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Abstract: In this study, we investigate a partially linear regression model where the covariate
entering the nonparametric component is measured with error. A key challenge in such models is
that the measurement error distribution is unknown, and this setting is further complicated by the
limited availability of data; specifically, only one repeated observation of the mismeasured regressor is
accessible. To address this, we propose an estimation procedure that leverages the Fourier transform, a
powerful analytical tool that transforms complex convolution equations into tractable algebraic forms.
By modifying an existing approach rooted in Fourier analysis, we construct a novel estimator that
accommodates the unknown error distribution and efficiently utilizes the repeated measurement. We
establish the asymptotic normality of the proposed estimator, demonstrating its theoretical validity
and robustness. To assess its practical performance, we conduct a series of Monte Carlo simulations
under various scenarios. These simulations provide strong evidence of the estimator’s effectiveness in
finite samples, particularly in terms of bias reduction and variance control. The methodology offers a
flexible and computationally feasible framework for dealing with measurement error in semiparametric
models without requiring knowledge of the error distribution. This contributes to the growing literature
on measurement error models by extending nonparametric estimation techniques to more realistic and
constrained data settings.

Keywords: errors in variables; partially linear model; semiparametric regression; unknown error
density; asymptotic normality
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1. Introduction

There has been an increasing interest in measurement error models for parametric and
nonparametric specifications. Foundational contributions to the theory of linear measurement error
models can be found in [1, 5, 8, 11, 20], while important advances for nonlinear specifications are
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presented in [6,9]. In particular, [9] investigated the estimation of a nonparametric regression function
when the covariate is contaminated by measurement error with a known distribution. They proposed a
kernel-based deconvolution estimator and established its optimal convergence properties. Building on
this line of work, [14] addressed the estimation problem in semiparametric regression models under
similar assumptions. Using a modified local likelihood approach, the author developed an estimator
for the nonparametric component that achieves favorable theoretical guarantees.

Consider the partially linear errors in variables model for n observations:

Vi XJ.T,B+g(X;T)+ij; j=1,...,n
7 = X;+AZJ‘,

(1.1)

where y is an (nX 1) column vector of the observations, X is a random matrix, g is an unknown function
for a random variable X*, Ay is a random error vector, and Az is a vector of measurement errors.

When X* is observable, by fixing the parametric component B, an estimate g (X*,) of the
nonparametric component g (.) can be obtained using a smoothing method. Then, g (X*, 5) was used to
obtain an estimator of 3, which is a solution of

n

min Z {yj - xXiB - Q(X*,,B)}

J=1

2

(1.2)

By applying the conditional expectation operator to the first equation of the Model (1.1), it could be
obtained, assuming E(Ay|X™) = 0, that

EQIX") = EX"BIX") + E(g(X")IX") + E(AYIX")
= EXIX")' + g(X").

Defining the conditional expectations as
wy (X7) = EyIXY),

wx (X7) = E(XIX"),

the last expression could be written as
W, (X*) = wx (X' B+ g(X").
If one subtracts this from the model, it is obtained that
Y=X"B+ Ay,

wherey = y — w, (X*) and X = X — wy (X).
Using the previous equation, the estimator of 8 could be obtained as,

n -1 n
REARDY A
=1 =
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When X* is unobservable and measured with additive error Az, we observe z instead of observing X*.
In this situation the disturbance of the measurement error Az should be modified. If the measurement
errors are coming from a known distribution, this could be managed using the kernel deconvolution
method ( [9, 14, 21]). [18] studied the nonparametric regression when the independent variable has
an error with an unknown distribution and obtained the nonparametric estimation of conditional
expectations using two error-contaminated measurements of the variable. Repeated measurements
can commonly be found in data, although distributional assumptions are often not relevant in some
implementations ( [2—4, 10, 12, 16]).

In semiparametric errors in variables models, there does not become visible a study about the
troublesome effects of the measurement errors coming from an unknown distribution. This is the
gap our paper intends to fill under appropriate assumptions. Our study can be planned as follows.
The semiparametric estimation method with errors coming from an unknown distribution in the
nonparametric variable is proposed in Section 2. In Section 3, the asymptotic normality condition
is put forward. A Monte Carlo simulation study is done to show the theoretical results in Section 4.
Some summary and conclusions are ascribed in Section 5.

