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Abstract: This paper examines various estimation methods for the parameters of the transmuted
inverse Rayleigh distribution (TIRD) using both ranked set sampling (RSS) and simple random
sampling (SRS) designs. The parameters are estimated using maximum likelihood estimation, ordinary
and weighted least squares, and the maximum product of spacings. Additionally, five goodness-of-fit
estimators are evaluated: Anderson-Darling (AD), right-tail AD, left-tail AD, left-tail second-order,
and the Cramér-von Mises estimator. A comprehensive simulation study is conducted to assess the
performance of these estimators while ensuring an equal number of observations across both sampling
designs. Furthermore, an analysis of a real COVID-19 dataset belonging to the Netherlands of 30 days,
which is fitted both numerically and graphically to the TIRD, demonstrates the practical applicability of
the proposed estimation methods. The results show that RSS-based estimators consistently outperform
their SRS counterparts in terms of mean squared error, bias, and mean absolute relative error across
all methods. The findings highlight the advantages of RSS for parameter estimation in the TIRD,
demonstrating its superiority over SRS for statistical inference. In particular, RSS proves to be more
effective when dealing with small sample sizes.
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Abbreviations

MLE
OLS
WLS
Ccv
AD
AD,
Ccv,
KS,
MPS
RAD
LAD
LTS
AE
Bias
MSE
MRE

1. Introduction

Maximum likelihood estimation
Ordinary least squares
Weighted least squares
Cramér-von Mises estimation
Anderson-Darling estimation
Anderson-Darling test
Cramér-von Mises test
Kolmogorov-Smirnov test
Maximum product of spacings
Right Anderson-Darling

Left Anderson-Darling

Left Anderson-Darling of second order
Average estimator

Absolute bias

Mean squared error

Mean relative error

The ranked set sampling was first suggested by [1] for estimating the mean of pasture and forage
yield as an efficient method as compared with the commonly used simple random sampling (SRS)
method. Many authors considered the RSS method either for estimating the population parameters of

suggested new modifications of the method with different applications.

Ranked set sampling is an effective statistical technique that can enhance the efficiency of
estimations, particularly when exact measurements are difficult or costly to obtain. By leveraging
auxiliary variables to rank observations, RSS improves the accuracy of sampling, making it especially
useful for skewed distributions or when direct measurements are challenging. However, its success
depends on careful design, as well as the availability of a reliable auxiliary variable that correlates
well with the target variable, to ensure its effectiveness.

Let Z,,2,,...,Z, be a random sample of size m from a population with a probability density
function (PDF) f(z), a cumulative distribution function (CDF) F(z), a mean u, and a variance o,

The RSS scheme can be described as follows:

(1) Select m SRS samples each of size m (m? units) from the target population as:

Zl(lm)» Zl(2m)’ sy Zl(mm)-
ZZ(lm), Z2(2m)a ey ZZ(mm)-
Zm(lm)a Zm(2m)a ceey Zm(mm)~

(2) Rank the units in each set of size k from lowest to the largest visually or based on any cost-free
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method as:
Zl(l:m)’ Zl(Z:m)’ ceey Zl(m:m)-
ZZ(lzm)’ ZZ(Z:m)’ s ZZ(m:m)-
Zm(l:m)a Zm(2:m)a R Zm(m:m)-

(3) From the first set of m units, the smallest ranked unit is selected and measured. From the second
set, the second smallest ranked unit is selected. This process continues until, from the mth set, the
largest ranked unit is measured as we see in the following the underlined units:

Ziamys  Ziamys oo Ligmm)-
Z2(1:m)’ Z2(2:m)’ R Z2(m:m)-
Zm(l:m)’ Zm(2:m)’ B Zm(m:m)'

(4) Repeat the Steps 1 through 3 r cycles to obtain a sample of size n = mr.
Then, the RSS units are

Zl(]:m)’ ZZ(Z:m)a cees Zm(m:m)-

Let Zy.m); denote the kth-order statistic from the kth sample of size m, at the jth cycle, where k =
1,2,....,mand j=1,2,...,n.
The PDF and cumulative distribution function (CDF) [2] of Z.,,;, respectively, are given by:

m!

f@oemyjs ©) = = 1),(;71 — k)'f(z(k:m)j; O F (Z(tomyjs O 1 = F(Zgemy s O™, (1.1
and
i m!
F(Z(k:m) is ®) = —[F(Z(k:m) is ®)]h[1 - F(Z(k:m) is ®)]m—h. (12)
J hZ:;J hl(m — h)! / /

Various modifications and applications of the RSS are suggested. For example, [3] proposed the
partial RSS design as a modification to the usual RSS. The authors of [4] considered the problem of
estimating the two-parameter of Xgamma distribution parameters using RSS, whereas [5] used the
RSS to estimate the parameters of the inverted Kumaraswamy distribution. In addition, [6] studied
median RSS in modeling the stress—strength. The authors [7] used the RSS for estimating the
Farlie-Gumbel-Morgenstern bivariate Weibull distribution parameters with a medical data application,
whereas [8] studied the distribution function estimation using moving extreme and MiniMax RSS
methods. Taconeli [9] suggested dual-rank RSS method. Aldrabseh et al. [10] considered the
except-extremes RSS for estimating the population variance, whereas [11] investigated the CDF
estimation based on dual-rank RSS, with an application to body mass index data. Alsadat et al. [12]
employed the RSS for parameters estimation of the power logarithmic distribution, and [13]
investigated the RSS in statistical inference for a novel distribution. Kumar et al. [14] proposed a new
modification of the RSS for mean estimation, namely; neutrosophic median RSS. Shafiq et al. [15]
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used both the RSS and SRS for a statistical framework for a new Kavya-Manoharan Bilal distribution.
Woodall et al. [16] used the RSS to evaluate the performance of control charts. [17] proposed the RSS
in estimating multi-stress strength reliability for an inverted Kumaraswamy distribution.
Moreover, [18] considered the problem of estimating the Gumbel distribution in terms of an ordered
maximum RSS with unequal samples, whereas [19] considered the problem of large sample
properties of modified MLE of the location parameter using moving extremes RSS. Yang et al. [20]
investigated SRS and moving extremes RSS for estimating the parameters of the log-extended
exponential-geometric distribution.

