.6, = 1.9. Figure 3(c), (d) shows that when the time parameter « is fixed and the noise
levels € = 0.01,0.005,0.001 are taken separately, the comparison between the exact solution f{x)
and the fractional Tikhonov regularization solution fj(x) for different space parameters s while
a = 13,5 = 02; « = 1.3,s = 0.75. Figure 4(a), (b) shows that when the space parameter s is
fixed and the noise levels € = 0.01,0.005,0.001 are taken separately, the comparison between the
exact solution f{x) and the quasi-inverse regularization solution f,f (x) for different time parameters @
while s = 0.6, = 1.4; s = 0.6, = 1.9. Figure 4(c), (d) shows that when the time parameter « is
fixed and the noise levels € = 0.01, 0.005, 0.001 are taken separately, the comparison between the exact
solution f{x) and the quasi-inverse regularization solution f,f (x) for different space parameters s while
a=13,5s=02;a=1.3,5s =0.75.

We can see from Figures 3 and 4, and Table 3 that with increasing noise levels, the error levels at
various values also grow. When the space parameter s is fixed, as the time parameter « increases, the
fitting effect of the image improves and the relative root mean square error decreases. This is because
when « increases, the ill-posed weakens. On the other hand, both the change of the image and the
relative root mean square error are not significant, which indicates that the two regularization methods
we adopted are effective. When the time parameter « is fixed, as the space parameter s increases,
the fitting effect of the image deteriorates and the relative root mean square error increases. This is
because when s increases, the ill-posed intensifies. Since both changes are not obvious, it means that
the adopted regularization methods are effective.

As can be seen from Figures 3 and 4, and Tables 3 and 4, both regularization methods are effective.
However, the CPU time required by the fractional Tikhonov regularization method is less than that of
the quasi-inverse regularization method.
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The excat solution and its approximate solution for f(x)
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Figure 3. The exact solution and the fractional Tikhonov regularization solution with € =
0.01,0.005,0.001 in Example 6.2: (a) s = 0.6, @« = 1.4; (b) s = 0.6, @ = 1.9; (¢) @ = 1.3,

s=02;(d)a=13,5=0.75.

Table 3. When £ = 0.01, 0.005, 0.001, the error level of Example 6.2 for different values of

« and s.

f> 0.01 0.005 0.001

s=0.6 a=14 e 0.0162 0.0145 0.0149
a=1.9 e 0.0064 0.0062 0.0062
a=14 ér, 0.0174 0.0117 0.0102
a=19 e, 0.0143 0.0131 0.0110

a=13 s=0.2 e 0.0173 0.0134 0.0125
s =0.75 e 0.0143 0.0139 0.0124
s =0.2 e, 0.0188 0.0113 0.0107
s =0.75 e, 0.0290 0.0144 0.0108
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The exact solution f(x) and its approximations

The exact solution f(x) and its approximations

(c)

The exact solution f(x) and its approximations

(b)

35

The exact solution f(x) and its approximations

(d)

35

Figure 4. The exact solution and the quasi-inverse regularization solution with €
0.01,0.005,0.001 in Example 6.2: (a) s = 0.6, « = 1.4; (b) s = 0.6, = 1.9; (c) @ = 1.3,

s=0.2;(d)a=13,s5s=0.75.

Table 4. Comparison of CPU time between the fractional Tikhonov regularization method
and the quasi-inverse regularization method in Example 6.2.

a (s =0.6) 14 1.9
CPU-Time Fractional order Tikhonov 0.4368 0.4870
Quasi-inverse 2.0942 2.1168
s(a=1.3) 0.2 0.75
CPU-Time Fractional order Tikhonov 0.4489 0.4295
Quasi-inverse 2.0965 2.0824

Example 6.3. Consider the following functions:

f ="
Y20 - ),

x € [0, 3),

x €[3,n],

¢(x) = xsinx,

Y(x) = e sin x.