2. Construction of estimators

It is well established in the literature that the density of an unobserved random variable can be
identified when the joint distribution of two error-contaminated measurements of that variable is
available, using Kotlarski’s identity ( [17]). Convergence rates can be known in a consistent estimator
using the empirical version of this identity ( [13]). Drawing on this identity, [18] developed a kernel
regression estimator to overcome the difficulties associated with nonparametric estimation when the
distribution of X* is unknown.

To introduce the procedure developed by [18], we consider the setting in which x* is a scalar, and
X = X" + Ay is a repeated measurement, where Ay denotes a measurement error with an unknown
distribution. Two repeated measurements of x* are observed for each j = 1,...,n and are defined as
follows:

Xi = X' +Ay;,
zZ; = x"+Az;.
Then Model (1.1) turns to
yi = XIB+gx")+Ay;

Y = x4, @)
Zj = X*+AZJ'.

We first determine to estimate the nonparametric function g (x*) = E(y — X’ 8|x*) of the Model (2.1).
Theoretically, if 8 were known, by absorbing X3 into y, we obtain:

y=X'B = gx*)+Ay.
—_—

*

y

This provides enough information to identify any moment of the form E[u(y, x*)] for any function
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u(y, x*). Setting u(y, x*) = y'K,(x* — x°), for / = 0, 1 at a given point, X* € R qualification of moments
comes from an infinite family is achieved.

Due to the success in the nonparametric errors in variables model, when the error has an unknown
distribution, we derive an estimator of the nonparametric part § using the related procedure of [18].
Then, after deriving g (.), the estimator of g is introduced using the modified local-likelihood method
proposed by [14].

Using the procedure defined in Section 1, let us construct consistent nonparametric estimates of
g (x*) with two repeated observations. In order to be able to characterize an infinite family of moments
indexed by x* and thus to address the complexity of extending the present results to a nonparametric
setting, the following assumption is needed. This can be handled elegantly by observing that the
convolution operations used to compute the Nadaraya—Watson estimator are converted to simple
products by the Fourier transform operation, such that the entire family of moments can be estimated
by a single operation ( [19]). Focusing on a kernel regression estimator, we need to make Assumption
1 to estimate g (x*) at a given point, x* € R.

Assumption 1.
i.
E[Ay| X,x",Az] =0, E[Ax|x",Az]=0.
ii. E[|x"]],E[|Ax|] and E [|y*|] are finite.
iii. E [g(x*)lh,‘llK (h,;l (x* - }*))] < oo forevery X* € R, some sequence of bandwidths 4, — 0, where
K (.) is a kernel function and [ = 0, 1.

Under Assumption 1 and provided that |E [eifz] | > 0 for any finite &, the estimator of g (x*) for a
given x° € R and some bandwidths A, — 0 is defined as

S M, (%", hy)
Lhy) = —————, 2.2
g (x", hy) o (T 1) (2.2)
where |
M@M=ZIM@WmM%ﬂ% 1=0,1 23)
and

=~ iy, () )
¢0(§)—exp(f %(Odg ,

= T e T ©)
DE) =@ =5

where i = V-1 and « (¢) is the Fourier transform of the kernel K and m, (¢) = n™! ) a;exp (ifz j) for
a=1,y,y".

In contrast to the well-known kernel deconvolution estimator, this estimator requires no knowledge
of the distribution of the measurement error. Moreover, the convergence rate of the estimator is
comparable with those of earlier estimators.

To construct a semiparametric approach using this idea fork = 1,...,pand j = 1,...,n, we define
the weighted observations as follows:

@y (X, hn)

My (X', hy)

@, (X", hy)

a)\xk (x*’hn) = M (}* h )’
0 > Mn

wy, (X", hy) =
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where

. 1 — s
B (¥ ) = 5 f K (1) By (&) oxp(—iET) d

and

— 1 — -
wy (X, hy) = == K(hn‘f)Qy (&) exp(—iéX") dé,
2r

where 0., (¢) and g, (¢) are expressed as

M (©)
ka (é:) - ¢0 (é:) ]’IA’ll (é‘:) D)
()

0y (&) = ¢o (&) T,

and ¢y, M, and 71, (¢é) for a = 1, x;, y which are m,, m,, and m, are described in Eq (2.3).