Shala and Merovci [21] suggested a new three-parameter distribution called the transmuted inverse
Rayleigh distribution, with the PDF and CDF defined as follows:

20’(1 + /1)0'2 e_a(%f _ 4(1/10'2 6_2(1(%)2
3 ZS ’

f(z0)=

forz>0,0>0,a>0,0=A4a,0,and |1 £ 1,

(1.3)

Fz:0) = (1 + )e (%) Z g 2(9)", (1.4)

The hazard rate function (HRF) of the generalized transmuted inverse Rayleigh distribution (TIRD) is
given by

h(z;0) =

) 2 _
fz®)  2a0’B(l+A4-21B) . where B = exp(_a(i)z), (1.5)

1-F(z0) H[1-(1+1)B-AB]
with the rth moments given by

r

<BZS:amaﬁ(1—2N1+ﬁ—Tﬁﬂ, r<?2.

The quantile function of the TIRD, with the parameters A, @, and o, is given by

—ac? 1n[1+/l— \/(1+/l)2—4/1p] _
X = 0(p) = 2 L Haro
g o if1=0.
V-Inp)’

fz)

f(z)

0 5 10 15 20 0 5 10 15 20
z z

(@) 1=0.7 (b) 1=-0.7

Figure 1. PDF plots of the TIRD for some values of A and a.
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Figure 1 shows the PDF of the TIRD for certain parameter values. It is evident from the figure that
the distribution exhibits various shapes of the PDF, demonstrating its flexibility in fitting different types
of data.

Figure 2 presents the TIRD’s HRF plots for some parameters values. It is clear that the hazard
function of the generalized TIRD exhibits various shapes, including decreasing, increasing, and
unimodal patterns.

2.0 '
— a=3,0=3

a=4,0=3 0151

18¢ a=5,0=3

— a=3,0=2

h(z)
>

| — a=4,0=2
— a=5,0=2
05- — a=3,0=6 ] 0.05-

0-0 L L L L L L L ] 0'00 7\

(@) 1=02 (b) 1=-0.7

Figure 2. HRF plots of the TIRD for some values of A and a.

To analyze the shape of the HRD, we employed the method proposed by [22] that relies solely on
the PDF of the distribution, which is defined as follows:

_J'©%0)
f[(z:0)
where h(z; ®) and 7(z; ®) have the same properties. Hence, if 7/(z; ®) > 0 for z € (0, z9), 7'(z0; ®) = 0,

and 7'(z;®) < 0 for z € (29, 0), then the distribution hasan upside-down bathtub hazard rate (UBT).
The first derivative of the TIRD’s PDF is

7(z;0) =

1 _2a0? ag?
f(z;0) = —62(1’0'26 3 (6/1Z2 — 8o + (A + e 2 (2&(72 - 3z2)),
Z

2 2
(4112(/l+1)0'4 _ 6&(2;1)0'2) 5 4 (_16a2/1cr4 120102) e—z“z—g'

+ —_—_
3 3
7(2:0) = — 7 z z

(1(7'2 (10'2 ’
(20(/{;1)02 _ 4033026—22)6—12
and when 7'(zp) = 0 implies
22 a
Zé((S/l2 — 12a2% - 6a’e — 8a’A%e?)
+ (61 — 121 + 3621 — 12ade% + 8a*de?) + 3 — 6an0) = 0.

Solving this equation analytically is quite challenging because it combines polynomial and exponential
terms in zy. Such equations rarely have straightforward closed-form solutions and are generally tackled
using numerical methods for given values of 4, @, and 0. For more details, see [21].

AIMS Mathematics Volume 10, Issue 7, 16432-16459.



16437

The integration of RSS with the TIRD offers significant improvements over traditional methods.
RSS increases the estimation precision, especially in small-sample scenarios, by incorporating prior
ranking information. The TIRD is known for its flexibility in modeling positively skewed and heavy-
tailed data, and it addresses limitations of classical distributions. When combined, the RSS and TIRD
provide a robust framework that enhances the parameter estimation accuracy, reduces the influence of
outliers, and supports more efficient statistical inference in real-world applications.

To the best of our knowledge, this is the first study in the literature to consider RSS for estimating
the parameters of the TIRD. This study aims to:

e Compare some estimation methods for the TIRD parameters under RSS and SRS designs. Then,
assess performance of the estimators using methods such as using maximum likelihood
estimation (MLE), ordinary least squares (OLS), weighted least squares (WLS), maximum
product of spacing (MPS), Anderson—Darling estimation (AD), right AD (RAD), left
AD (LAD), second-order LAD (LTS), and Cramér—von Mises estimation (CvM).

e Conduct simulations to evaluate the accuracy of RSS with different estimation methods based on
mean square error (MSE), bias, and mean relative error (MRE).

e Apply the estimation methods to a COVID-19 dataset to demonstrate its practical use.
Additionally, to compare the efficiency of RSS and SRS designs, highlighting the advantages of
RSS, particularly for small sample sizes.

The remainder of this paper is structured as follows: Section 2 presents the estimation methods
considered in this study along with the goodness-of-fit tests. Section 3 provides numerical simulations
for various sample sizes. In Section 4, an application to real data is discussed. Finally, the conclusions
are drawn in Section 5.

2. Methods of estimation

This section provides a detailed explanation of RSS and derives the estimators of the TIRD using
various estimation methods under both RSS and SRS.

2.1. Maximum likelihood estimation

Let zxgemy k = 1,2,...,m, 1 = 1,2,...,r be the RSS of size n = mr where m is the set size and r
is the number of cycles, gathered form the TIRD. For abbreviation, we will consider ® = @&, 6, 1. The
likelihood function of the TIRD, is obtained by inserting Eqs 1.3 and 1.4 in Eq 1.1 as shown below:

£©) o< [ [ [1F @remn ©1 11 = Faigomp O1"™* F@uom ©)
k=1 I=1

k—1
(a 4 e ﬂe—w(‘zf)

k=1 I=1 2.1)

m—k
1= (1 + )5 _ Ae-za(‘?f)

X
Z3 Z3

— —

2(1(1 + /1)0'2 e_a/(%)Z _ 4(!/10'2 6_2(2((;)2).
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The logarithmic of Eq 2.1, indicated by /°(®), is expressed by

2
((/l+1)exp( a7 ]