(6.27)

Figure 5(a), (b) shows that when the space parameter s is fixed and the noise levels € =
0.01,0.005,0.001 are taken separately, the comparison between the exact solution f{x) and the
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fractional Tikhonov regularization solution ]jf (x) for different time parameters @ while s = 0.6, = 1.4;
s = 0.6, = 1.9. Figure 5(c), (d) shows that when the time parameter « is fixed and the noise
levels € = 0.01,0.005,0.001 are taken separately, the comparison between the exact solution f{x)
and the fractional Tikhonov regularization solution f/f(x) for different space parameters s while
a = 13,5 = 02; « = 13,5 = 0.75. Figure 6(a), (b) shows that when the space parameter s is
fixed and the noise levels € = 0.01,0.005,0.001 are taken separately, the comparison between the
exact solution f{x) and the quasi-inverse regularization solution f,f(x) for different time parameters «
while s = 0.6, = 1.4; s = 0.6, = 1.9. Figure 6(c), (d) shows that when the time parameter « is
fixed and the noise levels € = 0.01,0.005, 0.001 are taken separately, the comparison between the exact
solution f{x) and the quasi-inverse regularization solution f,f (x) for different space parameters s while
a=13,5s=02;a=13,5s=0.75.
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Figure 5. The exact solution and the fractional Tikhonov regularization solution with € =
0.01,0.005,0.001 in Example 6.3: (a) s = 0.6, « = 1.4; (b) s = 0.6, = 1.9; (¢) @ = 1.3,
s=02;(d)a=1.3,s5s=0.75.
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The excat solution and its approximate solution for f(x)

We can see from Figures 5, 6, and Table 5 that with increasing noise levels, the error levels at
various values also grow. When the space parameter s is fixed, as the time parameter « increases, the
fitting effect of the image improves and the relative root mean square error decreases. This is because
when « increases, the ill-posed weakens. On the other hand, both the change of the image and the
relative root mean square error are not significant, which indicates that the two regularization methods
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we adopted are effective. When the time parameter « is fixed, as the space parameter s increases,
the fitting effect of the image deteriorates and the relative root mean square error increases. This is
because when s increases, the ill-posed intensifies. Since both changes are not obvious, it means that
the adopted regularization methods are effective.
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Figure 6. The exact solution and the quasi-inverse regularization solution with € =
0.01,0.005,0.001 in Example 6.3: (a) s = 0.6, @« = 1.1; (b) s = 0.6, @ = 1.6; (¢c) @ = 1.3,
s=02;(d)a=13,s5=0.75.

Table 5. When € = 0.01, 0.005, 0.001, the error level of Example 6.3 for different values of

a and s.

I 0.01 0.005 0.001

s=0.6 a=14 e 0.0446 0.0437 0.0430
a=1.9 e 0.0274 0.0270 0.0271
a=14 e, 0.0228 0.0174 0.0172
a=19 e, 0.0198 0.0140 0.0155

a=13 s=0.2 e 0.0348 0.0335 0.0329
s =0.75 e 0.0369 0.0340 0.0329
s=0.2 e, 0.0283 0.0188 0.0169
s =0.75 e, 0.0265 0.212 0.0175
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As can be seen from Figures 5, 6, and Tables 5 and 6, both regularization methods are effective.
However, the CPU time required by the fractional order Tikhonov regularization method is less than
that of the quasi-inverse regularization method.

Table 6. Comparison of CPU time between the fractional Tikhonov regularization method
and the quasi-inverse regularization method in Example 6.3.

a (s =0.6) 1.4 1.9
. Fractional order Tikhonov 0.4547 0.4538
CPU-Time Quasi-inverse 2.0788 2.0631
s(a=1.3) 0.2 0.75
CPU-Time Fractional order Tikhonov 0.4972 0.4082
Quasi-inverse 2.1256 2.0749

7. Conclusions

This paper solves the inverse problem of recovering the source term for a space-time fractional
diffusion-wave equation. By utilizing final time measurement data, we obtain the solution to the inverse
problem and analyze its ill-posed . To overcome this ill-posed, we employ both the fractional Tikhonov
regularization method and the quasi-inverse regularization method. Convergence error estimates are
derived under both the a priori and the a posteriori parameter choice rules. These error estimates
demonstrate that both regularization methods effectively restore solution stability. Finally, several
numerical examples are provided to verify the validity and feasibility of the proposed approaches.
However, this paper is limited to the inverse source problem for the space-time fractional diffusion-
wave equation. Therefore, future research will investigate the initial value problem, as well as
the simultaneous identification of both source terms and initial values. Additionally, the numerical
experiments in this paper only consider one-dimensional cases. Subsequent studies will extend the
analysis to two- and three-dimensional scenarios to further validate the effectiveness of the proposed
methods.
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