Let E,, be the solution of the Eq (1.2) after replacing g (X*,8) with g (z). Then the generalized least
squares estimator En of 8 can be indicated in terms of moments that involve the observable variables
X,y,x and z as

— —, —1
B =(X"X) (X"y). (2.4)
where y =y = &, (2, hy) and X = X = Qo (2. hy) for &y @, hy) = (G, (@ 1a) » s oy, (2 ha)).

3. Asymptotic results

In this section, we state our main results for the limit distributions of the En.
Descriptions of the ordinary smooth and super smooth error distributions are given by [9] for the
case that the error distribution is known as follows:

o Ordinary smooth of order vy: If the characteristic function ¢,, satisfies

dolx'[" < |pay (X < dilx'Poas x* — oo,

where dy, d; are positive constants and y < 0 .
o Super smooth of order a: If the characteristic function ¢, satisfies

dolx'|™ exp (S1x°1") < |pay (X)| < di|x"|" exp (B]x"[7) as  x* — oo,

where d, d;, and « are positive constants, and 6, ¢, and @, are constants.

Such ordinary smooth distributions are gamma distribution with v = p and double exponential
distribution with y = 2. Super smooth distributions are the standard normal distribution with 6 = 2 and
the Cauchy distribution with 6 = 1.

New definitions covering the ordinarily smooth and super smooth cases when the error distribution
is not known are required. The definition given by [18] is simultaneously described in Assumption 2
for the ordinarily smooth and super smooth cases.
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Assumption 2.

The functions ¢, () = E [e"»(x*], ¢y () = d‘ﬁ;{({), ¢ () =E [y*eifx*] andm, () = E [e’fz] satisfy

¢ ()

= 1 r 1
50 O +1ZD™) (3.1)

for some y, > 0 and

max {[go ()], 61 (DI} = O ((1 + 12 exp (54141*))
[ (D] = O ((1 + £ exp (6 1))

for some v, ym € R,04 < 0,6, < 0,4 > 0,a,, > 0 such that y,ay > 0 and y,a,, > 0.

In Assumption 2, the decay rate of ¢y(¢), the characteristic function of x* , is solely influenced
by how smooth the density function f(x*) is. In contrast, the decay rate of ¢;({) depends on the
smoothness of the product f(x*)E [y | x*]. To verify the relevant expression, one would begin by
establishing individual bounds for |¢o({)| and |¢;({)|, then identify the term that decays most slowly.
Combining ¢y({) and ¢,({) under a single assumption is justified, since both functions influence
the estimator in a similar way. This consolidation also helps streamline the notation by reducing
the number of separate asymptotic rates that need to be tracked during convergence analysis. As
is typical for estimators based on deconvolution, there is a need to impose a lower bound, rather
than an upper one, on a key quantity (in this case, m;({)), because it appears in the denominator of
the estimator’s formula. Importantly, a lower bound on m;({) can be deduced from separate lower
bounds on the moduli of the characteristic functions of x* and the measurement error Az, given that
my({) equals the product of their respective characteristic functions. Grouping these terms together
again serves to lighten the notational load. While the condition on the ratio ¢;({)/¢o({) might seem
unfamiliar, it naturally follows from placing an upper bound on the derivative ¢,({) and a lower bound
on ¢y({). Moreover, excluding exponential terms like exp(d, |£|*") from this condition entails little loss
of generality, since both ordinarily smooth and supersmooth characteristic functions generally satisfy
this property when y, = 1.

Assumption 3 determines the traditional finite-order kernels described in case (i) and a class of
infinite-order kernels described in case (ii).

Assumption 3.

1. f K (x*)dx* = 1 and for some integer vy, > 0,

=0, 5=1,....ve—1
f (x*)sK(x*)dx*{ S Y
0, s =y

flx*lle(x*)l dx* <oco, s=1,...,9.

ii. To confirm that the estimator is well-behaved, the Fourier transform of the kernel « (¢) is assumed
bounded and compactly supported, « (&) = 1 for |£] < & for some & > 0.

Assumption 4 introduces certain notations and conditions that are essential for deriving the
asymptotic normality of the estimator.
Assumption 4.
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i. Assume that the density of x* is nonzero at x* = X". ForagivenXx", j=1,...,nandk=1,...,p
notate

ij (i*) =F [xjkli*] . Ajk = xjk - ij (}*)

then supyyo; E (||X1||3 |}*) < oo and E (AlAlT) = B, where B is a positive definite matrix and

T
Aj = (Aj], .o -’Ajp)
ii. g(.) and wj (.) are Lipschitz continuous of order 1.