I'@©) o« mrlog(a)+ 2mrlog(o) + Z Z(k ~1)log
k=1 I=1 k(k m)l
2 2 m r 2
—/lexp( a9 )) + Z (m - k)log{l ~(@+ l)exp( a7 )
Zk(k -m)l =1 =1 Zk(k -m)l
2002 o ao?
—Aexp|—— ) + Z log ((/l +1exp| 5 — 2/1)
Lhe(hezml =1 =1 Lty
m r 1 m r
~ 2a0” Z 5 - 108(Z myr) (2.2)
k=1 I=1 Zk(k:m)l k=1 I=1
Differentiate Eq 2.2 with respect to ® and equate to zero to obtain
m r 1 2 2a/0' )
—al(G)) — ﬂ + Z Z 2 (/1 + ) exp ( k(k m)l ) /l exp ( Zk(k :m)l
oa (0 =1 = Zk(k -m)l (/l + 1) CXp( _ac? ) /lexp( 2a0? )
A(k ml Zk(k ml
m o r A+ l)exp( ) 2/lexp( jw )
_ Z ( A(k ml k(k:m)l
k=1 1=1 Zk(k:m)l 1— ((/1 + 1)exp (_ ) /lexp( 2002 ))
Zk(l\ m)l Zk(k m)l

e .
—20'22 ! =0,

(1+ 1)exp (
=1 =1 k()

%, Kkl

ac? )— 21)

k(k:m)l

r

M=

=1 I=

=~

1 z )] ((/1 + 1)f:xp(Z

ac? ) _ _ 2a0?
al(@) — i . (k _ 1) exp ( k(k m)I) exp ( Zi(k'm)l)
04 k=1 I=1 1+ l)exp( ) /lexp( Zag? )
k(k ml Zk(k :m)l
m r —exp(—z o )+exp( 2a0? )
+ (m _ k) "k(k:m)l A(k m)l
=1 =1 1 - ((/l+ l)exp( ) /lexp( Z00” ))
k(k ml Zk(k )l
moor exp (—Z""2 ) -2
" Z k(k:m)l _ 0,
k=1 I=1 (/l+1)exp( )—2/1
Zk(k m)l
- 1 2 2a0? )
2a0 (4+1 xp ( k(A n)l) A xp ( Z/\(k m)l

a0 )

( ) m
k(k m)l (/l 1) € :p ( Z (k: )l) /l ( k<k )

60- o k=1 [=1
Volume 10, Issue 7, 16432-16459.
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mo 1 2 Zoo )
_ Z (m k) 2a0 (/1 * )eXp( k(k m)l) /lexp( k(k m)l

B el 2] el 2]
N i r 20,’0'(/1 +1) exXp (Zk(km)z) o m. 1 o
=1 e g (1+ 1)exp -21 =1 =1 Zi(k:m)l
kel k(k myl

(2.3)

The MLE 6 of @ is the solution of the non-linear Eq 2.3. Since Eq 2.3 do not have an analytical
solution, a numerical method can be used to obtain 0.

2.2. Least square estimators

In this section, the OLS and WLS are derived using the RSS method. Swain et al. [23] introduced
the OLS and WLS for estimating the parameters of the beta distribution. Consider an ordered sample
Zi:mys Zo@imys - - - » Zmon:my Which constitutes an RSS of size n = mr, selected from the TIRD. By
minimizing the respective objective functions with respect to @ , the OLSE ©¢, s and WLSE @y, are
obtained. The objective functions to be minimized are given by:

m 2

k
A(@)zg[mzk(km ©)~ ——|.
(n+ 1)2(m +2) kTP
D(©) = Z ke Ty |F @ 1©) =

The nonlinear equations below can be solved to get Qo5 and Oy, respectively as follows:

ONO) <

k
50 - ; [F (2kkem) 1©) — m]A (Zkiho 1©) = 0

ADO) < (m+ 1) (m+2)
_Z k(m—k+1)

k
F (Ziem) 1©) — m]A (Zkemy 1©) = 0

where

(k) ©
5 Zitko© (O = Zyemy + 2) € Tiktem
A i 10) = 25 F (it 1©) = = . (2.4)
(Zkemy — 1) (O + 1)

2.3. Maximum product of spacings estimation

The MPS method has been recognized as a strong alternative to traditional MLE, as highlighted by
the pioneering work of [24, 25]. Their findings indicate that MPS provides notable benefits in
parameter estimation for continuous univariate distributions. Specifically, MPS ensures greater
consistency compared with MLE methods while achieving the same level of efficiency as MLE.

AIMS Mathematics Volume 10, Issue 7, 16432—-16459.
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Consider an ordered sample Z;(1.n), Zo@2:m)s - - - » Zinm:my that forms an RSS of size m, collected from
the TIRD. The corresponding uniform spacings are defined as:
I(®) = F (zxgem) 19O) = F (21 19), i=1,2,...om+ 1,
where the following boundary conditions hold: F (zyoum) |®) = 0, F (Zkm+1:m 1®) = 1, ensuring that
the sum of spacings satisfies mil [1,(0) = 1.
The MPSE ©,ps of @ is ;r_(;duced by maximizing the following function with respect to ©:
m+1

T=— kZ] log [T1,(®)].

The MPSE ©,;ps is determined by solving the following equation numerically:

A Zi 1 [A( @) - A( )] =0
90 m+1LATI(@) " Zte-1:my ©)] = 0,

where A (.|®) is given in Eq (2.4).

2.4. Goodness-of-fit estimators

Next, we explore techniques for estimating the parameter ® by optimizing the goodness-of-fit
measures. These approaches aim to minimize the discrepancy between the empirical CDF and the
fitted CDF.

2.4.1. Anderson-Darling methods

The Anderson-Darling test, proposed by [26] as an alternative to traditional normality tests, is
recognized for its rapid convergence to the asymptotic distribution. This characteristic improves its
reliability in statistical inference [27,28].

Consider an ordered sample, denoted as {Z;(i.m), Zo@:m)s - - - » Zmgm:my}» forming an RSS of size m
drawn from the TIRD. The estimators @AD (AD), (:)RAD (RAD), (:)LAD (LAD), and @LTS (LTS) for ®
are obtained by minimizing their respective objective functions as follows:

1 v i}
AD(®) = ~m ~ — > 2k~ 1) {log F (sien 1©) + 10g F (Gagn-ss1.m 1©));
k=1
m = l ©« _
RAD(©) = = =2 > F (2 10) = — > (2%k = D1og F (zums1-4m [©).
k=1 m k=1 (2 5)

m

-3m “ 1
LAD(®) = —= +2 ) F (s ©) = — > (2%k = Dlog H (sium 1©),
k=1

k=1

N 1< (2k-1)
LTS©) = 2 1og [F (zegm [O)] + = 3 —— D
(©) ; og [F (zxtxm) 1©)] + n; PN

where F (.|®) is the survival function.
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2.4.2. Cramér-von Mises estimators