Theorem. Suppose E (lAyl3 + ||Az||3) < oo, assumptions 1-4 hold for any given x* and any bandwidth
sequence h, satisfying either of the following items for some n > 0.

i. When the density of z is smooth, we consider the bandwidth
ho! = O(H—nnl/(myr—zm).

ii. When the density of z is supersmooth, we consider the bandwidth
—1/a,
h'=0 (((—%ﬁ)lnn) / )

where v,, Vi, O, and a,, are given in Assumption 2.
Then, B, is an asymptotically normal estimator:

Vi (B~ ) = N(0.22B7"),

where B is given in Assumption 4(i) and X;,;, = Cov ()~( it X j ) .

4. Simulation studies

Section 2 derives a semiparametric regression method when the nonparametric part has consecutive
measurement errors with unknown distribution. In addition, to observe whether the distribution around
the parameter to which they converge while the sample size of the estimators obtained using this
method converges to infinity fits the normal distribution, the asymptotic normality properties of these
estimators have been comprehensively investigated in Section 3.

In this section, finite sample properties of the estimators were investigated via a Monte Carlo
simulation study. To compare the convergence rates with those derived from the Nadaraya—Watson
estimator and an estimator for the no measurement error case, we focused on four examples.

For the sample sizes of n = 100, 500, 1000, and 5000 and a model with p = 2, simulation results are
reported. Ordinarily smooth nonparametric function g (x*), while densities of both the true regressor
x* and the measurement errors Ay, Az are supersmooth is considered in the first example. In the second
example, we also consider the supersmooth nonparametric function g (x*), while the densities of the
true regressor x* and the measurement errors Ay, Az are supersmooth. The third example assumes
that the measurement error and nonparametric function g (x*) are ordinarily smooth, while the true
regressor x* is supersmooth. The last example assumes that all quantities are ordinarily smooth. Table
1 lists all the examples with bandwidth choices and optimal ones considered herein (for more detailed
information about the examples, see [18]).
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Table 1. Examples.

1 2 3 4

x> N(@O,1) x> N(@O,1) x> N(@O1) x* — Uniform[-2,2]
Ax,Az — N(0,0.25) Ay,Az — N(0,0.25) Ay,Az — L(0,0.25) Ay,Az — L(0,0.25)
Ay — N (0,0.25) Ay — N (0,0.25) Ay — N (0,0.25) Ay — N (0,0.25)
g(x) =5 (") g(x) =erf(x7) g(x) =5 (x") g(x) =8 (x")

hy' = C(nn)'# hy' = C(nn)'# n;' = C(lnn)'/# h;t = Cnt/(2vomyem)
h'=1.2(nn)"% h'=1.2(Inn)"% B =1230nn)"" k= 120017

As examples of supersmooth and ordinarily smooth functions the normal distribution and the
Laplace (or double exponential) distribution are respectively considered. The error function and the
piecewise linear continuous function are respectively considered as examples of supersmooth and
ordinarily smooth nonparametric regression functions. We also assume that Eq (3.1) holds for y, = 1.
The true value of 8 equals (1, 7T, O'iy =0.25,0<x*<1and X — N, (0, I,). For the no measurement

2
error case, the quartic kernel (15/16) (1 - Az?) 1 (lAz il < 1) is used to compare the results.

sin(x*)
ﬂx* b

Fourier transform is given by & (&) = W (¢) « (£), where for a given E =0.5

Next, choose the kernel function as K (x*) = which is an infinite-order kernel and whose

-1

(1+exp(05((1+&7" = (=£-057")) . -1<£<-05

1 , —05<£<05
W= L+exp(0.5((1-&7" - - 0.5)—1)))‘1 , 05<é&<1
0 , otherwise.

The average values of N = 100 replicates of variance (Var), mean squared error (MSE), and
coefficient of determination (R?) of the three estimators are considered in four different sample sizes in
Table 2.

It can be seen in Table 2 that the comparison between the proposed estimator with the Nadaraya—
Watson estimator and the estimator of the no measurement error case is favorable when the proposed
estimator reduces Var and MSE. The coefficient of determination of our estimator is closest to 1. A
range of bandwidths from 1.0 to 2.5 is explored in increments of 0.05 to identify the bandwidth that
minimizes the mean squared error. Due to the chosen bandwidths shown in Table 1, these simulation
results could not be more efficient. The results are thought to be more efficient using a feasible
bandwidth selection rule, which gets optimal bandwidths.

We also examine a comparison between the asymptotic distributions and the finite sample of our
estimator. The abscissa is Z = (Var(g (X", ) "> (¢ (X", hy) — E (g (X", h,))) and the ordinate is
probability in Figure 1. The normal CDF (indicated by a solid line) agrees very well with the empirical
cumulative distribution function (CDF) of the estimator (indicated by a dashed line).

AIMS Mathematics Volume 10, Issue 7, 16414-16431.



16422

0LL6O 68110 <CT8IT'0O SSL60 LYCI'O 9PCI'0 9GL6°0 S8CI'0 €SCcl'0 Tr680 1¢CS0 9L8C0 I0LrH "N ON
99880 86590 L6S9°0 8988°0 LTHY0 €TH90 01680 OFE90 0£€90 86060 9LLS0 +ELS(O UOSIem elerepeN
LL8G'O T1€90°0 +790°0 LLI6'O TE900 L7900 99860 I10L00 17900 +9¢6'0 06C£0 <8900 oMo
& HSIN IBA & HSIN JBA & HSIN IBA & HSIN IBA
p ddwrexy
CrL6’0 CEET'0 0€el'0 €0L6'0 PESTO 66F1°0 89960 6ELI'0O 9¢LI'0 98880 94050 S€91°0 I0Lr "IN ON
LOT6'0 TSOS'0 1S0S0 +016'0 €S0S0 LPOS'O €606'0 8STSO LSTSO 86160 08SH'0 S6VH(0 UOSiep eAerepeN
8L86°'0 L7900 ST90°0 <TLI6'O0 09900 S7900 +886'0 €7900 <TC900 91860 ¢€£600 6C90°0 oMo
& HSIN IBA & HSIN JBA & HSIN IBA & HSIN IBA
¢ Jpdurexy
91860 19600 09600 66L6'0 <TCOI'0 SL600 1SL6'0 8ECI'0 SSITO 8ev6'0 +vLSTO 8911°0 I0Lr "N ON
SLI6G0 9€9%°0 SE9Y'0 €LI6'0 SSHPO $EPP'0 8SI6°0 ISEP0 92€H0 0€16°0 18SH'0 €LSHQ  UOsiep eAerepeN
08860 97900 €7¢90'0 89860 #9900 ¢TC90'0 09860 ¥ILO'O <¢TC900 SPS6'0 CT60C0 6£90°0 oo
& HSIN IBA &l HUSIN IBA & HSIN IBA & HSIN IBA
7 dduwrexy
LLL6'O  €CIT0 90110 9GL6°0 8¢CI'0 8ICI'0 €960 96L1I'0 S8SIT'0 19680 9¥ey'0 00¥€0 I0Lr "N ON
0806'0 6€IS0 SEIS0 9€160 8S6V'0 LS6V0 SIT60 €TISO 0TISO +E€680 #0090 67650 UOsiem elerepeN
CL86'0 TP90°0 S7T90°0 €L86'0 €¥90°0 €790°0 L¥86'0 10800 €790°0 <T896°0 L8YI'0 87900 oMo
& HSIN IBA & HSIN IBA & HSIN IBA & HSIN IBA
1 ardwexyy
000 = u 0001 = U 00¢ =u 001 =u

‘so[dwexa 9y} 10§ SINSAI UOHB[NWIS O[Je)) AUOIA *T dqeL

Volume 10, Issue 7, 16414-16431.

AIMS Mathematics



16423

0ar

08r

07r

DB

0ar

o4t

03r

D2r

01r

Example 1

1

(R=R

08r

07r

06r

e

04r

03F

02r

01p

1]

Example 3

-4

2

3

F]

5

1

09r

0ar

07r

06

05r

04t

03r

02r

01r

i

1

08r

08

07+

06

0ar

04r

03

02y

01r

o

Example 2

Example 4

-5

-4

1

2

3

F

Figure 1. Comparison of the asymptotic distribution and the finite sample of the estimator.