MacDonald [29] demonstrated that the Cramér-von Mises (CV) statistic exhibits lower bias
compared with other minimum distance estimators, making it a valuable alternative for parameter
estimation. Consider an ordered sample Z;(.m), Za2:m)» ---» Zmm:my forming a RSS of size m, collected
from the TIRD. The CVM estimator (CV) (:)cv of O is obtained by minimizing the following function:

1 & 2%k -1)°
n(®) = Tom + ; {F (T 1©) = W} . (2.6)

Alternatively, instead of directly minimizing Eq (2.6), the CVME @y can be obtained by solving the
following nonlinear equation:

MO _ 2k~ 1
W = ; {F (Zk(k:m) ©) - W}A (Zk(k:m) 1©) =0,

where A (. |®) is defined in Eq (2.4), and

1<k<m

k k-1
X (@) = Max [Z = F 2kt 19) s F (Zkgemy 1©) — T]

3. Numerical simulation

This section presents a simulation study to assess the performance of the proposed estimators for
the TIRD using both SRS and RSS. Here, we considered three sample sizes: n = mXr,n=5%x3 =15
(small);n = 7x3 =21,n=5%x6 =10x 3 = 30 (moderate); andn = 7X 6 =42,n = 10X 6 =
60 (large). The choices m = 7,10 align with those used by [30] in quartile RSS and by [31] in
double percentile RSS, assuming perfect ranking for 10,000 iterations. For each generated sample,
the estimation is conducted for the parameter values (a, o, 1) = (2,0.8,0.75) using various estimation
methods, including MLE, OLS, WLS, CV, MPS, AD, RAD, LAD, and LTS. We primarily utilized
the Nelder—Mead algorithm implemented through the Optim function in R Software. To evaluate
the accuracy of each estimation method and sampling design, four statistical metrics are computed:
average estimator (AE), absolute bias (Bias), MSE, and mean absolute relative error (MRE), which are
defined as follows:

10000 10000
AE®)= —— 0,, Bias(®) = —— 0, — 0|,
®) = 15000 Z‘ ias(®) = 75000 ;' |

and

10000 1 10000 | A

R R A |®; — O|
MSE®) = —— 0, — ®)*>, MRE(®) = ,where © = a, o, L.
®)= 15000 ;( ) ©)= 15000 ; @ eerEsao

The results obtained using SRS are presented in Tables 1 and 2 for the sample sizes of (5 X 3), (5 X 6),
(7 %X 3), (7 x6), (10 x 3), and (10 x 6), respectively. Similarly, the results based on RSS are shown
in Tables 3 and 4 for the same sample sizes. In addition, a summary of the results is illustrated in
Figures 3-6 for «, o, and A, respectively.

AIMS Mathematics Volume 10, Issue 7, 16432—-16459.
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Table 1. Simulation results of MLE, OLS, WLS, CV, MPS, AD, RAD, LAD, and LTS under
SRS design for sample sizes of (5x3), (5x6), and (7x3) with (@, 0, 1) = (2,0.8,0.75).

n Par. Metric MLE OLS WLS Ccv MPS AD RAD LAD LTS
S5x3 @& AE 1.9332 21079 2.1149 2.0279 2.2121 2.0888 2.0643 2.0743 2.0766
a Bias 0.0831 03308 03134 0.2543 0.3327 0.2602 0.2838  0.2989  0.3777
& MSE 0.0249 0.2514 0.2988 0.1573  0.2716  0.1668 0.2273  0.2175  0.3064
& MRE 0.0416 0.1654 0.1567 0.1271 0.1663  0.1301  0.1419 0.1494  0.1888
o AE 0.8165 0.7614 0.7658 0.8313 0.7158 0.7841 0.8048 0.8008 0.816
loa Bias 0.065 0.1351  0.1302 0.1164 0.1448 0.1157 0.1316  0.133 0.1777
o MSE 0.0076  0.0369 0.0339 0.0305 0.0357 0.0312 0.0532 0.042 0.0726
oz MRE 0.0813 0.1689 0.1628 0.1455 0.181 0.1446  0.1645 0.1663 0.2221
1 AE 0.7186  0.5767 0.5949 0.8635 0.4449 0.6801 0.7189 0.77 0.8335
A Bias 0.294 0.4928 04562 04267 05076 0.4018 0.4142 0.5182 0.6843
A MSE 0.1503  0.4038 0.3632 03017 0.4546 0.2923  0.3083 0.4421 0.7658
A MRE 0.3921 0.6571 0.6083  0.569 0.6768  0.5358 0.5523 0.6909 0.9124
Sx6 @ AE 1.9412 2.0569 2.0627 2.0363 2.183 2.0586 2.0523 2.0616 2.1097
a Bias 0.0702  0.2314 0.2071 0.1741 0.2524 0.1814 0.2116  0.2073  0.3036
& MSE 0.021 0.1328 0.1192 0.0769 0.1746  0.1047 0.1238  0.1048 0.2316
& MRE 0.0351 0.1157 0.1036  0.0871 0.1262  0.0907 0.1058 0.1037 0.1518
o AE 0.8126  0.78 0.7814 0.8145 0.732 0.7861  0.7951 0.7921 0.7846
o Bias 0.0476  0.0926 0.0823 0.0759 0.105 0.0756  0.0884 0.0876  0.1321
loa MSE 0.0039 0.0342 0.014 0.0175  0.021 0.012 0.0179 0.0156  0.0363
oz MRE 0.0596 0.1157 0.1029 0.0948 0.1313  0.0945 0.1104 0.1095 0.1651
A AE 0.727 0.6475 0.6701 0.814 0.5233  0.6963 0.7098 0.7473  0.7186
pl Bias 0.239 0.3378 0.3011 0.2853 0.3562 0.2741  0.2745 0.3635  0.5455
A MSE 0.1022  0.2016  0.165 0.1324 0.271 0.1365 0.135 0.2265 0.49
A MRE 0.3186 0.4504 0.4014 03804 0.475 0.3655 0.366 0.4847 0.7274
Tx3 @ AE 1.9369 2.0804 2.0803 2.0341 22005 2.0766 2.0483  2.0567  2.0829
& Bias 0.0771  0.2782 0.2449 0.2079 0.2864 0.2183 0.2391 0.2583  0.3338
a MSE 0.0237 0.1826 0.1532 0.0993 0.2182 0.1285 0.1456 0.1621 0.2531
& MRE 0.0386 0.1391 0.1225 0.1039  0.1432 0.1091 0.1196 0.1291  0.1669
oz AE 0.8152 0.7722 0.7761 0.8222  0.7244  0.785 0.8016  0.8005  0.8009
o Bias 0.0569 0.1103 0.102 0.0934 0.1243 0.0923 0.1046  0.1119  0.1539
lop MSE 0.0058 0.0266 0.0211 0.0176  0.0302 0.0173 0.0249 0.0286  0.058
loa MRE 0.0711  0.1379  0.1275 0.1167 0.1554 0.1154 0.1308 0.1399  0.1924
A AE 0.7202 0.6216  0.643 0.842 0.4807 0.6896 0.7199 0.7557 0.7613
1 Bias 0.2706  0.4152 03749 03514 0.4306 0.333 0.3302 0.4442 0.6176
A MSE 0.1345 0.2953 0.2495 0.2037 0.3603  0.2027 0.1906 0.3385 0.6161
A MRE 0.3608 0.5536  0.4999 0.4685 0.5742 0.444 0.4403  0.5923  0.8235
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Table 2. Simulation results of MLE, OLS, WLS, CV, MPS, AD, RAD, LAD, and LTS under
the SRS design for sample sizes of (7x6), (10x3), and (10x6) with (@, o, 1) = (2,0.8,0.75).