5. Conclusions

This study determines a way to predict regression functions and densities in a partially linear
regression model when the measurement error has an unknown distribution. The identification of
the density of an unobserved random variable is achieved using the joint density of two error-
contaminated measurements of that variable. This finding is particularly valuable because, in practice,
strong distributional assumptions often do not hold, limiting the applicability of kernel deconvolution
methods. However, repeated measurements are commonly available in real-world datasets where the
same variable may be measured at multiple time points or reported by different sources, such as family
members or both an employer and employee. Notably, the error in one of the measurements does not
have to be mean-zero, which allows for the use of more general or even systematically biased repeated
measurements. An estimator of S is derived using this methodology. The asymptotic normality of
the proposed estimator is derived. Simulation results show that the resulting rates are comparable to
those of Nadaraya—Watson estimators that employ the kernel deconvolution approach, which provides
consistent estimation under a much stronger assumption when the density of the measurement error is
known, and the case where there is no measurement error.
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Appendix

Throughout the study, all the limits are considered as n — oo, unless otherwise stated. Before

providing the proof of the theorem, the following equations must be approved.

—_k

Assumption 1(iii) ensures that all expectations are well defined. Using Assumption 1(i) for a given

_ i, () )
= — d
%0 &) eXP(fmI@ ¢

x € R, [18] demonstrated that

and

- 1 —
W (7 ) = 5- f < (1) B (&) exp(—iET") di.

Using these results for every k € {1,..., p}and j € {1,...,n}, the proof can be formulated as follows:

o 1 - .
B (7 ) = 5 f (1) B, (&) exp (—iET) dé

my, (€) ot
7 @) exp (—igx") d&

E [xi exp (ié7)]
E [exp (ié2)]

1 —~
=5 f K (ha&) ¢o (£)
T

1 —~
P R exp (-i€X) de
T
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[xc exp (i€x*)] E [exp (iéAz)]
60 (&) E [exp (i€A2)]

- f k() o @) &
JT

X exp (—iéX') dé
1

= f () E [x¢ exp (i6x°)] exp (=i ¥ dé

1
= o f () [ f xof () exp (ifx*)dX*] exp (—iET) dé
= fh;lK(h,;l (x =% )xkf (x*)dx"
and

s 1 — -
& () = o f k)G, (©) exp (—itT') de

e
7 @ exp (—i¢x") dé

E [yexp (ié7)] -
Elexp (2] exp (—iéx") dé

[yexp (iéx")] E [exp (i€Az2)]
b0 (&) E [exp (i€A2)]

1 —
= 5> f K (7€) do ()
JT

1 —
= 5> f K (ha€) o (€)
JT

= - f k() o (&) =
JT
X exp (~itT") dé

1 9
2 f k(1) E [E [yl exp (i6x")] exp (~ig¥") dé
1
o f ) U E [ylx'] £ (x') exp (i€x") dx” | exp (—iéT) dé
= fh;lK(h;1 (x* _ x*))E [ylx*] f(x*) d_x*.
Hence,
B (1) = 2 )
My (X", hy)
and
Mo (X5 1)

wy (X", hy,) =

The following lemmas serve as major steps of formulation the proof of the theorem:
Lemma 1. Let Vi,...,V, be independent random variables with 0 mean and sup i ElVi|" < C < o0
for (r > 2). Let {a i ht=1,... ,n} be a sequence of positive numbers such that sup a<n laj| < n”P' for
some 0 < p; < land }_, a; = O(n”?) for p, > max(0,2/r — p;). Then,

n

Z a;V;

J=1

max =0(n‘logn), s=(pi—-p)/2 a.s.

1<t<n
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Proof. The conclusion follows from [15].
Lemma 2. Suppose that Assumptions 3(i) and 4(i) hold. Then,

E[Ge () ;'K (! (x = %))
MO (}*ahn)

G, (x") - =o(l);k=0,...,p,

max

where G (.) = g()and G, () =wy () fork=1,...,p.
Proof. As stated before, if 8 were known, taking X’ into y as y* = g(x*) + Ay, the estimate of the
nonparametric function is parallel to the function proposed by [18]. It can be found from the [18] that

o Ellg )+ Ay K (! (2 = 7)) (1+7) =
max [g (x7) — — = O||-—==—|logn| .
Mo (X", hy,) 20,
If we take V; = Ay, and aj % in Lemma 1, we can derive that
olXx »/in
SUPi<j<n E[Ayh;;)gjg_?)) I - o (1), and all these imply that

E|g(®) 'K (! (x = %))
Mo (%, hy)

max [g (x7) —

‘—0(1).

The other part of the proof is also similar. Using Assumption 4(ii), which assumes that wj (.) are
Lipschitz continuous, for ¢, = n~!/? logn, we can obtain

E|w; &) 'K (! (x = %))

— =0(cy).
My (X", h,) (e

max |wj (X)) —

1<j<n

Finally, Lemma 2 holds for w (.) by letting ¢, — 0.
Lemma 3. Suppose that Assumptions 3(i) and 4(i) hold. Then,

lim n'X”X = B,

where B is given in Assumption 4(i).
Proof. Let wj,, (X') = wix (X*) — w,, (X", h,). Following from
X = wi (X) + A
Xjs = Xjs = Wy, (X 1) = wis () + Ajye — @, (X, 1) = Wi, (8) + A,
:i:jm = x]m - zaXm (}*’ h”) = W]m (}*) + A]m - ZDXm (}*’ h") = ijm (%*) + Aj’n’
the (s, m) element of X' X, (s,m = 1,. .., p) defined as

n n n n
~ ~ ~ — ~ —
ZXjSij = ZAjSAjm + ZWJXS (X )Ajm + Zijm (.X )Ajs
J=1 J=1 J=1

J=1
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n n 3
—~ —sk\ ~ —sy def
+ Z Wix, (.X )ijm (.X ) = Z AjsAjm + Z R;(Zv)m
= = =

lim,, e ™! 2 A jAJT. = B is a well-known property of the strong law of large numbers. Furthermore,
using

E|{w, (¥) + A 'K (B! (x = %))
= fh;,lK(h;l (" = %)) fwjs (F) + Ay} £ (69 dx*
= % f )| f {wis (&) + Aj) f (2 exp (i§X*)dX*] exp (—i£X") d¢

| :
= f K (ha&) f wis (X7) f (x) exp (i€x") dx* + f Ajof (") exp (iéx") dx*]exp (—i€x") dé

| .
) fo «Und) f wjs (X7) f () exp (i-fx*)dx*]exp (—iéx") dé
’ % f ) U Ajsf () exp (ifx*)dx*]exp (—i€x") d
1 . 1
R f ) E [ (X) exp (x| exp (—i6X") i + - f K (hn&) E [ A exp (i6x")] exp (-igx") dé
i 2n
= Ewy &) iy K (' (¢ =)+ E[Ah K (1 (v = %))
we conclude that

ijs (E*) = Wijs (}*) - Z‘)\xs (}*’ hn)

E|{w, () + A iy K (b (x = X))

=) My (', )

@) Elw, &) i K (' (= 5))| E[ABK (' (x = %)
B Mo (%', 1) Mo (%", hy)

_ . E |Ashy K (B! (x = 3)]

=i () MoG b

E[Ashy K(hy' (=) ]
Mo (X" hn)
therefore, from Lemma 2, it is certain that w;, (x") = o (1).
This shows that Rﬁ,i)m = o0 (n), and using the Cauchy-Schwarz inequality, Rﬁ,ls)m = o(n) and Rﬁ,zs)m =
o (n).

Proof of Theorem. We can demonstrate En as follows:

B =(XX) " (X'5) = (X'X) " [X (XB+3 () + &)

n n n -1 =1 (% _ TF
@) |7 S e S - 3w L K ) ]
j=1 j=1 Mo (X7, hy)

=1

K (! (v )
Mo (X" hn)

It can be derived = o(1) by taking aj, = , Vi =Aj;in Lemma 1, and
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ijg+§";‘x}ij—Zn]Xf{ =i lK(li 0 )]}]

- (%) (7R (7'F)

< = Mo (X ,hn)
, e (E[a K (- F)]
(X ;() ijg + ; XjAy; — ,-Z‘xj{ M, (x", hy) H

Then,

" %~_ZH:%{E[Ayhnf(E (x*_)_c))]} +Zn1571A>’f

j=1 j=1 My (X", hn) j=1
defA ) L i’)‘c"g’_ L n - E [Ayh,;lK(h,_ll (_X* _ }*))] +L Zn:;c'Ay
Vn =1 ’ Vn =1 ' My (X", hy) Vn =1 Y
def

=AM [B(m) - C(n)+Dn)l,

where § = g(¥) - AWK Yy = n(X7X) ", B = 30,58 C) =

Mo(x*,h,,)

\f 21 Xj {E[Ayh IIVZE}; }fx) = ))]} and D (n) = % 2 XAy ;.