n Est. Metric MLE OLS WLS cv MPS AD RAD LAD LTS
a AE 1.9447  2.0528 2.0618 2.0451 2.1640 2.0646 2.0480 2.0607 2.1168
a Bias 0.0649 0.1911 0.1676 0.1479 0.2119 0.1573  0.1824 0.1752  0.2627
a MSE 0.0180 0.0960 0.0893 0.0527 0.1229 0.0722 0.1003 0.0757 0.1822
a MRE 0.0324 0.0956 0.0838 0.0739 0.1055 0.0787 0.0912 0.0876 0.1313
loa AE 0.8115 0.7816 0.7830 0.8058 0.7406 0.7849 0.7949 0.7899 0.7718
s Bias 0.0395 0.0724 0.0645 0.0588 0.0854 0.0613 0.0716 0.0706  0.1127
76 toa MSE 0.0027 0.0131 0.0086 0.0071 0.0146 0.0084 0.0128 0.0103  0.0256
toa MRE 0.0493  0.0905 0.0806 0.0735 0.1067 0.0766  0.0895 0.0882  0.1408
1 AE 0.7341 0.6746 0.6948 0.7983 0.5697 0.7064 0.7183 0.7412 0.6671
A Bias 0.2099 02775 0.2440 0.2355 0.2860 0.2257 0.2254 0.2998  0.4838
A MSE 0.0781 0.1357 0.1068 0.0900 0.1857 0.0913 0.0886 0.1547 0.4000
1 MRE 0.2799 0.3700 0.3253 0.3140 0.3813 0.3010 0.3005 0.3997 0.6451
a AE 1.9404  2.0575 2.0609 2.0400 2.1787 2.0685 2.0540 2.0659 2.1165
& Bias 0.0708 0.2261 0.1933 0.1710 0.2442 0.1819 0.2063 0.2116 0.3011
a MSE 0.0203 0.1272 0.1045 0.0865 0.1640 0.0977 0.1152 0.1284 0.2263
a MRE 0.0354 0.1130 0.0966 0.0855 0.1221 0.0909 0.1032 0.1058 0.1505
s AE 0.8120 0.7763 0.7795 0.8113 0.7310 0.7830 0.7949 0.7903 0.7762
s Bias 0.0469 0.0891 0.0793 0.0731 0.1032 0.0741 0.0869 0.0865 0.1290
103 loa MSE 0.0039 0.0165 0.0130 0.0110 0.0225 0.0116 0.0207 0.0155 0.0341
toa MRE 0.0586 0.1114 0.0991 0.0913 0.1290 0.0927 0.1086 0.1082 0.1612
1 AE 0.7286 0.6432 0.6688 0.8111 0.5203 0.6924 0.7113 0.7383  0.6827
1 Bias 0.2327 0.3322 0.2927 0.2782 0.3474  0.265 0.2663  0.3503  0.5359
A MSE 0.0979  0.1942 0.1551 0.1269 0.2548 0.1282 0.1264 0.2081 0.4751
A MRE 0.3102 0.4429 03902 03709 04632 0.3533 0.3551 0.4670 0.7146
a AE 1.9553  2.0565 2.0476 2.0479 2.1328 2.0544 2.0435 2.0641 2.1005
a Bias 0.0528 0.1593 0.1362 0.1267 0.1639 0.1288 0.1582 0.1447 0.2236
a MSE 0.0109 0.0668 0.0488 0.0418 0.0680 0.0428 0.0723  0.0485 0.1427
a MRE 0.0264 0.0797 0.0681 0.0634 0.0819 0.0644 0.0791 0.0723 0.1118
toa AE 0.8109 0.7837 0.7896 0.8026 0.7545 0.7876 0.7962 0.7892  0.7736
s Bias 0.0332  0.0576 0.0512 0.0466 0.0654 0.0483 0.0601 0.0549 0.0943
106 s MSE 0.0019 0.0093 0.0082 0.0047 0.0086 0.0049 0.0132 0.0061 0.0199
loa MRE 0.0415 0.0720 0.0640 0.0583 0.0817 0.0604 0.0751 0.0686 0.1179
A AE 0.7502  0.7029 0.7224 0.7943  0.6327 0.7263  0.7318 0.7526  0.6653
1 Bias 0.1723  0.2193 0.1911 0.1898 0.2100 0.1816 0.1838 0.2384 0.4146
A MSE 0.0507 0.0831 0.0633 0.0576  0.0993 0.0560 0.0585 0.0943 0.3052
A MRE 0.2297 0.2924 0.2548 0.2530 0.2800 0.2421  0.2451 0.3178  0.5528
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Table 3. Simulation results of MLE, OLS, WLS, CV, MPS, AD, RAD, LAD, and LTS under

the RSS design for sample sizes of (5x3), (5%6), and (7x3) with (a, o, 1) = (2,0.8,0.75).