From Lemma 3, it is evident that A (n) converges to B,

In addition, we can prove that D (n) converges to normal distribution with zero mean and covariate
matrix X2B~! using the central limit theorem and Lemma 3, as demonstrated in [7].

Let us show that B (n) and C (n) converge in probability to zero. Affirm that

ijkgz Z [Kjk + ij]?

=1 =1
Y o E[K( (- T) A
= Zl Nj + Wi — Mo(l_c*,hn)

n . n o n F K(hgl (X* _}*))Ak B
:ZA~/kg+Zijg_Z [ — ]g.
j=1 j=1 j=1 Mo (X", hy)
If we consider r = 2,V; = Ay,a; =g, 1/4 < py < 1/3,p, = 1 — p; in Lemma 1 then |3/, A;3| =

0 (n‘(ZP"”/ Zlog n) Using Abel’s inequality, we find |/, W;g| < n max [g] max; < e, [ /-

Considering Gy = g and G, = wj in Lemma 2, we obtain
E[K (i (¢ - %)) g ()
max [g] = max |g (X") — [ ( — ) ] =o0(1) (5.1)
MO (}*7 hn)
and
E|K(h;' (x' = X)) we (3]
max w]k| max [wy (X) — — =o0(1), (5.2)
1<j<n 1<j<n M, ( x*, hn)
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respectively. This means that

n

Z ijg‘ < nmax [g]| {2/2_251|ij| =o(l).

J=1

With Abel’s inequality, we obtain

" E|K (h (¢ = %)) Ae]_ E[K (' (x* = %)) A
Z —— g < nmax [g| max —— (5.3)
j=1 MO (x 5 hn) 1<jsn MO (-x 5 hn)
. . n K (! (2 -%)) .
In Lemma 1, considering r = 3,V,; = Aj, a;, = W’pl =2/3, p, = 0, we can obtain
o\ X »/n
E|AK (B (2 = %)
max [ A( )] = O(n_l/3 logn),k =1,....p a.s. 5.4
1<j<n MO (}*’hn)

Using Eqgs (5.1) and (5.4), it can be easily observed that

i el i) i S

Z MO ()_C*’ hn)

=1

With these equations, it is decided that B (n) = o (1).
Using the definition of C (n), we obtain

n |E|K(h!'(x* =X7)) %
\/ﬁC(n)=Z{ [ {0 ) ]}ij

= My (X, hy)
v (E[K (B (= %)) Ad] v (E[K (h (= %))
{ Mo (& ) }ij "2 { PSR

. {E | (1! (= %)) A K (B! (7 - % )}

My (X, hy) My (X, hy)

=

n

ij.

=1

_ B[R (' —¥))Ad]

If we consider r = 2,V; = Ay;,a; =

,1/4 < py <1/3and p, =1 — p; in Lemma 1,

Mo (3" hy)
we can obtain
n(E[K (b (7 = 3)) Ad] o
;{ 7 =) }ij = O(n @p1 1)/210gn).

Using Abel’s inequality, we obtain
s [fletee o),

E|K (' (x* = %)) Ay]
M\O (}*’ hn)

ijl .

max
j<n

< nmax
1<j<n

Mo (X", hy)

=1
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n! K(h,’,l (x* —7‘))

o ) ,p1 = 2/3, p» = 0, we can obtain

In Lemma 1, considering r = 3, V; = Ayj;,a; =

E|AYK (! (x* - %))
My (X", hy)

max
1<j<n

l = O(n_l/3 logn),a.s. (5.5)

Equations (5.2) and (5.5), imply that

‘ {E[mx () Wk]}m

j=1 MO (%*’hn)

< o(nl/z).

From Eqs (5.4) and (5.5), it is evident that the following term is also o (n‘/ 2) ,
Z E|K (h' (x = 3)) Ae| K (7! (6 = %))
E — —
j=1 MO (Y*’hn) MO (Y*’hn)

E|K (' (x* = %)) Ay
< nmax — max
jsn My (X", hy)

n

Ay;

E|K (h!' (x* = %)) A
My (¥, ) '

j<n

We can now conclude that C (n) = o (1).
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