n Par.  Metric MLE OLS WLS Ccv MPS AD RAD LAD LTS
a AE 1.943 2.0896 2.1033 2.0482 2.2753 2.0893 2.0667 2.0955 2.1361
a Bias 0.0673  0.2983 0.2875 0.2016  0.3414 0.2243 0.2702 0.2513  0.3459
a MSE 0.0194 0.2253 0.2223  0.1064 0.2482  0.1344 0.1934 0.1808  0.3086
a MRE 0.0337 0.1492 0.1438 0.1008 0.1707 0.1122  0.1351 0.1257 0.173
loa AE 0.8096 0.7432 0.7471 0.8096 0.6841 0.7663 0.7939 0.7719  0.7757
loa Bias 0.0481 0.1172 0.1129 0.0865 0.1475  0.093 0.1118 0.1105  0.1572
33 loa MSE 0.004 0.031 0.0266 0.0168 0.038 0.0184 0.0391 0.0241  0.0498
loa MRE 0.0602 0.1466 0.1412 0.1081 0.1843 0.1163  0.1397 0.1382  0.1965
A AE 0.7294 0.4829 05107 0.8035 0.3521 0.6198 0.6752 0.6655 0.6998
A Bias 0.2469 0.4544 0.4196 03364 0.5207 0.3497 0.363 0.4365 0.6082
A MSE 0.1076 ~ 0.3521 0.3142 0.191 04733 02272 0.2321 0.3334  0.5996
A MRE 0.3291 0.6059 0.5595 0.4485 0.6942 0.4662 0.484 0.582 0.8109
a AE 1.955 2.0575 2.0668 2.0514 22222 2.0722 2.0516 2.0696  2.1342
a Bias 0.052 0.1928 0.1724 0.1419 0.2478  0.1525 0.1898  0.1734  0.2823
a MSE 0.0112  0.0984 0.0819 0.0507 0.1569 0.0615 0.1053 0.0791 0.2195
a MRE 0.026 0.0964 0.0862 0.0709 0.1239  0.0762 0.0949 0.0867 0.1412
loa AE 0.8069 0.7657 0.7698 0.8002 0.7148 0.774 0.7887  0.7776  0.7642
loa Bias 0.0348 0.0735 0.067 0.0556 0.1013 0.0597 0.0707 0.0714  0.1225
36 loa MSE 0.002 0.0125 0.0103 0.0069 0.0197 0.008 0.0132  0.0108  0.0326
loa MRE 0.0435 0.0918 0.0838 0.0695 0.1266 0.0746  0.0884  0.0892  0.1531
A AE 0.7424 0.6149 0.6447 0.7899 0.4987 0.6775 0.6979 0.7001  0.643
A Bias 0.1871  0.2936  0.2583  0.2309 0.3397 0.2301 0.2375 0.3056  0.5002
A MSE 0.0592 0.1524 0.1204 0.0869 0.2461 0.0951 0.0991 0.1641 0.4214
A MRE 0.2495 03914 03444 03079 04529 0.3067 03166 0.4074 0.667
a AE 1.9573  2.0674 2.07 2.052 22594  2.0802 2.0422 2.0678  2.1286
a Bias 0.0508 0.2186  0.195 0.1476  0.2925 0.1668 0.212 0.1881  0.2951
a MSE 0.0115 0.1274 0.1067 0.0506  0.2025 0.0865 0.1266  0.0949 0.2324
a MRE 0.0254  0.1093 0.0975 0.0738 0.1462 0.0834 0.106 0.094 0.1475
loa AE 0.8091 0.7578 0.7628 0.8041 0.6973  0.7724 0.7948  0.778 0.767
loa Bias 0.0382 0.0825 0.0753 0.0575 0.1201  0.0638 0.0807 0.0782  0.1309
73 loa MSE 0.0024 0.0154 0.0126  0.007 0.0266  0.0088 0.0191 0.0171  0.0353
loa MRE 0.0478 0.1032 0.0942 0.0719 0.1501 0.0798 0.1009 0.0977 0.1637
A AE 0.7485 0.5705 0.5991 0.8046 0.4219 0.6678 0.6948 0.6847 0.6474
A Bias 0.2004 03294 0.2938 0.2484 0.4165 0.2516 0.2625 0.3346 0.5312
A MSE 0.0672  0.1941 0.16 0.1006 03439 0.1172 0.1212 0.2052 0.4672
A MRE 02672 0.4392 03917 03312 05553 0.3355 0.35 0.4461  0.7083
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Table 4. Simulation results of MLE, OLS, WLS, CV, MPS, AD, RAD, LAD, and LTS under
the RSS design for sample sizes of (7x6), (10x3), and (10x6) with (@, o, 1) = (2,0.8,0.75).

n Par. Metric MLE OLS WLS Ccv MPS AD RAD LAD LTS
a AE 1.9682  2.0505 2.0575 2.0565 2.1689 2.0644 2.051 2.0601  2.1125
a Bias 0.0376  0.1421 0.1232  0.108 0.1843  0.1137 0.1578 0.1289  0.2269
a MSE 0.0058 0.0511 0.038 0.0263  0.0801 0.0322 0.0772 0.0429 0.16
a MRE 0.0188  0.071 0.0616  0.054 0.0921 0.0569 0.0789 0.0644 0.1135
loa AE 0.8073 0.7745 0.7771 0.7974 0.7366  0.7804 0.7919 0.783 0.7651
loa Bias 0.0274  0.0507 0.0443 0.0375 0.0731 0.0418 0.0543 0.0487 0.0973
76 loa MSE 0.0012  0.0055 0.004 0.0029 0.0107 0.0038 0.0154 0.0054 0.0207
loa MRE 0.0343  0.0634 0.0553 0.0469 0.0914 0.0523 0.0678 0.0608 0.1216
A AE 0.7534 0.6612 0.6837 0.7848 0.5775 0.7062 0.7156 0.7188  0.6306
A Bias 0.1485 0.2105 0.1843 0.1728 0.2387 0.1698 0.1784 0.2213  0.4185
A MSE 0.0353  0.075 0.0579  0.0469 0.1258  0.048 0.0527 0.0843  0.3139
A MRE 0.198 0.2807 0.2458 0.2303 0.3182 0.2264 0.2379 0.2951 0.558
a AE 1.9685 2.0587 2.0613 2.0577 22116 2.0675 2.0485 2.0602 2.1187
a Bias 0.0375 0.1595 0.1408 0.1135 0.2289 0.1203  0.164 0.1378  0.2436
a MSE 0.0057 0.0645 0.0555 0.0291 0.1195 0.0351 0.0784 0.0532 0.18
a MRE 0.0187 0.0798 0.0704 0.0567 0.1144 0.0602  0.082 0.0689  0.1218
log AE 0.8071  0.765 07699 0.7976 0.7172 0.7767 0.7906  0.7797  0.7619
10 x 3 loa Bias 0.029 0.0577  0.052 0.0401  0.0913 0.0448 0.0581 0.0531 0.1066
loa MSE 0.0013  0.0068 0.0059 0.0035 0.0163 0.0042 0.0123 0.0063 0.025
loa MRE 0.0362  0.0721  0.065 0.0501 0.1142  0.056 0.0726  0.0664 0.1332
A AE 0.7512 0.6186 0.6436  0.7842  0.505 0.6896 0.7039 0.6997 0.6142
A Bias 0.1539 0.2361 0.2054 0.1792 0.3022 0.1789 0.1918 0.2367 0.4482
A MSE 0.0366  0.0958 0.0753 0.0519 0.1992 0.0561 0.062 0.1004  0.3601
A MRE 0.2052 0.3148 0.2739 0.2389 0.4029 0.2386 0.2558 0.3156 0.5976
a AE 1.9751 2.0509 2.0528 2.0567 2.1309 2.0627 2.0601 2.0405 2.0916
a Bias 0.0291 0.1112 0.0948 0.0888  0.141 0.09 0.1215 0.0957 0.1896
a MSE 0.0034 0.0316 0.0197 0.0162 0.0398 0.0174 0.0394 0.0195 0.1219
a MRE 0.0146  0.0556 0.0474 0.0444 0.0705 0.045 0.0608  0.0478  0.0948
loa AE 0.8057 0.7784 0.7814  0.795 0.752 0.7825 0.7864 0.7879 0.7676
loa Bias 0.0208 0.0354 0.0308 0.0262 0.054 0.0303  0.036 0.032 0.0825
106 oz MSE Te-04 0.0027  0.002 0.0015 0.0055 0.0019 0.0036 0.0022 0.0163
loa MRE 0.026 0.0443 0.0385 0.0328 0.0675 0.0379 0.0451 0.0399 0.1032
A AE 0.7537 0.6879 0.7056 0.7763  0.6337 0.7211  0.7257 0.7304  0.6265
A Bias 0.1152  0.1531 0.1332  0.1274 0.1691 0.1263 0.1352 0.1626  0.3666
A MSE 0.0205 0.0381 0.0287 0.0254 0.0557 0.0254 0.0292 0.0428 0.2586
A MRE 0.1537 0.2042 0.1776  0.1699 0.2254 0.1684 0.1802 0.2168 0.4888
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Figure 3. Comparison between SRS and RSS for estimating « using the MLE, OLS, WLS,
CV, MPS, AD, RAD, LAD, and LTS methods.
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Figure 4. Comparison between SRS and RSS for estimating o using the MLE, OLS, WLS,
CV, MPS, AD, RAD, LAD, and LTS methods.
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Figure 5. Comparison between SRS and RSS for estimating A using the MLE, OLS, WLS,
CV, MPS, AD, RAD, LAD, and LTS methods.
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Figure 6. The plots of estimated CDF, P-P, density, violin, histogram, and TTT plot for the
dataset.
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Based on Tables 1 to 4, the following comments can be made:

e The MLE consistently shows lower AE, bias, and MSE compared with the other estimators,
indicating its robustness under SRS.

e In terms of the MRE, one can note that the MRE based on the SRS is greater than of the RSS for
fixed sample size. For illustration, when the sample size is 60 for estimating A using the MLE, the
MRE based on the SRS and RSS are 0.2297 and using 0.1537, respectively. However, the MRE
is changing from one sampling method to other one, as an example, for a sample size of 42 for
estimating «, the MRE values are 0.0324, 0.0956, 0.0838, and 0.0739 using MLE, OLS, WLS,
and CV, respectively.

e The OLS and WLS methods generally exhibit higher AE and bias, making them less efficient
compared with other methods. Among the methods considered, the MPS estimator shows the
highest bias and MSE, indicating poor accuracy in estimating the parameters.

e As the sample size increases (e.g., from 5 X 3 to 10 x 6), the AE and Bias decrease, which aligns
with expectations that larger samples yield more reliable estimates. The MSE also decreases with
larger sample sizes, confirming the efficiency gain.

e Regarding the parameters, for @, the CV and AD estimators tend to perform better in terms of
lower bias and MSE in most cases. For ¢, the MLE provides the smallest bias and MSE values,
reinforcing its reliability. But for A, WLS and LAD often show lower AE and MRE, suggesting
these estimators might be preferable when estimating this parameter.

e The AD, RAD, and LAD estimators yield competitive results, often achieving lower MSE than
OLS and WLS, making them viable alternatives. However, the LTS estimator shows the highest
bias and MSE, indicating it is the least effective among the methods considered.

e Across different sample sizes, the estimators based on RSS tend to have lower AE, MSE, bias, and
MRE compared with their SRS counterparts. This confirms the efficiency of RSS in parameter
estimation. The RSS approach results in smaller variances (MSE values) for most estimators,
particularly for the shape parameter (&) and scale parameter (J). This suggests that RSS provides
more reliable parameter estimations compared with SRS.

e The MLE generally provides the most stable and accurate estimates across all parameters,
showing lower MSE and bias compared with other methods. This behavior is consistent with its
known property of asymptotic efficiency.

e As the sample size increases, all estimators improve in performance, with reductions in bias and
MSE. However, the efficiency gains are more pronounced under RSS, highlighting its advantage
over SRS in small-sample scenarios.

e The WLS and OLS exhibit higher biases compared with MLE but remain competitive in terms
of MSE. The MPS and AD estimators perform well for certain parameters but exhibit variability
across different scenarios.

e The right-tail AD and left-tail AD estimators demonstrate stable results, particularly in capturing
distributional tail behavior, but may not always outperform MLE. The AD-based methods (AD,
RAD, LAD, and LTS) perform well under RSS, particularly for extreme values. This suggests
that RSS enhances tail estimation accuracy, which is crucial for reliability analysis and risk
assessment.
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4. Application to COVID-19 data

The data considered here represent COVID-19 data from the Netherlands, covering a 30-day period
from 31 March to 30 April 2020. The data give the rough mortality rate. The data are considered
by [32] and regiven in Table 5.

Table 5. COVID-19 rough mortality rate data-set in the Netherlands.

14918 10.656 12.274 10.289 10.832 7.099 5928 13211 7968 7.584
5.555 6.027 4.097 3.611 4.960 7498 6940 5.307 5.048  2.857
2.254 5.431 4.462 3.883 3.461 3.647 1974 1.273 1.416  4.235

Table 6 presents the descriptive statistics for the COVID-19 rough mortality rate dataset in the
Netherlands. First we fit the TIRD to the dataset in terms of goodness-of-fit tests such as the Anderson—
Darling test (AD,), Cramér—von Mises test (CV,) statistic, and Kolmogorov—Smirnov test (KS;) along
with their associated p-values. Also, the estimated CDF, Probability-Probability (P-P) plot, density
plot, Violin plot, histogram plot, and a total time on test (TTT) plot for the dataset are given in Figure 6.

Table 6. Descriptive statistics for the COVID-19 rough mortality rate in Netherlands.

n Mean Median sd S kewness Kurtosis Range
30 6.157 5.369 3.533 0.834 2.953 13.645
Min Max 01 03 I0OR cv

1.273 14918 3.706 7.562 3.857 57.392

The estimation methods described above, including MLE, OLS, WLS, CV, MPS, AD, RAD, LAD,
and LTS are applied using both the SRS and RSS methods. Two cases of the sample size are considered,
(m = 5,r = 2) and (m = 5,r = 3), utilizing sampling without replacement, assuming the MLE
estimates as the true values of the parameters in each case. We summarize the process in Table 7 for
m =5, and r = 2, where the last 5 units are considered for actual measurement.
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Table 7. Selection process in RSS form = 5 and r = 2.

Cycle 1 Cycle 2
Step 1: 5 SRS each of 5 units

Unit 1 Unit 2 Unit 3 Unit 4 Unit 5 Unit 1 Unit 2 Unit 3 Unit 4 Unit 5
Set 1 14.918 10.656 12.274 10.289 10.832  3.647 1.974 1.273 1.416 10.289
Set2  7.099 5.928 13.211 7.968 7.584 4.235 4.097 3.611 4.960 7.498
Set3  5.555 6.027 4.097 3.611 4.960 5.431 4.462 3.883 3.461 3.647
Set4  7.498 6.940 5.307 5.048 2.857 10.656 12.274 10.289  5.431 4.462
Set5 2.254 5.431 4.462 3.883 3.461 10.832  7.099 4.235 4.097 7.584

Step 2: Rank the units in each set

Rank 1 Rank2 Rank3 Rank4 Rank5 Rank1 Rank2 Rank3 Rank4 Rank5
Set 1 10.289 10.656 10.832 12.274 14.918 1.273 1.416 1.974 3.647 10.289
Set2  5.928 7.099 7.584 7.968 13.211 3.611 4.097 4.235 4.960 7.498
Set3  3.611 4.097 4.960 5.555 6.027 3.461 3.647 3.883 4.462 5.431
Set4  2.857 5.048 5.307 6.940 7.498 4.462 5.431 10.289 10.656 12.274
Set5 2.254 3.461 3.883 4.462 5.431 4.097 4.235 7.099 7.584 10.832

Step 3: Select the kth unit in the kth set

Rank 1 Rank2 Rank3 Rank4 Rank5 Rank1 Rank2 Rank3 Rank4 Rank5
Set1  10.289 10.656 10.832 12.274 14918  1.273 1.416 1.974 3.647 10.289
Set2  5.928 7.099 7.584 7.968 13.211 3.611 4.097 4.235 4.960 7.498
Set3  3.611 4.097 4.960 5.555 6.027 3.461 3.647 3.883 4.462 5.431
Set4  2.857 5.048 5.307 6.940 7.498 4.462 5.431 10.289  10.656 12.274
Set5 2.254 3.461 3.883 4.462 5.431 4.097 4.235 7.099 7.584 10.832

Final selected RSS for measurement

Rank1 Rank2 Rank3 Rank4 Rank5 Rankl Rank2 Rank3 Rank4 Rank35
Set 1 10.289 1.273
Set 2 7.099 4.097
Set3 4.960 3.883
Set 4 6.940 10.656
Set 5 5.431 10.832

Set

The results are presented in Tables 8 and 9 for (m = 5,r = 2) and (m = 5, r = 3), respectively. The
plots of the estimated PDFs and CDFs of the TIRD for m = 5 and r = 2 are given in Figures 7 and 8

based on different estimation methods using SRS and RSS. The same plots are given in Figures 9 and
10 form = 5 and r = 3.
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Figure 7. Plots of the estimated PDFs of the TIRD form = 5 and r = 2.
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Figure 8. Plots of the estimated CDFs of the TIRD for m = 5 and r = 2.
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Figure 10. Plots of the estimated CDFs of the TIRD for the two sampling method for m = 5
andr =3

Figures 9 and 10 showed that the RSS has a better fit than the SRS, as it closer to the data. Based
on Tables 7 and 8, the following results can be concluded:

e RSS consistently outperforms SRS across all estimation methods, demonstrating better model

AIMS Mathematics Volume 10, Issue 7, 16432-16459.
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fit (lower AD,, CV,, and KS; values; higher p-values). This aligns with the theoretical advantage
of ranked data, leading to more precise parameter estimates.

e Under the RSS, RAD and OLS emerge as the most effective estimation methods, while MLE and
CV demonstrate consistent performance across both the SRS and RSS frameworks. In contrast,
LTS and MPS exhibit relatively poor performance, suggesting their limited suitability for this
dataset or model.

e Increasing r from 2 to 3 enhances the efficiency of RSS, particularly improving the performance
of methods like WLS and AD. However, this increase also introduces a slight rise in the variability
of the estimates.

5. Conclusions

This study investigates various estimation methods for the parameters of the transmuted inverse
Rayleigh distribution under ranked set sampling and simple random sampling frameworks. By
employing maximum likelihood estimation, ordinary and weighted least squares, maximum product
of spacings, and goodness-of-fit-based estimators (Anderson-Darling, right-tail AD, left-tail AD,
left-tail second-order AD, and Cramér-von Mises), we provide a comprehensive assessment of
parameter estimation performance. The simulation study demonstrates that RSS consistently
enhances estimation accuracy, reducing the mean squared error, bias, and mean absolute relative error
compared to SRS. Furthermore, the analysis of a COVID-19 dataset reaffirms the practical advantages
of RSS in real-world applications. These findings highlight the efficiency of RSS in parameter
estimation for the TIRD, making it a preferred choice for statistical inference, particularly in
scenarios where precision and reliability are crucial. However, this study advances the literature by
integrating RSS with the TIRD, offering improved parameter estimation, particularly in small-sample
contexts. While prior research has explored either advanced distributional modeling or the efficiency
of RSS independently, this work uniquely combines both, offering a more robust framework for
parameter estimation. It addresses the limitations of earlier methods, enhances robustness to outliers,
and introduces greater flexibility in modeling diverse hazard rate shapes. For future works, the TIRD
model can be considered for acceptance sampling plans [33] using other RSS modifications, as
suggested by [34,35].
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